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Abstract

In this paper we present two new Monte Carlo algorithms for simulating

interacting self-avoiding walks. Thesealgorithms are built on the Berretti-

Sokal and reptation algorithms for simulating non-interacting self-avoiding

walks respectively by adding a Metropolis step. We enhanceeach algorithm

by introducing special local moves. In addition, the reptation algorithm is

further enhancedby running the simulations as a multiple Markov chain.

Each of these algorithms are studied here through an analysis of their au-

tocorrelation properties. In the caseof the Berretti-Sokal algorithm an in-

creasein e�ciency by a factor of around 40 is achieved for non-interacting

self-avoiding walks.
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1 In tro duction

There have recently been several Monte Carlo studies on the interacting self-

avoiding walk (ISAW) and related models [1, 2, 3, 4, 5]. In this paper we will

present two new Monte Carlo algorithms. Both algorithms are dynamic Monte

Carlo algorithms which generatea highly correlated sequenceof ISAWs from a

realisation of a Markov chain with a given unique limit distribution.

The �rst algorithm we study generatesself-avoiding walks (SAWs) in the grand

canonical, or �xed fugacity, ensemble and was introduced by Berretti and Sokal

a decadeago [6]. It is now generally referred to as the Berretti-Sokal, B-S or

sometimesslithering tortoise algorithm. The secondalgorithm has beenaround

for more than a quarter of a century and goes under the name of the reptation

or slithering snake algorithm. It was �rst introduced by Kron et al [7] and later

Wall and Mandel [8] independently introduced their own version. The algorithm

generatesSAWs of �xed length, i.e. in the canonicalensemble. In its original form

the algorithm is not ergodic but the addition of a combination of local and/or

bilocal movesrecti�es this 
a w [9].

The e�ciency of dynamic Monte Carlo algorithms is usually determined by

the integrated autocorrelation time. This quantit y can be estimated for every ob-

servable. It determineshow many Monte Carlo steps are neededto produce an

e�ectively independent con�guration. The exponential autocorrelation time can

also be determined for each observable. More importantly, we can de�ne the ex-

ponential autocorrelation time, � exp, of the actual Markov chain as the relaxation

time of the slowest mode of the system. This quantit y measuresthe rate of con-

vergenceof the Markov chain to its equilibrium distribution from an arbitrary

initial distribution. In practice it tells us how many Monte Carlo moveswe need

to executebeforesampling from the Markov chain in order to avoid any bias in

the data from the initial state.

The exponential autocorrelation time plays an important role in algorithms

employing global movessuch as the pivot algorithm wherethe slowest mode is an
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order of n times longer than the faster modeswhich arisefrom global observables

(n is the length of the ISAW). Sincethe algorithms that we are concernedwith

hereemploy only local and bilocal moves,they do not have such a problem.

In Section2 we describe the B-S algorithm and a new local move which dra-

matically improvesits e�ciency . We then give a heuristic argument to explain the

resulting increasede�ciency . We then describe the addition of a Metropolis move

which enablesus to simulate the e�ect of interactions at �nite temperatures. We

also discusssomeprogramming techniques which minimise the extra CPU time

that is neededto executethis new move. We repeat this procedurein Section3

for the reptation algorithm. In Section4 we estimate the autocorrelation times of

both algorithms for a variety of parametervaluesand comparetheseto the other

versionsof the algorithms.

In this paper weonly report on the relativee�ciencies of the variousalgorithms.

The determination of the various properties of the ISAWs will be reported in

a future publication [10]. In particular we verify the new scaling form for the

canonicalpartition function for ISAWs in the low temperature phasewhich was

proposedby Owczareket al [11].

2 The Berretti-Sok al-Metrop olis Algorithm

The B-S algorithm generatesSAWs in a grand canonicalensemble at �xed mono-

mer fugacity z with oneendpoint �xed at the origin and the other endpoint free.

Each n-stepwalk hasa probability of zn=G(z) of occurring in the ensemble, where

G(z) =
1X

n=0

cn zn (1)

is the grand partition function and cn is the number of n-step SAWs.

There are two possiblemovesthat canbe attempted | the addition of a single

bond onto the end of the current walk in one of q possibledirections (where q is

the coordination number of the lattice), or the deletion of the last bond of the

walk. An attempt to append a bond onto the end of the walk is successfulif the

self-avoidanceconstraint is not violated. If it is violated and the walk intersects
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itself, then that move is rejectedand the old con�guration is counted again in the

sample(this is known asa null transition). Attempting to deletea bond from the

end of the walk is always successfulunlessthe current walk is the empty walk,

i.e. n = 0. If this is the case,then a null transition occursand the empty walk is

counted oncemore in the sample.

The relative probabilities of attempting to add or deletea bond from the walk

are as follows :

Pr(attempting to add any bond) =
qz

1 + qz
(2)

Pr(attempting to deletea bond) =
1

1 + qz
(3)

These probabilities are chosen to satisfy the detailed-balancecondition for the

grand canonicalensemble at monomerfugacity z, i.e.

� ( )p( !  0) = � ( 0)p( 0 !  ) (4)

Herethe transition probability, p( !  0) is the probability of obtaining the walk

 0 from the walk  after oneMonte Carlo step. The probability distribution � ( )

is the equilibrium distribution of the Markov chain and is given by

� ( ) =
zj  j

G(z)
� SAW ( ) (5)

wherej j denotesthe length of the walk and � SAW ( ) is given by

� SAW ( ) =

8
><

>:

1 if  is a SAW

0 if  is not a SAW
(6)

2.1 Simulating ISA Ws

When simulating ISAWs, we introduce a Boltzmann factor ! = e� � where � =

1=kB T and � � 0 is the contact energy, i.e. the amount of energyassociated with

each pair of nearestneighbour vertices of the walk (not connectedby an edgeof

the walk). Each contact in a con�guration now contributes a weight of ! so that

an ISAW will appear in the ensemble with probability

� ( ) =
zj  j ! m( )

G(z; ! )
� SAW ( ) (7)
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where m( ) is the number of contacts in con�guration  , G(z; ! ) is the grand

partition function for ISAWs,

G(z; ! ) =
1X

n=0

zn Zn(! ); (8)

whereZn (! ) is the canonicalpartition function

Zn (! ) =
1X

m=0

cm
n ! m (9)

and cm
n is the number of con�gurations of n-step walks with m nearestneighbour

contacts.

In order to correctly weight each con�guration appearing in the sample, we

need (7) to be the equilibrium distribution of the Markov chain. This can be

achieved by using the standard Metropolis step [12]after any successfulB-S move.

To do this we calculate the energy produced by a Monte Carlo move which is

� m = m(t + 1) � m(t), wherem(t) is the number of nearestneighbour contacts

after the t-th Monte Carlo step. This changein energygivesus the probability of

acceptingthe trial move asfollows: we let p = min(1; ! � m). If p = 1 then the trial

move is automatically accepted. If p < 1 we choosea (pseudo) random number

uniformly distributed between 0 and 1 and compare it to p. If the number is

smaller than p, then the trial move is accepted;otherwiseit is rejectedresulting in

a null transition. Notice that p < 1 correspondsto � m < 0 which is possibleonly

whenwe attempt to deletea bond from the walk. Thus any successfulattempt at

adding a bond to the end of the walk is always accepted. We will refer to a B-S

move combined with a Metropolis step as the Berretti-Sokal-Metropolis (B-S-M)

algorithm.

2.2 Enhanced B-S-M Algorithm

A signi�cant improvement in the e�ciency of this algorithm can be obtained by

the following alteration. Instead of appending a single bond onto the end of the

walk, we appendanotherself-avoiding walk of length � n. Similarly, the deletionof

a singlebond at the endof the walk is now replacedby the deletion of the last � n
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bondsof the walk. This is similar to the idea of strides due to Wall et al [13]. In

order to avoid any bias, the particular mini-walk that is appendedto the current

walk hasto be chosenuniformly from all walks of length � n. Sincethe number of

walks grows exponentially with increasingn, in practice we are restricted in our

choiceof � n by the amount of computer memory. As an exampleof the memory

requirements, choosing � n = 17 for two dimensional walks requires roughly 50

MB of memory.

Sincethe lengthsof the walks generatedby the algorithm are multiples of � n,

the generatingfunction for the ensemble of walks is changedfrom (1) to

G(z) =
1X

k=0

zk� nck� n (10)

The transition probabilities given in (3) alsohave to be changedas follows :

Pr(attempting to add � n bonds) =
c� nz� n

1 + c� nz� n
(11)

Pr(attempting to delete� n bonds) =
1

1 + c� nz� n
(12)

The extensionrequired for the above move to simulate ISAWs is straight-forward

| just apply the Metropolis step asmentioned above.

We now considerthe e�ciency of the algorithm for SAWs with this additional

move. Firstly we note the heuristic argument provided by Berretti and Sokal

which suggeststhat the integrated autocorrelation time � shouldbe O(hni 2). This

is in fact correct to leadingorder if ordinary random walks (i.e. with intersections

allowed) are simulated with the algorithm (see[6, Appendix A]); this is a lower

bound for � . The argument assumesthat the length of the walks being simulated

will executea random walk on the integerswith inward drift. Thus on average

it will take hni 2 Monte Carlo stepsfor the empty walk to be reached upon which

a completely independent con�guration will be generatedsinceall memory of the

past is erased.In a later paper [14] an upper boundwasobtainedsothat O(hni 2) �

� � O(hni 
 +1 ), where
 is a critical exponent associated with the entropy of SAWs

and is greater than 1. Herewe arguethat the reduction in � ought to be O(� n2),

at least for ordinary randomwalks, whenusingthe improvement mentioned above.
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To seethis simply replacehni in the original argument of Berretti and Sokal by

hni =� n. In Section4 we will provide someevidenceto show that the reduction in

� more or lessfollows this trend for SAWs. In summary, this local move has the

e�ect of reducing the length of the walk by a factor of � n. Of coursethe price

that we pay is an increasein the CPU time neededto executea Monte Carlo step,

aswe shall seebelow.

For ISAWs the � n dependenceof � is rather more complicated. We �nd that

the algorithm no longer necessarilybecomesmore e�cien t with increasing � n.

Instead, there is now someoptimal value of � n, above which the e�ciency of

the algorithm decreases.Furthermore, this optimal value of � n decreasesas the

temperature is lowered. Thus the move is lesse�ective for lower temperatures.

This phenomenonis due to two e�ects, the �rst being that as the walk collapses

it is increasinglydi�cult to append many bonds onto the end of the walk with-

out violating self-avoidance. Secondly, the chanceof the Metropolis move being

successfuldecreasesrapidly with decreasingtemperature, (i.e. increasing! ) |

paccept = 1=! � m .

There is no particular reasonfor choosingto append/deleteonly SAWs of �xed

length � n when using the algorithm. We therefore tried to further improve the

e�ciency of the algorithm by allowing � n to vary. This is implemented by deciding

on the maximum value that � n can take, call it k. A weight is then prescribed

to every walk of length up to k. We determinedempirically that improved results

can be achieved by choosingeither

wi =
i

P k
i=1 i

(13)

or

wi =
i2

P k
i=1 i2

: (14)

The modi�ed transition probabilities for this alteration are :

Pr(attempting to add i bonds) =
ci zi wi

1 +
P k

i =1 ci zi wi
(15)

Pr(attempting to deletei bonds) =
wi

1 +
P k

i =1 ci zi wi
(16)
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For a certain rangeof temperaturesthis techniqueprovided a gain of between20%

and 50%in the e�ciency of the algorithm over the �xed � n results.

2.3 Programming Techniques

The e�ciency of a Monte Carlo algorithm is not solely determined by its auto-

correlation time. The averageamount of CPU time per Monte Carlo step is the

other factor determining the algorithm's e�ciency . Sinceboth algorithms that we

considerhereonly employ local/bilo cal moves,the CPU time is O(1). However the

relevant questionin our caseis : how much doesthe movesuggestedabove increase

the CPU time per Monte Carlo step? The increaseis linear in � n but by using

somecareful programming techniques,we are able to reducethe proportionalit y

constant.

As pointed out by Berretti and Sokal [6], an e�cien t way to implement the B-S

algorithm in two dimensionsis to usea bitmap and a linear linked list. However a

bitmap is not practical in three dimensionssinceit usestoo much memory. This

situation would normally require the useof a relatively slow hash table, however

a clever data structure known asa sliding bitmap was introducedby Berretti and

Sokal [15] which is about twice as fast as a hash table. This data structure can

be employed solely becausethe algorithm usesonly local moves. We found that

whenusinga bitmap, it is expensive to repeatedlycalculatethe addressesof lattice

points. A better approach is to store the addressesof the points of the walk in a

linear list and then usetheseto calculate the addressesof their neighbours. This

approach only requiresthe useof inexpensive addition and subtraction operations.

In fact we usethis sametechnique for the hash table which is required when the

reptation algorithm is implemented in three dimensions.

When implementing the algorithm for ISAWs an e�cien t method is requiredto

deal with the problem of calculating � m for each Monte Carlo step. Sincebonds

can only be addedor deletedfrom oneend of the walk, we found that it wasnever

necessaryto calculate � m when a bond was being deleted. All that is needed

is to calculate and store the value of � m when the i -th bond is added onto the
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end of the walk in an array. When the i -th bond is eventually deleted, � m will

simply be the negative of the i -th entry in the array. There are no short cuts for

calculating � m when adding a bond onto the walk, but by using the technique

described above for calculating the addressesof the neighbours, we minimised the

time it takesto do this.

3 The Reptation-Metrop olis Algorithm

The reptation algorithm generatesSAWs at �xed n with equal weight, i.e. in a

canonicalensemble. It is also very simple to generateISAWs with this algorithm

by including the Metropolis move mentioned previously. Reptation is very similar

to the B-S algorithm in that its basic move is to delete one bond at the tail of

the walk and simultaneously append another bond at the head of the walk, thus

conservingn. This algorithm was known to be non-ergodic by its inventors. In

order to make it ergodic, we must add a pair of local/bilo cal moves which allow

the algorithm to extricate itself from otherwise frozen con�gurations. A list of

thesemovesis given in [16]. We choseto usethe end-kink and kink-end movesin

our simulations.

In order to satisfy detailed balance,the end-kink and kink-end moveshave to

occur with the correct relativeprobabilities. The ratio of theseprobabilities should

be the ratio of the number of two-stepself-avoiding con�gurations to the number

of kink con�gurations. For example,in two dimensionsthis ratio is 9:2 (assuming

immediate reversalsare not attempted) thus

Pr(attempting end-kink) =
2
9

Pr(attempting kink-end) (17)

There is no relationship betweenthe probability of attempting a reptation move

and the probability of attempting an end-kink or kink-end move. We cantherefore

tune theseprobabilities to maximisethe e�ciency of the algorithm. We will refer

to the reptation algorithm with a Metropolis move and ergodic extensionsas the

reptation-Metropolis (R-M) algorithm.
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To improve the R-M algorithm we simply delete the last � n bonds from the

tail of the walk and simultaneously add a mini-walk of length � n to the head of

the walk. `Simultaneously' heremeansthat the mini-walk addedonto the headof

the walk is allowed to occupy sites that were previously occupiedby the last � n

sites of the walk. The results in employing this move were mixed, as can be seen

in Section 4. Signi�cant improvement to the overall e�ciency of the algorithm

wasachieved whensimulating ordinary SAWs. However, the simulation of ISAWs,

especially in the collapsedphase, yielded only marginal gains (40-60%) in the

overall e�ciency of the algorithm.

The problem of simultaneously adding and deleting bonds from both sidesof

the walk make the implementation of this algorithm signi�cantly more di�cult

than the B-S-M algorithm. The added problems of the end-kink and kink-end

movescompound this di�cult y resulting in a much slower program. Calculating

� m is also expensive since the short cut available for B-S-M is not applicable

here. This results in a stronger linear dependenceon CPU time with increasing

� n meaningthat any improvement in � is signi�cantly dampenedby an increase

in CPU time. It is this very problem that leadsto the slight gainsin e�ciency for

ISAWs. We were partly able to compensatefor theseproblemsby employing the

method of multiple Markov chains.

3.1 Multiple Mark ov Chains

We will brie
y outline this method here, for further details and a more compre-

hensive explanation of why the algorithm helpssee[3]. This technique consistsof

running a set of Markov chains in parallel, where the state spaceof the Markov

chains are ISAWs in a canonicalensemble. The idea is to simulate each chain at a

di�erent temperature and to regularly attempt to swap two neighbouring chains,

i.e. to cool one chain and heat up the other one. In order to perform this swap-

ping, the chains must be ordered in increasingtemperature so that neighbouring

chains will be simulated at similar temperatures. The probability with which the

swapping move is acceptedis chosento satisfy detailed balance. This probability
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also ensuresthat swapping two chains will not throw them out of equilibrium |

otherwisethe algorithm would be useless.Thus the probability of swapping two

chains is reasonablyhigh only whenthere is a su�cien t overlap betweenthe distri-

butions of the neighbouring chains. In practice this meansthat the temperature

di�erence betweenneighbouring chains has to be fairly small.

To seewhy this method reducesthe autocorrelation time, considersimulating

an ISAW at sometemperature1 ! . The con�guration of the ISAW will change

as it normally does for a single Markov chain until a swap move is successful

betweenitself and a neighbouring chain. One of the chains will then spend some

time at a higher temperature whereequilibriation is rapid, resulting in a di�erent

con�guration in a shorter time. Sincethe Markov chain will still be in equilibrium,

we can samplefrom it normally. Theseswapsshouldoccur often enoughto ensure

that they have an e�ect, i.e. at least several attempts should be madeduring one

`typical' autocorrelation time. However they shouldalsobe sparseenoughto allow

a noticeablechangein the con�gurations betweenswaps. The exact frequencyof

theseswapswasdeterminedempirically for the particular setof temperaturesbeing

simulated.

3.2 E�ciency of the R-M Algorithm

The argument for the e�ciency of the reptation algorithm is similar to the ar-

gument for the B-S algorithm. After approximately n2 Monte Carlo moves, the

slithering motions of the algorithm will have carried it forward a distance of n

steps. Thus all of the original bonds in the walk will have beenreplacedby new

onesand we will thereforehave a new con�guration. Oncemore we would expect

this argument to be exact for ordinary random walks although unlike B-S, we are

not awareof any proof of this. To quantify the improvement in the autocorrelation

time with our bilocal move, simply replacen by n=� n as before.

Most of the programming techniquesmentioned above for the B-S algorithm
1Even though ! is not the actual temperature (it is a dimensionlessparameter that controls

the temperature) we will refer to it as such for convenience.
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are alsoapplicablefor this algorithm. However in three dimensionsa hashtable is

necessarysincea bitmap requirestoo much memory and a sliding bitmap cannot

handle bilocal moves. The hash function chosenshould not be too complicated

so that the addressof the nearest neighbours of a site can be calculated from

the addressof the site. Unfortunately the trick usedfor the B-S algorithm when

calculating � m is not applicableheresincebondscanbeappendedto either endof

the walk. The calculation of � m whenever a reptation move is applied is actually

fairly cumbersomeand this signi�cantly slows the speedof the program. This is

more so in three dimensionswherea hashtable must be used.

4 Auto correlation Times

In this sectionwe will present the comparisonof the algorithms mentioned above

with and without the above enhancements. It is �rstly important to note the

method we usedto estimatethe autocorrelation times for the variousobservables.

The quantit y we actually estimate is the integrated autocorrelation time. This

is done by �rstly estimating the normalised autocorrelation function � AA (s) =

CAA (s)=CAA (0), where CAA (s) � hA tA t+ si � � 2
A , for some observable A. The

natural estimator of CAA (s) for a time serieswith N samplesof someobservable

A is given by

ĈAA (s) =
1

N � jsj

N �j sjX

t=1

(A t � �A)(A t+ jsj � �A) (18)

Theoretically � int ;A is the areaunder � AA (s), sowe canestimateit by summingthe

area under �̂ AA (s) = ĈAA (s)=ĈAA (0). This is �ne for small s, however as s gets

large, � AA (s) typically decays exponentially to zero and the estimatesof � AA (s)

for large s are mostly noise. The questionthen arisesas to wherethe sum should

be cut o�. In [17], Madras and Sokal suggestthe following

�̂ (M )
int ;A = 0:5 +

MX

k=1

� AA (k) (19)

whereM = 10�̂ (M )
int ;A . The factor of 10 is chosenarbitrarily and is there to ensure

that contributions are madefrom several � int ;A 's apart.
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Table 1: Auto correlation Times � int ;n for SAWs with hni � 165 on the

square lattice for a variet y of � n values using B-S-M Algorithm.

Monte Carlo E�ciency

� n Steps � int ;n tCPU (� s) t IND (s) E

1 2 � 1010 110000� 3300 1.05 0.231 1:0 � 0:03

2 3 � 109 31600� 1400 1.28 0.081 2:9 � 0:2

4 5 � 108 7760� 390 1.93 0.030 7:7 � 0:4

6 5 � 108 3900� 140 2.40 0.019 12:3 � 0:6

8 2 � 108 2240� 100 2.87 0.013 18:0 � 1:0

10 2 � 108 1540� 60 3.30 0.010 22:7 � 1:1

12 1 � 108 1100� 50 3.87 8:5 � 10� 3 27:1 � 1:5

14 1 � 108 820� 30 4.25 7:0 � 10� 3 33:1 � 1:6

16 1 � 108 620� 20 4.80 6:0 � 10� 3 38:8 � 1:7

Finally, pleasenote that all error bars appearing in this sectionare 95%con�-

denceintervals.

4.1 The B-S-M Algorithm

We start o� by demonstratingthe gainsin the autocorrelation time for the B-S-M

algorithm. The trial runs were performed on the squarelattice at three temper-

atures and were chosento illustrate the advantages and limitations of the new

local move. The resultsare summarisedin three tables which show the integrated

autocorrelation time for the observablen. All the simulations wereperformedon a

DecAlpha 2504/266. The tablesshow the averagetime taken to executea Monte

Carlo step in microseconds,tCPU , the time, in seconds,neededto produce an in-

dependent con�guration, t IND = 2� int ;n tCPU and the gain in e�ciency E, whereE

is de�ned as

E(� n) =
t IND (� n = 1)

t IND (� n)
(20)

13



40

30

20

10

 G
a

in
 in

 E
ff

ic
ie

n
cy

 E

161412108642
Dn

Figure 1: E asa function of � n for the enhancedB-S algorithm

Table1 shows the resultsobtainedwhensimulating ordinary SAWs, i.e. ! = 1.

This is wherethe new local move works best sincefewer null transitions occur at

this temperature. The best result is obtained by choosing� n = 16 (we did not go

beyond � n = 16 due to memory constraints) and this increasesthe e�ciency of

the algorithm by a factor of 38.8. The behaviour of � int ;n is shown by performing

a log-log plot of � int ;n vs. � n. The data formed a straight line whose slope

was estimated by the linear least squaresmethod. The slope was found to be

� 1:86 � 0:02, signi�cantly away from the random walk result of � 2. We also

performed �ts for tCPU and E as functions of � n. The behaviour for tCPU was

linear and the regressionequation was found to be tCPU = 0:25� n + 0:86.

Figure 1 showsa plot of E vs. � n. For small � n it is expectedthat E � � n1:86,

whilst for large� n it is expectedthat E � � n0:86. However, for the rangeof � n in

thesesimulations the behaviour of E is intermediatebetweenthesetwo asymptotic

regionsand thus neither asymptotic behaviour is evident in the �gure.
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Table 2: Auto correlation Times � int ;n at ! = 1:6 with hni � 165 on the

square lattice for a variet y of � n values using B-S-M Algorithm.

Monte Carlo E�ciency

� n Steps � int ;n tCPU (� s) t IND (s) E

1 1 � 1010 120000� 5300 1.16 0.278 1:0 � 0:04

2 3 � 109 36400� 1700 1.66 0.121 2:3 � 0:2

4 2 � 109 14100� 500 2.10 0.059 4:7 � 0:3

6 1 � 109 9700� 300 2.45 0.048 5:9 � 0:3

8 1 � 109 8800� 200 2.64 0.046 6:0 � 0:3

10 1 � 109 8500� 200 2.81 0.048 5:8 � 0:3

12 1 � 109 9400� 300 2.90 0.055 5:1 � 0:3

14 1 � 109 11600� 500 3.05 0.071 3:9 � 0:2

Table 2 shows the results obtained for ISAWs at ! = 1:6. An important point

to note in Table 2 is that � int ;n is not monotonically decreasingwith � n. The

best result occurs for � n = 8 where we seean improvement by a factor of 6.0.

This occurs when the acceptancefraction of a Monte Carlo step outweighs the

larger conformational changeobtained for increasing� n. Unlike the SAW result,

the plot of tCPU vs. � n is not linear sincemany attempts to append mini-walks

violate self-avoidanceand hencethe expensive operation of calculating � m is not

performedasoften.

Table 3 shows the e�ciency of the algorithm in the collapsedphaseof the

model where ! = 2:05. The trends that were present in Table 2 are magni�ed

in Table 3. We seethat the optimal value now occurs at � n = 2 with a gain in

e�ciency of only 1.8. Another striking feature in this table is the magnitudeof the

autocorrelation times. For ! = 1:6, about 20 independent con�gurations could be

generatedin onesecondwhereasnow more than 1 secondis neededto generatean

independent con�guration with a slightly larger averagelength. This fact severely

limits our samplesizeand results in signi�cantly poorer statistics in the collapsed

regime.
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Table 3: Auto correlation Times � int ;n at ! = 2:05 with hni � 200 on the

square lattice for a variet y of � n values using B-S-M Algorithm.

Monte Carlo E�ciency

� n Steps � int ;n tCPU (� s) t IND (s) E

1 8 � 1010 1100000� 100000 1.16 2.55 1:0 � 0:1

2 2:5 � 1010 460000� 50000 1.55 1.43 1:8 � 0:3

4 2 � 1010 410000� 50000 1.77 1.45 1:8 � 0:3

6 2:5 � 1010 770000� 110000 1.76 2.71 0:9 � 0:2

4.2 The Reptation-Metrop olis Algorithm

We performed trial runs at three temperatures on the squarelattice and at two

di�erent temperatureson the simple cubic lattice for the R-M algorithm. We also

usedtwo multiple Markov on both the squareand cubic lattices, both employing

twelve temperatures. In both casesoneof the multiple Markov chainsused� n = 1

and the other used� n > 1. This allowed us to distinguish betweenthe e�ect of

using a multiple Markov chain, and using � n > 1. The results for thesetrial runs

are summarisedin three tables.

Table 4 shows the results obtained when simulating ordinary SAWs with the

reptation algorithm for di�erent � n values. The resultsare qualitativ ely the same

as for the B-S algorithm, i.e. increasing� n increasesthe e�ciency of the algo-

rithm. We performed a log-log plot for the autocorrelation time for the squared

end-to-end distance, � int ;R2
n

vs. � n to check our argument for the behaviour of

� int ;R2
n
. A straight line �t to the data yielded a slope of � 1:56 � 0:03 which was

worsethan the result obtained for the B-S algorithm.

Figure 2 shows a plot of E against � n. We expect E � � n1:56 for small � n

and E � � n0:56 for large � n. However, as for the B-S algorithm, the rangeof � n

usedin the simulations are in betweenthesetwo asymptotic regimes.Thus none

of the behaviour described above for E asa function of � n is evident in the plot.

In carrying out the simulations involving multiple Markov chains, we followed
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Table 4: Auto correlation Times � int ;R2
n

for SAWs with n = 500 on the

square lattice for a variet y of � n values using R-M Algorithm.

Monte Carlo E�ciency

� n Steps � int ;R2
n

tCPU (� s) t IND (s) E

1 5 � 109 56700� 2500 1.77 0.200 1 � 0:04

2 2 � 109 19800� 800 2.32 0.092 2:2 � 0:1

4 1 � 109 6600� 200 2.88 0.038 5:3 � 0:3

6 5 � 108 3400� 100 3.65 0.025 8:1 � 0:4

8 2 � 108 2000� 80 4.27 0.017 11:7 � 0:7

10 2 � 108 1500� 50 4.89 0.016 13:7 � 0:8

12 2 � 108 1150� 40 5.42 0.012 16:1 � 0:9

14 2 � 108 910� 30 5.96 0.011 18:5 � 1:0

16 2 � 108 780� 20 6.56 0.010 19:6 � 1:0

the suggestionsmade in [3] for deciding on the number of chains to be usedand

on their temperatures. During the trial runs, we kept track of the number of

successfulswaps betweenall pairs of neighbouring chains. We also kept track of

the fraction of time each chain spent at each temperature. In our �nal runs, these

two diagnosticsindicated that the chains weremixing well and that the frequency

of successfulswapping betweenneighbouring chains was satisfactory.

Table 5 shows the results for simulating ISAWs in two dimensionswith and

without multiple Markov chains. We simulated at twelve temperatures, namely

! = 1:4, 1.5, 1.6, 1.7, 1.8, 1.9, 1.95, 2.0, 2.05, 2.1, 2.15 and 2.2, however we only

present the results for ! =1.8 and 2.1. As is apparent from the e�ciency column,

using� n > 1 doesnot provide a great increasein performance,exceptfor the case

! = 1:8 with no multiple Markov chains. The useof multiple Markov chainsmake

the algorithm roughly three times as e�cien t in the low temperature phase. We

found that there is a CPU overheadof approximately 30% when using multiple

Markov chains. This rather large overheadarisesfrom the needto replacesingle

variableswith arrays. Using � n > 1 together with multiple Markov chains in two
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Figure 2: E as a function of � n for the enhancedReptation Algorithm

dimensionsdoesnot seemto increasethe performanceof the algorithm.

Table6 showsthe resultsfor usingthe algorithm on ISAWs in threedimensions.

The multiple Markov chains employed twelve temperatures : ! =1.1, 1.15, 1.2,

1.25, 1.3, 1.35, 1.375,1.4, 1.425,1.45, 1.475and 1.5. The results are better than

those observed in two dimensions. However, this is not surprising sincethe self-

avoidanceconstraint is not assevere in three dimensions.We alsoseethat (unlike

two dimensions)the useof multiple Markov chains together with � n > 1 achieves

an increasein e�ciency in the low temperature phase. The larger CPU times

per Monte Carlo step in 3D are due to the use of hashing rather than using a

bitmap. This is partly compensatedfor by the smaller autocorrelation times that

wereobserved around the e�ective critical point (for n = 500,the e�ective critical

point occursat ! � 1:4).
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Table 5: Auto correlation Times � int ;m for ISA Ws with n = 500 on the

square lattice using R-M Algorithm with Multiple Mark ov Chains.

Monte Carlo E�ciency
! � n Steps � int ;m tCPU (� s) t IND (s) E

No Multiple Markov Chains

1.8 1 5 � 109 55700� 2400 2.36 0.262 1:0 � 0:04

2.1 1 1 � 1010 101000� 4000 2.21 0.446 1:0 � 0:04

1.8 6 2 � 109 18900� 700 4.76 0.180 1:5 � 0:1

2.1 5 5 � 109 64000� 6000 3.17 0.406 1:1 � 0:1

Multiple Markov Chains

1.8 1 1:5 � 109 27400� 1500 3.07 0.168 1:6 � 0:1

2.1 1 1:5 � 109 24900� 1300 2.87 0.143 3:1 � 0:2

1.8 6 1 � 109 13800� 700 6.18 0.171 1:5 � 0:2

2.1 5 1 � 109 18500� 1000 4.12 0.152 2:9 � 0:3

5 Conclusion

We have added a Metropolis move as well as a new local move to the B-S and

reptation algorithms to simulate ISAWs in two and three dimensions.The useof

the local move for simulating ordinary SAWs greatly increasedthe e�ciency |

by an order of magnitude | of both algorithms. There is also a substantial gain

in e�ciency even when interactions are introduced and simulations are carried

out in the low temperature phaseor at the critical point. To further improve

the performanceof the reptation algorithm at low temperatures,we introduceda

multiple Markov chain. This also increasedthe e�ciency in both two and three

dimensions.
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Table 6: Auto correlation Times � int ;m for ISA Ws with n = 500 on the

cubic lattice using R-M Algorithm with Multiple Mark ov Chains.

Monte Carlo E�ciency

! � n Steps � int ;m tCPU (� s) t IND (s) E

No Multiple Markov Chains

1.3 1 3 � 109 33000� 1400 10.4 0.686 1:0 � 0:04

1.45 1 6 � 109 66000� 2800 8.3 1.096 1:0 � 0:04

1.3 6 5 � 108 4300� 200 20.4 0.175 3:9 � 0:3

1.45 6 3 � 109 22000� 800 11.6 0.510 2:1 � 0:1

Multiple Markov Chains

1.3 1 1:05� 109 16200� 800 13.5 0.437 1:6 � 0:1

1.45 1 1:05� 109 22400� 1300 10.8 0.484 2:3 � 0:2

1.3 6 5 � 108 3800� 150 26.5 0.201 3:4 � 0:3

1.45 6 5 � 108 8450� 450 15.1 0.255 4:3 � 0:4
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