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Abstract
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exactly utilising a theoremrecertly proved concerningthe Bethe Ansatz for the eigenvectors
of the transfer matrix of the 5-vertex model.
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1 Intro duction

Recerily, the problems of one and two directed walks interacting with one and two walls via
contact interactions on the square lattice have been solved exactly [1]. In particular the par-
tition functions for xed length and xed starting and ending positions have been evaluated.
Another recent dewelopmert [2] has beenthe proof of two theorems concerningthe evaluation
of the partition function of N sud walks with arbitrary inhomogeneous(with respect to the
direction perpendicular to the directness)weights: thesetheorems give the answer in terms of
a determinant provided the solution of the one-walk problem can be structured in a particular
fashion. In this paper we shaw that the one-walk solution for the caseof surfacecortact interac-
tions with homogeneousulk weights satis es the conditions of those theorems, which we write
as a single theorem for the purp osesof this paper, and hencewe give the solution of N walks in
a strip and in a half-plane interacting with their surfaces.In the caseof the strip one boundary
interaction is dependert on the other. The ideasbehind this method of solution originated in
the mapping from the v e-vertex model (a sub-caseof the more well-known six-vertex model) to
N non-intersecting walks [3, 4]. It should be noted that with homogeneouswveights away from
the boundaries but extra weights at the boundariesthe six-vertex model has been considered
previously [5]. Howewer, there [5], and in most other studies of the six-vertex model, only such
properties of the model are calculated that are averagesover all numbers of walks, N. Here in
cortrast we nd the partition function for a xed number of walks, N, of a xed nite length t.
Our formulae generalisethe “master formulae' of Fisher (equation (5.9) of [6]) and of Forrester
(equation (4) of [7]).

2 The model

A lattice path or walk in this paper is a walk on a squarelattice rotated 45 which has stepsin
only the north-east or south-eastdirection and with siteslabelled (m;y) (see gure 1). A set of
walks is non-intersecting if they have no sitesin common. We are concernedwith enumerating
the number of con gurations of N non-intersecting walks, starting and ending at given positions,
in two geometries: 1) walks which are con ned to the upper half plane; and 2) walks which are
con ned to a strip of a givenwidth, L. In particular we are interestedin interacting caseswvhere
the walks nearestthe boundariesare attracted or repulsedby cortact interactions. In this paper
we shall focus on case2 sincethe other casecan be easily derived from it.

First we describe the model consideredby Brak et. al. [2]: this requires the following sub-
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Figure 1: Three non-intersecting directed walks of lengtht = 14 in a strip of width L =
9. The variablesy', yf and t are shown. The walk closestto the lower wall has weight
v()w(L; 2)w(2;3)w(3;2)  w(1;0)w(0;1) = 3 with y} = 1and yf1 =1

domains of zZN

[¢]

SL=fyjl y L;y2Zandy oddg; (2.1a)
Se,szij y L;y2Zandy eweng; (2.1b)
SL=fyj0 y Ly2Zg (2.1¢c)
U= flysinyn)il ya<:iii<yn L yi2Sig (2.1d)
Oo=f(ysinyn)i0 ya<:ii<yn L vi2Sig (2.1e)
UL =flysiiyn)io ya<iii<yn L vi2Sig (2.1f)

. p o e . . .
We will use U_ to denote U. or U.. N non-intersecting walks were considered,con ned to

m = 0 of the lattice sites and terminated after t stepsat y-coordinatesy' = (yfl; il ;y{\,) 2 GOL
in the t column. If t is even then p®= p elsep®= p, where p is the opposite parity to p. The
strip width L was consideredto be odd only sothat j U, j=j ULj = %(LN”) - we shall do the
samein this work. Paths were consideredsud that if (m 1;y), with y 2 S, , is the position
of a path in column m 1 the only possible positions for that path in column m are (m;y9
with y9=y 1 and y°2S.. The non-intersection is de ned through the constraint that if

there are N sitesoccupiedat m = 0 then in ead column of sites(0 m t) there are exactly
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N occupied sites. Hencethe y-coordinates in any column are restricted to satisfy y 2 GL with
the parity p depending on whether t is even or odd. The walk problem assaiated with the
v e-vertex problem [8, 4] was generalisedby Brak et. al. [2] by the assigningof a weight w(y:y9
to the lattice edgefrom site (m 1;y) to (m;y9 with y°=y 1 (see gure 1). Notice that,
sincew(y;y9 is assumedindependert of the column index t, due to the squarelattice structure
the weights are periodic in the t direction with period two: Note if y 2 spL then y°2 spL, and in
generalw(y;y9 6 w(y®y). An arbitrary weight v(y') was also assaiated with ead of the sites
occupiedat m = 0. The weight assaiated with a given set of walks is the product of w weights
over all edgesoccupied by the walks multiplied_tlgly the product of the v weights for ead of the
initial  sites occupied. The partition function, z, (y'! y), of N walks of length t starting at
y = y' in columnm = 0 and nishing aty = yf in column m = t is the sum of these weights
over all setsof walks connectingy' and y':

=N X W Y
Z, (' yh) = v(y;(0))  w(yj(m 1);y;(m)) (2.2)
Y j=1 m=1

wherey; (m) is the position of the | t walk in column m and the setY is given by

Y = f1 vyi(m)<yy(m)< <yy(m) Lfor0O m t
3yj(m)=yj(m 1) 1landy;(0)= yji; yj (1) = yjf forl j N:g (2.3)

=S
When N = 1 we denote this partition function asz, (y'! y').
In this paper we shall considerthe casewhen

8
2 for (y;y9 = (1;0);
W=y =1 g s for(iyd= (L LL) (2.9
1 otherwise
provided y;y°2 s, and 8
E fory = 0
v(y) = % =1+ a 1 ) fory = L; (2.5)
1 otherwise

providedy 2 S; with L odd.

It should be noted that while we have a model where weights are assaiated with edgesthe
model chosenis readily seento be exactly equivalent to onewhere a weight  is assaiated with
ewvery occupied site at y = 0 and a weight  is assaiated with every occupiedsiteaty = L: A
(1;0) stepweight is “transferred'to ay = O site weight anda (L  1;L) stepweight is transferred
to ay = L site weight with the initial weights v(0) and v(L) taking care of the rst site of the
paths possibly in contact either of the boundaries(i.e. if y} = 0 or y§, = L respectively).
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In the limit L! 1 with y' andy’ xed and nite the partition function for N walks near
a single wall is obtained

2Nyt Y= im 2, YY) 26)

When N = 1 we denote the onewall partition function asZS(y'! y').

3 BEO Theorem

We summarisethe work of Brak et. al. [2] in one theorem, which we shall denote as the BEO
theorem. First we de ne the requisite transfer matrices.

Transfer Matrix Denitions. Lety 2 seL and y° 2 §L. For N = 1 the one-steptransfer
matrices are de ned as

8
<0 if | > 1
SR iy 8 672
WEw(yy9 ifjy y9=1
and
8
<0 it iy0 yi> 1
T1 = ey (3.7b)

O wyly) ity yi=t
The N -walk one-steptransfer matricesfor N > 1 are constructed from sub-matrices of a direct

product of the alove N = 1 matrices:
!

oe OI oe o] 0 e

(TN)y;y0: T1 y 2 UL andy 2 UL (38&)
i=1 yiy©

and
|

eo Oj eo 0 e o

(Tn)yoy = T1 y°2 UL andy 2 Up (3.8b)
i=1 yOy

The two-step transfer matrices for all N are de ned as

ee eo oe

TN=TNTN (3.93)
oo oe eo
TN=TNTN: (3.9b)

In the normal fashion the N -walk transfer matrices can be usedto calculate the N -walk
partition functions. Rather, the BEO theorem describesunder what conditions onthe N = 1
transfer matrices the partition function for N walks can be computed from these matrices.

BEO Theorem. Let f'OEgKZKl and f'eEgKZKl, wher K, is someindex set, be maximal sets of
independent vectors satisfying

e oe e

TiR= « & and Ti k= k k! (3.10)
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Let greN and 0TON for all N be given by equations (3.9). By imposing an arbitrary ordering on
the elementsof K; de ne

Ky = fk = (kl;kz; stk )jk, 2 Ky andk; < kp < < kNg (3.11)

and

k = k - (3.12)

0 ! . . 0o ee .
(a) If the setKy is non-empty then "} and eﬁ are right eigenvetors of T ; and T 1 respctively
with eigenvalue 2.

(b) If for p2 fe;og the setsf -png2K span the column spaces of grel and OTol respectively then
k 1

(i) correspnding setsf 'OLgKZK and f'eLngK of row vectors may be found suchthat
k 1 k 1
X
PP P P
k KOS Kkiko and kYY) "k (y() = yyo (3.13)
k2K 1

for each p 2 fe;og, wher the denotescomplex conjugation, and

kT1= k& and kT1= k& (3.14)

(0]
and further 'Ok and 'ek are left eigenvetors of Qr 1 and grel respectively with eigenvalue
2
p .
(i) for C 2 fL; Rg the vectors f  {gkok , given by the Bethe Ansatz,

p X Yo, X W

P p
k() = Kk (y)= Kkl ) y2uL (3.15)
2PN =1 2PN =1
satisfy
oe eR _ OR eo OR _ eR.
TN k= k «k and TN k= k ks (3.16)
and
OLOE eL eLeo OL
KTN = Kk k KTN = k k (3.17)

(iii) the setsf pﬁgkm v given by (3.15) are maximal setsof independent vectors that span
the column (C = R) and row (C = L) spaces of 0TON (p= o) and greN (p=e);

(iv) the partition function of N walksis given by

=N . W X pe. . p . 0
Z. 'y = vy *yh) Lk ')y 20Land yf 20,
=1 k2K N
(3.18)

wheee if t is even, p°= p but otherwise p and p° are of opposite parity,
(v) and hene
=N . =S .
Zo (' y') = detiize (v 1 yDi 1w (3.19)
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It wasshown alsothat if L > (t jyl ykj)=2+ max(yk:y\) then
=S i of Y= 7Squi 1 of
Zi(y'y )=zp(y ' y) (3.20)
and hence
ZN ('t y') = detizS ' Yl m1ene (3.21)
4 Results

In the next sectionwe will demonstrate that with the weights given by (2.4) the N = 1 transfer
matrices satisfy the conditions of the BEO theorem and hencewe will show that the partition
function, ZN (y'! yf), for non-intersecting walks given the weights (2.4) and (2.5) of N walks
in which the j walk starts at yji and arrives at yjf after t stepsis given by the following

determinant;
ZEWL! YD) ZEOAY Yh) i Z8L YR
ZE(h! YY) ZEOL! Yh) i ZEh! YR
ZV 'ty = | | | | (4.22)
ZE(YR! V) ZEOR YR it ZEOYN! YR)

where ZtS(yji ! yfk) is the generating function for con gurations of a single walk starting at yji
and ending at yL in the presenceof a wall or two walls. In the former case,with = 1,
ZS(y'! y") is replacedby

; t t
ZS i ] f — i )
AR ity +yh) sty Y2
s t t (4.23)
o It 2n y oy +2) $to2n yioyto2) '
When there are two walls a width L > 0 apart ZS(y'! y') must be replacedby
=S . ( 2) ¢
| | f =
Zt (y Ly ) %(t+yi+yf)+lf1 Lg
X t t
' 3ty +y)+Lm 3ty oyt 2)+Lm
m2Z 2 2 9
. X t t -
- 3t 2n y Yy +2)+Lm St 2n y oyt 2+ Lm
(4.24)

which is not a polynomial in , but rather a Laurent polynomial in
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5 Solution of N non-in tersecting walks interacting with a wall

To solve the N -walk problem we establish that the conditions of the BEO theorem hold. To
accomplishthis we must examinethe one-walk case.We point out that we examinethe one-walk
problem not to solve this problem per se,asit has beensolved previously [1] using a di erent
method, but rather to establish the technical conditions of the BEO theorem. Once we have
demonstrated that the one-walk transfer matrix problem satis es the conditions of the BEO
theorem the determinantal result (4.22) for the partition function for N walks then follows from
the conclusionsof the theorem.

5.1 Establishing the conditions of the BEO theorems

In order to usethe BEO theorem we rst needa set of one-walker left and right eigervectors
of grel and OTol that spanthe row and column spacesrespectively of these matrices. To do this
we considerthe equations (3.10) which allows us to usepart (a) of the theorem to establishthe
conditions of part (b).

For the right vectors, 'eﬁ, we rst solve the setsof equations: %Ol'oﬁ = 'eﬁ meaning
'OR 'eR
k()= ¢(0) (5.25)
'OR 'OR 'eR o]
K+ ky+2)= (y+1) 1 y L Zandy2s, (5.26)
oe e 0 .
and T, § =  § meaning
|eR |eR 'OR e
K+ ky+2)= ((y+1) 0 y L 3andy2s, (5.27)
Teon= o (5.28)
k =k :

Once we have found the right vectors the BEO theorem guarartees us solutions for the left
1) eo 1 .
vectors which satisfy the following equations (3.14): that is, ek T1= Ok meaning

,e ,e IO
Lo+ L@ = L) (5.29)
St Ly+ 2= iy+1) 2 y L 3andy2S, (5.30)
S = (5.31)

o, oe e .
and | T1= k meaning
IOL —_ IeL
k(1) = (0 (5.32)
‘OL ‘OL _ ,eL e
kW+ ky+2)= y+1) 1 y L 4andy2s, (5.33)

(o]

L2+ hwm= e : (5.34)
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We consider only the special case 1= 1 1) for which the equations above can be
explicitly solved to give the following

0 ' o]
k) ="kly) y2s (5.35)
e ' e
k) ="«(y)  y2se (5.36)
lo 1 ] 1 o
k) =W+ k) = 1 oy y2SL (5.37)
|e 1 1 e
k) =+ k() = 1 yo y2SL (5.38)
where
8 1=2 _
% 1)L ( 1) Y2 ifk=0
i
"(y) = p— exp(lky) +exp( ik iky) if k2 Kf (5.39)
% 1=2 _
1)L ( 1Y( 1) Y2 ifk=
and
8 1 P——
% P+ 1 ifk=0
2cogk) if k2 Kf (5.40)
E p 1 : P—1 k=
where exp(i k) is given by
. _ K exp( ik) .
exp(i k) = exp(k) (5.41)
and )
:ffjjj:l;:::;L 1g (5.42)

Note that ' , (y) can be made real by taking out a phasefactor. Thus, there are L + 1 distinct
valuesof , but if k! k then | changessign and hencethere are only (L + 1)=2 distinct
eigervalues, 2. Note, sincel is assumedodd  is never equalto zero(if L is even this happens
for k = =2 which givesrise to a null space{ a distracting complication we do not address).
Sincethe dimension of the spaceupon which grel and grol act is (L + 1)=2 we have a spanning
set of eigervectors labelled by the index set K; which is given by

K1=fk=fj‘=o;:::;—g (5.43)

Thus we have satis ed the conditions of the BEO theorem and hence

=N i fy ..:S i [
Zy (y'! y ) =detjiz (! y)ii; =1:n (5.44)



July 3,2001{ 11:02 DRAFT: n-vicious-w alks-solution version 2 9

where
=S i o NS Pein ¢ P
Zi(y! y)=v(y) k() k k() (5.45)
k2K 1
5.2 Evaluation of the one-walk partition function from the spectral decom-
position

For the sake of completeness(as it has not appeared previously) we briey demonstrate how
the expression(5.45) for the partition functions required can be evaluated. This method di ers
from that previously usedto obtain a “constart term' solution [1]. First note that the partition
function is zeroif t + y' + y' is odd. Substituting from (5.39) gives

=S 2 i yf Y= 1 X
2 Y E e D LQ+Q ) (5.46)
k2K 1 f Og

where

Qx = k(" v 4 eik(yf+yi)ei K (5.47)
SinceQz «x=Q «, ', Q k=( 1)ty +Y! 1Q k and Qo = Q = 0 the range of k values
summed over can be extendedto give,

=S . ( 2) t i uf Y= 1 X
i fy—- A\ <) (try'+y')=2, = t
k2K *
where we have used (5.40) and
K":ffj‘:o;:::;ZL 1g: (5.49)
Henceif we now usethe result that, for 2 Z,
(
12)(l i 1 if 2f0, 2L; 4L;:::
— exp(i E) = _ g (5.50)
L 5 L 0 otherwise

we get, after expanding the denominator of €' « (valid for > 2), the result (4.23).

Returning to (5.46), the summandis a continuous function if > 2 (exp(i x) hasa zeroin
the denominator for 2), and thusin the limit L! 1 the sum becomesa Riemann integral
which can be evaluated by residuesto give (4.24). This can also be obtained directly from
(4.23). Since(4.23) and (4.24) are Laurent polynomialsin (sincethe binomial coe cien ts are
assumedto vanish outside there natural domain of de nition) the results are valid for all
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