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Abstract

The paper gives generalisations of Hardy’s integral inequality that fur-
ther extend results of Mohapatra and Russell (Aequationes Math. 28 (1985),
199-207) and other authors by using a-submultiplicative or a-supermulti-
plicative functions.
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1 Two main theorems

The well known Hardy’s inequality [5, Theorem 327] has been generalized in many
directions by a number of mathematicians (see, for instance, [2, 4, 6, 7, 8]). The
purpose of the present paper is to derive inequalities of Hardy type which generalise
results of Mohapatra and Russell [9] as well as results of Copson [3], Beesack [1]

and others using a-submultiplicative and a-supermultiplicative functions.

Hypotheses. Throughout we assume that all the functions considered in the paper
are nonnegative and measurable on their domains of definition, which is usually
Ry := [0,00). In particular, a is a nonnegative measurable function defined on
Ry x Ry

Let f, g be nonnegative measurable functions defined on Ry. Forany z, t € R,

we set
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assuming that the integrals are finite. The weight function w is measurable and
positive. The function ¢ is always assumed nonnegative and continuously differen-
tiable in R . In appropriate places in the paper we will further assume that ¢’ is
nonnegative, increasing and a-submultiplicative, or nonnegative, decreasing and a-
supermultiplicative. In general, a-submultiplicativity and a-supermultiplicativity

cannot be replaced by mere submultiplicativity and supermultiplicativity.

Definition 1.1. Let o > 0. A function f :J C Ry — Ry is a-submultiplicative if

the function af is submultiplicative; equivalently,

flzy) < af(z)f(y) for all z,y € J;

f is a-supermultiplicative if the reverse inequality holds, and a-multiplicative if it

is both a-submultiplicative and a-supermultiplicative.
We give an example of typical functions in these classes.
Example 1.2. Let a > 0, ¢ > 0, p > 0, and define
f(@)=a Ye+z)Pt, x>0
We can verify the following properties of f:
(i) If c=0, then f is a-multiplicative.
(i) If ¢ > 1 and p > 1, then f is a-submultiplicative.
(ili) If¢>1and 0 < p <1, then f is a-supermultiplicative.
Theorem 1.3. Assume that the function a satisfies
a(x,t) {: ! ¥ i> (1.3)
< kia(y,t) if x>y>t>0 (for some constant ky > 1).

(i) Suppose that 1 < p < oo, p' =p/(p—1), 0 <m < 00, g(x) >0 on (0,m),
and that ¢' is nonnegative, increasing and a-submultiplicative for some o > 0.
Then

/0 " (@) p(Fu(x)) d

< ay/ (k1) {/Om[w(x)f(x)Gg(;(;)]p dx}l/p {/Om M dx}l/p/ 1)

w(z)P

(ii) Suppose that 0 <p <1, p' =p/(p—1),0<r < oo, Fi(z) >0 on Ry, and

that ¢’ is nonnegative, decreasing and a-supermultiplicative for some o > 0. Then
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/ " g(@)o(Fi(2)) de

0o 1/p 0o ’ T P /¢’
> ay (k) {/ [w(x)f(a:)Gg(x)]pdx} {/ de} . (1.5)

w(x)P

Proof. (i) Let ¢’ be nonnegative, increasing and a-submultiplicative. In order
to apply the hypotheses and Hoélder’s inequality, we need to express ¢(Fi(z)) in
a suitable form. In the following argument we need to differentiate the integral
Fi(z) = [) a(x,s)f(s)ds as a function of the upper terminal. To this end we
stipulate that the variable z in a(x,s) is not coupled with the variable x in the

integral terminal. We have

o(Ra) = [ (Gemo) a= [T Eo)gao

:/Ox o </Ota(:z:,u)f(u) du) (% /Ota(x,u)f(u) du> dt

_ /0 o </0ta(x,u)f(u) du) o, 1) f(1) dt.

ory - [ ([ "o, u) F(u) ) ol 0)510) . (1.6)

Equation (1.6) is a generalization of [4, Lemma 2] which is recovered when we set
a(x,t) =1for x >t >0 and p(x) =2, p>1.

Hence

Since ¢’ (x) is increasing and a(z,u) < kya(t,u) in (1.6), we have

er@) < [ (i [ttt ) atefo (L.7)
Since ¢'(z) is a-submultiplicative,
PR () < o (k) [ (RO 010 d (1.8)

m
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by changing the order of integration. Hence

. o [ Ea0)
[ st@etr@)ds < api) [ wosoco) { £

Applying Holder’s inequality with the conjugate indices p and p’, we obtain (1.4).

} dt.  (1.9)

(Recall that all functions are measurable and nonnegative.)

(ii) Proceeding analogously as in (i), we obtain (1.7) and (1.8) with the inequal-
ities reversed since ¢’ is decreasing and a-supermultiplicative.

If g = 0 a.e. on Ry then (1.5) holds trivially. Hence suppose that g > 0 on
a set A of positive measure and ¢ = 0 on R;\A. Then multiplying the reverse

inequality (1.8) by g(x) and integrating over E = AN (r,00), we obtain

[t gt [ o0 [ atw s m g o

o)

=a¢'(k) [ fO)¢'(F1(2)) {/Em(t )g(ﬂf)a(xat) dl’} dt

0

> o' (k1) i f@)¢' (F1(t))Ga(t) dt.

Since E C (r,00) and g = 0 on (r,00)\E, we have

/ " o)l Fi@) do > (i) / T w060} {%

Applying Hélder’s reverse inequality for 0 < p < 1 (see [5, 6.9.3]) to the right hand

} dt.  (1.10)

side of this inequality with the conjugate indices p and p/, we obtain (1.5). O

The following theorem is proved in an analogous fashion.
Theorem 1.4. Assume that the function a satisfies

a(z,t) {: ’ ¥ i<z, (1.11)

< koa(y,t) if 0<z<y<t (forsome constant ky > 1).

(i) Suppose that 1 < p < oo, p' = p/(p—1), 0 < r < oo, and that ¢’ is

nonnegative, increasing and a-submultiplicative for some o > 0. Then
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(ii) Suppose that 0 < p < 1, p = p/(p—1), 0 < m < oo, and that ¢’ is

nonnegative, decreasing and a-supermultiplicative for some a > 0. Then

/0 " g(@)p(Fr(x)) da

m 1/p m / T p’ 1/p
th'(kz){ / [w(w)f(x)Gl(:v)]pdx} { / de} C(L13)

w(x)P

2 Further inequalities

In this section we consider a situation when the weight function w is chosen in such
a way that (2.1) is satisfied, and the factor fom(w_lgo’(Fl))l/p' dx can be eliminated
from the right hand side of (1.4) and (1.5). (Similarly for (1.12) and (1.13).)

Theorem 2.1. Assume that the function a satisfies (1.3).

(i) Suppose that 1 < p < 0o, 0 <m < 00, and g(x) > 0 on (0,m), and that the

solution @ to the differential equation

(go’(Fﬂa:)))p/(p_l)

w(@) = g(x)p(Fi(x)), x>0, (2.1)

is such that ¢ is increasing and a-submultiplicative for some o > 0. Then

[ s@etri@) s < @ t)p [ wi@eaepds. (22)
0 0

(il) Suppose that 0 < p < 1, 0 < r < oo, and Fi(x) > 0 on Ry, and that
the solution ¢ to the differential equation (2.1) is such that ¢ is decreasing and

a-supermultiplicative for some a > 0. Then
| @) de > @)y [ @ f@eerd.  (23)

Proof. (i) Let p’ = p/(p —1). When we differentiate the integral [ a(z,t)t(f)dt
as a function of the upper terminal, we again assume that the variable x in a(z,t)
is not coupled with the terminal z.

Let ¢ be a solution to (2.1). Then (¢/'(F1)/w)? = gp(F}) implies

d 1 /
Zo(FNYP = Zwo/? !
) P
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and
o(Fi(2)) = { > [ woae a5t dt} | (2.4)

From ¢ (F}) = wg/? o(F)Y/?" we get

o (Fi(2)) = w(z)g(z) " {1

p

x p—1
/Ow(t)g(t)l/p’a(x,t)f(t)dt} . @25)

We can check that the differential equation (2.1) has a solution ¢ given by (2.4)
whose derivative is given by (2.5). From these equations it follows that the com-
posite functions @ o F} and ¢’ o F| are nonnegative. If, in addition, ¢’ is increasing
and a-submultiplicative, we can examine the proof of Theorem 1.3 (i) to conclude

that the theorem applies also in this situation. Then

[ aotrde < ag e [ wscar i) " ([ et dx)w .

Dividing by ([;" g¢(F1) dz)'/?" and raising both sides to the power p we obtain
(2.2).
Part (ii) is proved similarly. O

We observe that we can eliminate ¢ from the inequalities (2.2) and (2.3) on
substituting (2.4):

Corollary 2.2. Let the function a satisfy condition (1.3).
(i) Under the hypotheses of Theorem 2.1 (i),

T [ w 0-V/7 o, .
[ @ [Curare 7 awos dt}d
(g (k1))? /0 Go(x)Pdz.  (2.6)
(ii) Under the hypotheses of Theorem 2.1 (ii),
[ s { [ wwaoe oo i a
> (g (k) [ @ (@)Gata)Pde. (27

Remark 2.3. In the proof of Theorem 2.1 we derived an explicit formula for the

composite function ¢’ o F} without assuming anything special about the nature of
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¢'. In the case that lim, . Fi(z) = oo, we can obtain an explicit formula for
¢, and test whether it has the properties required by Theorem 2.1. Indeed, if
lim, o Fi(x) = oo, then F} is surjective as a function on Ry to Ry, and there

exists a right inverse H : Ry — Ry for F}. According to (2.5),

, H(u) , L
¢ (u) = w(H (u))g(H(u))"/? {%/0 w(t)g(t)'/” a(H(U)at)f(t)dt} - (2.8)

We can then decide whether the right hand side of this equation considered as a
function of w is increasing and a-submultiplicative (or decreasing and a-supermulti-
plicative).

If the functions involved in Theorem 2.1 are continuous and Fi(x1) = kp for

some z1 € R4, then ¢ and ¢’ can be eliminated from (2.2) and (2.3) altogether:

Corollary 2.4. Suppose that a satisfies condition (1.3), that the functions a, f, g

and w are continuous, and that there exists x1 € Ry such that Fy(x1) = k1.

(i) If the hypotheses of Theorem 2.1 (i) hold, then
P

/Omg(rc) {/Oww(t)g(t)(p_l)/pa(%t)f(t) dt} i

1

p(p—1)
< aPw(ar Pyl { [ w0 a5 dt}

- /O " ) £ (2) Ga() de

(ii) If the hypotheses of Theorem 2.1 (ii) hold, then
P

/Omg(:v) {/Oxw(t)g(t)(p_l)/pa(zv,t)f(t) dt} I

p(p—1)

> aPw(er)Pg(an)P! { [ w0 a5 dt}
- /0 " @) £ (2) Ca() de.

Proof. 1t is enough to observe that, under the assumptions of continuity, equation

(2.5) holds pointwise, rather than almost everywhere. O

For certain special choices of the weight function w, the differential equation
(2.1) has a required type of solution independently of a, f and g. Such an example
is illustrated in the following corollary of Theorem 2.1 which yields the inequalities
obtained by Mohapatra and Russell in [9, Theorem 1].
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Corollary 2.5. Let the function a satisfy (1.3), let g(x) > 0 on (0,m) and let
w = g-p)/p,

(i) Suppose that 1 < p < 0o and 0 < m < oco. Then the differential equation
(2.1) admits a solution ¢(z) = p~PaP with ¢'(x) = p'PxP~L which is nonnegative,
increasing and o-submultiplicative with o = pP~', and

/omg(iv)Fl(fr)” de < (pk7 )P /m 9(@) 7P [f (2)Ga(x))P da. (2.9)

0

(ii) Suppose that 0 < p < 1, 0 < r < o0, and Fi(z) > 0 on Ry. Then the
differential equation (2.1) admits a solution p(x) = p~ PP with ' (z) = p' ~PaP~L,
which is nonnegative, decreasing and c-submultiplicative with o = pP~1, and

/ " g@) Py de > (pkr / T g@) (@) Calw)P dr. (2.10)

T

Proof. (i) The differential equation (2.1) becomes (d/dz)p(Fy)Y/? = p~'F| with
the solution p(Fy) = (p~'Fy)P. Hence ¢(x) = p~ PP and ¢/(z) = p'PzP~L. In
view of Example 1.2, ¢’ is pP~!-(sub)multiplicative. Substituting into (2.2), we get

m p p—I\? ,m
[a (%) dazé(ppl>p<(%) ) [ orsagas

from which (2.9) follows.
The proof of (ii) is analogous. O

We have also the following counterpart of Theorem 2.1.

Theorem 2.6. Suppose that the function a satisfies condition (1.11).

i) If 1l <p<oo,0<m<oo, glx) >0 on (0,m), and the solution ¢ to
the differential equation (2.1) is such that ¢’ is increasing and a-submultiplicative,
then

/ " g@)p(Fa(a)) dr < (g (k) / " (@) f(@)Ga (@) da. (2.11)

(i) f 0<p<1,0<7r<oo, Fi(z) >0 on Ry, and the solution ¢ to the
differential equation (2.1) is such that ¢ is decreasing and a-supermultiplicative,
then

/OO 9(@)p(Fy(x)) dz = (ag' (k2)) /oo[w(ﬂf)f(w)Gl(ﬂ?)]” dz. (2.12)
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The preceding theorem admits corollaries analogous to Corollaries 2.2-2.4. We
leave the formulation to the reader. Specializing w in the preceding theorem to

w = g(1=P)/P a5 in Corollary 2.5, we recover [9, Theorem 2].

3 Special cases

As our first result we obtain a convolution inequality which generalizes [9, Theo-

rem 3.

Corollary 3.1. Assume that s(t) > 0 ift >0 and s(t) =0 if t <0, that for some

constantk>1 s()<ks()f07":c>y>0 and 1 < p < oo. Let S(z) = [; s(
and F(x fo x —t)f(t)dt for x > 0. Suppose that the solutzon @ to the
dzﬁerentml equation
FE@NTY g
— =S5 Po(F 0 3.1
(20 (@) PP ). x>0 (3.)

is such that ¢’ is increasing and a-submultiplicative for some a > 0. Then

/OOO S(z) e (/Ox s(z — 1) f(t) dt) du < (Z%I(f)y /Ooo[w(fv)s(x)lpf@)]p d.

(3.2)
Proof. Write G(t) = [ S(x)™? s(x — t) dx for t > 0, and take a(z,t) = s(x — t),
g(x) =S(x)"P, r =0, m = oo in Theorem 2.1 (i). As in [9, Theorem 3],
G(z) <plp—1)7'8(2)"?
The result then follows when we substitute in (2.2). O

An analogous result is obtained for 0 < p < 1, in which case ¢’ is assumed to

be a-supermultiplicative, and the inequality in (3.2) is reversed.

Remark 3.2. When we set w(z) = S(z)P~! in the preceding theorem, the differ-
ential equation (3.1) has the solution ¢(z) = p~PaP for which ¢'(z) = p'~PxP~!
is nonnegative, increasing and a-multiplicative with o = pP~!. We thus recover
Theorem 3 of Mohapatra and Russell [9],

[T s ([t -ona) a< (EEY [Ciswpa

(correcting a misprint in [9], where the constant is given as [p?k/(p — 1)]P).
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Theorems 1 and 2 of Mohapatra and Russell [9] were seen as special cases of our
Theorem 2.1 and Theorem 2.6. In that case we made a special choice of the weight
function w, and obtained ¢ as a solution of the differential equation (2.1)—there
was no freedom of choice for ¢. In the following example we apply a reverse choice
in Theorem 1.3: We first select ¢, and still have a freedom of choice for the weight
function w.

The following is a new inequality of Hardy type from which we recover Theo-

rem 1 of [9] by setting ¢ = ¢ = 0.
Corollary 3.3. Let a satisfy (1.3), let0 <p <oo,p#1,q>0,ce {0}U][l,0),
Fi(z) >0 and g(x) > 0.

(i) If 1<p<ooand0<m < oo, then

/0 " gt P dr < [(p+ g)(e k)P /0 " gt F)I(fG)P da. (3.3)

(i) If 0<p<l1l,g<l—pand0<r < oo, then

/Oo glc+ F)Pde > [(p+q)(c+ kl)pﬂ*l]p /Oo g P(c+ F1)I(fGo)P dx. (3.4)

r

Proof. (i) Write p’ = p/(p —1). Set ¢(z) = (p+¢q) ' (c+ z)?*? in Theorem 1.3 (i).
Then ¢/ (z) = (c+ )P4~ is submultiplicative (multiplicative for ¢ = 0), and (1.4)

specializes to

1/p

[ st mptadn < o ae skt ([ sGap i)

. (/Om(w_1(0+ Fyypre- 1y dx> /v |

Choosing the weight function w = ¢~/ (¢ 4+ F})%/?, we obtain

/ g(c+ F)PTdx
0
m . 1/p
<@+t b ([ e nyGr i)
0
m , 1/p
. (/ g((c_|_F1)p+q—1—q/p)p dx)
0
1/p

=(p+q)(ct kP! </0m g P(c+ F)I(fGy)P dx)
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m 1/p'
: (/ g(c+ Fp)Pte d:U) .
0

Dividing by ([;" g(c+ F1)PT9 dz)'/P" and raising both sides to the power p, we get
(3.3).
For the proof of part (ii) we note that under the hypotheses, p+¢—1 < 0, and

(c + z)PT9~1 is supermultiplicative. The rest is proved similarly as in part (i). O

We also have the following counterpart to the preceding corollary. For g =c =0
this reduces to [9, Theorem 2].

Corollary 3.4. Let a satisfy (1.11), let0 <p<oo,p#1,p =p/(p—1), ¢ >0,
ce{0}U[1,00), Fo(z) >0 and g(x) > 0.
(i) If 1<p<ooand0<r < oo, then

/Oo glc+ F)Pde < [(p+q)(c+ kg)p”*l]p /Oo g P(c+ F)I(fGy)P dx. (3.5)

r

(i) If 0<p<1l,g<1l—pand <m < oo, then

/O " glet B dr > [(p+ g)(e t ka)P o] /0 " (et B)I(fGLYP da. (3.6)

We now derive several new inequalities of Hardy type that will yield results
of Hardy et al. [5], Beesack [1] and Copson [3] when we make a special choice of

parameters.

Example 3.5. In Corollary 3.3 set g(z) = z~7 for some 8 > 1, a(z,t) = 1 if
O<t<uz alz,t)=0ifx <t, k=1, ce{0}U[l,00) and m = co. We note that
Go(z) = (B—1)"12'=B. If 1 < p < oo, then

/000 2P (c+ Fi(2))Pt dx

<(p+ q)(c+1)prat
3-1

<

> /Ooo $_B(C+ Fl(x))q(xf(x))P dr. (37)

Ifo<p<1, f>1and g <1-—p, the inequality is reversed. This generalizes [5,
Theorem 330] which is obtained when ¢ = 0 and ¢ = 0. When in addition 8 = p,
we obtain the original Hardy’s inequality [5, Theorem 327].
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Example 3.6. In Corollary 3.4 set g(x) = 2~PP for some 8 > 0, a(z,t) = t5~! for
O0<z<t,ka=1,c€{0}U[l,00)and r=0. If 1 <p < oo and § < 1/p, then

co oo p+q
/ z~ P (c + / tPLf(t) dt> dx
0 T

< <(p +Q)1(C_+ﬁ;)p+q_l>p /0 h <c+ / T dt)q f(x)P de. (3.8)

When we set ¢ = ¢ = 0, we obtain [5, Equation (9.9.9)].

In the last three examples we assume that v, f are positive and measurable on
R4, and that

() = /Owwt, F(z) = /Omf(t)w(t)dt, H(x) = /Oof(t)w(t)dt-

Example 3.7. Suppose that 1 <p < o0, ¢>0,ce€ {0} U[l,00) and 0 < m < oc.
Then

/ (c+ F)PTaypu ! dx
0

+q—1 " -1 T(m)\?
<lp+q)(c+ 1P P | (c+ F)2PuP ! (log—— | da. (3.9)
0 ¥ (x)
If 0 <p<1and g <1-—p, this inequality is reversed.
Inequality (3.9) is obtained from Corollary 3.3 by setting a(x,t) = (t) if
O<t<uwz k=1, g(x) =)V (r)"tif0 <z <mand g(z) =0 if 2 > m.
The choice ¢ = ¢ = 0 yields [1, (28), (32)] and [3, Theorem 5.

Example 3.8. Suppose that 1 < p < 00, ¢ >0, c € {0} U[1l,00) and 0 < r < oc.
Then

/ (c+ H)PT9pu L dy

[e.9]

<lp+ a1y [

T

_ U(z)\?

H)1fPeP~t (log ——2 : 1
(c+H)If <0g\p(r>> dx (3.10)
If 0 <p<1and q<1-—p, this inequality is reversed.

Inequality (3.10) is obtained from Corollary 3.4 by setting a(z,t) = ¥(¢t) if
O<ax<tha=1,9(x)=0if0 <2 <rand g(z) =¢(2)¥(x)"tifz >r.
The choice ¢ = ¢ = 0 yields [1, (29), (33)] and [3, Theorem 6].
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Example 3.9. (i) Suppose that 1 <p < o0, ¢ >0,ce€ {0}U[l,00), > 1 and
0 <m < o0o. Then

/ (c+ F)PHapu=" dg
0

((p +q)(c+1)prat
3—1

<

)p/m(chF)qu—ﬁfP dz. (3.11)
0

(ii) Supposethat 0 <p<1,¢>0,g<1—p,ce€ {0}U[l,00),3>1,0<71 <
and lims_,o ¥(s) = oo. Then
[e.e]
/ (c+ F)PTaypw=F dz
,

((p +q)(c+ 1)pra!
3—1

The inequalities are obtained from Corollary 3.3 on setting a(z,t) = (¢) if
0<t<uz k=1, g(x) = (x)¥(x)P. We have

>

>p / oo(c + F)pwP=P P dy. (3.12)

Got) = (B- DWW P~ 4], A= lim ¥(s)" 7.

§—00

For part (i) we use the inequality Go(t) < (8 — 1)"1ep(t)¥(t)'~?, in part (ii) we
need A = 0. When we set ¢ = ¢ = 0, we obtain Theorem 1 and 2 of [3].

The preceding example has a companion result for 5 < 1 obtained by an anal-

ogous procedure from Corollary 3.4. Setting ¢ = ¢ = 0, we recover Theorem 3 and
4 of [3].
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