Physical random matrices

Heavy nuclei and quantum medanics

Intro duced by Wigner in 1950'sto explain statistics of highly
excited nuclei resonances.

Global time reversal constrains the elemerns to real.

No preferertial basis: P(X) = P(OTX0), e.g.P(X)/ e TrXx*=2,
Orthogonal invariance.

In the caseof no time reversal symmetry, elemeris will be complex.
Unitary invariance.

In the caseof a time reversalsymmetry T2 = 1 (relevant to a nite
dimensional systemwith an odd number of spin 1=2 particles),
T = Zoy K, where K denotescomplex conjugation, and

2 3

40 15

1 O

Zon = N

Matrix commuting with T must have the additional property

X = Zon X Zoy:
Viewedasan N N matrix, X must have 2 2 blocks
3
4+ Vs,
w z

Real quaternions.

Invariance with respect to conjugation by N N unitary matrices
with real quaternion elemers.
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Dirac operatorsand QCD

Leadsto random Hermitian matrices with a special block structure.

Non-zero eigervalues of the masslesirac operator occur in pairs

In the chiral basis, all eigenfunctionsare also eigenfunctionsofi s,
with eigervalue +1 or 1. Matrix elemens betweeneigenfunctions
with sameeigervalue must vanish. Implies block structure, with
zero blocks in top left and bottom right.

Application to QCD requires Dirac operator has given number
say of zero eigervalues.

Hencethe structure 2 3

4Onn Xn m5

wheren m =

The positive eigernvalues of this matrix are given by the positive
squareroot of the eigernvaluesof X YX..

Question What is the eigervalue distribution of XYX ?
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Random scattering matrices

Scattering within an irregular shaped domain, connectedto a wave
guide.

Wave guide permits N distinct plane wave states.

(Complex) amplitudes denoted I" for incoming, O for outgoing
states.

Scattering matrix S,
Sr

1
Q

S must be unitary.

Time reversal symmetry requiresT ST = SV,
For T2 = 1, impliesS= ST.

For T2= 1limpliesS = Z,yS'Z,y =: SP.

Seeka measureon f Sg such that it is invariant under appropriate
conjugations.

For no time reversal symmetry S 2 U(N) with Haar measure
(dy S) = (SYdS):
ForS=ST,S= UyU],
(du S) = ((Ug )YdSWY):
For S= SP, S= U, U,

(du S) = ((Uzy)YdSU3y, ):




Quantum conductanceproblems

Scattering within a quasi one-dimensionalconductor (lead).

n available channelsat left edge,m at right edge. At eah end a
resenoir causescurrent to ow.

M left incoming states, O, left outgoing states.

M right incoming states, O2, right outgoing states.

Scattering matrix S, 5 3 2 3
s4'5-495.
P o
Scattering matrix S,
2 3
S = 4rn n tg m5 :
tm n r% m

Landauer formula
G=Gg = Tr(tyt)

where Gg = 2e’=h is twice the fundamertal quantum unit of
conductance.

Question What is the eigervalue distribution of tYt?

%



Calculation of eigervalue PDFs

Hermitian matrices

H = [Xjk]jk=1;::n real symmetric matrix [ N(N + 1)=2
independert variables.

Diagonalization H = OLOT.

Want Jacobian for change of variables from independert elemerns of
X to eigervalues 1;:::; y and N(N 1)=2 linearly independert
variables formed out of O.

Wedgeproducts

De ne

Supposewe changevariablesfuy;:::;uygto fvy;:::;vyg. Since
@
dui = —dV|
- O
and
hxo Qi I h@ i
=1 @Idw 1) b =1:n B @, ij =10 [avi (7 )i =1 :m
it follows
h@]i i
du, A A du, = det @J . dvy A A dv,

thus allowing the Jacobianto bereado.




Let H be real symmetric, and let dH denote the matrix of di eren tials.
We have
dH = dOLOT + OdLO" + OLdO":

Noting from OTO = Iy that dOT O= OTdO it follows from this that

9TdH O=0"'dOL LO"dO+dL =

3
d i (2 1)0] dep (N 1)8] dey
(2 1)8] de; d (N 2)e) doey
(N 1)e] den  ( n 2)e; dey d n

Require the following result.

Prop osition 1. Let A andM beN N matrices, wher A is
non-singular. For A real ( = 1), complex( = 2) or real quaternion
( =4),and M real symmetric ( = 1), complexHermitian ( = 2) or
guanternion real Hermitian ( = 4)

(N 1)=2+1
(AYdM A) = detAYA (dM):
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Applying the proposition with = 1 to the LHS, and taking the wedge
product directly on the RHS gives

Y N
(dH) = (« ) d;(0"doy:
1 j<k N j=1

Scalingargumert

There are N(N + 1)=2 independer di erentials in (dX), and so
(dcH) = N(N*D =2(gH):

SincecH = OcLOT, (dcH) is a homogeneougolynomial of degree

N(N 1)=2inf 0.

Becausethe probability of repeated eigervaluesoccurs with zero
probability, (dX) must vanishfor ; = .

According to the I%st two facts, the dependenceon the eigervalues
is proportional 0 " ; 4 N( Kk )

For complex Hermitian matrices,

Y N
(dH) = ( « j)2 d j (UYdu):
1 j<k N j=1

For Hermitian matrices with real quaternion elemens

Y N
(dH) = (« §)* d;(sds):

1 j<k N j=1

%



Degeneracies

sameeigernvaluesasthe 2N 2N real symmetric matrix
22 33
44 ik VYikgg
Yik Tk jik=1;:;N
Scalingargumen applied to a doubly degeneratereal symmetric matrix
%ivesthat the dependenceon the eigervaluesis proportional to

2
1 j<k N(k J)-

Viewedasa 2N 2N complex matrix, the N N real quaternion
matrix [Gkljx=1::;n IS doubly degenerate.Now viewing this complex
matrix asa4N 4N real symmetric matrix, we have a four fold
degeneracy

The scaling argumert applied to a four fold degeneratereal symmetric
8atrix givesthat the dependenceon the eigervaluesis proportional to

\4
1j<kN(k J)-

%



Wishart matrices

For X arandomn m rectangular matrix (n m), A .= X¥X is
referred to asa Wishart matrix.

Relevanceto multiv ariate statistics comesfrom noting

1

T 1% 6y ) -
HX X = [ﬁ Xy, Xk, Ikiko=1m [k X1 Tka ko= 500 m

j=1

Require the Jacobian for changing variables from the elemerns of X to
the elemens of A (and other assaiated variables).

Prop osition 2. Letthen m matrix X havereal ( = 1), complex
( = 2) or real quaternion ( = 4) elements,and supmseit hasa PDF
of the form F(XYX). The PDF of A := X¥X is then proportional to

F(A)(det A)( =2(n m+l 2= ).

For the proof we will usea scalingargumert, due to Olkin. This in turn
makes esseftial use of the result

(N 1)=2+1
(AYdM A) = detAYA (dM):

noted in Proposition 1 above. Further, for B am m xed matrix, and
X = Y B, we needthe result that

(dX) = (detBYB) "2(dY):

This follows by noting that the Jacobianfor x' = ¥ B is (detBYB) 2.
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Proof
The PDF of A must equal F (A)h(A) for someh.

Write A = BYVB whereV is positive de nite. According to
Prop. 1, PDF of V equals

F(BYVB)h(BYVB)det(BYB)( =2(m 1+2=).

Let X = YB, whereY is suc that V = YYY. As already noted
(dX) = (detBYB) "“2(dY) and sothe PDF of Y is

F(BYYYYB)(detBYB) "=2:
This is a function of YYY, sothe PDF of V = YYY is
F(BYVB)(det BYB) "™2h(V):
Equating the two expressionsfor the PDF of V gives
h(BYVB) = h(V)(det BYB)( =2(n m+l 2= ).

SetV = | and note h(l) = cto get the result.
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Eigernvalue PDF for Wishart matrices

We have shown that the Jacobianfor the change of variables
A = XYX is proportional to

(detA)( =2)(n m+l 2= ):

We have shown that for Hermitian matrices, the Jacobian for the
change of variablesto its eigervaluesand eigervectorsis

proportional to v
bk gl
1 j<k N

Hence,if X is distributed accordingto

1 Tr(V(XYX)).

e
C
then the PDF of A = XYX is equal to
P oo _ Y
1o Tmven (=2(n me 2= ) e i
j=1 1 j<k m
where0 ;< 1.

Recall that the eigervalues of
2 3

4Onn Xn m5

fX; g say, are related to the eigervaluesf ;g of X¥X by sz = j,andso
fx; g have PDF

1 P V(xj) TV +1 2= )+l Y iy 2 2;
Ee j=1 J JXJJ (n m - . .

j=1 1 j<k m

11
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Unitary matrices
We seekthe eigervalue PDF corresponding to the Haar volume form
(UYdu).

Our strategy is to make use of the Cayley transform, by parametrizing
U in terms of an Hermitian H sothat

In +I1H )

In  H'

Making use of the generaloperator identit y

d B dK _
ﬁ(l K) *=(@ K) 15(1 K) %

where K is assumedto be a smooth function of a, it follows
UYduU = 2i(ly +iH) YdH(Iy H) %

Holds with H real (real quaternion) for U symmetric (self dual

guaternion).

Consequetly, using Proposition 1,

(UYdu) = 2NC (N D=2 geg(ly + HZ) (N D=2 1(gH):

SinceH is complex Hermitian, the eigervalue PDF in terms of f ;g is
1V 1 Y
EIZl 1+ I2) (N 1)=2+1

I
j <k

But .
o i1 e
P14+ é
Thus the eigervalue PDF in terms of f ;g is
1Y . -
e je « €eij:

j <k

12
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Blocks of unitary matrices

We seekthe distribution of the non-zeroeigervaluesof t¥t in the

decomposition 5 3
S = 4rn n tg m5 :
th n o m

Make use of singular value decompositions of individual blocks, for
example
t= U tVty:

¢ Is a rectangular diagonal matrix, diagonal entries consisting of
the positive squareroots of the non-zeroeigervaluesof t¥t.

Ui and Vy arem m andn n unitary matrices.

This leadsto the parameterization

2 3 2 3
y

3:4Ur O5L4Vr 05

0 Uo 0 V%
where 2p 3

T T

L = 4 1 tot p It 5

i 1 7

For S symmetric
vy=ul;, V%i=UY;
while for S self dual quaternion

Vry = UrD , V){) = UrDo:

r
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Using the method of wedgeproducts, can shawv that the non-zero
elemens of ¢ have the distribution

\d Y - ,.
j ] & i =n m+1 2=
=1 1 j<k m
where0< ; < 1.
For = 2,dierent approacesalsowork, and further a more general

result holds.

Prop osition 3. LetU bean N N random unitary matrix chosen

with Haar measure. Decompose U into blocks
2 3

U - 4 Anl no Cnl (N nz) 5

B(N ni) nz D(N ni) (N nz)

where n;  n,. The eigenvaluePDF of Y := AYA is proportional to

2 Y2

yj(nl nz)(l yj)(N ni nj) (yk y])2
j=1 j <k
Possiblestrategies:
Wedgeproducts.

Matrix integrals.

Orthogonal projections relating to the matrix structure A(A+ B) 1.

14
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Proof using matrix integrals

Usethe Ingham-Seigeltype integral
z

=TI datH 1)  (dH)/ (detQ)™ Mel=2 Tra.

valid for Q Hermitian, and Re( ) > 0, and the integration is over
the spaceof m m Hermitian matrices.

Regard A and C asgeneraln; ny andn; (N ny) complex

rectangular matrices. Then the distribution of A is
Z

(AAY + CCY  I,,)(dC):

The delta function can itself be written as a matrix integral
Z
e iTr(H(AAY+CCY 1,,)) (dH)

where the integration is over the spaceof n, n, Hermitian
matrices.

Interchange order of integration, doing integration over C rst. For

this must regularizeH 7' H i1 1,, > 0. Gives
Z

lim  (det(H il o)) (N n2)gTrHn, AAY)
I 0f
Evaluate using Ingham-Seigeltype integral to get

(det(ln, AAY)N " n2);

Use Propostion 2 above to concludethe distribution of Y := AYA is
proportional to

(det )" "I (det(l,, Y)N M N2

15
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Classicalrandom matrix ensenbles

Let = 1;2 or 4 accordingto the elemerns being real, complex or
guaternion real respectively.

In the caseof Hermitian matrices, the eigervalue PDFs derived above
all have the generalform

W Y _ _
= 9(xi) Xk o Xjj o
1=1 1 j<k N
Choosing the entries to be matrices to be independernt Gaussians,when
there is a choice, the form of g(x) is, up to scalingx; 7! cx;,

8 2
% e *; Gaussian
x2e * (x > 0) Laguerre
o(x) = i |
x3(1 x)°(0< x< 1) Jacobi
(1+ x?) Cauchy

Theseare the four classicalweight functions from orthogonal
polynomial theory, which can be characterized by the property that
a(x)

d —_
dx logg(x) = @

where

degreea(x) 1, degreed(x) 2

The corresponding eigervalue PDF is said to de ne a classicalrandom
matrix ensentle.

16
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Gaussian ensenble

Sofar we've seenthat the eigervalue PDF

1 ¥ 2 Y ) )
c e " Xk Xj]
=1 1 j<k N

corresponds to random Hermitian matrices with probability measure

1. Trxe.

c®
where the elemerts arereal ( = 1), complex( = 2) or quaternion real
( = 4). Saidto de ne the GOE (Gaussianorthogonal ensenble), GUE
(Gaussianunitary ensenble) and GSE (Gaussiansymplectic ensenfle).

We would like to give a meaningin the context of random matrix
theory for general > 0.

M; aand 2 3
D W
MN+1 =4 N 5
w' a
whereDy = diag(as;:::;an) wherefa; g denotesthe eigervalues of

My .

17
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Relationshipto GOE

Let a2 N[O; 1], and let w; 2 N[O; 1:IO 2]. Analogousto above, de ne
2 3
M W
MN +1 = 4 N 5
w' a
Let Oy be the real orthogonal matrix which diagonalizesM y , so that
My = On Dy Of, and obsene
2 32 32 37 2 3

408 U5 4 Mn w5 ,On O 4

oF 1 w' a 9o 1 w' a

Question: Can we understand this result using di erent reasoning?

18
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A random rational function

Recall 2 3
D W
MN+1 = 4 $

W a

where

For given f a; g, we would like to compute the eigervalue distribution of
Mn +1 . We have

2 3
I D W
det( IN +1 MN+1) = det4 N N S
w' a
2
_ det4 IN DN W
o' a w (Iy Dyn) 'w

= pn( ) a w' (In Dn) 'w

But Iy Dy is diagonal, soits inverseis also diagonal, allowing us to
conclude

pu () _ X g 2

pn () 121 a

Conclusion The eigervaluesof My +; are given by the zerosof the
above rational function.

The corresponding PDF can be computed for apcertain choice of the
distribution of the g, generalizingg  (N[0; 1= 2])> [1 =2; 1] which
correspondsto the GOE.

19
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Prop osition 4. Letw? [ =2;1]wher [s; ] refersto the gamma
distribution, specied by the PDF x5 le ** =('s) (x > 0). Given

ap > az > > an

the PDF for the zeros of the random rational function

X
G
a
=1 ai
IS equal to
Q
2_ 1
e?" =2 Al i<k N+t (] k)NﬁWj aj:21
~
(C2V ", a n@ a0 0™
1 [X+1 , )(\l ,
exp 3 j g
j=1 =1
where
1> 1>a> > >an > N+ > 1
and
K+1 X
i = aj+a:
j=1 =1

20
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Proof

Becausethe g are positive, graphical considerationsimply the
interlacing condition.

The summation constraint is equivalent to the statemernt that
TrMy+1 = TrDy + a.

figi=;n.
The translations ; 7! ; a,a 7'a ashowsit suces to
considerthe casea = 0

With a = 0 we have
QN+
g N ( i)

A =1
- NN
i=1 a = (&)
From the residueat = a; it follows
Qn+1
< = G-
z1si(@ &)

21



We have just shown that

Qn+
A sz11 (ai j) _
Tiagei(@ @)

Now usethe method of wedgeproducts to compute the Jacobian:
N W h 1 i AN

dg = G det — :

j=1 j=1 =

Making use of the Caudy double alternant identity, we read o that
the Jacobianis equal to
Q
¥ Ligon@ @i )

j:lq \ei;l\}:l(ai j)

We are given that the distribution of fgig is equalto
1 Wq:Zl Pszlqi:
(C =2V

e
Must multiply theselast two equationstogether, and substitute for g,
noting

22
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Supposenow that a  NJ[O; 1]. Thus we must multiply the PDF of
Proposition 4 by 912=e a*=2 gng integrate over a. Doing this givesthe
PDF

Q
D 1 N 1 i<k N+ ( k) N{HWJ aj:21
i <
2(( 2N "1 e @A)t 0T
1 N+l , XN ,
exp > j g
j=1 j=1

where

1> 1>a1> 2> >av> na > 1

Denote the above conditional PDF Gy (f jg;faxQ).

Denote the domain of support by Ry .

We seekthe solution with pg := 1.

23
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Question How can we solve this recurrence.

For = 1 we know that the solution of the recurrenceis
c e ! J k il
j=1 1 j<k N

It must then be that there is an integration formula implying the
recurrence.

New question How can we derive sud integration formulas?

We again take inspiration from the caseof the GOE, applied to a
generalformula:
Let My beageneralN N real symmetric matrix with eigernvalues
f i Q.
Let ; denotethe top entry of the normalized eigervector
corresponding to ;.

We have

X 2
i 1 _bno1(),
P U M s )

j=1

Here the rst equality follows from a spectral decomgosition, while the
secondfollows from Cramer's rule. Note that we must have

X
2= 1
j=1

24

%



In the case = 1, My 2 GOE, and is thus orthogonally invariant.

Consequetly
2
2 Wi
W W

whereeach w?  [1 =2;1].
Generally, if w?> [ =2;1]then the PDF of i;:::;  isequalto the
Diric hlet distribution
(N =2) ¥ =21
oYY j
(( =2) =1

P
whereead j is positiveand L, j = 1.

Question What is the distribution of the roots of the random rational

function

X 2
j

i=1 j

when the f jzg have a Diric hlet distribution?

25
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Prop osition 5. Letf ;g havethe Dirichlet distribution

(N =2) ¥

=2,

and let fIy g be given. The roots of the random rational function
X i .
ja X0

Q
(N =2) S1j« n a0 xi) WY

. L =2 1
(OE) LN R S

whemre
X1> b >Xo> Iy > > XN 1> by

The proof is very similar to that of Proposition 4. We seekto change
variables from f ;g to fx;g.

26
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Begin by noting

Equating the residueat x = by gives

Qn 1

o= (Box)
i - Q :
z1asj (B D)
Taking wedgeproducts gives
N 1 N 1 h 1 i N 1
d j = j det _ de
i=1 i=1 h Xk j:;k=1;::;N 1j:1

Now usethe Caucdhy double alternant identity to concludethe
Jacobian for the change of variablesis equal to

i Q1 ja o a(be Bk X))
j=1 | le\!kzll(q Xk )

Multiply this Jacobian and the PDF for the distribution of the
f jg, then substitute for the ; to get the result.

27
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Consequence

Becausethe expressionfor the distribution of the roots of the rational
function is a PDF for fXx; g, integrating over the region

X1>b>Xo> b > > XN 1> by

denoted RY, , say must give unity. Hencewe have the integration
formula

z Y N LY .
dx; dxn 1 (Xj  Xk) Xj  bpj ~
RY 1 1j<k N 1 j=1 p=1
(( =2)N Y 1
= N ooy (b bx) :
(N =2) 1 j<k N

This integration formula allows the solution of the recurrenceto be
veri ed.

28
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Prop osition 6. The solution of the recurrence

Pn (X150 X)) = e " Xk Xjj
j=1 1 j<k N

where

Y1@+(G+1) =2,

Nimy ()= (2 )" d+ =2

j=0
This PDF is said to de ne the Gaussian ensemble.

Proof
Substituting the stated form for py in the recurrencegives
1 1 1 . 1P Y ( )
P= 5NN )= j k
2 (( =2)Vmy() L e N
z Y N L
da; day (& &) i @)
Rn 1 j<k N j=1 p=1

Evaluating the integral accordingto the integration formula of the
previous pageveri es the recurrence.

29
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Three term recurrence
Qn

The characteristic polynomial py (X) := = 2; (X X;), wherefx;gis
distributed accordingto the Gaussian -ensenble, satis es

Py 1(x) _ R j
PN (X) -1 XX
where
powis(wE e+t wR)s o wP o [ =]
and
X 2
v (0 _ b ; a 2 N[O0; 1]:
PN (X) -1 XX
Hence
Pn +1 (X) pn o 1(X)
=(x a
PN (X) ( ) B Pn (X)
where

K Wi+  +wg) [N =21]
Rearranging givesthe random three term recurrence

pn+1(X) = (X a)pn(X) B pn(X):

30
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Relationship to tridiagonal matrices

Consider a generalreal symmetric tridiagonal matrix

2 3
ap by
b a b
Th = b a3
b 1
bh 1 an

By forming 1|, T, and expandingthe determinant along the bottom
row one sees

det( I, To)=( ay)det( I, 1 Tn 1) BB det( I, o Tn 2):

Conclusion
The Gaussian -ensenble is realized by random tridiagonal matrices
with

a N1 & [ =21]

31
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Laguerre ensenble

Consider the LOE.

This is realized by matrices X ) X (n) where X ) is an n
rectangular matrix with Gaussianentries N[O; 1].

Have the recurrence
T — T T .
X1y X(n+) = XX ) + %) %@y

Forn< N, x{n)x(n) has n non-zeroeigenvalues,and N
eigervalues.

N

n

Suggestsan inductiv e cortruction of N N positive de nite

A+ = diagApy + %1 m*]

where Ay = [O]n m and

J J

For this must study the eigervaluesof the N N matrix

N n

x2 [ =1]( = 1;::::n); x> [a=21]( =n+1::::N)

32
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Since
det( In Y)=det( Iy A)det(ly (In A) xx")
it follows
det( 1Y) _, X ¥ TN X
det( In A) =1 q an+1
Question

What is the density of zerosof the random rational function

1
X1 W

forw; 2 [s;1].
Prop osition 7. The zeros of the above rational function have PDF
1 epj”:ﬂl(j aj) Y (i i)
(s1)  (sn+a) (@ )%+ 1
ry-l
Jio g
ij =1

1 i< n+l

1

where
1> > 2”2 > an+1 !

The caseof interest is

S1 = = s, = =2 Sh+1 = (N n)a =2 an+ = 0O

33
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A recurrencerelation

Recall the caseof interest is

S1 = = s, = =2 Sh+1 = (N n)a =2 an+ = O

Denote the conditional PDF for f ;g in the caseof interest by
G(f jgi=1::mn+1:f80=1:n).

For n < N the recursive construction of f A(") g givesthat
Z

P (f jO) = da;  dan

1>21> > 714 >0

G(f jg=1;:m+;TqG=1:::0)Pn(f30)

subject to the initial condition py = 1.

A special solution

For = 1, the recurrencehas solution
pn(f jO) = c. |( " D2 J k il
n .
=1 1 j<k n

sincethis correspndsto the LOE.
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For general > 0, want to ched that the recurrencehas solution

¥ (N n+l) =2 1 Y

1 . .
pn(fjg):C— | e ' J k)
=1 1 j<k n
Since

G(f jgi=1::m+1:f8Q=1::n)

P o - -
= 1 e jnzl(j aj) n+ Qn'<l ( : J)
(C =2)" (N n) =2) < (@ &)
Qn+1 (N n) =2+1 W\
i=1 i : =2 1
- Ji g
N +1) =2 1
ai( " i =1
we seewe needto evaluate
z o Yo L,
da; day, (& &) T
1>a1> > 341 >0 i< i =1

According to the integration formula which follows from Proposition 5
this equals

() 1.

(n+ 1) =2 G

1 j<k n+1
leaving us with

Ch+1; ( =2)
Cr, ((n+1)=2)((N n)==2)

Pn+1 (f0):
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