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Chapter 1

Introduction

The geometry of an object submerged in fluid and its interactions with the
fluid has long been an open area of research. Since the time of Stokes, who
studied the flow of a viscous fluid around a sphere, it was perceived that the
structure of the object in the fluid is important. Demonstrated by his study
on spheres in fluid, Stokes came up with the well known formula of the drag
force on a sphere, which includes variables that are linked to the geometry

of the sphere.

Flat plates or blades in fluids have been studied since the time of Bla-
sius and used considerably throughout the scientific community particularly
in engineering. These plates have been implemented to design better and
smaller diagnostic tools and to be able to measure some physical quantity
such as density or viscosity of a fluid. Such devices can be made in the
order of microns, which is sometimes lumped into the category of a micro-
electrical mechanical system (MEMS) or even to the scale of nanometres
and categorized as a nano-electrical mechanical system (NEMS). Arguably,
the atomic force microscope (AFM), which is a device which consists of

a clamped cantilever beam with a weighted tip at the free end, has been



seen as one of the greatest uses of plates/blades. Not only is it be able to
measure physical quantities, but it can also provide information about the
surface of a material down to nanometre resolution, for testing of nanoma-
terials and the list goes on. Typically, the AFM undergoes oscillations in
fluid and therefore understanding how the fluid and the cantilever interact

is important to ensure accuracy and precision when measuring.

Quite a number of people have modelled the AFM cantilever immersed in
an inviscid fluid, that is, a fluid having no viscosity. But, even though most
regions of the problem can be modeled by an inviscid fluid, viscous effects are
significant and penetrate a small distance away from its surface. As length
scales decrease, viscous effects cannot be neglected since the thickness of the
viscous penetration depth becomes comparable with the length scale. This
is especially true when modelling small objects such as the AFM cantilever

and thus we must consider viscous effects on the cantilever.

It is known from the study of semi-infinite plates in a two dimensional
viscous fluid flow that the edge of a plate is of particular importance. The
edge of a blade gives a significant contribution due to viscous effects that
may be different from regions far away from the edge. Thus, a blade with
2 edges would be make it all the more important to be able to account for
the viscous effects and subsequently the fluid’s effect on the blade. Since we
are considering blades with very large aspect ratio where the length greatly
exceeds the width, we need to account for the edges at the sides of the blade
only, since it can be approximated by a blade with infinite length and finite

width.

Tuck [17] has done a numerical analysis on a blade with negligible thick-
ness oscillating parallel to its surface orientation by solving integral equa-

tions. He found that the coefficient due to the damping force as the blade



oscillates behaves like C'//v/B ~ 3.2/+/B, where (3 is the Reynolds number
associated with this problem. The Reynolds number used in Tuck’s analysis

was
a pwL?
=1

g

)

where p and p are the density and the viscosity of the fluid and L is the
length of the blade. He proposed that to obtain a first non-zero damping
coefficient to correct for the potential (or inviscid) flow, one would have to
carry out an asymptotic expansion for large 8. The method he proposed
to use was the Wiener-Hopf technique to be able to obtain the damping
coeflicient.

Recently, Atkinson and de Lara [3] have used the Wiener-Hopf method
to solve a fluid flow problem on an oscillating plate that is similiar to the
problem considered by Tuck. Their problem consists of an infinitely wide
plate but finite length, clamped at one end and the free end undergoes
oscillations. They have also solved the problem of a flat disk vibrating in a
viscous fluid [2]. Armed with this knowledge we can apply their methodology
to carry out the analysis suggested by Tuck.

In Chapter 2 of this thesis, the Wiener-Hopf method is discussed and in
particular how to decompose functions since it is the crux of the method.
Chapter 3 focuses on expounding Atkinson and de Lara’s analysis, which
will serve as the basis for the other problems considered here. In Chapter
4, the Wiener-Hopf method is applied again to the problem considered by
Tuck and a problem where the blade undergoes torsional oscillations about
the middle of the blade. The forces and moments experienced by the blade
are calculated and the hydrodynamic function is obtained. This function
will give the damping coefficient to be able to compare with results from

Tuck.



In Chapter 5, the forces and moments obtained in the previous chap-
ter are compared with their corresponding exact solutions obtained by Van
Eysden and Sader [6]. A comparison is also made with the findings of Sader
[15] for the problem of Tuck and the findings of Green and Sader [7] for the

problem of torsional oscillations of a blade.



Chapter 2

The Wiener-Hopf Technique

The Wiener-Hopf technique was originally formulated to solve certain classes
of integral equations. Since then, this technique has been widely used to
solve certain types of partial differential equations (PDEs) particularly par-
ticularly mixed boundary value problems. This has been proven very useful
use when solving radiation or diffraction problems [13] where there are ob-
stacles that generate reflected and transmitted waves [9]. It is also quite
closely related to the Riemann-Hilbert problem. In this chapter, we shall

review the main ideas on how to solve problems using this technique.

2.1 The Wiener-Hopf Method

Suppose we have a boundary value problem with a PDE and the boundary
conditions (BCs) are specified only on the semi-infinite domain. The prob-
lem can be either the half plane or the whole of R? and the boundary data is

typically given on the real line. An example would be the Laplace equation



on the upper half plane.

V26 =0

=0, y=0andz>0
BCs:

%:O’ y=0and x <0

We typically apply Fourier transforms to the PDE and its boundary con-
ditions and we assume that we can solve the Fourier transformed equation.
The Fourier transform of the spatial variable, x, used throughout this thesis

is defined as

F(¢) = / 7 f@)erda

Because the boundary conditions are specified over the semi-infinite do-
main, we would normally find that there will be two unknown functions
corresponding to the unspecified part of the domain in the BCs. One would
be analytic in the upper half plane (I'm(¢) > 74 ) and we shall call this a plus
function. The other would be analytic in the lower half plane (Im(¢) < 7-)
and we shall call this a minus function. After applying the Fourier trans-
formed boundary conditions to the PDE, we would typically get an equation

of the form

¢+(C) = +B(() (2.1)

where ¢, and ¢_ are the unknown functions.

This equation has a common region of analyticity if 7 < Im({) < 7—
(see Fig. 2.1). In the most strict case, this analytic strip would only be a
line and we can view this as the limit as 7~ — 0 and 7, — 0, where

7_ approaches 0 from above and 7 approaches 0 from below. We will now



Im(¢)

T+

Figure 2.1: The shaded area represents the strip where the (2.1) is defined

want to perform a product decomposition of the form

A(Q) = A (AL (2.2)

where A_(() is analytic in the lower half plane and A, (¢) is analytic in the
upper half plane. Substituting (2.2) and multiplying both sides of equation
(2.1) by A1(¢), we obtain

A4 (o4 (¢) = c +B(QAL(Q) - (2.3)

We perform another decomposition on the function B({)A4(¢) into a

sum of two functions, i.e.
B(Q)A4(Q) = C4(Q) + C-() - (2.4)

As usual, C_(() is analytic in the lower half plane and C({) is analytic

in the upper half plane. Substituting (2.4) into (2.3) and rearranging the



terms so that the plus functions are on one side of the equation and the

minus functions are on the other side of the equation to give

440040 - 01O = {FT 4 C0=60 . @3)

where G(() is defined as as above. The equation that is defined by G(() is
analytic in the strip 7 < Im(¢{) < 7—. But the first part of (2.5) is analytic
in the upper half plane and the second part of the equation is analytic in
the lower half plane. Therefore, by analytic continuation, we can conclude
that the function G(() is analytic over the whole complex plane. Suppose

that we can show that

]

[A+(C)

(€)= C(QI <[¢]P as [¢] =00, Im(()>7

<

<)
¢

+C@%KW%Ide Im(¢) <

o

—
~—

Then by the generalised Liouville’s theorem, the function G({) is a poly-
nomial P({) of degree less than equal to the intergral part of min(p,q).
Therefore we can solve for the two functions ¢4 (¢) and ¥_(() separately,
i.e.

- _ PO+ C ()
A4 (Q) ’

Upon solving the two unknown functions separately, we can now solve

the original boundary value problem by taking inverse Fourier transforms.

2.2 Product Decomposition of A(()

In performing the Wiener-Hopf method, we need to decompose a function

into a product of two functions, one analytic in the lower half plane and the



Im(¢)

Re(()
04 02

.
Cs +

Figure 2.2: Contour integration for product decomposition. The crosses are
the zeros of H(()

other in the upper half plane. In some simple cases, this can be done by
inspection, but most of the time doing this decomposition is not immediately
obvious. Here we shall see a general systematic way in performing this

decomposition by using contour integration.

We will consider the function A({) to be analytic in the strip 7, <
Im(¢) < 7—. We may also consider that the function may have some zeros
inside the strip of analyticity as well. We shall choose a rectangular contour
that is below all of the zeros inside the strip. This strip will also contain the
inversion contour of the inverse Fourier transform since the contour can be

anywhere within the analytic strip (see Fig. 2.2).

The function A(() is analytic inside this rectangle comprises of the con-
tours I' = C7 + Cy + C3 + C4 and there are no zeros inside this rectangle.
We also require that the function A(¢) — 1 as |(| — oo to ensure that the

contributions from Cy and Cjy vanish as || — oco. In order to express A(()



as a product Ay (()A_((), we take the logarithm of equation (2.2) to get

In(A(C)) = In(A1(¢)A-(¢)) = In(A4(¢)) + In(A_(¢))

We also note that In(A(¢)) is also analytic in the rectangle because it has
no branch points since there are no zeros there, so we can apply the Cauchy

integral formula.

In(A(Q) = 5 /F hlZ(A_(ZC))dz

So far we have no guarantee that the contributions from the contours of
C5 and (4 cancel out due to the multivaluedness of the logarithm as we go

around the contour. We may have in the limit as || — oo that
In(A(C)) — In(e?™") = 2xin, n€Z

But for the purposes of this thesis, we will only consider the case when A(()
is even and the inversion contour for the inverse Fourier transform on the
real axis. It can be shown that given these conditions, the contributions
from the contour C9 and Cy will cancel each other. For a more general
method to deal with cases where the function is not even and not necessarily
analytic on the real axis, we would refer to some texts regarding these types

of decomposition [11]. Therefore we have

1

In(A4(Q)) +In(A_(¢) = 5— /C In(AG) . 1 [ I(AQ)

dz + —

d
z—C 210 Jo, 2—( -

2

In the first integral, we may let ( be anywhere below C; where C; is ar-

10



bitrarily close to Im({) = 7+ from above. We can therefore conclude that
that the integral

1 In(A(z))

— d 1
i o, 2 _C z, m(C) < T4

is analytic in the lower half plane and can be identified as a minus function.
Similiarly for the second integral, we may let ( be anywhere above C'35 where
(s is arbitrarily close to Im({) = 74 from above. We can now conclude that
the integral

1 In(A(z))

— ——==d 1
21i c 2 _C Z, m(C) > Ty

is analytic in the upper half plane and can be identified as a plus function.
Since we have analyticity on the real axis, we therefore have that C and C3

on the real axis. So we now obtain the following expressions

(A, () = 2% /_ b Wdz, Im(¢) >0 (2.6)
m(a-(O) =5 [ A
_ L [T IAE) G e <o (2.7)

21 J_o 2—C

Exponentiating equation (2.6) and (2.7) we obtain

A0 = (5 [ =2 a:)

2mi J_ o 22—

o (g [ A

2i e 2—C

2.3 Sum Decomposition of B({)A.(¢)

Similiarly for the sum decompostion, for some cases the decomposition can

be done by inspection but most of the time it requires a more general ap-

11



proach by using contour integration again.

Im(C)
i T_
@ Re()
Co
o T+

Figure 2.3: Contour integration for sum decomposition

We again have that B(¢)A4(() is analytic in the strip 7 < Im(({) < 7—

and so we can apply the Cauchy integral formula to obtain

BOAO) = 5 [ FEEE

where I' = C14+Co+C3+C}y (see Fig. 2.3). We require that |B({)A+(¢)| — 0
so that the contributions of the contours Cy and C4 will vanish as |{| — oo.
Therefore, we have that
1 [ B)AL)
B(¢)A =— | ————=d
©4+(0) = 3= [ =
1

B(z)A(2), . 1 B(2)A1(2)

S — dz . (2.9
omi Jo, 2 omi Joy 2 —C (2.9)

The first integral in (2.9) is analytic for Im({) < 7— and therefore a minus

function while the second integral is analytic for Im({) > 74 and therefore

12



a plus function. Putting together this fact with (2.4), we get

1 [T B(2)Ay(z)
C+(C) B 277” /—oo+i7+ = C a

1 [T B(2) Ay (2)
C—(g) - ML+17_ - — C dz )

1 oM B(2)AL(2)

B _TM /—oo—i—iT Z = C dz

As before in the previous section, we will consider the case when 7, — 0~
and 7 — 07. Hence, we now obtain the expression for the sum decompo-
sitions as

Cr() = - /oo BEAND g, pny >0

T omi oo 2—C
1 [®BEA),
2m J_o 2 —C(

(2.10)
z, Im({)<0

13



Chapter 3

Oscillating Plate with

Clamped End in Viscous
Fluid

We will now review the method proposed by Atkinson and de Lara [3] to
solve the problem of obtaining the frequency response on a rectangular plate
oscilating in a viscous fluid. The model used here is a plate that has a
length of L, a width of W and a thickness of 7" where it is assume that
T < LW and L ~ W or L < W. The plate is clamped along one edge
while the other edges are free to vibrate at a frequency of w (see Fig. 3.1).
The motivation for using such a model was to design sensors to be able to
measure fluid viscosity and density. This would be implemented in a MEMS
where typically the length and the width are in the order of milimetres and
the thickness is in the order of microns.

Since the model considered here is wider than it is long, the authors
assumed that all longitudinal cross sections behave the same with negligible

effects on the 2 parallel edges with the third edge having the dominant

14



Figure 3.1: Plate clamped at one end with length L, width W and thickness
Tand T < W,Land L <W

effect on the plate. In other words, they have considered an infinitely wide
plate clamped on one edge and the other free to vibrate and thus giving the
main contribution to the viscous fluid flow. Therefore, the 3-dimensional
model can now be reduced to a problem involving planar flow along one
longitudinal cross section.

The approach that was taken by Atkinson and de Lara was to solve for
the fluid flow surrounding the plate and obtain the fluid pressure exerted on
the vibrating plate. This is done in two steps: first, the case where the fluid
is inviscid is solved and then obtain a correction to the inviscid solution by
allowing viscous effects via the Wiener-Hopf technique mentioned in Chap.
2. This is thought of as the leading order in a matched asymptotic expansion
between the region of inviscid flow and the region of viscoud flow near the
surface. Once the fluid pressure is found, the equation of motion of the thin

plate is solve by balancing the forces experienced by the plate.

3.1 Assumptions

6 main assumptions were made in describing the problem:
1. The width of the plate is far greater than the length of the plate.

15



2. The fluid is considered to be infinite with no wall effects.

3. The amplitude of oscillation is smaller than any length scale in the

problem.
4. The fluid is incompressible with density p.
5. The thickness of the plate is negligible.

6. The fluid is Newtonian with a viscosity of .

Assumption 1 means that the dominant length scale in our problem is
just the length L. A consequence of assumption 3 is that the non-linear con-
vective term (u-Vu) that appears in the Navier-Stokes equation which gov-
erns viscous fluid flow can now be removed. This is because u ~ amplitude
and so, for sufficiently high frequencies but not too high such that the fluid

becomes compressible,
. ou . 2
O(amplitude) = n > u- Vu = O(amplitude”)

From assumption 4, the continuity equation can also be reduced to a simpler
form. For most practical purposes of modeling small mechanical systems,
the fluid velocity doesn’t exceed the speed of sound and the wave length of
the speed of sound is far greater than the length L. We have assumption 5
so that we can use the theory of thin plates when solving for the equation of
motion for the plate. Also, the effects of the fluid coming from the thickness
of the plate are neglected. Therefore, the governing equation for this problem
would be the linearized Navier-Stokes equations:
p?;; = -Vp+pVia

(3.1)
V-u=0

16



3.2 Scaling of Governing Equations

Since we are considering oscillations of the plate, it would be easier to work in
terms of the Fourier transformed version of (3.1) where the Fourier transform

of the time variable is

~ S .
X = / Xe™tdt
—0o0
Applying the Fourier transform to (3.1), we get

—iwa = —Vp+uVia |,
(3.2)
V-i=0

From (3.2) we make all the variables dimensionless by defining p = wpLUp,

u = U1 and the coordinates z,y and z are scaled by dividing by the length

of the plate L. We also define a dimensionless quantity
- pwL?

g ;
1

where this quantity is commonly known as the Reynolds number [4]. Al-
though the Reynolds number is associated with the non-linear convective

term, this is not the case here. The governing equation now becomes

- 1
—iu=—-Vp+ Bv% , (3.3a)

Voa=0 . (3.3b)

From here on, we will drop the hatted signs for simplicity and note that all
the results are presented in the frequency domain and that all variables are

dimensionless.

17



3.3 Solving for the fluid reaction

3.3.1 Inviscid Solution

0 /1 Y
Figure 3.2: The plate representing by the line going from 0 (clamped end)
to 1 (free end) in the scaled coordinate system

In the figure, the plate is located in the z = 0 plane along the y-axis
between y = 0 (the clamped end) and y = 1 (the free end) (see Fig. 3.2).
Using the assumptions stated in Sec. 3.1 together with the viscosity of the
fluid being zero (§ — o0), we set the velocity and the pressure of the inviscid

fluid to be

u=Vo (3.4a)

p=i¢p (3.4b)

where ¢ is the velocity potential so that V2¢ = 0. With this choice of u
and p, it solves (3.3). We will also define the pressure differential [p] about
z =0 as

[p] = p|z:0+ _p|z:0— : (35)

The velocity potential satisfies Laplace’s equation after substituting equa-

tion (3.4a) into (3.3b). Laplace’s equation is given to be

V26 =0

18



Laplace’s equation has the solution
z
¢ = arctan(—)
Y

If we shift our origin from y =0 to y = s,

is also a solution to Laplace’s equation. Using superposition over s, we get

the general solution for the velocity potential to be

1
qﬁ—/o f(s) arctan( )ds (3.6)

y—Ss

where the function f(s) is to be determined from the boundary conditions.

We define the standard arctangent function to take the values

T ifz=0T,y<s

0 ifz=0"y>s
) = (3.7)

—m ifz=0"7,y<s

0 ifz=0",y>s

The boundary conditions are imposed on the plane z = 0 since that is where

the plate is located.

e The vertical velocity, denoted by wu, is continuous everywhere and

19



known for the plate as a function of y but unknown outside the plate

(

unknown function y <0

Uz|z=0+ = Uz|z=0- = uZ(y) O<y<l1 (38)

unknown function y > 1

e The pressure differential is unknown for the plate but equal to zero
outside the plate for ¥ > 1. On the other side of the plate at y < 0,
we do not expect the pressure differential to be zero but finite. This

represents the clamping of the plate at y =0

.

finite y<0
[p] = { unknown function to be determined 0 < y<l1 (3.9)
0 y>1

\

Atkinson and de Lara quoted the additional condition that the tangential
velocity, denoted by wu, is continuous and equal to zero at z = 0 for the
inviscid solution. This condition is the no-slip boundary condition and is a
condition only for the viscous case since inviscid fluids can have a non-zero
tangential velocity and not a condition used to solve Laplace’s equation.
This, however, is used as a check for the inviscid solution on whether it is
satisfied even though it is an inviscid fluid. We now have two boundary
conditions for Laplace’s equation and therefore we are able to solve it.

The vertical velocity can be obtained by differentiating (3.6) with respect

to z:
1

! 1
Uy :/0 f(s) <1+(ﬁ)2) y—sds . (3.10)

Applying the boundary condition (3.8) to (3.10), we get the singular integral

20



equation

1 S

; y—sds’ 0<y<l1 (3.11)

where the integral is defined as a Cauchy principal value and subsequently
all integrals are defined as Cauchy principal value. We refer to some texts

[1, 11, 12] on obtaining the general solution of (3.11). This is given to be

1 ! / /(1_ /) / A
fs) = w2y/s(1 — )/ v() Y — Sy dy + Vs(l—s)

1 . A
- T /u ,/ L1406 N+ s
o 1 i 1u / 1-y ., 3
_77r2\/m <A+7r2/o z(y),/ J dy)—i—O(f) . (3.12)

where we have done a binomial expansion for small s in the integral. Ap-

plying the boundary condition (3.9) to (3.12) requires that at s = 0 the
function f(s) is finite and therefore the coefficient of the 1/4/s has to be

Zero:

dy' . (3.13)

We can now re-write the function f(s) to be

)

f(s) = J%/ us(y
,/311—5/ ((yy’__;)) 1_y>dy/

( y (=)
v s
(yﬁ
NG
\/:/ y—st/ : (3.14)

21




The function f(s) has now been determined and we now proceed to finding

an expression for the tangential velocity at 2 = 0. At 2 = 0" and 2 = 07,

(3.6) becomes X
tlemtr =7 [ 55100

1
¢zo=—¢/f@@
Yy

by using the values of the arctangent specified in (3.7). By differentiating

(3.15)

(3.15) with respect to y using (3.4a), we get the tangential velocity u, at

z =07 to be

uy = —mf(y)

We observe a singularity at the edge of the plate where it has the following

leading order behaviour

/
y) y /
- N — dy
Hly—1 \/1— y—l\/

_ 1 ! uz(y’) '
/1 —vy Jo /y
B
= 3.16
— (3.16)

where the constant B is a weighted average of the vertical velocity over the

plate:
1 b (y ) Y

o V-

Thus we need to correct for the tangential velocity since it has a square root

B= (3.17)

singularity at the edge of the plate. Apart from this, we can also calculate

the vertical velocity outside the plate using (3.11)
1
Uy = / &ds, y>1
0o Yy—s

22



Substituting (3.14) into the above equation and swapping the order of inte-

gration we get

1t P </1 1 [ s > ,
Uy = —5 Us ds ) d
7 Jo W) Y 0o =95y —s)V1-s Y

Using contour integral techniques in App. C.1, we obtain the expression for

the leading order behaviour as y — 17

e n [1=Y /| Y 1 /

= 1 ! (/) 1 /
Uy lo _ _—
et X = Y =
B
= . (3.18)
y—1

We also see that the vertical velocity also has a square root singularity at
the edge and this will also need to be corrected.
The pressure differential for the inviscid case can be calculated by using

(3.4b), (3.5) and (3.15) to obtain the following expression:

1
[p] = 27ri/ f(s)ds . (3.19)

3.3.2 Correction to the Inviscid Solution

As seen in the previous section, both the tangential and vertical velocity
need to be corrected. This means that we need to include viscosity into our

governing equations for the fluid flow. Noting that we are solving a 2-D flow

23



in the y and z coordinates, the component form of (3.3) is as follows:

—iu, = A Bv%y (3.20a)
L dp Lo
ouy  Ou,
— =0 3.20
oy | 02 (8-20¢)
with
v2 = 672 iz
oyz 022

We introduce the stream function

Uy = 781[1
VT 92
o (3.21)
z*ay

such that (3.20c) is automatically satisfied. Substituting (3.21) into (3.20a,b)
and eliminating the pressure term by differentiating (3.20a) with respect to z
and differentiating (3.20b) with respect to y and subtracting both equations,

we obtain the following expression:

VAV 4+iB)y =0 . (3.22)

As we can see, excluding the second term inside the brackets is equivalent
to the inviscid case where it satisfies Laplace’s equation (V¢ = 0) and
therefore it is a first order approximation. In this correction, we propose a

local coordinate system at the edge of the plate, given by

y=1+¢€Y
(3.23)

z=¢€4
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where € is some small but positive dimensionless number. In this new co-
ordinate system, the origin is now at the edge of the plate and the plate is

located in the negative X-axis (see Fig. 3.3).

N

/ 0
Figure 3.3: Coordinate system specified by (3.23) where the origin is at the

edge of the plate. When 3 — oo, the clamped end of the plate (Y = —1/¢)
will tend to —oo

Under the new coordinate system, we get the expression for the Laplacian

operator (V?) to be

1 /0> 0
Vie S o5 4 2o
2 \0Y?2 072
We are interested in the case when 3 is large and so in order to make the

two terms inside the bracket of (3.22) comparable in the new coordinate

system, we require

We now take the Fourier transform of Y on (3.22) and we obtain the follow-

ing differential equation in Z.

ot 0%y —
=2 L (=i =0
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The 4 independent solutions obtained from the differential equation are e/¢lZ
e 612 eV E=iZ and e VE* 12 We seek solutions that tend to zero at infinity
since the fluid is not affected by the oscillations of the plate far away. Hence

we construct the solution as

| A(QeVETZ —iBy(Q)e 82 Z >0
) = (3.24)
Ay(Q)eVEeTZ _iBy ()1, Z <0

where /(2 — 7 and || are defined to have positive real part and the functions
Ay, As, By and By are to be determined from the boundary conditions.
Using the expression for v, the expressions for u, and u; can be easily
obtained from the Fourier transform of Y of (3.21) and once those have
been found, the pressure p as a function of Z can be obtained by taking the

Fourier transform of (3.20b):

A1 (O —ie VT2 —iBi(Q)|¢le %, Z >0
Uy = (3.25a)

—As(O)V/ 2 — eV 1By Q)¢ Z <0

—iCA(Q)e VT2 — (B (Q)e %, Z >0
u, = (3.25D)

—iCA2(C)eVS T2 — (By(Q)el1?,  Z <0

D= (3.25¢)

We now list down the boundary conditions at Z = 0 for the new solution.

e The velocity components are continuous across the plane Z = 0 with
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the tangential component equal to zero

Uylz—o+ = Uy|z—0- =0 (3.26)

Uz|z—o+ = Uz|z—0-

e The tangential velocity outside the plate is zero and on the plate, it

must cancel the velocity obtained from (3.16) and so

B B
= — Y <0

uy={ Vi-z V=V (3.27)
0, Y >0

e The vertical velocity is zero on the plate, as it is already known and
has been accounted for in the inviscid solution, and unknown outside
the plate:

0, Y <0
Uy = (3.28)

unknown function, Y >0

e The pressure differential on the plate is unknown and zero outside:

unknown function, Y <0
[p] = (3.29)
0, Y >0

The first thing to notice from the boundary conditions is that A;(¢) = A2(()
and B1(¢) = B2(¢). This comes directly from the boundary condition (3.26).

Then the pressure differential from (3.25¢) will have the expression

[p] = plz=o+ — Plz=0-
= 2ie’§B1(C) . (3.30)
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Note that in Atkinson and de Lara’s paper, the factor of € is missing.
We will now use the Wiener-Hopf technique to find an expression for
the pressure differential correction. We take the Fourier transform of the

boundary conditions (3.27), (3.28) and (3.29). The half Fourier transform
— 0 .
F_= / FeYay

where the integral converges for Im(¢) < 0 and therefore F_ is a minus
function since it is analytic in the lower half plane I'm(¢) < 0 and denoted

with a ’-” subscript. Similiarly, the half Fourier transform
F,= / FelYdy
0

where the integral converges for Im({) > 0 and therefore analytic in the
upper half plane Im(¢) > 0. F is called a plus function and is indicated
with a '+’ subscript.

The Fourier transform of the boundary conditions simpifies to half Fourier
transforms that are either analytic in the upper or lower half plane. There-
fore, we can classify the velocity components and the pressure differential
into plus and minus functions depending on where the region is non-zero.
For the tangential velocity and the pressure differential, it is non-zero for

Y < 0 and therefore @, and [p| are minus functions and shall be denoted
by u, = u,_and m = m_ respectively. For the vertical velocity, it is
non-zero for Y > 0 and therefore it is a plus function and shall be denoted
as Uy = Uy -

So, for Z = 0, we have three equations which are (3.25a),(3.25b) and

(3.30) involving 4 unknowns [p]_, ;. , A1(¢) and B;i(¢). Note that we have

specified the boundary conditions for tangential velocity and so we know
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the form of w, . The explicit form of u, will be considered as derived later

for convenience. We can express A;(¢) and B;(¢) using (3.30) and (3.25a)

to be in terms of [p]_ and u, _.
A(Q) = #m + L
! 2/ i T i
IS =

Substituting into (3.25b) we obtain the following functional equation in

terms of the two remaining unknowns . and [p]

U2 Je—i| Je—i
SN = i
= %0 T_i[p]_( ¢2—i—[C]) - o

LR i) (/@i N\ i
T AelC|(¢2 — ) (\CH\/@)@]‘ u, (3.31)

where in going from the second line to the third line, the first term on

the RHS is multiplied by 24/¢? —i(|¢| + /(% — i) on the numerator and

denominator. We see that this is of the form stated in the previous chapter

in (2.1) with @,  known. We now define a function H({) where

Ve

(O = 5, 5=

We see that H(() is an even function and as || — oo that H(¢) — 1 and it
has no zeros on the real axis, thus containing the inversion contour for the
inverse Fourier transform. This satisfies the condition to perform a product
decomposition H(¢) = Hy(¢()H_(() as discussed in Sec. 2.3.

The function |[(| is not an analytic function and thus we need another

representation to make it analytic. Since (3.31) is defined on the real axis,
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we can represent [(| as

¢l = lim /¢ + 8/ — 40
=V Ve (3.32)

since the branch point for /¢ + 79 is in the lower half plane and /¢ — i is
in the upper half plane. Choosing both the branch cuts to be parallel to the
real axis gives that /¢ = lims_o+/C + @0 is analytic in the upper half plane
and therefore it is a plus function and similiarly +/¢_ = limg_.g+/¢ — 70 is
analytic in the lower half plane and therefore it is a minus function.

Thus, the function H({) becomes

R N S
2,/C2—i

We shall refer to App. A on simplifying the expression for H, (¢) and H_(()

H(C)

and obtain their respective expansions as |(| — oc.
Since (3.31) is defined only on the real axis, we note that in the first
term on the RHS! of the equation that (¢? — i — [¢|?) is now equal to —i

since [¢|? = ¢? here and so (3.31) now becomes

= . (rome) P
AV (C— e (e \HL(QH-(C)) T =i T

Rearranging the first term on the RHS so that the [p]_ term purely consists

'"RHS=right hand side
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of minus functions gives

W (C+ e™MH (O,
¢

— eim/4
T 46/T (¢ —iim)ﬂ_(g) [Pl - z‘\/ﬂfﬂ(é)ﬂwy (3.33)

We would not be able to proceed further until we know something about

the form of @, . From the Fourier transform of (3.27), we get

_mina B VT
Ve

Uy _ =

Therefore (3.33) becomes

Wy (C+ ™ HL (VT
¢
= ¢ = B VG [+ e/
IO MG & E 0
C — B \fC+ C + eim/4

-1

\/>7 C. _ 6i7r/4 H—l—(C)

B

— = 7T€i7r/4
TG T {

+ \Zﬁwfmo

We now define a function S(¢) such that S(¢) = S (¢) + S—(¢) where

\/Z+ ¢+ eim/4
\/z_ C _ 6i7r/4

S(6) = [

Note that as |(| — oo we have that S(¢) — 0 and therefore it satisfies the
condition discussed in Sec.2.3. Thus we can perform a sum decomposition
on S(¢). We shall refer to App. B to simplify the expressions for Sy (()
and S_(¢) and to obtain their respective expansions as |(| — oco. Once we

have done the sum decomposition, we rearrange (3.33) so that all the plus

31



functions are on one side of the equality and the minus functions are on the

other side:

Uz 6i7r/4 ei7r/4 P
+(C+ g)H+(C)ﬂ+ B \/B;\f (54(0) + Ho(O))

= ‘ oL By

B de/C_(¢ — eiﬂ/4)H_(€) [p]_ + e S_

Q=61 - (334

We have now re-expressed (3.31) into a function that consists of plus func-
tions only on one side of the equality and a function that consists of minus
functions only on the other side of the equality. On the LHS? of (3.34),
the function is analytic in the lower half plane and the RHS of (3.34), the
function is analytic in the upper half plane. Since we have that (3.34) holds
on the real axis, by analytic continuation, we have that the function G(()
is analytic in the whole complex plane. The next step in the Wiener-Hopf
method is to be able to use the generalised Liouville’s theorem to be able
to say what does the function G(¢) is. In this case, we will be using the
standard Liouville’s theorem instead of the generalised version. To be able

to do this we require some knowledge of the unknown functions [p]  and
Uz g

The pressure differential at Y = 0 can be singular but has to be inte-
grable to give a finite force on the plate. More precisely, we expect a square
root singularity in the pressure differential at the edge and therefore the
Fourier transform of the pressure differential, T_ ~ 1/y/C_. At the same
time, we also require that the vertical velocity outside the plate must cor-
rect the singular behaviour obtained in the inviscid solution. Therefore the

Fourier transform of the vertical velocity outside the plate, w; ~ 1//(,.

Using these two facts together with the fact that the Hy(¢), H_(¢) — 1 and

2LHS=left hand side
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S1(¢),S=(¢) — 0 as |¢| — oo, we have shown that the LHS of (3.34) goes to
a constant and the RHS of (3.34) goes to zero as |(| — co. By the standard
Liouville’s theorem, we have that the function G(¢) is an entire function
which is identically zero. We now have two equations with two unknowns,

namely

o eim/4 eim/4 s
¢+ C)H+(C)\/Z+ _ \/B;\F (S+(O+HL()=0

¢ o, eiBYE
(€M QP T e

(3.35)

(€)=0

We are now able to solve for [p] and u,, using (3.35) to obtain the cor-
rection for the pressure differential. Since the correction is significant near
the edge of the plate, we would use the expansion of the functions H (¢),
H_(¢), S+(¢) and S_(¢) as || — oo to get the leading order correction.
Rearranging (3.35) and using binomial expansions, we get
em/AByr 1

€ K ’

o _ 2iBeV2y7 1
S/

Uz p|goo &

(3.36)

Taking the inverse Fourier transform of the above equations and re-writing

the equations in terms of the original variable y, we obtain

B
uz‘yal*‘ ~ \/yj )

plly 1 ~ 22"/ 6B

I—y

We see that the vertical velocity obtained from this correction cancels out
the singularity obtained from the inviscid solution in (3.18) just outside the

plate. As for the pressure differential, the correction has an added mass
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contribution out of phase with the velocity of the plate. This is clearly seen
as the real part of the pressure differential. It also has a damping component
which is in phase with the velocity of the plate which can be identified as

the imaginary part of the term.

3.4 Equation of Motion of the Plate

Since we now have an expression for the force exerted by the fluid on the
plate, mainly the pressure differential, we can now use it to solve the equation
of motion for the vibrating plate. The force exerted by the fluid, fquq, is
obtained by superposing the solution of the inviscid case and the correction
to the invisicid case.

Atkinson and de Lara have made a simplification to calculating the pres-
sure differential for the inviscid case. The correction to the inviscid case is
mainly important near the edge at y = 1, the inviscid pressure differential
is approximated by the pressure differential at the other end y = 0. Using
(3.19) and setting y = 0, swapping order of integration and using contour
integration techniques (App. C.2), we obtain the pressure differential at the

clamped end to be

1
[p] = 2mi / F(s)ds
o [ B
= omiy 0 <—w>uz<y’>ﬁ dy’

1—9
d /
71-2 0 y/ Y

= 21%A (3.37)
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where A is given by (3.13). Therefore the full expression of the pressure

differential by superposing the inviscid with the correction is

, 1
p| = 27%A + 2V2e /4B —
(] T

Fz:O*

Figure 3.4: Forces acting on the plate

(3.38)

The fluid force can be calculated via the stress vector. The force per

unit area exerted by the fluid on the top plate, z = 07, is n - T where n is

the normal of the top plate, lA<, and T is the stress tensor (see Fig. 3.4). The

force per unit area in the z-direction on the top plate is

~

FZ:0+:H'T‘k

= Tzz
= | . ou,
- p z=0* 8 ot
Using the continuity equation
ou ou
Vou= 24+ —2=0
oy 0z

and the no-slip condition on the surface of the plate, we find that the second

term in the continuity equation vanishes since there is no horizontal velocity
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at the surface, thus giving the result

ou,
0z

_ Ou,

=0
2=0"

2=0"* 0z

Therefore, the force on the top plate has been reduced to

F—o+ = _p|z:07L

Similiarly, the force on the bottom plate has the same form as the force on
the top plate except for the minus sign. This comes from the fact that the
normal of the bottom plate is —k. Putting all of these forces together, the

net force of the fluid per unit area is the z-direction is

F, = —pl,—o+ +plsm0- = —[p] ) (3.39)

where this is the dimensionless force per unit area. We unscale back to
the original pressure unit by multiplying the pressure differential by wpLU.

Therefore, fluid force per unit area is

i 1
fauida = —wpLU <27r2¢A + 2\/§€—m/4EB>
iy

Apart from the fluid force, we can also have a driving force for the plate
as well. For simplicity, we model the driving force, fyrive, as a sinusoid
with frequency w and with strength equal to one on a line parallel to the
clamping at a distance y; away from the clamping and it is expressed in

units of pressure

fdrive = 5(:1/ - yf)

Note that this differs from Atkinson and de Lara by a factor of e=™?. This
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is because the driving force that they used is in the time domain and not the
frequency domain as stated here. Both can be made equivalent by taking the
Fourier transform of their driving force although they seem to have changed
their definition for the Fourier transform to e~** instead of ¢! as used in
solving the fluid force. This change of definition does not affect the rest of
their analysis.

Using the expression for modelling a thin plate with a small deflection
in the z-direction with an elastic restoring force while still assuming that all
longitudinal cross sections act the same way [16], the equation of motioin of
the plate can be reduced to

Pw  Eh? 9w
pshl ot2 + 12 6y4 - fémd + férive ) (340)

where p; is the density of the plate, w is the dimensionless deflection of the
plate and h is the dimensionless thickness of the plate and E is the Young’s
modulus of the plate. w and h have both been scaled with respect to L.
The forces are in the time domain as well. Taking the Fourier transform of

(3.40), we get

Eh3 0*w(y,w
Fulv.w) ) h12uPu(y,w) = 8y — yg) — wpLUl]

12 oyt
tw(y,w) 12 45 4 12 12
- L = 2 5(y —ys) — ——wpL
9y Pl wtwly,w) = 2500y —yy) — HswpLUlp]
0*w(y,w) A 12 12
ot c(w) w(y,w) = Wﬂy —yy) — WWPLU[P] ;

(3.41)
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where ¢(w) and ¢(y,w) take the following expressions:

()" (5"

12 12
9(y,w) = ET?,M —yr) — ET&””LUM

[p] used here is the full expression for the pressure differential, given by

(3.38). The boundary conditions for the plate are:

e Displacement is zero at y = 0

wly=0 =0

e The first derivative is zero at y = 0 which represents clamping at the

end
ow

8:1/ |y:0 =

e There is no bending moments at the free end y = 1 which can be
written as
0%w

=1 =0

e There are no shearing forces at the free end y = 1 which can be written

as
Pw

Gy =1 =0

The constants A and B that appear in the RHS of (3.41) are weighted av-
erages of the vertical velocity u,. We can re-write this as the first derivative

of w with respect to time. After scaling and taking the Fourier transform of
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the time variable, we find that

uy(y) = —iw%w(y,w) . (3.42)

Atkinson and de Lara solved the equation of motion by constructing a

solution to the equation of motion of the form

w(y,w) = wy(y,w) + Cy sinh(c(w)y) + Ca cosh(c(w)y) + Czsin(c(w)y)

+ Cycos(c(w)y) (3.43)

where w,(y,w) is constructed using the Green’s function,G(y, ), for equa-

tion (3.41)

1
wy(y,w) :/0 Gy, y)g(y',w)dy’

Their approach is very tedious since will we end up with an integral equation
where the unknown w(y,w) appears on both sides of the equation of (3.43)
since wpy(y,w) contains w(y,w) in the constants A and B in g(y,w). Hence,
the method of Green’s functions is not appropriate in this case.

Instead, we will use an eigenfunction expansion to solve the equation of
motion. The homogeneous problem will be denoted as

o)

08 —do=0 . (3.44)

where ¢ is related to the resonant frequencies of the plate. The general

solution to the homogenous problem is
¢ = Cy sinh(cpy) + Cy cosh(coy) + Cssin(coy) + Cy cos(coy)
Applying the boundary conditions to the solution of the homogeneous prob-
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lem, we need to solve a homogenous linear system. Requiring that we must
have non-trivial solutions, the determinant of the associated matrix of the
linear system must be zero. We then find that there are certain values of ¢

can only be attained for non-trivial solutions and they satisfy the relation
1+ cosh(cg ) cos(cpn) =0, neN

We can see that there are an infinite number of values of cg, such that the
above equation is satisfied. Using the boundary conditions, we can eliminate
3 of the coefficients of the general solution and the function ¢ can be written

as an infinite sum

e}

o= Z C, {cosh(comy) — cos(cony)

n=1

cosh(con) + cos(con) , . .
I y " o h "
sinh(com) +Sin(co’n) (Sln(co, y) Sin (007 y))

= ¢ = Z Cn¢n )
n=1

where ¢,, are the basis functions for the solution and (), are coeflicients
that depend on n. Each of the ¢, satisfies (3.44) and so we see that ¢ is
a superposition of all the basis functions. Returning to solving (3.41), we

expand the displacement in terms of the basis functions

U)(y, w) = Z wm¢n(ya w) (3.45)
n=1

and substitute it into (3.41) to get

> wn (60 w) — c@)ien(y.w)) =glyw) . (346)
n=1
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where

12 12 g o1
g(y,w) = E—h?)é(y — ) — EhgprU <27r iA + 2v/2e7 "/ eBm>

12 1—y
z7r/4

. Iy /¢n de’]) )

where we have used the expression for A and B from (3.13) and (3.17) and

have substituted the relation between u,(y) with the displacement of the
plate w(y) from (3.42). We have the property of the basis functions that
they are orthogonal to each other [8] and we can scale the basis functions
so that

1 1, ifn=m
/ (1) (y)dy =
0 0, ifn#m

Multiplying ¢, (y,w) (3.46) and integrating from 0 to 1 and using the or-

thogonality relations above we get the following expression:

anmncM— /<z>m on(y dy—/¢m L (347)

where the RHS is

; Pm(y)g(y)dy = £ 5dm(ys) + E—hg)prL?x
- bt , y .,
<;w [/0 6o,y ay
\/§ im/4 bt 1 / /
+ - e/ e s mﬁb (Y)on(y') =) yay
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We will define the quantities

Am,n = 5m n C() m / Qbm an

mn—//dm )Pn(y \/Tdydy
= T o)y

Therefore, (3.47) becomes

m nt— \[ m/460m,n

9

12
Wp = Wﬁbm(yf)

2

o0
24 V2
= Z Aman = gt L (Bm’”wez / 460m,n)
n=1

This can now be written as a linear system
Dw=r | (3.48)

where the matrix D has entries

24 V2,
Dm n = Am,n Eh3 pszQ (Bm,n + ﬂ_em/l%cm,n)

and the vector r has entries specified by

12
'm = Eihsgbm(yf)

To solve this, we would have to truncate the series in (3.48) to include
the first k£ terms and this will give a k x k matrix D where the entries
will have to be computed numerically. Solving the linear system in (3.48)

by using methods such as Gauss elimination (since in general the matrix
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D is dense) gives the coefficients for the w,,. Thus we can calculate the
displacement of the plate subjected to the driving force, the fluid force and
the elastic restoring force of the plate from (3.45) for a given w. We can also
increase the accuracy of the solution by including more terms in the series

and subsequently the matrix.
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Chapter 4

Flexural and Torsional

Vibrations

We would like to be able to test the method that was proposed by Atkinson
and de Lara in using the Wiener-Hopf technique to obtain the leading or-
der behaviour of a plate vibrating in a viscous fluid. Recently, Van Eysden
and Sader [5] have solved the linearized Navier-Stokes equation exactly on
a vibrating blade having normal and torsional oscillations for all values of
Reynolds number. The solution comes from solving a system of linear equa-
tions where the entries of the matrix consist of Meijer-G functions. The
authors have computed a quantity which is called the normalized hydrody-
namic function, I'(Re), where Re is the Reynolds number for both cases.
I'"(Re) is for the case with normal oscillations and this is related to the
force per unit length, fauiq, exerted by the fluid on the blade while T'*(Re) is
for the case with torsional oscillations and it is related to the moment per
unit length, mguq exerted by the fluid on the blade. Note that the forces
that were calculated by Atkinson and de Lara [3] were in units of force per

unit area. There is an extra term s which signifies the wave number in the
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z-direction but it can be shown that for x = 0, the problem becomes a 2-D
problem where it has infinite length in the x-direction. The general form of

friwia and mayuiq for this geometry can be expressed as

fiwia = L T (D) (4.1)

Mifuid = —gpw2L4Ft(ﬁ)<I>(:c) . (4.1b)

To be consistent with the previous analysis, the Reynolds number will be
denoted by § and note that it is the same definition used by the Atkinson
and de Lara and L as the length across the blade. The functions w(zx) is
the displacement of the blade as a function of z while ®(z) is the angle of
deflection of the blade as a function of x and is defined in both the papers
by Van Eysden and Sader [5, 6]. This is because the displacement and the
angle of the blade is the same for a specified value of .

We will attempt to use the Wiener-Hopf method to capture the asymp-
totic behaviour of both cases for large values of 3 and will compare it with

the tables that have been calculated from the exact solution.

4.1 Normal Oscillations in a Viscous Fluid

We will proceed with the same steps used in the previous chapter to calculate
the inviscid solution and the correction to the inviscid solution and later
obtain the force per unit length to be able to find out the hydrodynamic
function I'"(3). The superscript n in all the variables and constants here
is to denote that it is for the normal oscillation case (see Fig. 4.1) and not

raised to the power n.
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Figure 4.1: Blade performing normal oscillations

4.1.1 Inviscid Solution

In this problem, we have that the blade is centred at the origin and its
edges are at y = +1/2. The governing equation for the inviscid fluid is the
same, namely Laplace’s equation, where the velocity and the pressure can
be determined by (3.4). The general solution for Laplace’s equation for this
case is superposing the fundamental solution with a function f"(s) which is
to be determined from the boundary conditions over the length across the

blade, which gives

1/2

0') = [ r(s)aretan

—-1/2

) ds | (4.2)

Yy—Ss

where f"(s) is to denote normal oscillations. The arctangent function still
carries the same definition as in (3.7). We now list the boundary conditions

on the plane z = 0 needed to specify the solution of Laplace’s equation.

e The vertical velocity is continuous everywhere and known for the blade
but unknown outside the blade. Also, we note that it is also symmetric

about the origin:

n _.n _
Uy [z=0+ = uz‘zzO* -



e The pressure differential is unknown for the blade but equal to zero
outside the blade. Also, due to the symmetry of the problem, it is also

symmetric about the origin:

unknown function to be determined, y < ‘%‘

0, y> |3 (@4

[p]" =

We will also use the no-slip condition as a check for the inviscid solution as
in the previous chapter. The vertical velocity is obtained by differentiating
(4.2) with respect to z and setting z = 0 and using the boundary condition

in (4.3), we obtain the following expression

e [V ) 1
ww= [ ey <l (4.5

Using the same technique in the referred texts, the general solution for the

function f™(s) is

Lope L VTRR 4
7T2\/1—452/_1/2u2(y) Yy —s dy—l_\/l—éls2

2s vz 1—4y? A
m/o uz(y)mdy +\/ﬁ , (4.6

f'(s) =

where in going from the first line to the second line we used the symmetry

condition on the vertical velocity. At z = 0" and 2 = 07, (4.2) becomes

1/2

gy = / s
Yy
1/2

feg- = T f"(s)ds
Yy
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Therefore the pressure differential is

1/2
p] = 2mi / F(s)ds (4.8)

We now use the boundary condition (4.4) to set the constant A in (4.6). In

other words, we require that [p|” =0 at y = —1/2

1/2
= 0= f"(s)ds (4.9)
~1/2

172 1/2 9 1 — 402 1/2 A
- - / / ul(y) 5 P y2 dy/ds + / ———ds
—172.Jo w21 —4s? Y*©—s —1/2 V1 —4s?

0
= A=0 |,

since in the first term in the second line equals to zero because we are
integrating over an odd function over a symmetric domain and thus A = 0.
Therefore the function f"(s) is now

N
NY_ gy (4.10)

y/2 _ 32

) = s /0 Wy

We now examine the behaviour of the tangential velocity of the inviscid

solution. By taking the derivative with respect to y of (4.7), we have

Uy|smo+ = —7f"(y) (4.11)
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Asy — £1/2,

(22 1/2 uZ(y') dy/ as y — (l)
W ge /1 =2y Jo ) 1 — 4y ’ 2/ -
! EC I Mdy/ asy — (=3
™I+2yJo  1—4y? 7 2+
B" .
——  asy—(3)
1—-2
—{V Bn?/ L (4.12)
__Z _1
v Sv ()

where B" is a weighted average of the vertical velocity,

n 2[ 1/2 n / d ,
/ 4y/2

(4.13)

There is a singularity in the tangential velocity that needs to be corrected
by including viscous effects. Also, we can use (4.5) to determine the vertical
velocity outside the plate:

. 112 pa(s) |
u<y>—/_1/2y_sds, y>\2]

IS}

Substituting (4.10) into the equation above and swapping the order of inte-

gration, we get

/2 ,1/2 1— 42 1
2(y) —/ / u"(y’) 5 J dsdy’ . (4.14)

172 T2V/1 — 4s2 452 ? y2—s2 y—s
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Using contour integration techniques (App. C.3), we obtain

SO e — VAL
u = u
=V 0o m2/1—4y? ” Y y? —y?
4i Y2 un(y) +
—_—— 22 _dy, asy— (3
m/2(1 = 2y) Jo 1— 4y? (2)
4i V2 ur(y)
—_— —=2dy/, asy— (-2
m/2(1+ 2y) Jo 1—4y? (=3)
n

B

/

mi)dy

Q

\
P

AT asy — (3)"
] B

s sy (e

We see that the vertical velocity also has a singular behaviour and needs to

be corrected as well.

4.1.2 Correction to the Inviscid Solution

We will concentrate on retrieving the correction near the y = 1/2 edge. The
analysis done in Sec.3.3.2 is the same here except instead of using the change

of variables stated in (3.23), we will use

1
y=5+teY

2 (4.15)
z=¢€e4

where ¢ = 1/y/f as usual. The governing equation (3.22) is the same in
this case and so taking the Fourier transform of this equation and solving
it, gives the same expression for ¢" in (3.24) and therefore the expressions
for w,", u," and mn are the same as in (3.25). The boundary conditions
(3.26), (3.28) and (3.29) are all the same except for the condition on the
tangential velocity in (3.27).

The tangential velocity on the blade must cancel the singular behaviour
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obtained in the inviscid solution in (4.12) and it is zero outside the plate.

Therefore, we have

B" B" 1 B
—_—— = = — , Y <0
UZ _ V1—2y V2 /=Y v —€Y
0, Y >0

where we have used (4.15) and B™ = B"/+/2. Notice that the analysis from
here onwards is the same as in Sec.3.3.2 except we just replace B with B™.
Hence we can immediately write down the expressions for u,” and W as

|¢| — oo using (3.36)

. ei7r/4Blnﬁ 1

Tlgoe ® ———— &
o . 2iB"eV2(7 1
Dl_l[¢|—00 & NG N

Taking the inverse Fourier transform and re-writing it in the original vari-

ables y, we get

e B B B (4.16a)
VY V2ey 2y -1 :
27/ BMee—im/4 IV/IBNee—im/4 I/IBNee—im/4
i~ 2Y2BMee T 2VaBree T 2vaBnee (4.16b)

V—eY =2y J1-2

We have now obtained the correction for the pressure differential at
the edge y = 1/2. We can repeat a rather similiar analysis for the edge
y = —1/2, performing the same steps as described in Sec. 3.3.2. However,
a simple argument will help shorten the computation to obtain the pres-
sure differential at the edge y = —1/2. For the blade that performs normal
oscillations, the pressure is symmetric about the origin. Therefore the cor-

rection to the pressure differential near y = —1/2 would have the same form
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as (4.16b) except with the with the term /1 — 2y replaced with /1 + 2y.

The total correction for the pressure differential, [p]?, is just summing the

co

contributions from each end of the blade giving

. 1 1
n_ 9. /opn —im/4
ble = 2v2B"ee <¢1 =il \/1+2y>

From the above equation, it is clear that it is symmetric in the region —1/2 <
y < 1/2. When repeating the analysis for the edge y = —1/2, it can be shown
that the vertical velocity cancels the singular behaviour outside the blade

as well.

4.1.3 Hydrodynamic Function I'"(J3)

We proceed to calculate the force per unit length exerted by the fluid on the
blade. The pressure differential is the sum of the inviscid contribution and

the total correction of the inviscid case

1/2 1 1

+
VI=2y 142y

) . (4.17)

iSH
3
I
)
R)
~.
S

f(s)ds+2v2B"ee /4 (

As in the previous chapter in (3.39), we have found that the net force

excerted by the fluid on the blade in the z-direction is

This gives the dimensionless force per unit area. To obtain the force per
unit length, we have to integrate the above expression over the length of the

blade and multiplying by wpLU and thus

1/2

fawia = —wpLU / ) p"dy . (4.18)
—1/2
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Substituting (4.17) into (4.18), and swapping order of integration we get,

1/2  ry
27m'/ f"(s)dyds

1/2J-1/2

+2\/§Bn€€—iﬂ/4/1/2 < 1 n 1 >dy
12 \WI=2y  V1+2y

fiiuia = —wpLU

1/2 A
= —wpLU 27m'/ (s+1/2)f"(s)ds + 2\@3”66_”/4(2\@)]
~1/2
1/2 .
= —wpLU 27m'/ sf(s)ds + 8B”ee_”/4] (4.19)
~1/2

since f_l{% f™(s)ds = 0 from (4.9). Substituting f"(s) from (4.10) into the
first term and swapping the order of integration, the integral can be reduced

using contour integration techniques (App. C.4) to give

1/2 9
favia = —wpLU |2mi /O (—f) —ul(y)V1 - dyPdy

2

‘ 1/2 n(,/
LAOV2 i [V w2 ] , (4.20)
s

0 1 —4y?
where we have used the expression for B" from (4.13). We can re-write the
vertical velocity in terms of the first derivative of the displacement of the
blade with respect to time, ¢, noting that the displacement is a function
of x and not y. Therefore, after taking the Fourier transform of the time

derivative and scaling, we get

w2(y) = —iwg )

Substituting u7(y) into (4.20), re-arranging the terms and performing the
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integrals which are elementary, we obtain

16v/2
Jfuid = zpszQ 1+ \[ee”“] w(zx)
T

4

We can now identify that the hydrodynamic function from (4.1a) for the

case of normal oscillations is

16v2 .
r(g) = 14 20V s

i (4.21)

4.2 Torsional Oscillations in a Viscous Fluid

We shift our attention to use the method on to a blade which undergoes
torsional oscillations (see Fig. 4.2). The inviscid solution is first obtained
and subsequently the correction to the inviscid solution. These are to be
used later to compute the moment per unit length to determine the form of
the hydrodynamic function I'*(3). The superscript ¢ in all the variables and
constants here is to denote case of the torsional oscillation and not raised to

the power t.

motion

: ’ y > Direction of

NI
N — A

Figure 4.2: Blade performing torsional oscillations

4.2.1 Inviscid Solution

As for the normal oscillation case, the governing equation for the inviscid

fluid is Laplace’s equation and as usual, the velocity and pressure profile
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can be determined using (3.4). The potential ¢’ is still of the form in (4.2)
where f!(s) is denoted for torsional oscillations is to be determined by the
boundary conditions.

The boundary conditions are the same as in (4.3) and (4.4) except that
instead of having the vertical velocity and the pressure differential to be

symmetric, we require that they are antisymmetric:
(4.22)

The general form of the function f?(s) is the same as in the previous
case, that is
1/2 /1 o 4y/2d ,

Yy +

A
t
)= m/l/zz y = Vi-4s?

Using the antisymmetric condition for the vertical velocity in (4.22),

1—4y’2d,+ A

1/2
t t
S) = ————F-—F-— u —_—m —_—
1165 = = %1_482/0 L)y

(4.23)

The pressure differential is still has the same form as in (4.8). Using the
boundary condition in (4.4) that the pressure differential is zero at y = —1/2,

we have that

1/2
/ fi(s)ds =0 . (4.24)

~1/2
Substituting f!(s) from (4.23) into the above equation and swapping order

of integration,

1/2 p1/2 NG 1/2 A
nY Y /
ul dsd +/ ————=ds =0
/ /1/27‘(’ V1 —4s2 @) y? —s? Y —1/2 V1 —4s?
(4.25)
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Using contour integration techniques (App. C.5) on the first term, we find
that the term vanishes and thus we find that A = 0. The function f(s) is
now

V11— 4y? .

2 12 t Y
_ VTR 4.2
724/1 — 452 /0 uz(y ) y/2 — g2 ( 6)

f'(s)

Using the the expression for the tangential velocity from (4.11) for z = 0T,

21 1/2 y'\/1 — 4y’
¢ R L tnyv=Li—ay- .,
L =N e |t =
8 1/2 y/
S R
/1 —4y? Jo V1 — 4y
W2 .
v 7(1 / 1
B ﬂ_m 0 uz(y) 1—4y’2 Yy, y_>(2)
vz ut (y/)yild Loy (=7
T /1+2y 0 z /1_4y/2 y? y 2
Bt -
V= Y3
—{vi=2y ) : (4.27)
B 1N+
s v ()
\ 1+ 2y
where B! is a weighted average of the vertical velocity
4\/§ 1/2 yl
B! = / ul (y) ——=dy’ . 4.28
) e (4.28)

We see that there is a singular behaviour near the edges of the plate and
this will have to be corrected
Using the expresion in (4.5) to determine the vertical velocity outside

the blade,

V2 fi(s) 1
ul :/ ds, > H
(v) s v> 5

Substituting (4.26) into the above equation and swapping order of integra-
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tion gives

1/2 ,1/2 Wt () ' /1 = 442
Hy) = / / W)y 5 2y dsdy’ . (4.29)
1/27r\/1—4s2y—s y? —s

Using contour integration techniques (App. C.6), the vertical velocity will

now have the form

vz 2/ /1 4y?
ut (y) = /0 (Yol () ——2 Y ay

721 —4y? y? —y?

8Z 1/2 y/
SR LA
1 —4y% Jo 1 — 4y'?
(
4\/§ 1/2 y/ _
- u(y) ——=—==dy, y— (3)
) a1, N
- 4i\/2 1/2 /
L T R
L ™2y +1Jo 1— 4y
Bt e
R
B Bli I+
v Vo)

The vertical velocity outside the plate needs to be corrected for the singular

behaviour outside the plate.

4.2.2 Correction to the Inviscid Solution

As with the previous section, we shall start by looking at the edge y = 1/2.
The change of variables to a local coordinate system at the edge is the same
in the previous section in (4.15). The governing equation is still the same as
in the previous chapter and we have the same expressions for u,, u;' and
Ht in (3.25). As usual, the boundary conditions are the same except for the
tangential velocity.

The tangential velocity on the blade has to cancel the singular behaviour

obtained in the inviscid solution in (4.27) and outside the blade it is zero.
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Thus, the boundary condition for the tangential velocity is given as

Bt Bt Blt
J— = — = — 3 Y < 0
t V1I=2y vV —2€Y —eY

U7y - I

0, Y >0

where we have used the local coordinate system in the previous section and
B'* = B'/\/2 where B is defined in (4.28)

We have again that this is the same case as before in Sec. 3.3.2 except
with B replaced by B’*. Thus we can straight away write down the expres-
sion for the vertical velocity and pressure differential in terms of the original

variable y but with the definition of B in (4.28).

. B/t Bt Bt (4 20 )
u, ~ == == .ola
VY V2eYy 2y -1
IRt ce—im/4 2v/9 Blee—im/4 2v/2 Btee—in/4
o VB T 2Bl T 2aBe .

—eY V_2eY 1=

As usual, the singular behaviour for the vertical velocity has been canceled
and have a square root singularity for the pressure differential.

We can repeat the procedure for the edge y = —1/2 but we shall use a
similiar argument in the previous section to obtain the correction. Noting
that, just as the vertical velocity is antisymmetric about the origin, so too
the pressure differential is antisymmetric about the origin as well. Therefore,
the correction to the pressure differential at the edge y = —1/2 is the same as
in (4.30b) except that it has a minus sign and the term /1 — 2y is replaced
with /T + 2y. Hence, the total correction to the pressure differential, [p]Z,

is

t —im/ 1 - 1
ple = 2v/2Bec 4(\/1—2:1/ \/1+2y>
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4.2.3 Hydrodynamic Function I''(/)

The total pressure differential is the sum of the inviscid part and the cor-

rection

1 1
VI-2y 142y

p) = 27Ti/1/2 fi(s)ds + 2v2B'ee~"/* < ) . (4.31)

It not appropriate to consider the force per unit length on a blade performing
torsional oscillations since the pressure differential is antisymmetric and so
the total force per unit length on the blade is zero. Instead, we calculate

the moment per unit length of the blade.

k

o> ?—
>
> N
TIS
w~—r 5
+

m;—p-

Figure 4.3: Moments experienced by the blade. The i-direction is pointing
out of the page

The moment caused by the force acting on the top plate about the origin
is force on the top plate multiplied by the perpendicular distance from the
origin:

My—o+ = —YF,—o+
since in a right-handed coordinate system, the moment is positive if it is
acting to rotate in the anti-clockwise direction. The moment caused by the

force on the top blade is acting to rotate in the clockwise direction, hence

the minus sign (see Fig. 4.3). Similiarly, the moment caused by the force
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on the bottom blade about the origin is
m,—o- = yF,—g-

So, the dimensionless net moment per unit area experienced by the blade
about the origin is

Mpet = —YF

The moment per unit length can be found by integrating the net moment

across the length of the blade

1/2
MAnid = —L/ ) yF.dy
~1/2

1/2
:przU/ ylpl'dy
~1/2

where F, is the net force in the z-direction. Substituting (4.31) into the

above equation and swapping the order of integration,

1/2  ps
2m’/ / yft(s)dyds
—1/2J-1/2

1/2
+2v2Btee™ /4 / / A —
2 VI=2y VT+2y

Mpuid = wpL*U

= wpL?U

i / el i) F(s)ds + 2v/2Bee /4 (\%)]

—~1/2

= wpL?U

1/2 _ 2
i s2ft(s)ds + 2v2Btee /4 <>
/—1/2 =) V3

since f_IﬁQ f(s)ds = 0 from (4.24). Substituting the expression for f!(s)

from (4.26) and B! from (4.28), swapping the order of integration and per-
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forming contour integration (App. C.4)

1/2 r1/2 y/ /1_4y12 t( /)d q ,

16 2 ) 1/2 /
+ \fee—mr/zl Yy ui(y/)dy/
3 0 /1 — 4y2
./1/2( 7r> 2y'\/1 — 4y? Gy
—— | ———u
2 z
0

2
MAuid = pr

= wpL?U |mi 3

+ 16ﬁ6€_i7r/4 1/2 y/ ut (y/)dy/
3T 0 /1 — 4y? z

1/2
—i / y'ul(y)V1 — dy?dy’
0

+ 16\666_“—/4 12 y, ut (y/)dy/
3 0 /1 — 4y? z

= wpL?U

(4.32)

\ Displacement
X Y

Figure 4.4: Displacement and the function ®(x) for torsional oscillations

We can replace the vertical velocity as the first derivative with respect
to time of the displacement of the blade. Because it is executing torsional
oscillations, the displacement is defined by the arc traced by the edges with
respect to the z = 0 plane (see Fig. 4.4). Taking the Fourier transform of
the first derivative with respect to time and unscaling,

L2

ui(y) = —iwry®(@)
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where ®(z)! is the angle of the blade with respect to z = 0. Substituting
the vertical velocity into (4.32) and performing the integrals which again are

elementary,

0 0 1 — 4y2

1/2 162 ) 1/2 12
Mg = —pw’ L* [/ y? V1 —dydy + 3\7(66”/4 ydy’] P ()

274 | T 16v/2 im/a T
oL 5s T T 5| 2@
T o9rg| 1 4v2 in/4
= ——pw’l* | —+ — P
g’ 16" 3 (=)

We can immediately identify from (4.1b) that the hydrodynamic function

for the case of a blade having torsional oscillations is given by

n _ 1 4\/5 im/4

(4.33)

'@ () has units 1/L as defined in [5]
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Chapter 5

Results and Discussion

5.1 Comparison with Exact Computed results

Having found the hydrodynamic function for both the cases of normal and
torsional oscillation, we are now able to compare results with the exact
solution that was found by Van Eysden and Sader [6]. The hydrodynamic
function consists of a real and imaginary component that depends on the
Reynolds number, 3. The real component is the inertial component of the
force exerted by the fluid. This can be thought of as the force needed to
move a mass of fluid as the blade oscillates. The imaginary component is
the dissipative component of the force which acts to dampen the oscillation
of the blade or the drag force. Thus we will compare the numerics of the
inertial and the dissipative force for a range of values for .

Since the method that was used to calculate the hydrodynamic function
in this thesis is based on the assumption that the Reynolds number is large,
we shall compare the results for log;, 3 > 1. Note that the results that
are relevant to this thesis for comparison of the exact numerics from Van

Eysden and Sader’s paper is the k = 0 column. Using the formulas for the
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hydrodynamic function I'"(3) and I'*(3) from (4.21) and (4.33), we can cal-

culate the real and imaginary parts of the functions for various § and the

results are as below

Normal Torsional
log,o 8 | Re(T(3)) | T(T"(3)) || Re(T"(B)) | Tm(T"(5))
1.0 2.61053 1.61053 0.196711 0.134211
1.5 1.90567 0.90567 0.137973 | 0.0754725
2.0 1.5093 0.509296 0.104941 | 0.0424413
2.5 1.2864 0.286398 || 0.0863665 | 0.0238665
3.0 1.16105 0.161053 || 0.0759211 | 0.0134211
3.5 1.09057 0.090567 || 0.0700473 | 0.00754725
4.0 1.05093 0.0509296 | 0.0667441 | 0.00424413
o0 1 - 0.0625 -

Table 5.1: Computed real and imaginary components of the hydrodynamic
function T™(3) and I''(8) for normal and torsional oscillations respectively
as a function of 3 using the Wiener-Hopf method

As we can see from Table 5.1, the result from using the Wiener-Hopf
method follows the same trend but does not give the right numerics as the
exact solution. However, for the case when 3 = oo which corresponds to
the inviscid case gives the correct answer when comparing with the exact
solution. Also, it is the same result for the inviscid case in previous findings
by Sader [15] for the normal oscillations as well as Green and Sader [7] for
the torsional case.

In the Fig. 5.1, we see that the solution obtained from the Wiener-Hopf
method has a constant slope on the log-log plot. But in all cases except
Im(T*(j3)), we see that the slope decreases a bit as we increase the Reynolds
number. This indicates that there are higher order terms influencing the

results, causing it to decrease the slope but ever so slightly. In the case

64



Hydrodnamic Function for normal modes

Iog10 Re

Hydrodnamic Function for normal modes

0.5 0.5
~
S N
—~ 0 X~ . 0 N
[ ~ i ~
= ~ = ~
g -os S E -05 S
S S~ S X~
g S~ g N
= - SO -1 S
-15 -15
1 4 1 4
Iog10 Re Iog10 Re
Hydrodynamic function for torsional modes Hydrodynamic function for torsional modes
-0.5
o~ -0.5f >
~ -1 Sl = N
3 SO 3 ~
T S~ T o
N =
g -15 ~ E RS
B ~ o S -15 S
g .| 8 "~
- ~ oo
_2 ~
-25 -25
1 2 3 4 1 2 3 4

Iog10 Re

Figure 5.1: The real and imaginary parts of I'"(3) and I'*(3) excluding the
inviscid part on a log-log plot. The solid lines are the solutions obtained
from the Wiener-Hopf method while the dashed lines are the exact solutions

of Im(T'*(B)), the slope seem to approach a constant value which might
indicate that the higher order terms in the other cases is not affecting this
one.

We perform a further check on whether the exact solution follows the
behaviour of the results from the Wiener-Hopf method, namely that the
hydrodynamic function is inversely proportional to the /3. If it fails, then
it might mean that there is a higher order term which is non-negligible that
needs to be included in the results of the Wiener-Hopf method. From Fig.
5.2, the exact solution doesn’t seem to be following the trend that it is
inversely proportional to /3 since it does not trace a straight line at —0.5
on the vertical axis. Moreover, it does not seem to follow any pure power of
the Reynolds number which does suggest higher order terms are at play.

From the hydrodynamic function obtained for the case of normal oscil-
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Figure 5.2: Estimated power law behaviour for the solutions. The solid lines
are the solutions from the Wiener-Hopf method and the dashed lines are the
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lations, we can compare the damping coefficient obtained here with that of
Tuck’s. However, the Reynolds number used by Tuck differs by a factor
4 in the denominator. So, in order to make our result comparable with
Tuck, we need to replace /3 with 24/3 in the hydrodynamic function. To
get the damping coefficient, one needs to take the imaginary part of the

hydrodynamic function since it corresponds to the drag force:

In((3) = 22 sin(7)

™

8
N ™
2.55

~
~

The damping coefficient also falls short of the result by Tuck which again
suggest some terms which are significant are not accounted for in the Wiener-
Hopf method.

One explanation as to why there may be some neglected terms in the
Wiener-Hopf solution is primarily due to the edges. The method used to
solve for the fluid flow is to calculate the potential flow first and then using
the information about the potential flow, a correction was obtained to in-
clude viscous effects. In literature, this is seen as the leading order term in
a matched asymptotic expansion between the outer region where the fluid
is governed by the Euler equation concerning inviscid flow and the inner
region where viscous effect takes place. For an infinite plate oscillating, the
outer region consist of a fluid that has zero vorticity due to the canceling
of positive and negative vorticity when oscillating [10]. Hence, it obeys the
governing equation for an inviscid fluid. But there is a thin layer where
vorticity is non-zero which is the region where viscous effects have pene-

trated the fluid. For an infinite plate, the thin boundary layer is present
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throughout the entire plate and has a length scale

But, for a plate that has an edge, the fluid around the region of the edge
”sees” the plate as infinite in one direction and thus we have no natural

length scale. If we define a local Reynolds number about the edge

where y is the distance from the edge and the corresponding length scale

S(y) ~y wip

we see that if we get closer to the edge, the local Reynolds number becomes
small and thus the fluid will be governed by Stokes flow. This means that
the assumption of a thin boundary layer breaks down near the edges because
the viscous penetration depth far away from the edges are considered large
compared to the distance from the edge. So, we expect another contribution
from the edge apart from the viscous effect due to the thin boundary layer
far away from the edge that needs to be included in our solution.

We also expect higher order terms which do not follow a pure power
behaviour but also possibly logarithmic terms. Performing a regular per-
turbation expansion for small # shows that the solution does not satisfy the
condition that the fluid is stationary far away from the plate. This is com-
monly known in literature as Stokes paradox. For a 2-D fluid flow, it can be
shown that the solution diverges logarithmically as we move off to infinity

from the edge. To correct for this, we necessarily need to have logarithmic
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Figure 5.3: Regions of inviscid flow, Stokes flow and thin boundary layers
occur with respect to an edge of a blade

terms in the expansion and subsequently in the additional contribution to
the solution. Further evidence of a logarithmic type behaviour comes from
the asymptotics of the hydrodynamic function calculated by Sader for nor-
mal oscillations and by Green and Sader for torsional oscillations. As § — 0,

the function behaves as

43
 BIn(—iy/iB)

I'(B) ~ 5 — g n(=iv/iB)

(8) ~

as # — 0. So if we approach the edge, the hydrodynamic function should
be able to pick up the same behaviour as quoted above. Therefore we must
have logarithmic terms in the hydrodynamic function to be able to capture
this.

From the expressions of I'" and I'* above, it is interesting to note that
Stokes paradox doesn’t occur for the I'm(T't) since Im(ST?) does not have
anymore terms involving 5 where length scales are present. This links with
the results in the corresponding figure which seem to approach a constant
slope and so we might not expect to have higher order terms corresponding

to the existence of Stokes paradox for this case.
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To properly account for the behaviour at the edges, one must do a
matched asymptotic expansion to match the region of inviscid flow with
the region with boundary layers and at the same time, match it with the
region near the edges (see Fig. 5.3). This has been suggested by Rosenhead
[14] and has been done for a few cases like flow past a sphere, a cylinder
and a flat plate with one edge albeit for § — 0. So, any problem that has
an edge in it requires one to go through these 3 steps to get the leading
order behaviour. The approach taken from Atkinson and de Lara has only
completed 2 of the 3 steps mentioned above and from our results, it seems
that the third and final step is also crucial to complete the analysis. In their
original paper, their problem is a wide clamped plate that has a free edge.
It is likely that this edge would need to be accounted for to give accurate
results as well which they have not done. The problem of the vibrating disk
that they have studied also have an edge and we might need to correct for

the edges.
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Chapter 6

Conclusions

In this thesis, the main aim was to understand the Wiener-Hopf method
and its application to solve the fluid flow problems of an infinite nature.
The problem studied by Atkinson and de Lara where the method was first
applied was for an infinitely wide flat plate clamped on one end and free to
vibrate on the other end. The method was applied to obtain the correction
to the inviscid solution for the pressure differential and the force exerted
on the plate was calculated. The fluid force is coupled with the equation
of motion for a thin plate. Numerous typographical errors and some minor
inconsistencies were encountered. In particular, the use of Green’s function
to solve for the equation of motion of the plate was not appropriate. Instead,
the method of eigenfunction expansions was used.

The Wiener-Hopf method has been utilized to solve similiar vibrational
problems to which the exact solution has been obtained by Van Eysden and
Sader. The goal is to extract asymptotics for large Reynolds number using
this method and to compare it with the numerics from the exact solution.
The method is not able to capture the full behaviour in the cases of normal

and torsional oscillations. The assumption that at the region near the edges
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of the blade, the correction behaves as 1/1/ has been suggested as the main
culprit. This is because the boundary layer at the edges are no longer thin
to allow a square root behaviour. It is very likely that it is because of failure
of thin boundary layers at the edges that may give a non-negligible, higher
order contributions to the asymptotics.

This draws doubt on the validity of the solution obtained by Atkinson
and de Lara for the wide clamped plate. The plate still have an edge in the
problem and it is likely that the solution would not be able to accurately
capture the true underlying behaviour. The authors have failed to realise
that they haved modeled this problem as a pure 2-D flow with an edge and
thus will need to worry about Stokes’ paradox at the edge. Nevertheless,
their method was able to give a first approximation to the viscous effects to
correct for the inviscid flow. This has the behaviour for the high Reynolds
number for regions sufficiently far away from the edges primarily around the
origin. The same problem would also arise since they have also solved the

case of a vibrating disk which has a circular edge as well.

6.1 Future research

An area for future research is to perform the final part of the matched
asymptotic expansion for the problem as suggested by Rosenhead. That is,
to match the solution obtained in this thesis with the region near the edge
where it is governed by Stokes flow to obtain the term in the leading order

behaviour.
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Appendix A

Product Decomposition of

H(¢)

We have that the function H(({) can be decomposed into plus and minus

functions in terms of integrals over the real axis:

= [ )

1 [ In(H(2))

2ri e 2—C

dz, Im({)>0 (A.1a)

In(H_(¢)) = — dz Im(C) <0 . (A.1D)

where H(() is defined as

VGV VP

2/C2—i

H(C)

and /(. and /C_ are defined in (3.32).
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A.1 Large ( expansion of H,(()

Consider the integral

In(H () |
fpl e¢ ¢

—im/4 corresponding to the functions

There are branch points at +id§ and +e
V¢ Jr\/Z_ and /(2 — 1 respectively. There are no zeros for the function
H(¢) hence there are no branch points for the logarithm. So we choose the

—im/4 together and similiarly

branch cuts such that they join between 0 and e
between —id and —e'™/. For the upper branch cut, the square root function
will take the positive square root and for the lower branch cut, the negative
square root will be taken. The contour I'; is chosen to go along the real
axis and closing in the lower half plane. This is because H(¢) is analytic

in the upper half plane meaning that Im(¢) > 0 and so we have a pole in

the upper half plane with z = (.

Figure A.1: Contour used for simplifying H ({)

Because there are no poles but just a branch cut in the lower half plane,
we can analytically deform the contour I'; until we enclose the branch cut
in the lower half plane. The contribution from the semicircle, Cg, is zero

since we have that H(({) — 1 and therefore In(H(¢)) — 0 as || — co. The
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contribution from circling the branch points can be shown to be zero. So,

W(HG), [ WHE)
e [ R, (A.2)

We can take the limit as § — 0 and the RHS of the equation reduces to
[ (; 2 ;) L
= /OEW% . (2\/2127_7 n ;) ziCdz
- /0 " (2 ;iz—i " ;) z—lcdz ' (A9)

Performing a change of variables z = —re™/* and with the branch cut having

we have

the argument —37/4 < arg(z) < 5m/4, we have

1 _Z'T,eirr/4 +eiﬂ/4m e7)7r/4
In dr
0

2¢im/4\/1 — 12 rein/4 +¢
/11 ,r,eiﬂ/ll + eiﬂ/4m eiﬂ/4
0 2eim/4y/1 — 12 reim/4 4 ¢

1 —ir4++/1—12 oim/4
= In dr
0

dr

2¢/1 —1r2 rei™/4 4 ¢
—/1111 ir+v1—1r2 eim/4
0 2/1—12 ) reim/t 4 ¢
B /1 /A n(—ir + V1 —r2)
—Jo reim/4 4 ¢
B /1 eim/4 In(ir + m)
0 rem/4 4+ ¢

1 .
_ i/t / aresin(r) 4 (A1)
o reim/d 4 ¢

dr

dr

dr

where from the second to the third line we can cancel the denominator
in the logarithms since they are no longer multivalued in the domain on

integration and from the third to the last line, we used the identity that
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iarcsin(z) = In(iz + V1 — 22). Going back to the integral in (A.2), we have

that
?{ ln(H(Z))dz _ ojin/d /1 arpsin(r) &
r z—¢ o reim/t4 ¢
/°° ln(H(z))dZ _ _ojpin/ /1 arpsin(r) &
o 2—C o rem/A4 ¢
Substituting the expression for the integral above into (A.la), we have
it/4  pl : ( )
e arcsin(r
In(H =— . dz . A5
(i, (0) =~ [ ZE (4.5)

Expanding for |(| — oo we get

i (©) = = [ aresin(raz +0 ()
n = — arcsin(r)dz + -
i ¢ Jo ¢?
T — 2 i/
T —2eim/4
~1— m ¢ + - (A.6)

A.2 Large ¢ expansion of H (()

We still consider the same contour integral in the previous section except
with the contour I'y but all its properties are the same since for H_(() to be
analytic in the lower half plane, there is a pole in that region. So, we still
have the same form as (A.2) except that the contours would be enclosing

the upper branch cut:
W(HE), [ W) s
?i ¢ dZ—/ClJrC2 P dz . (A7)

Taking § — 0, performing a change of variables z = re™* and noting

that the argument of the branch cut is —77/4 < arg(z) < m/4 and following
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i

e

_eiTr/4

Figure A.2: Contour for simplifying H_ ()

the same arguments as before, we get the RHS of (A.7) to be

25eim/4 / " aresin(r)
0 reim/4 _ ¢

Substituting the above equation in (A.7) and substituting the result into
(A.1b), we have

e™/* 1 aresin(r
In(H_(¢)) =— /0 (r) dr . (A.8)

T reit/4 — ¢

Expanding for |(| — oo

ir/4 1 . 1
In(H_(¢)) = 67TC /0 arcsin(r)dr + O (CQ)
_ 9 eim/4
= H(Qligjoo ~ exp (”% ~ )
T —2eim/4
~1 P (A.9)
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Appendix B

Sum decomposition of S(()

We have the function S(¢) that can be decomposed to S;(¢) and S_(({) to

be
S5
S1(¢) = 217”/_ z(—Z)CdZ Im(¢) >0 (B.1a)

S_(0) _—2%, _oo j(_z)cdz Im(c) <0 | (B.1b)

where
i /4
S(¢) “g‘ S 1| O
+

B.1 Large ¢ expansion of S_(()

We consider the contour integral

S(z)
jglz—CdZ
B Vil [z+em/A H(2) Hy(2)
_ﬁl \/§+ - i”/4z—CdZ_ s Z—Cdz
VA et
_7{“1\/2_5_ z—em/t 2= ¢
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since S_(() is analytic in the lower half plane, so there is a pole in the lower
half plane with z = (. Because the contour I'; goes along the real axis and
closes in the upper half plane and H () is analytic in the upper half plane,
the second integral vanishes by Cauchy’s theorem. The branch points and
the contour is the same as in Fig. A.2 in Appendix A.2. The contribution

of the semi circle goes to zero since we have S(¢) — 0 as |(| — oo. So,

f’¢%vg+é””h@%z_/ \ﬁ_¢pHWMH4@®
Ve | z—em/t 2 —( Cricy Va2 — e/t z—¢

(B.2)

Taking § — 0 and noting that the argument of the branch cut is —77/4 <

arg(z) < m/4, the RHS of the equation now becomes

eim/4 in
2{/ () g,
0 6”'—/4 —zZ 2 — C

Performing a change of variables z = re’™/4, this becomes

) 1 im/4
2ieim/4 Lbr HeGre™T) (B.3)
o V1—r rein/t ¢

Substituting (B.3) into (B.2) we get

0o . 1 i /4
o V1—r prein/d ¢

o0 Z

Substituting the equation above into (B.1b),

R S H+(Tei"/4)
S_(C> - T /(; 1 —_r Teiﬂ/él —C dr ’ (B5)

where

1 : /
H. (re™) = exp <_1 / mn(%y)
0

T r 47
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Expanding for |(| — oo for (B.5)

z7r/4 1—|—7“ )
5Ol = S [ TE B e ar

1+ in 1
7r42/ TH +(re /4)dr+0<<3>

Atkinson and de Lara have claimed that the following integrals give

]."‘T '/4
i/ Qy =
/ 1—7" Jdr

]_ .
/ + 7” (Tezﬂ/4)d7, _ g

It is not certain how they have evaluated these rather difficult integrals.

Sl

(B.6)

Nonetheless, numerical integration has shown both to be accurate to 8 deci-
mal places. In the analysis, we use the values of the integrals as above since

this greatly simplifies the asymptotics.

B.2 Large ( expansion of S, (()

By using the usual method for simplifying S_(({), we will have to evaluate
more complicated integrals. But since we are interested in the expansion
of the function as |(| — oo, we just subtract the expansion for S, (¢) from
the expansion of S(() for large (. The expansion for S(¢) for large ¢ is
calculated to be

eirr/4

S(O)licjooe = o 4

Therefore, S1(¢) is found to be

S4(O)i¢jmo0 = S(C) = S-(C)

et L)1 -1_1>1
=e (1 \/§>C+Z<7T 5@ (B.7)



Appendix C

Contour integrals

The main method that is being used here is calculating the residue at infinity.

The way this is calculated is

Res(f(2))|emoo = lim 2f(2)

— 00

With this, we can make use of Cauchy residue theorem.

Im(z)

Cr

T

jO1Y
&
U)\

Figure C.1: Contours for all integrals here. The contribution going from the
cut to Cpr cancel each other and the distance apart can be made arbitrarily
small
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In all the integrals considered here in this thesis, there will be 2 branch
points on the real axis and the branch cut is chosen to join the two points
through the origin. Also, we will have poles on the cut and may have poles
outside as well. Because the branch cut is due to a square root function, the
contribution from traversing along an arbitrarily small semicircle around the
pole on the upper cut will cancel the contribution from traversing along an
arbitrarily small semicircle around the pole on the lower cut. Contributions
from circling the branch points are also shown to be zero. So, with the
contour given in the Fig. C.1, the only things that matter are poles outside

the branch cut and the contour integral C'g.

/ F(2)dz = 2mi Y Res(£(2)) — [ f(=)da
C1+C2 Cr
22’/C g(2)dz = 7i {Z Res(f(2)) + Res(f(z))z_,oo}
/abg(z)dz =7 [Z Res(f(z)) + lim zf(z)} (C.1)

Z— 00

since travelling along the top cut we can take out a factor of (—1) from the
square root in f(z) and it will take the value ig(z) while along the bottom
cut, it will take the value —ig(z). The minus sign is removed in the second
line is due to the orientation of the contour C'g with respect to the point at

infinity.

C.1 Integral in Equation (3.18)

We have the functions




where there is a pole outside the cut at z =y > 1 and a pole at 0 < z =

y’ < 1 in the cut. We have that

z
lim zf(z) = lim
|z| =00 ( ) |z]—00 (y — Z)(y/ — Z) z—1

=0

Therefore the contour integral in (C.1) now becomes

/o1 (y—S)l(y’—S) 1isdszﬁ<y’1—y\/z>

C.2 Integral in Equation (3.37)

The functions in the equation are

1 [z
f(z):y/_z Z—l b

1 z
g(z):y’—z\/l—z ,

where we only have a pole at 0 < z =y’ < 1. We have that

z
li = i
\z|1—r>noo Zf(Z) \z|1—r>noo y—z\ z—1
— 1

Therefore the contour integral becomes

1
1 /
/ ; A, [O——
0o ¥V —2\V1-2
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C.3 Integral in Equation (4.14)

The functions are

z 1
I = ==
9(z) = - !

V1422 (y? = 22)(y — 2)

There are poles at z = £/ on the cut where —1/2 < 3’ < 1/2 and a pole at

z =y > 1. The branch points are +1/2. We have that

lim zf(z) = lim - !
j2 =0 [2l=00 V422 =1 (¥ — 2)(y — 2)
=0
The contour integral now becomes
/1/2 V - 1 d Res(f(2))]
s =miRes(f(z))|.=
—172 V1 =482 (y? = s%)(y — ) !

. Y 1
=i
4y —1Y? —y?

C.4 Integral in Equation (4.19) and (4.32)

The functions are

z

f(Z)— \/422—_1?/2_22(1'2 )
22 1

9(2) dz
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We have poles at £y’ which is on the cut and no poles outside. We have

that
lim zf(z) = Ii G L 4
m zjJj(z)= 1m z
|z|—o0 |z|—o0 V422 — 1 yl2 — 22
1
2

The contour integral now reduces to

1/2 s? 1 q s
/_1/2 V1 —4s2y? — s T2
C.5 Integral in Equation (4.25)

The functions are

f(2) = e
z fr
VA2 —1y?—22
1 1

90 = gy =22

There are poles at +3’ on the cut but none outside. We have that

lim f(z)=0 |,

|z[—00

therefore, the contour integral is trivial, that is

1/2 1 1
/ 5 ads=0
~1/2 V1—4s?2y”“ —s
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C.6 Integral in Equation (4.29)

Similiar to the previous section but now f(z) has a pole at z = y > 1 outside

the cut: ) )
zZ) = )
&)= -2 -9
1 1

So the integral becomes

1/2 1 1
ds = miRes(f(2))].=
/_1/2 V=22 (72— D)y~ 9) D=
, 1 1
= T
4y? —1Y? —y?
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