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Abstract

The algebraic Bethe ansatz is one of the main approaches to solving integrable
models in statistical mechanics. This thesis is a detailed introduction to aspects of

this technique.

In chapter 1, following Takhtajan!, we fully explain all preliminaries that are re-
quired by this technique in the context of the 8-vertex model, including the solution
of the Yang-Baxter equations in terms of Boltzmann weights that are parameterized

by elliptic function.

In chapter 2, also following Takhtajan, we restrict our attention to the special
case of the 6-vertex model, with Boltzmann weights parameterized by hyperbolic
trigonometric functions, formulate the model in detail on a finite lattice with peri-
odic boundary conditions, and show how the algebraic Bethe ansatz can be used to
characterize the eigenvectors and eigenvalues, in the homogeneous case (all verti-

cal rapidities are equal, and all horizontal rapidities are also equal).

In chapter 3, following Bogoliubov et al?>, we consider the 6-vertex model in in-
homogeneous case (all rapidities are now independenti variables) but with domain

wall boundary conditions.

Using the algebraic Bethe ansatz, and Izergin’s result for the partition function, we
calculate boundary 1-point functions of the six-vertex model on a finite lattice and

represent them in determinant form.

!Takhatajan, L. J. Introduction to Agebraic Bethe Ansatz, Lecture Notes in Physics, Exactly solv-

able problems in condensed matter and relativistic field theory
2 Boundary correlation functions of the six-vertex model J. Phys. A: Math. Gen. 35, 5525-5541

(2002)
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Chapter 1

Monodromy matrix and the

Quantum £F-matrix

1.1 Vertex Models

In many applications of statistical mechanics particles are fixed or localized, which
means that kinetic energy can essentially be neglected. Instead, a material’s mag-
netic properties are determined by the angular momentum of the atoms’ electrons,
also known as ‘spin’. ! We can represent these fixed models grahically. Accord-
ingly, this paper will use pictures in many proofs and to demonstrate ideas. It is

therefore important to have an understanding of what the pictures represent.

Vertices

The energy of an atom or a particle is often represented by a vertex. The energy of
these will depend on their spins, which we represent by 4 directed arrows, one on
each edge. Denoting an up or right arrow as 41 and a down or left arrow as —1,

we can represent the energy of an atom:

lBaxter, Rodney. J, Exactly Solved Models in Statistical Mechanics,
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As there are 4 edges, and each edge can adopt two possible states, there are 24 = 16

possible configurations / energies.

The Lattice

A lattice is similar to a vertex, but with more than one horizontal or vertical line,
and represents a group of atoms or particles bonded together. When arrows are
placed on the bonds, the lattice represents the total energy of that particular con-
figuration of vertices, where each vertex on the lattice represents the energy of an
atom. The total energy of the lattice is given by the sum of the energies of all the

vertices. A 2-Dimensional rectangular lattice would look like:

UN vy Vo U1

A1

A3

AN

Where the labels v,, and )\, can be seen, for now, as ‘co-ordinates’. For the atoms

to bond together, they must share a similar bond/arrow. For example:



A \{
> > >

= A A
> < > |

v A

Blank bonds and Combinations

As we often deal with many different configurations of arrows, rather than explic-
itly write them all out, we represent a sum over all configurations with blank bonds.
Each blank bond is a sum over a right and left arrow (or an up and down arrow).

1ot

Clearly, for N blank bonds, there will be 2V configurations.

Mutiplication of Vertices / Lattices

There are two possibilities for multiplication: where the vertical arrows specified,
and where the horizontal arrows specified. The idea is to connect similar arrows

and join them together.

Vertical Multiplication:

Multiplying vertices whose vertical bonds have been specified requires us to place



the right vertex on top of the left vertex, where the arrows on the top of the left
vertex are the same as the arrows on the bottom of the right vertex (so the first

vertex in the product lies on the bottom of the resulting lattice). For example

(the blank horizontal bonds still represent a sum over all configurations.) This can
be extended to lattices, provided the arrows on the top of the left lattice align with

the arrows at the bottom of the right lattice. For example:

DR R
T T3

Horizontal Multiplication:
Multiplication of horizontal bonds is much easier: we simply join them together,

just as they join together in the lattice: For example:

If a product of vertices cannot be joined by vertical or horizontal multiplication,
we must leave them as two separate sublattices. As a general rule, vertices/lattices

are not commutative under multiplication.



1.2 The Partition Function

Let us consider an M x N rectangular lattice with periodic boundary conditions.
We can think of the edges in the lattice as forming a circle, where the arrows at the
top must point in the same direction as the corresponding arrows on the other side
of the lattice (similarly for the right and left). The M x N rectangular lattice, can
be thought of as a two dimensional taurus. If each vertex configuration represents a
different energy €;, (j = 1...16), then each lattice configuration has a total energy
of:

16
E = Z N j€j
j=1
Where N is the number of vertices with energy ¢;

The partition function, Z, is an important quantity in statistical mechanics. It en-
codes various properties of a system in thermodynamic equilibrium. Here, it can

be represented:
Z:Ze—ﬁE. (1.2.1)

where we are summing over all possible configurations of the lattice. Given each
bond can have two arrow configurations, and there M x N bonds, the partition
function is the sum of the energies (£) of 2MXN terms. (Note that 3 = 1 JET,
where 1" is the absolute temperature of the system in Kelvin (273K = 0°C') and
k = 1.3805 x 10723 is Boltzman’s constant.)

1.3 The Transfer Matrix

We can simplify Equation 1.2.1 by considering the Botlzmann weight of each ver-
tex configuration, v; = 7%, and arranging them in a matrix {LY (7, 9) Yo
where each entry of L, represents the Boltzmann weight of a particular arrow
configuration, and the subscript n represents the horizontal position (v,,) that we

want L,, to represent. Specify each entry of L,, as:



LY (v,9) = o %%

(0%

and, as we did before, assign spin variable +1 to the arrows pointing up and to the

right and —1 to arrows down and to the left, so that:

1,1

Li(1,1) =e P =

Then matrix L,, is:

Li(+1,41) LY (+1,41) L7Y(41,41) LZH(+1,+1)
LY(=1,+1) LYy (=1,41) LyY-=1,41) LZi(-1,+1)
LY(41,-1) LY, (+1,-1) L7Y(4+1,-1) LZH(+1,-1)
| Li(-1,-1) Li;(-1,-1) Ly'(-1,-1) Lii(—l,—l)_n

We can represent L,, graphically as:



el
el
ool
el

(1.3.1)

L, is an operator that acts in the space h, =~ C?, where h,, represents the n-
th ‘column’ of the lattice. This is explained in further detail in Section 2.1. For
simplicity, we will consider the homogeneous case where all L, are equivalent
but act in different spaces. The inhomogenous case is considered in in Chapter 3.
Introducing {a} = {a1,as,...,any}and {¢'} = {a],a, ..., oy}, we can define

matrix 7T,,, with elements:

Tia) foy = Z . Z Lot (71,72) Laz (72,73) - - - LaX (v, 71) (1.3.2)

71 TN

Where m represents the A, that T' corresponds to. As we are working in the
homogeneous case we are also assuming that all rows are equivalent: 71}, ~ T". We

we can represent 1" graphically as:

a; Q9 o QN

71 Y2 Y2 73 YN-1 YN TN 4!
aq a9 an an
Ly Ly_1 Lo L4

10



Which we can represent as one lattice, that is equivalent to a row of the lattice at
Am.-

Qp Qg QN
gs! 2 | 73 gs!
a1 Q2 Qa3 anN

It is important to note the periodicity of 7": the last horizontal arrow (1) is the

same as the first, ensuring that the NV x 1 lattice is periodic in the horizontal direc-

tion.
Each entry of matrix 7' corresponds to a set of fixed {a1, ag,...,an} and also
{af,ab, ..., a/\y}, but a sum over all possible periodic configurations of -y;. The

entry represents the Boltzmann weight of that 1 x [V lattice configuration. 7" can be
thought of as one‘ row’ from the original M x N lattice. All ‘rows’ are equivalent
in the homogeneous case, as T, ~ T'. As each of the N blank edges can have a
spin of £1, matrix 7" will be 2N % 2N For example, if N = 2, Matrix T would
be:

aq Qg 251 Qg
. +
Qg
aq Qg Qaq (0%}
L o o
1 Qa2
+
aq Qg aq Qa2

Specifying the values of {a, s}, {¢], o4} would give is the different entries of



matrix 7.
Now that we have defined 7', we can express equation 1.2.1 as:

Z = Tr(T™) (1.3.3)

Where T'r is the matrix trace.

Proof: Given that N is arbitrary, we will consider the case N = 2 for simplicity.
The proof can easily be generalized for larger values of N. The Transfer matrix, 7',
for N = 2is:

Tri1 41y {+1,41)
T{+1,71},{+1,+1}
T 41y {+1,41)
Troq,-13 {+1,41}

T{+1,+1},{+1,—1}
T{+1,71},{+1,71}
T141} {+1,-1}
Troq -1y {+1,-1}

Tri1 41y {-1,41)
T{+1,—1},{71,+1}
T 41y {-1,41}
T, -1}y -1,41}

Tii141y{-1,-1}
T1,-1y{-1,-1}
T141},{-1,-1}
Trq,-13,{-1,-1}

(1.3.-4)

Which can be represented graphically as:

“«—F—> <> > > > >
“«—F—> > > >
“«——> <> > > >
“— 4> 4 <>«

(Note: given the periodicity requirement of T’, we are really only summing over

periodic configurations of the horizontal bonds.) We eventually want T, so we

12






A \ 4 A Y A \ 4 A \ 4
A A i A Y i Y A i Y Y
A A A A A A A A
A A 4
A A
Doing this for all entries of T gives:
A A A Y Y A Yy v
A A A A A A A A
A A A Y Y A Yy v
T2 — V A A Y AV A Y
A A A Y Y A Yy v
vV A V A V A V A
A A A Y Y A Yy v
v Vv A\ 2 v Yy v Yy

Notice that all the arrows are configured identically to the original 7' matrix, only
each entry is a 2 x 2 lattice rather than a 2 x 1 lattice. Repeating this process M
times will give us a matrix with 2 x M lattices as entries and the configuration of

the arrows will be identical to 7" and 7°2. Thus, matrix 7 can be represented:

14



The periodic entries of 7™ will occur along the diagonal (as in 72), which is

simply the trace of TM:

Trace(TM ) = : : + : : + : : +

Which is precisely what we wanted: the partition function, Z, for N = 2. This is
just the Boltmann weights of all periodic configurations of the 2 x M lattice. The

same process can be easily generalized to cases of N > 2
|

Clearly, for computational purposes, the above is not an efficient process of finding
TM for large M or N. It would be much simpler if we could diagonalize T". The
way to do this is to introduce repidities in 7" which would allow us to diagonalize T’
using the Yang-Baxter equation, as it requires non-trivial dependance of Boltzman

weights on rapidity variables.

1.4 The Monodromy Matrix M

Suppose we have two sets of Boltzman weights, v; and v;, and the correspond-

ing transfer matrices 7' and T”. We would like to know when T and 7" com-

15



mute:
[T,T'] =0 (1.4.1)

To answer this question we need to introduce a 2 X 2 matrix M, as an operator on

quantum space, with elements M,

We can see that this is precisely the T" matrix without the periodicity requirement.

M can be represented graphically as:

> —> > <
M pu—
< - < —d
For convenience we will represent M as:
A B
M = (1.4.2)
c D

Given that only the diagonal entries of M are periodic, we can see that the transfer

martix, 7', is simply the trace of M.

T=Tr(M)=A+D

16



If we think of h,, as a horizontal line in the n'* ‘column’ of the lattice, a product
of all N columns will give a ‘row’ of the lattice. As T’ and M represent ‘rows’ of

the lattice and therefore ‘act’ over all horizontal spaces:

N
VN:H®hn , hn%(CQ
n=1

Where the C means that the Boltzman weights may take complex values. (What

‘acts in its own space’ means is discussed in Section 2.1.)

Recall that we represent the the Boltzmann weights of all 16 configurations in

matrix (1.3.1). We can represent that 4 x 4 L,, matrix as a 2 X 2 matrix:

(1.4.3)
For convenience we will represent this as:
Lo=| ™ 7 (1.4.4)
Y On

As with Ly, an, Bn, Vn, 0n are operators in )V which act non-trivially in h,. The

matrix L,, is called the Local L-Operator, and

M:LN...lenLn (1.4.5)

Proof: If we consider Ly X Ly_1:

17



Repeating this for the other vertices, L X Ly_1 becomes:
L N X L N—1 = =

‘H’ %

Note that the arrows are fixed in precisely the same way as they were in(1.4.3),

only the 1 x 1 entries have become 1 x 2. This is very similar to the 7" matrix
proof. Repeating this N times, the entries of Ly ... L; will become 1 x N lattices,
and all arrow configurations will remain the same. This is precisely matrix M,

which we call the Monodromy Matrix.

Note that while (1.4.5) appears to be identical to (1.3.2), the former has no restric-

tion on the boundaries of L,,. So M is identical to the 7" matrix only it does not

18



have any boundary conditions.

Getting back to the original problem: under what conditions will 1.4.1 be true? It

turns out that it is sufficient that:

R(M®M')= (M ® M)R (1.4.6)

Where R is some 4 x 4 matrix over complex numbers (like L,,).

Proof: If we define tensor product as:

Mo M =

AM' BM'
CM' DM’

Then (1.4.6) can be rewritten as:
M@M =R Y M © M)R
Taking the trace of both sides gives:
Tr(M ® M') = Tr(R"Y(M' @ M)R)
Using Tr(AB) = Tr(BA):

Tr(M o M')=Tr(R' (M ® M)R)
=Tr(RRY(M' @ M))
=Tr(M' @ M)

Now using Tr(A @ B) = Tr(A)Tr(B) we have:

Tr(M)Tr(M")y = Tr(M')Tr(M)
T =T'T
7,7 =0

19



Condition (1.4.6) can be even further simplified. Namely, to show (1.4.1) it is

sufficient to verify:

R(L,®L.)= (L', ® L,)R (1.4.7)

(1.4.7) is known as the Yang-Baxter equation and will be used frequently in the
remainder of this thesis. To show (1.4.7), it is sufficient to prove (1.4.1). We will
provided two proofs: a graphical proof (the “Railroad Proof”) and a more formal

proof.

1.4.1 Railroad Proof

We can represent R(M ® M') = (M’ ® M)R graphically as follows:

M ] M’
R
M/ M
M M’
R
M! M
Figure 1

(Note that the only way to represent the product of a single vertex (R) witha 2 x N
lattice (M ® M) is to rotate the single vertex 45° clockwise and attach it to the
lattice (noting that they are non-commutative.) By the same reasoning we can

represent R(L, ® L) = (L), ® L,)R, graphically as:

20



Ly L
R B R
L | L,
Figure 2
Using Figure 2, the RHS of Figure 1 becomes:
M M
R
M’ M
M M’
R
M! e M
Applying this procedure [V times gives:
M ] M’
R
M/ R I |

21



Which is the RHS. This completes the railroad proof.
|
1.4.2 Formal Proof

Using 1.4.5 we can expand the LHS of 1.4.6 to:

R(M® M) =R(Ly,...,L1)® (LYy,...,L})
= R(Ln)(Ly—1...L1) ® (Lly)(Ly_y ... L})

Using the tensor product of algebras, ABRQ CD = (A C)(B® D), gives:

R(M®M') = R(L,® L' )(Ly_1...L1) ® (L'y_, ... L})

Now using R(Ly ® L'y) = (L'y ® Ly)R gives:

RM@M') = (L, ®L,)R(Ly_1...L1) ® (Ly_; ... L}) (1.4.8)

Reiterating this process gives:

(Ly ® LN)R(Ln-1)(Ln—2 ... L1) ® (Ly_1)(Ln—2. .. L})
=Ly ® LN)R(LN—1® Ly_1)(LN—2...L1) ® (Ly—2 ... L})
=(LN @ Ln)(Ly_1 ® Ly_1)R(Ln_2...L1) ® (Ly_2... L))
Using the tensor product of algebras again simplifies the above to:

:( /N ?\771®LNLN—1)R(LN—2---L1)®(LN—2--~L,1)

:( IN,...,Lll)(X)(LN,...,Ll)R
=(M"® M)R

In summary, to verify that [T,7'] = 0, we need to verify R(L,, ® L) = (L, ®
L,)R rather than R(M ® M') = (M’ ® M)R. Our task now becomes solving
the Yang-Baxter equation which requires us to find an R matrix for our Boltzmann

weights.

22



1.5 The 8-Vertex Model

So far we have been working with the 16-vertex model, as we have been consid-
ering the Boltzmann weights of all 16 vertex configurations. It turns out that no R
matrix has been found that will satisfy the Yang-Baxter equation for the 16-vertex
model 2, so we can no longer proceed with such generality. Instead, we shall con-
sider the 8-vertex model, in which we only consider 8 vertices and set the weights

of the rest to be zero. Assign the following configurations weight a, b, c or d:

T T
T T T

There are three important observations to make here:
1. All weights are invariant under reversion of arrows;

2. a, b and c have two arrows going ‘in’ and two arrows going ‘out’, which we

can think of as conservation of arrow flow; and

3. All configuration that do not have two arrows going ‘in’ and two arrows

going ‘out’ (except for d) are deemed to have zero weight.

The Local Operator (or weight) matrices, L,, and L!,, become:

2Takhatajan, L. J. Introduction to Agebraic Bethe Ansatz, Lecture Notes in Physics, Exactly solv-

able problems in condensed matter and relativistic field theory, 180
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To solve equation (1.4.7) we need to find an R matrix that will satisfy it for all

possible L, and L/,. Let’s try an R matrix of the form:
R=PL! (1.5.1)

Where P is the permutation matrix in C* that satisfies

Pef)=f®e

Specifically:
[ 100 0]
0010
P =
01 00
0 0 01
Which gives us:
[ a// 0 0 d/l 1
0 Cl/ b// 0
R=
0 bl/ C/l
d// 0 0 a//

Leta”,b”,c” and d” be our new variables. If we substitute L,, and R into equation
(1.4.7) the RHS becomes:

24



a’” 0 o0
N / 0 v
(L' © LR = o g - a ( c

I ,Y/ 5/ ,.Y (5 0 b// /!

d 0 0

[ da B fa BB 11 a o o
B O/,.y O/d 6/,}/ /8/5 0 c// b//
- Yo 4B §a &3 0 b

Yy 46 8y 86 d 0 0
[ ala(a”) + BH) B+ Balt’) oBH) +Fal)
_ O/’)/(a//) _’_ﬁlé(d//) a/é(c//) +/8/,y(b//) a/é(b//) +6/,Y(C//)
V(') + T8 B +Tab") FBE) + da(e)

| V(@) +8%6(d") A6 + (") A + 6 ()

The LHS of (1.4.7) becomes:

a//

bl/

C//

R(L,® L)

[ (a’/)aa/ (d” 4
("o + )yl
(b”)ory—i— (c”)’yo/
(d// aa/+(a//),77/ (d”)oz,@’—k(a”)

+
_l’_

Equating the LHS and RHS gives 16 equations. We must then expand out «, 3, 7y

and ¢ in each of the 16 equations and see what we get. The equations in the first

row of the first column gives:

25




a'a(a’) + FB(d") = (a")oa’ + @)y

"0 0 0 d 0 d
S IS
¢ c
AR 0 a 0 Y 0 ¢ 0 ¢
0 b 0o v d 0 d 0

y aa’ 0 a de 0 ” aa’ 0 cd 0
a =a
0 ot 0 cd 0 oV 0 dd

Which gives us four equations, two of which state 0 = 0. The two we are interested

+ d//

in are:

/i !l 3! /i !l 3!
adaa+ddc=aaa+d dc

d'V'b+d"dd=d"Vb+d"dd

We can see immediately the equivalence of the LHS and RHS in both equations,
which gives 0 = 0. Thus, the first of the 16 equations tells us nothing. Let’s try the
second entry of the first column.

or(a) + Fo(d") = () + (Bl
a 0 0 ¢ o 0 d b 0 g
0o v d 0 d 0 0 a
c"_ a 0 0 ¢ Y 0 c|| o 0
L ob || a0 d ol o

W 0 a/c_er,, 0 da _ 0 QC/_er” 0 cb
vd 0 | b0 bd' 0 da’ 0

Which gives us the two linearly independent equations (say, set 2):

a/,alc+d,/d,a:C”C,CLer”b/C

a//b/d + d//C/b — c//d/b + b//da/

26



The third row of the first column gives:

Yala") + 8 5(d") = (#")ay' + (e’

0 ¢ a 0 " b0 0 d 7
a =
d 0 0 b 0 d c 0
¥ [ a0 0 ¢ L cll & o
Lo b || d 0 0] 0 b
o 0 b a 0 bd _ 0 ac L 0 o
da 0 | ac 0 bd 0 | da' 0

This too gives two linearly independent equations (say, set *B):

d'db+d'Vd=b"ca+ Ve
d'da+d"dc=b"db+"dd

The fourth row of the first column gives:

Yy(d”) +6'0(d") = (d")aa’ + (a”)yy
0 ¢ 0 c n v o0 b 0 g —
d 0 d 0 0 d 0 a
A 0 a 0 o 0 ¢ 0 ¢
0 b 0 v d 0 d 0
o dd 0 L b 0 _ aa 0
0 dec 0 da 0 bb

The two equations are identical, so we have one more equation (say, equation

o).

L] o ]

dd 0

d'dd+d'vVb=d"ada+d"dc

The second row of the second column gives:

a/,y(cl/) + ﬂ/’)/(b//) — (C”)O{5/ + (b”)(SO/

27



@ o[ b, [oa])]oc],
c -
0o v 0 a d 0 d 0
ol 0 b0 Y 0 ¢ 0 d
0 b 0 d d 0 d 0

y ab 0 y dd 0 y ab 0 cd 0
c +b =c
0 Va 0 e 0 bad 0 dd

Again the two equations are identical, giving us the equation (say, equation 2):

+ b//

C//a/b+b//d/d:c//a/b+bllclc

Fortunately out of the 32 equations, only these 6 are linearly independent. They

are distributed in the 4 x 4 matrix as follows:

c R R o
X o VW
B Y o r
o R ®B e

(Note the symmetry down the diagonal of this distribution.) Our six linearly inde-

pendent equations are therefore:

ca'a” + ad'd’ = cb'b" + ac'c’ (1.5.2)
ba'c’ + dd'v" = ab'd” + V' (1.5.3)
bda” + db'd" = ac'b” + cb'c” (1.5.4)
da't" +bd'" = db'a” + bd'd” (1.5.5)
ad'd” + cd'a” = bb'd" + dc'a” (1.5.6)
ad'a” + ca'd” = bd't" + da'c” (1.5.7)

If we want a non-trivial solution for a”, 0", ¢’ and d” we should be able to choose
any four of these equations, put them in a matrix and require that the determinant
vanishes (otherwise an inverse will exist and all solutions will be zero). If we
choose the first, third, fourth and sixth equations the determinant can be found to

be (using Mathematica):

(abd'd' — cda'V)[(a® — b*)(? — d?) + (¢* — d*)(a”* — b'?)] (1.5.3)
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Which we require to be zero. If all transfer matrices, 7' and 7", are to commute
we know that when o/ = a,b’ = b,¢ = c and d’ = d that T will be a member of
the commuting matrices and satisfy (1.4.6), and the determinant will also vanish.
This may not be essential, there may be another a, b, ¢ and d that satisfy the second
factor of (1.5.8) and also satisfy the commuting family, however, the second factor
will give a much more complicated relation between the primed and unprimed
variables; we are only interest in finding a solution, not all solutions. In this case,
the fist factor of the determinant will vanish, but the second will not. So our new

condition is:

abdd — cdd't! =0
abcd = cda'V’
cd Jdd

— = — 1.5.
ab a't (1.59)

If we now solve for the first, third fourth and sixth equations by eliminating each
variable (a”,b”, " and d”) and then substituting the expression into another (i.e.
solving simultaneous equations), using (1.5.9) (and equivalently abc’d’ = a'b'cd)

we can simplify our expressions for the variables to:

a" =d(cd —dd)(b?*P - ?a?) /¢
V' =V (cd —dd)(a?c? — a*a®)/d
' = b — ad)(a*? — d?a?)/d
d"=d'(a'b—Va) V> - a?) ¥

Substituting these into either the second or the fifth equation gives:

2 2 2 2 12 2 /2 12
a®+b°—c*—d a“+b—-c“°—-d
- = = (1.5.10)

If we define
A:a2+b2—02—d2 A,:a’2+b’2—c’2—d’2
2(ab + cd) 2(a'b + d')

Then we can rewrite (1.5.10) in terms of A ,as:

A2(ab+cd) A2V +d)
(ab) — (a'h)
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which we can rewrite as:

Using (1.5.9):

Now define
I'=(ab—cd)/(ab+ cd) "= (db - d)/(db +d)

We can easily show I' = I'/;

cd _
ab  a'b
L _
ab a't/
ab—cd db —Jd
- = b (1.5.11)
(ab — cd)a't/

Subbing (1.5.12) into (1.5.11) gives:

(cd 4 ab)(a't' — d")  d'V +d
(ab — cd)a't/ - al

ab+cd  ad't' +Jd

ab—cd  a'b —cd

r=r

What this means is that our transfer matrices are ensured to commute if they have

the same values of A and I".

1.6 Parameterization Using Jacobi’s Elliptic Functions

Our next step is to parameterize a, b, c and d in terms of four new variables; v, u, k

and \. If we let:

y=01-T1)/(1+T)=cd/ab
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We can eliminate d as follows:
2A(ab + cd) = a® + bv* — & — d?

a?b2c?

cd 2 2 2 2

2A(1 +7)ab = a® + b* — ¢ — a®b*72c?

If we then divide through by ¢? we have:

28(1+7)(a/c)(b/e) = (a/c)’ + (bfc)® + (a/c)*(b/e)*y* — 1
This can be rewritten as a quadratic with a/c as our variable.

(a/c)*(1 = 7*(b/c)*) = 2A(1 +7)(b/c)(a/c) + (b/c)® =1 =0
The discriminant of this quadratic (without the factor of 4) is:

A*(1+79)%(b/c)* — [(b/c)* = 1][1 = 7*(b/c)?] (1.6.1)

which is a quadratic in (b/c)? and can be rewritten:

(1= y(b/c))(1 = K*y*(b/c)?)
where

k2t =42 (1.6.2)

(1+ k)2 =142 — A% (1 +7)? (1.6.3)

We can now parameterize this equation using elliptic functions by making the sub-
stitution:

(b/c) =y tsn(i\, k) (1.6.4)

Where sn(\,k) denotes elliptic sine of modulus k. The reason for using ¢ in the

argument will soon become clear. We can now solve for (a/c) using the quadratic

formula:

2A(1+7)(b/c) £ /41— y2(0/c)?) (1 — k24> (b/c)?)
2(1 = ~(b/c)?

(a/c) =
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A1+ y)ésn(i)\) £ /(1 —sn2(iX)) (1 — k2sn2(i\)

1- Z—jan (iN)
using the elliptic identities:

cen®(u) + sn(u) = 1

dn®(u) + k%sn(u) = 1

(a/c) becomes:

A(1+7) Lsn(id) £ /(en2(i0)dn’(iA)

(1- Z—ian(i)\)

~ Y[A(L 4 7y)sn(iX) 4 yen(iA)dn(i))]
N y? — y2sn2 (i)

This equation can be simplified further by defining:

ksn(iu) = — J
)

Then we get from Equation (1.6.2):

k202 = ()2
)
= (—ksn(iu))?
= k?sn?(iu)
= y = sn(iu)
Equation (1.6.5) gives:
v = —yksn(iu)

= v = —ksn?(iu)

32

(1.6.5)

(1.6.6)

(1.6.7)

(1.6.8)
(1.6.9)



Equations (1.6.3) and (1.6.7) give:

A% = (14:1’02((1 TR —1— 42
= T2y (0 — 1= Rosn' i)

) MW(I + k?sn* (i) — sn®(iu) — k*sn?(iu))
= (1—k;51112(w))(1 — 5n2(z’u))(1 — k25ﬂ2(iu))
A= n(iu)dn(in)

(1 — ksn?(iu))

Where we have taken the negative square root of A for physical reasons. Now that

we have A, y and v we can simplify our expression for (a/c)

Yy[A(1 +7v)sn(iX) 4+ yen(iX)dn(iN)
y? — y?sn(iX)
sn (i) [ (1 — k2sn(iu)) + sn(iw)en(i))dn(i))
sn?(iu) (1 — k2sn2(iu)sn?(i\))
1 sn(iu)en(iA)dn(i\) — en(iu)dn(du)sn(i\)
sn(iu) 1 — k2sn?(iu)sn2(i\)

(a/c) =

Using the identity 3:

sn(u)cn(v)dn(v) — en(u)dn(u)sn(v)
1 — k2sn?(u)sn?(v)

sn(u—v) =

(a/c) becomes:

(a/c) = x sn(i(u — A))

sn(iu)
We can also use our new expressions for y to simplify (b/c):

(b/e) = y~'sn(iN)
~ sn(i))

sn(iu)

3Baxter, Rodney. J, Exactly Solved Models in Statistical Mechanics, (Academic Press, 1982),
463
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Now we can find an expression for (d/c) using :

_ed
,Yiab
ab

N =c/d
27 =¢/

(a/c)(b/c)y = d/c

sn(i(u — A)) " sn(i\)

d/c= x —k%sn?(iu)

sn(iu) sn(iu)

(
= (d/c) = —ksn(i(u — X\))sn(i\)

We now have three ratios for a, b, ¢ and d.

ajc = sn(iu = V) (1.6.10)
sn(iu)
~ sn(iA)
b/c = e (1.6.11)
d/c = —ksn(i(u — X))sn(i\) (1.6.12)

Using the hyperbolic elliptic sine, defined by:
snh(u) = —isn(iu) = isn(—iu) veR,0<k <1

we can simplify our ratios to:

_ snh(u — A)
afe= snh(u)

_snh(}A)
bfe snh(u)

d/c = ksnh(u — A)snh(\)

We can now solve a, b, c and d up to a normalization factor p

a = psnh(u — \)
b = psnh(\)
¢ = psnh(u)

d = pksnh(u)snh(\)snh(u — )
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Now we have now parameterized a, b, ¢ and d in terms of p, A, v and k. (a, b, c and
d can be further defined using theta functions. We will not use these, as they are
quite complicated, do not simplify the problem and are therefore unnecessary for

our purposes.)

Keeping k, p and u fixed, we can regard the transfer matrix, 7', as a function of A,
T()), and our commuting Transfer matrix, 7" as a function of y, that is: T/ —

T'(14). We can now express 1.4.1 as:

This implies:

1.7 Relation Between )\, 1 and 7

Equations (1.5.2) - (1.5.7) are unaltered when we swap the primed and double
primed variables (1 — 1,2 — 3,3 — 2,4 — 4,5 — 6, 6 — 5 ). Therefore, the
relation we found between the primed and unprimed variables should be identical

to the relation between the unprimed and double-primed variables. Thus:
F:F/:l—\// A:A/:A”
Given that A and I' only depend on k£ and u, we should be able to parameterize

our new variables, a”,b”, ¢ and d”, in terms of k, u and some new variables, say

n and p'. Rewriting (1.5.2) as:

c(a’a" _ b/b//) _ CL(C/CH _ d,d”)

C(a/a// _ b/b//) _

a(c/C// _ d,d”)

CCIC// CC/C//
(a/ a// bl b/l) a (1 d/ d//)
C, c// C/ C/l c C/ c//

Using (1.6.10) - (1.6.12)

sn(u — ) sn(u—mn)  sn(u) sn(n)

sn(u) sn(u) sn(u) sn(u)

sn(u — A)

= W(l — (=k)sn(u — p)sn(u)(—k)sn(u — n)sn(u))
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Canceling the sn(u) gives:

sn(u — p)sn(u — n) — sn(u)sn(n)
sn(u)

= sn(u — \)(1 — k*sn(u — p)sn(u)sn(u — n)sn(u))

Which becomes:

sn(u — p)sn(u — n) — sn(u)sn(n)
1 — k2sn(u — p)sn(u)sn(u — n)sn(u)

=sn(u — \)sn(u)

Using the identity *:

sn(a — u)sn(a — v) — sn(u)sn(v)
1 — k2sn(u)sn(v)sn(a — u)sn(a — v)

= sn(a)sn(a — u — v)

our equation becomes:

sn(u)sn(u — p —n) =sn(u)sn(u — \)
sn(u — pu—n) =sn(u— )
U—p—n=u—A
n=A—p
It turns out that the parameter for the double primed variables depends on the pa-

rameters of the unprimed and primed variables! We can now write (1.4.6) as:

R(A - /L)(Ln(/\) ® Ln(u)) = (Ln(u) ® Ln()‘))R(A - /1')

This is the solution to the Yang-Baxter equation.

“Baxter, Rodney. I, Exactly Solved Models in Statistical Mechanics, (Academic Press, 1982),
463
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Chapter 2

Algebraic Bethe Ansatz in

“abc-form”

2.1 Triangularizing M

We have solved the Yang-Baxter equation and have the conditions required for
the transfer matrix 7' to lie in a commuting family 7'(\). Now we will start the
procedure for diagonalization of I'. For simplicity we will consider the 6-vertex
case, where d = 0. This is known as the ‘ice-rule’, ! and is equivalent to letting
k — 0, so that snh(u) — sinh(u) and our elliptic functions become trigonometric

ones. If we take p = 1 and p’ = 1 for simplicity:

a = sinh(u — \) 2.1.1)
b = sinh()\) 2.12)
¢ = sinh(u) (2.1.3)
d=0 2.1.4)

It is important to see that c is independent of the repidities, but still depends on
the crossing parameter, u. Nonetheless, we will keep the argument of c in our

calculations.

"'We can think of the lattice as a block of H>0 atoms. Each vertex represents an oxygen atom anf
the directed arrows represent the sharing of a hydrogen atom. An in arrow represents taking half a
hydrogen atom from a neighbour, an out arrow represents the giving of half an hydrogen atom to a

neighbour.
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1
Considering L,, as a 2 x 2 matrix, there exists a vector w,, = < ) such that
0

n
operator L,, acting on w,, becomes upper triangular. That is:

. [ an B 1
L,Qw, = o f ®
T On 0],

o @ © 9
S

We represent the top right matrix entry with an asterix as its value is not re-

quired.

For the graphical proof, we must interpret w,, as placing an up-arrow on the top

edge of a vertex. This is best illustrated graphically:
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L,Qw, = ®

The notation & treats the 2 x 2 matrix L,, is operating on line a constant, which is

why we may bring it inside the matrix.

In the 6-vertex model, the bottom left configuration does not satisfy the conser-
vation of arrow flow and is zero. However, we will continue to consider it for
completeness. If we now sum each entry over all configurations of the bottom

edge our matrix becomes:
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Recalling that a configuration that does not have two arrows in and two arrows out

is assigned a weight of zero, the matrix becomes:

o
1 0 ¢
oo

0 0
__a()\)wn *
L0 b(Ww,

Aside

At this point it should be clear what is meant by ‘operating on’. L,, acts on vectors
vy, (which must lie in the same space; hence v,, and not v,,,) and produces a partic-
ular arrow configuration, restricting the values the vertices may take. If L,, acts on

four well defined vectors it will produce a particular vertex 