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Abstract

We take a general look at optimization and where the topic of Composite Con-
cave Programming fits in and how it differs from classical optimization. As well
as looking at what Composite Concave Programming involves, I will have a ma-
jor focus on Composite Concave Linear programming (CCLP). I will also have a
look at quadratic programming/portfolio optimization as it is closely related to
the Linear Programming form of the method. In addition, we will solve a CCLP
problem using a general Linear Programming package.
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Chapter 1

Introduction

The main aim of this thesis is to examine the method of Composite Concave
Programming (CCP/c-programming), and in particular the sub class of Composite
Concave Linear Programming (CCLP).

We explore the optimization of Composite Concave functions, along the way in-
troducing this method which differs from many other optimization method as we
are searching for the global optimal to these problems. This is done with the
transformation of these problems to make them linear, thus allowing us to solve
them with our beloved Linear Programming packages.

Along the way, we will be exploring the make up of the problems, exploring compos-
ite functions, concave functions and exploiting these properties to make it possible
to solve for a global optimal.

There is also a look at uses for c-programming, ranging from portfolio optimization
to use with soft constraints.

Chapter 2: Review of Literature

An overview of some of the literature of the topic.

Chapter 3: Composite Concave Programming

Spells out what CCP is with relation to Concave programming and Com-
posite Functions.

Chapter 4: Composite Concave Linear Programming

Concentrates on CCLP’s, including the formulation, optimality conditions,
search space and also algorithms.
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Chapter 5: Numerical Example

Solve a numerical example of a CCLP, with the use of a Linear Programming
package.

Chapter 6: Conclusion/Discusion
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Chapter 2

Review of Literature

In this chapter we take a general over view of papers written on the topics of
Composite Concave Programming and Composite Concave Linear Programing.
These explore the use of the method, the problems they can be applied to and
some of the most important sufficient condition needed. This will give an over
view of the topic and a taste for it before going into it deeper in the ensuing
chapters.

2.1 Composite Concave Programming

The class of non-linear optimization problems under consideration are called c-
programming (composite concave programming). Sniedovich [1] gives the generic
problem as follows:

Problem T

τ := min
z∈Z

r(z) := φ(u(z)) (2.1)

where u is a function on some set Z with values in Rk, and φ is a real-valued
function on u(Z) := {u(z) : z ∈ Z}. Let Z∗ denote the set of optimal solutions
to this problem. We assume that Z∗ is not empty.

The tactic that composite concave programming employs to solve problems of this
type is to tackle them indirectly. Instead of solving the Problem T , it obtains its
solution by solving a linearization of φ with respect to u. That is associated with
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(2.1) we consider the parametric problem:

Problem T (λ)

t(λ) := min
z∈Z

rλ(z) (2.2)

:= λT u(z) (2.3)

:=
k
∑

m=1

λmum(z) , λ ∈ Rk (2.4)

where um(z) and λm denotes the m-th component of u(z) and λ respectively, and
λT denotes the transpose of λ. Let Z∗(λ) denote the set of optimal solutions to
Problem T (λ). It is assumed that for each λ ∈ Rk the set Z∗(λ) consists of at
least one element.

The reasoning in seeking the solution of Problem T through the use of Problem T (λ)
is that in many cases the original problem defies standard optimization methods,
where as the new problem is susceptible to these methods.

The theory of c-programming examines the relationship between Problem T to
Problem T(λ) and the conditions that have to be met to use this method, i.e.
Differentiability, pseudoconcavity and etc.

2.2 Composite Concave Linear Programming

Sniedovich, Emmanuel and Findley [4], examines how the simplex method can be
used as a global optimizer, in other words, as a method for getting global optimal
solutions to nonlinear programming problems that may have more than one local
optimal and where there is no guarantee that a local optimal is a global one. These
are problems whose objective functions are not psedoconvex (assuming opt is min).
The difficulty with these problems is that when the problem is not psedoconvex, it
is often difficult to check whether a given optima is a global one or not. This paper
discusses how this difficulty can be over come for a certain class of problems by
using the technique of c-programming. This paper examines the expressive power
of c-programming and the role that it can play in global optimization when used
with the simplex method. i.e, using the simplex method for problems other than
linear programming problems which it has been doing for years. The following
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composite concave problems are examined:

Problem P

τ := min
x∈X

g(x) := φ(Cx + d) (2.5)

where
X := {x ∈ <n : Ax = b, x > 0}, (2.6)

< denotes the real line, A is an m× n matrix, b is an m− dimensional vector, C
is a k × n matrix, d is a k − dimesional vector and φ is a real valued function on
<k. Let X∗ denote the set of (global) optimal solutions to Problem P . Now let
us take a look at some examples.

Example 2.1 For the function defined by

g(x) = (3x1 + 6x2 + 1)(5x1 + 2x2 + 3), x ∈ <2 (2.7)

we can set k = 2, d = (1, 3), C =

[

3 6
5 2

]

and

φ(v, w) = v × w, v, w ∈ <, (2.8)

where as for the function defined by

g(x) = 3x1 + 6x2 + 1 − (5x1 + 2x2 + 3)2, x ∈ <2 (2.9)

k, d, and C can be set as above, and φ defined as follows:

φ(u, w) = v − w2, v, w ∈ <. (2.10)

It is important to note that in both cases the function g is not pseudoconvex with
respect to x. So the difficulty is that any local optimal found is not necessarily a
global one. This is where the c-programming approach comes into play.

We are now going to have a look at a two-dimensinal linear c-programming prob-
lems, this is supposing that k = 2. Then Problem P can be written as follows:

Problem P2

τ := min
x∈X

g(x) := φ(C1x + d1, C2x + d2) (2.11)

and the parametric problem of c-programming has the following form:

τ(λ) := min
x∈X

g(x; λ) := λ1C1x + λ2C2x, λ ∈ <2. (2.12)
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Ignoring the instance where λ1 = 0, and dividing the right-hand side by |λ1|, the
following parametric problem is obtained:

Problem P2(β)

τ(β) := min
x∈X

g(x; β) := sC1x + βC2x, β ∈ <, s ∈ {1, 0,−1} (2.13)

= (sC1 + βC2)x (2.14)

where β = λ2

|λ1|
. The scalar s is not regarded as a parameter, instead it is treated

as an indicator that sometimes it may be necessary to multiply C1 by -1 and in
other instances by 0.

The significance of the form given in (2.12)-(2.13) is that it is receptive to the con-
ventional parametric analysis of the simplex method. That is solving Problem P2(β)
for a range of values for β is not much more costly than solving a single linear
programming problem of the same size.

The simplex algorithm used for the problem consists of three steps.

1. It may be necessary to determine the interval, call it B, in which β is varied.
This is usually done by inspection. But if no obvious lower and upper bound
can be found for β, then B = [−M, M ], where M is an adequately large
number. In many cases the parametric simplex procedure itself will take
care of this matter.

2. Using conventual parametric linear programming techniques, Problem P2(β)
is solved for a finite sequence of values of β ∈ B, say{β(i)}. Let x(β(i))
denote the optimal solution recovered for Problem P2(β(i)). The parametric
analysis techniques guarantee that for any β ∈ B there is some β(i) such that
x(β(i)) is an optimal solution for Problem P2(β)

3. The optimal solution to Problem P2(β) is recovered by selecting an i∗ such
that x(β(i∗)) minimizes g(x(β(i))) over {x(β(i))}.

So from the above, it follows that it shows k = 2 and the composite function φ
is differantiable and psedoconcave, then Problem P can be solved efficiently by
conventional linear programming techniques. Extensive experiments conducted
with algorithms based on the analysis are reported on in Macalalag and Sniedovich
[7].

C-programming can also be applied in situation where k > 2. The basic format
is similar except that the parameter λ relating Problem P and Problem P (λ) is a
k-vector and the conditions of differentiability and pseudoconcavity takes place in
some convex set U ⊆ <k.
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This paper also concerns itself with the types of composite functions which could
be solved by the previously discussed two-dimensional linear c-programming. The
ones looked at are Ratio, Multiplicative and Additive functions of the form:

Ratio :

φ(v, w) :=
v

w
, v ∈ <, w ∈ <+ (2.15)

Multiplicative :

φ(v, w) := σ(v)ϕ(w) (2.16)

Additive :

φ(v, w) := σ(v) + ϕ(w), v, w ∈ < (2.17)

We will be having a more detailed look later.

2.3 Soft Constraints

Byrne, Sniedovich and Churilov [3] present a unconventional approach to prob-
lems involving soft constraints based on composite concave programming. They
examine a couple of methods for handling problems with soft constraints, includ-
ing RHS parametric analysis, goal programming and the one we are interested in,
C-programming.

The problem under consideration is as follows:

Problem P (r)

p(r) := max
x∈H

f(x) subject to s(x) = r, r ∈ R := [r, r̄] (2.18)

where [a,b] denote the convex hull of {a, b}, and r and r̄ are lower and upper bounds
for the value of r in the right hand side of the constraint. In the c-programming
model, s(x) is viewed as vector of k ’resources’ that must be purchased at a price
specified by some given real-valued cost function, ϕ. So the c-programing model
for handling Problem Soft calls for the solution of the following:

Problem C

c := max
x∈H

{t(x) := f(x) − ϕ(s(x))} (2.19)

where ϕ is some real-valued function on s(H) := {s(x) : x ∈ H}. Let Hc denote
the set of optimal solutions of this problem. With the inclusion of the cost function
term ϕ(s(x)), this may now make the Problem C difficult to solve. Since we want
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to solve Problem C ’efficiently’, this is exactly where c-programming comes in.
Now Problem C can be solved by the following parametric problem:

Problem C(λ)

c(λ) := max
x∈X

{f(x) − λs(x)}, λ ∈ <k (2.20)

where λ is viewed as a row vector and λs(x) :=
∑k

i=1 λisi(x). Let Hc(λ) denote
the set of optimal solutions of Problem C(λ).

Theorem 2.2 Assume that ϕ is differentiable and concave with respect to s on
some open convex set U such that s(H) ⊆ U . Then,

x ∈ Hc(∇ϕ(s(x)), ∀x ∈ Hc (2.21)

and furthermore,
Hc(∇ϕ(s(x))) ⊆ Hc, ∀x ∈ Hc (2.22)

where ∇ϕ(s(x)) denotes the gradient of ϕ with respect to s at s(x).

The theorem guarantees that, subject to the differentiability and convexity con-
ditions, there exists a λo such that any optimal solution of Problem C(λo) is also
an optimal solution of Problem C.

2.4 Portfolio Optimization

Churilov, Bomze, Sniedovich and Ralph [2], illustrate how composite concave pro-
graming is use to perform Hyper Sensitivity Analysis (HSA) in the area of Portfo-
lio Optimization Problems. This problem is a general mean-variance optimization
problem involving n securities that are jointly distributed with a mean vector
µT = (µ1, ..., µn) and covariance matrix 1

2
C = (σij). An investor has to select

a portfolio, a vector x of holdings with separate returns represented by vector
rT = (r1, ..., rn). The expected return and variance of the portfolio is given by
E(x) := µT x and V (x) := 1

2
xT Cx. The portfolio is chosen subject to linear

constraints Ax = b, x > 0, where A is a (m × n) matrix, and b is a vector of
m components. A pair (E(x), V (x)) is said to be feasible if the corresponding
portfolio x is feasible, i.e. if it satisfies the above-mentioned constraints.

This classical formulation of general mean-variance optimization problems relies
on the following notion of efficiency.

Definition 2.3 [8] A feasible pair (E(x’),V(x’)) is inefficient if there is another
feasible pair (E(x”),V(x”)), such that either:

10



1. E(x′′) > E(x′) and V (x′′) 6 V (x′); or

2. V (x′′) < V (x′) and E(x′′) > E(x′).

A feasible pair (E(x), V (x)) is efficient if it is not inefficient.

Matrix C is covariance matrix, and therefore is positive semi-definite. If C is
strictly positive definite, then for a given efficient pair (E(x), V (x)), there exists a
unique corresponding efficient portfolio.

Definition 2.4 [8] A set of efficient portfolios is said to be complete and non-
redundant if it contains one and only one efficient portfolio for each efficient pair
(E(x), V (x)).

This paper also gives use our first look at a version of what will become known as
the fundamental theorem of CCLP .

Theorem 2.5 [9]
Let function g be differentiable and pseudoconvex with respect to u(x) = (a(x), v(x))
on some open convex set containing {u(x) : x ∈ X}. Then, any optimal solution
for Problem P is also optimal with respect to the parametric problem it generates,
namely

x ∈ X∗ ⇒ x ∈ X∗(∇g(u(x))). (2.23)

Moreover, any optimal solution to this parametric problem is also optimal with
respect to Problem P, namely

x ∈ X∗ ⇒ X∗(∇g(u(x))) ⊆ X∗. (2.24)

Theorem, 2.5, guarantees that there exists an optimal value of the parameter

11



12



Chapter 3

Composite Concave
Programming

Now we will have a look at composite programing in general and also composite
functions and how combing these two, makes it possible for us to solve these
particular problems.

3.1 Concave Programming

It is now time to have a look at the basics of Concave Programming and what it
has to do with the relationship between the following two problems:

Problem P Problem P (λ)

z∗ := min
x∈X

f(x) z∗(λ) := min
x∈X

λT x (3.1)

where

X ⊆ <n.

f is a real valued function on X.

λ ∈ <n.

In words, Problem P (λ) is obtained from Problem P by linearizing the objective
function, f , of Problem P where λ is a parameter regarded as a constant that is
used in the linearization. Problem P is the target problem, i.e. the problem we
have to solve, and Problem P (λ) is the parametric problem. Let X∗ denote the
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set of optimal solutions to Problem P and let X∗(λ) denote the set of optimal
solutions of Problem P (λ), λ ∈ <n.

Example 3.1 Consider the following problems and there linear equivalents:

z∗ := min
x∈X

√
x ⇒ z∗(λ) := min

x∈X
λx (3.2)

z∗ := min
x1∈X

log x2 − x2 ⇒ z∗(λ) := min
x∈X

λ1x1 − λ2x1 (3.3)

z∗ := min
x∈X

√
x1 +

√
x2 +

√
x3 ⇒ z∗(λ) := min

x∈X
λ1x1 + λ2x2 + λ3x3 (3.4)

where λ ∈ Λ - some subset of <k.

It has to be pointed out that we are looking for global and not just local optimal
solutions, thus x∗ ∈ X is an optimal solution to Problem P if and only if f(x∗) 6

f(x), ∀x ∈ X (minimization). Since the objective function of Problem P (λ) is
linear with x, it is often easier to solve Problem P (λ) for any given value of λ than
it is to solve Problem P , but this is not always the case. Now this leads to the
following question; Is there a λ∗ ∈ <n such that any optimal solution generated for
Problem P(λ∗) is also optimal for Problem P?

λ∗ is referred to as the optimal λ. More formally, we say that λ∗ ∈ <n is optimal
if and only if X∗(λ∗) ⊆ X∗. The question is this; does an optimal λ exist?

The answer to this question can be answered in two parts:

• an optimal λ does not always exist.

• but there are simple sufficient conditions for the existence of an optimal λ

These sufficient conditions will be stated shortly.

To shed some light on the situation, consider the following problem:

z∗ := min
−26x62

x2

2
+ 2 (3.5)

We can set X = [−2, 2] and f(x) = x2

2
+ 2. It is easy to show that in this case

X∗ = {0} and

X∗(λ) =











{−2} , λ > 0

X , λ = 0

{2} , λ < 0

(3.6)

So in this case there is no optimal λ even though X∗(0) contains an optimal
solution to Problem P.
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Now lets, look at the following problem:

z∗ := min
−26x62

−x2

2
+ 2 (3.7)

again can set X = [−2, 2] and f(x) = −x2

2
+ 2. Here we have X∗ = {−2, 2} and

X∗(λ) as is in (3.6). Hence in this case there is infinitely many optimal λ’s: in-fact
all λ ∈ < \ {0} are optimal.

We now examine some simple sufficient conditions for the existence of optimal
λ’s.

Theorem 3.2 [6] Assume that f is differentiable and concave on some open con-
vex set containing X and that X∗ is not empty. Then there is a λ∗ ∈ <n such that
X∗(λ∗) ⊆ X∗.

This means that if Problem P possesses an optimal solution and its objective
function f is differentiable and concave then an optimal λ exists.

We now have a guarantee for the existence of a optimal λ under certain conditions.
We now examine how to determine such values.

Theorem 3.3 [6] Assume that in the framework of (3.1) the objective function f
is differentiable and concave on some open convex set containing X and that X∗

is not empty. Let x∗ be any element of X∗. Then λ∗ = ∇f(x∗) is an optimal λ.
In short,

X∗(∇f(x)) ⊆ X∗, ∀x ∈ X∗. (3.8)

Reminder: ∇f(x) denotes the gradient of f at x.

In words, the gradient of f at any point that is a optimal solution to Problem
P is an optimal λ, subject to the sufficient conditions (theorem 3.2). Using the
information obtained from ∇f(x), we can now set up a search space for an optimal
λ. With this space, let Λ be a subset of <n such that

{∇f(x) : x ∈ X} ⊆ Λ (3.9)

Since this set contains all of the optimal λ’s implied by Theorem 3.3, we now
only have to solve Problem P(λ) for all λ ∈ Λ to obtain our optimal solution to
Problem P and thus identifying the solution that minimizes f . More formally, let
x∗(λ) represent the optimal solution found for Problem P(λ). Then the plan is to
solve

λo := arg min
λ∈Λ

f(x∗(λ)) (3.10)

observing that subject to Theorem 3.2, x∗(λo) would be an optimal solution to the
Problem P.
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It is quite easy to formulate the search for optimal λ’s into a pseudo-operational
plan, as expressed below:

Step 1: Determine the appropriate search space Λ ⊂ <n.

Step 2: Set zo = ∞

Step 3: For each λ ∈ Λ (according to some order) Do:

Set x∗(λ) = arg minx∈X λT x

if f(x∗(λ) < zo set zo = f(x∗(λ)), λo = λ and xo = x∗(λ)

End Do

And of course this is subject to our sufficient conditions. Upon completion this
procedure will generate an optimal solution to Problem P(λ), and also an optimal
solution xo for Problem P.

But there is a problem with this formulation, it requires us to solve Problem P(λ)
for every λ in Λ. Even if Problem P (λ) is very simple to solve for any given λ, Λ
could be very large and if this is the case the above plan will not be feasible. And
give that Λ essentially consists of ∇f(x) for all x ∈ X, many applications will have
infinitely many components, in which case our plan would be in trouble.

So how can this problem be overcome?

Firstly, it is important to note that the problem is caused by the fact that the
search space for optimal λ is of high dimension, that is λ = (λ1, · · · , λn) where n
is the dimension of the decision vector x ∈ <n.

One possible solution would be to restrict the value of n, i.e. require n to be small,
say no larger than 5 or 6. But this is not a solution at all, as it means that we
restrict ourselves to problems with only 5 or 6 decision variables , so this is out of
the question.

How can we keep n large yet reduce the dimension of the search space? There is a
simply remedy for this: let the objective function f of Problem P depend only on
k 6 n of the n decision variables rather than all of them. This makes it possible
to have n as large as we want and k as small as we want at the same time. With
this remedy, λ is now a vector of the smaller <k rather than <n. We only need
k 6 n but we are only going to be interested in cases where k is very small, no
greater than say 4 or 5.

The task now is not only to come up with a reformulation of the Problem P for
which k is small. We also want a formulation for which k is small and at the same
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time the corresponding parametric problem, Problem P (λ), is relatively easy. The
following example illustrates such a case.

Example 3.4 Consider the nonlinear optimization problem:

z∗ :=

√

√

√

√

10000
∑

i=1

dixi + log

(

10000
∑

i=1

cixi

)

, X ⊂ <10000 (3.11)

in which case n = 10000, and formally

f(x) = min
x∈X

√

√

√

√

10000
∑

i=1

dixi + log

(

10000
∑

i=1

cixi

)

, x ∈ X ⊂ <10000 (3.12)

Note that f depends on each one of the 10000 decision variables. But in this case
it is possible to reformulate the objective function so it does not depend on all of
the decision variables:

z∗ := min
x,u

√
u1 + log (u2) , X ⊂ <10000 (3.13)

x ∈ X

u1 =

10000
∑

i=1

dixi (3.14)

u2 =

10000
∑

i=1

cixi (3.15)

Here there are 10002 decision variables but the objective function depends on only
k = 2 of them.

These two representations are equivalent in that there is a one to one correspon-
dence between their feasible and optimal solutions, and their objective functions
are also equivalent.

But there is no guarantee that for any given nonlinear optimization problem there
is a possible formation for which an equivalent problem whose objective function
depends only on a small number of decision variables and also has a parametric
problem that is easy to solve. This is just a method for a class of problems for
which it is possible to form an equivalent problem that depends on only a small
number of decision variables. Of course there are many cases where this is not
possible. For example, consider the following
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Example 3.5

z∗ := min
x∈X

30
∑

i=1

√
xi, X ⊂ <30 (3.16)

xi > 1 , i = 1, · · · , 30 (3.17)

It looks as if that the objective function depends on all of the decision variables
and there is not a great deal can do about it.

Though this may not be a solution to all problems, there are many that are very
acceptable to this method. That is we can obtain a small k even if the problem
has many decision variables.

3.2 Composite Functions

We now examine composite functions, and how they are used in composite con-
cave programming. Even though composite functions play an important role in
mathematics, i.e. as the framework in the Chain Rule for differentiation, they are
not used in the framework for classification of optimization problems.

For the purpose of our look at CCLP, and more broadly at CCP, we will be
considering the case where the objective function f of Problem P has the following
representation:

f(x) = g(u(x)), x ∈ X ⊆ <n (3.18)

where

u is a function on X with values in <k, k 6 n such that

u(x) = (u1(x), · · · , uk(x))

and uj is a real valued function on X, j = 1, · · · , k.

g is a real valued function on u(X) := {u(x) : x ∈ X}.
We shall refer to u as the inner function and to g as the outer function.

It has to be pointed out that there is always such a representation for such func-
tions, but at the same time there could be numerous different representations for
the same function.

For example, consider the function f defined by

f(x) =
(4x1 + 3x2)

2

√

(1 + 2x4
3)

, x ∈ X ⊂ <3 (3.19)
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where X is defined by a system of linear constraints.

What follows is three decomposition schemes for f , and the question arises: which
one is better, or more suitable, for our purpose?

Scheme 1 Scheme 2 Scheme 3
k = 2 k = 2 k = 2
u1 = (4x1 + 3x2)

2 u1(x) = 4x1 + 3x2 u1 = 4x1 + 3x2

u2 = 1 + 2x4
3 u2 =

√

1 + 2x4
3 u2 = x3

g(u(x)) = u1(x)√
u2(x)

g(u(x)) =
u2

1
(x)

u2(x)
g(u(x)) =

u2

1
(x)√

1+2u4

3
(x)

Table 3.1:

It should be notes that there are other valid schemes for equation 3.19, and perhaps
better schemes for our situation. But we are just going to look at the ones in the
above table and see which is best/better for our use in CCLP. The choice of these
composition schemes may have an effect on how easy/difficult it will be to solve
Problem P(λ).

So it is important to understand how the choice of a composition scheme for f
affects the structure of Problem P (λ). In the composition scheme of f(x) =
g(u(x)), the parametric problem is obtained by linearizing function g rather than
function f and that the linearization is with respect to u(x) rather than x. This
leads to the process of generating Problem P (λ) for a given composition scheme
can be described as follows:

Problem P :

min
x∈X

f(x) ⇒ min
x∈X

g(u(x)) ⇒ min
x∈X, y=u(x)

g(y) (3.20)

Problem P (λ) :

min
x∈X

λT x ⇒ min
x∈X

λTu(x) ⇒ min
x∈X, y=u(x)

λT y (3.21)

Note that the framework of Problem P (λ), the parameter vector λ changes its
dimension from n to k and that there are two (equivalent) choices regarding where
u(x) appears in the formulation:

• In the objective function: minx∈X λT u(x).

• In the constraints: minx∈X, y=u(x) λT y.

The lesson in this is that if u(x) is nonlinear, then the parametric problem induced
by the composition scheme is also not linear.
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Now to illustrate how this method works and the result of the choices made in
regard to the composition scheme. This will be done on the three schemes from
above and compare the parametric problems they lead to.

Scheme 1 results in the following setup:

Problem P :

(4x1 + 3x2)
2

√

(1 + 2x4
3)

⇒ min
x∈X

u1(x)
√

u2(x)
⇒ min

x∈X,y1=(4x1+3x2)2,y2=1+2x4

3

y1√
y2

(3.22)

Problem P (λ) :

min
x∈X

λT x ⇒ min
x∈X

λT u(x) ⇒ min
x∈X,y1=(4x1+3x2)2,y2=1+2x4

3

λT y (3.23)

Note that the resultant parametric problem is not linear.

Scheme 2 results in the following setup:

Problem P :

(4x1 + 3x2)
2

√

(1 + 2x4
3)

⇒ min
x∈X

u2
1(x)

u2
⇒ min

x∈X,y1=4x1+3x2,y2=
√

1+2x4

3

y2
1

y2
(3.24)

Problem P (λ) :

min
x∈X

λT x ⇒ min
x∈X

λT u(x) ⇒ min
x∈X,y1=4x1+3x2,y2=

√
1+2x4

3

λT y (3.25)

Note that the resultant parametric problem is not linear.

Scheme 3 results in the following setup:

Problem P :

(4x1 + 3x2)
2

√

(1 + 2x4
3)

⇒ min
x∈X

u2
1(x)

√

1 + 2u4
2(x)

⇒ min
x∈X,y1=4x1+3x2,y2=x3

y2
1

√

1 + 2y4
2

(3.26)

Problem P (λ) :

min
x∈X

λTx ⇒ min
x∈X

λT u(x) ⇒ min
x∈X,y1=4x1+3x2,y2=x3

λT y (3.27)

Note that the resultant parametric problem is linear, and recalling that X ⊂ <3 is
defined by a system of linear equations. And since we are intending to solve these
forms of problems with the aid of a LP package, Scheme 3 appears to be much
better than the other two.

GENERIC CLASSES:
It is all so important to examine the types of composite functions that readily lend
themselves to the two-dimensionsal linear c-programming (k = 2). We will focus
on three major classes of problems.
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3.2.1 Ratio Functions

The function f(x) defined by

f(v, w) :=
v

w
, v ∈ <, w ∈ <+ := {r ∈ < : r > 0} (3.28)

is differentiable and pseudolinear on <× <+.

For example, it covers composite objective functions of the form

f(v, w) :=
g(v)

w
, v, w ∈ <, w > 0 (3.29)

where g(v) is a differentiable concave function, which leads to f(v, w) being pseu-
doconcave with respect to (v, w). The same situation occurs in cases where

f(v, w) :=
v

h(w)
, v, w ∈ <, v > 0 (3.30)

and h(x) is differentiable, convex and strictly positive. More generally, c-programming
can handle problems where

f(v, w) :=
g(v)

h(w)
, v, w ∈ < (3.31)

where g(v) is differentiable, concave and non-negative. h(w) is differentiable, con-
vex and strictly positive.

3.2.2 Multiplicative Functions

In consideration of multiplicative functions, we are considering the composite func-
tions of the following form

f(v, w) := g(v)h(w) (3.32)

where both g(v) and h(w) are real-valued differential functions. f(v, w) is pseu-
doconcave if either one of the following conditions holds [5]:

1. g(v) is nonnegative and concave and h(w) is positive and concave.

2. g(v) is nonpositive and convex and h(w) is negative and convex.
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The multiplicative function and the ratio function are essentially of the same struc-
ture, ie (3.31) can be expressed as a product form

f(v, w) := g(v)
1

h(w)
(3.33)

and (3.32) can be rewritten in a fractional form

f(v, w) :=
g(v)

1/h(w)
. (3.34)

3.2.3 Additive Functions

It has to be pointed out that just because a function made up of the sum of two
pseudoconcave functions does not necessarily make it pseudoconcave, the compos-
ite function

f(v, w) := g(v) + h(w), v, w ∈ < (3.35)

where both g(v) and h(w) are pseudoconcave, is not necessarily psedoconcave. But
since concavity entails pseudoconcavity and furthermore concavity is preserved
under addition. C-programming will accept the additive form from (3.35) if g(v)
and h(w) are both differentiable and concave.
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Chapter 4

Composite Concave Linear
Programming

In the previous chapter we looked at the formulation of Composite Concave Prob-
lems. In this chapter we look at Composite Concave Linear Programs (CCLP),
which is a subclass of Composite Concave Programming Problems. Composite
Concave Linear Programs is used in situations where the constraints of the op-
timization problem are linear and the objective function is a composite of linear
functions.

4.1 Formulation

Composite Concave Linear Programming is the area of global optimaization that
deals with the formulation, modeling, analysis of problems with the following basic
form:

Problem CCLP

z∗ := min
x∈X

f(x) := g(u(x)) (4.1)

where

X ∈ <n is defined by a system of linear constraints

u is a linear function on X with values in <k

g is a real valued function on u(X) := {u(x) : x ∈ X}. The basic assump-
tion is that g is differentiable and concave with respect to u(x).
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Optimal solutions to this nonlinear optimization problem are obtained via the
following parametric problem:

Problem CCLP (λ)

z∗(λ) := min
x∈X

λT u(x) , λ ∈ Λ ⊂ <k (4.2)

where Λ is an appropriate subset of <k. The key observation is that under the
above conditions, if Problem CCLP has an optimal solution then there is a λo ∈
<k such that every optimal solution to Problem CCLP (λo) is also optimal for
Problem CCLP .

Example 4.1 Consider the nonlinear programming problem

z∗ := min
x

√
x1 + 2x2 + x3 +

√
3x1 + 5x2 + 2x3 (4.3)

3x1 + 4x2 + 3x3 = 12 (4.4)

6x1 + 2x2 + 3x3 > 11 (4.5)

x1, x2, x3 > 0 (4.6)

we can set n = 3 and k = 2. letting

u(x) = (x1 + 2x2 + x3, 3x1 + 5x2 + 2x3) (4.7)

g(u(x)) =
√

u1(x) +
√

u2(x) (4.8)

This leads to the associated parametric problem taking the form:

z∗(λ) := min
x

λ1(x1 + 2x2) + λ2(3x1 + 5x2), λ ∈ Λ (4.9)

3x1 + 4x2 + 5x3 = 12 (4.10)

4x1 + 2x2 + 3x3 > 10 (4.11)

x1, x2, x3 > 0 (4.12)

where Λ is an appropriate subset of <2.

4.2 Optimality Conditions

We now identify some sufficient conditions for the existence of an optimal λ, for
the parametric Problem CCLP(λ), and outline a procedure for solving our target
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Problem CCLP . And with the identification of these conditions, it is then nec-
essary to identify a subset Λ containing at least one optimal λ. And when this is
done, we then only have to solve our parametric problem for λ ∈ Λ and retrieve
the solution to our target problem.

In this section we concentrate on the sufficient conditions for the existence of an op-
timal λ, this will be done notation wise in the framework of Concave Programming
as is more convenient. Let us consider the Concave Programming format:

Problem P : z∗ := min
x∈X

f(x), X ⊆ <n (4.13)

Problem P (λ) : z∗ := min
x∈X

λT x, λ ∈ <n (4.14)

where

X∗ denotes the set of optimal solutions to Problem P

X∗(λ) denotes the set of optimal solutions to Problem P(λ)

λ ∈ <n.

It has to be noted that

The only condition on X is that X ⊆ <n.

The only condition on f is that it is a real valued function on X.

Theorem 4.2 [6] Assume that f is differential and concave on some open convex
set containing set X. Then,

X∗(∇f(x∗)) ⊆ X∗, ∀x∗ ∈ X∗ (4.15)

This theorem says that if f is differentiable and concave on some convex set con-
taining set X, then an optimal solution to the Problem P(∇f(x∗)) is also a optimal
solution to Problem P. If x∗ is an optimal to Problem P then λ∗ = ∇f(x∗) is an
optimal λ.

Theorem 4.2 provides us with simple but also general sufficient conditions for the
existence of a optimal λ.

1. The objective function f is differentiable on some open convex set containing
X.

2. The objective function is concave on this set.

3. The target problem, Problem P, possesses at least one optimal solution.
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In translating this theorem from that for Problem P to that of Problem CCLP, the
following corollary is obtained

Corollary 4.3 [6] Assume in the framework of Problem CCLP the outer function
g is differentiable and concave on some open convex set containing u(X) := x ∈ X.
Then,

X∗(∇g(u(x∗))) ⊆ X∗, ∀x∗ ∈ X∗. (4.16)

In words, as long as the conditions of differentiability and convexity are meet, if x∗

is an optimal solution of the target problem, Problem CCLP, then λ = ∇g(u(x∗))
is an optimal λ.

EXAMPLE

We shall now look at the proof of theorem 4.2, but first we must state two impor-
tant properties of concave functions.

Some Properties of Concave Functions
f is a real valued function on X ⊆ <n

v, w ∈ X
f(αv + (1 − α)w) > αf(v) + (1 − α)f(w), ∀ 0 6 α 6 1

f(w) 6 f(v) + (w − v)T∇f(v)

Table 4.1: Properties of concave functions

The first equation in table 4.1 requires X to be convex, the second requires f to
be differentiable on some open convex subset of <n containing X. The second
condition implies that

f(w) > f(v) ⇒ wT∇f(v)w > vT∇f(v) (4.17)

f(w) 6 f(v) ⇐ wT∇f(v) 6 vT∇f(v) (4.18)

Proof of Theorem 4.2

Let x̂ be any optimal solution to the Problem P. Then, by definition f(x) >

f(x̂), ∀x ∈ X. Therefore (4.17) entails that xT∇f(x̂) 6 x̂T∇f(x̂). It follows then
that

x̂ ∈ X∗ ⇒ x̂ ∈ X∗(∇f(x̂) (4.19)

Now, let xo be any optimal solution to Problem P(∇f(x∗)). Then from (4.18) it
follows that

yo ∈ X∗(∇f(x∗)) ⇒ xo ∈ X∗. (4.20)

This implies that X∗(∇f(x∗)) ⊆ X∗.�
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Theorem 4.4 [6] The Fundamental theorem of CCLP
Assume that in the framework of Problem CCLP the outer function g is differen-
tiable and pseudoconcave on some open convex set containing u(X) := {u(x) : x ∈
X}. Then,

X∗(∇(u(x∗))) ⊆ X∗, ∀x∗ ∈ X∗. (4.21)

In summary, the following is a simple test for the existance of a optimal λ for a
CCLP problem:

1. There is a open convex subset of <k containing u(X) such that g is differen-
tiable on this set?

2. Is g pseudoconcave on this set?

3. Does Problem CCLP posses an optimal solution?

If you can answer YES to these three questions, then an optimal λ exists. Actually,
if this is the case, then all the elements of the set

Λ∗ := {∇g(u(x∗)) : x∗ ∈ X∗} (4.22)

are optimal λ’s. But it has to be pointed out that this set does not automatically
contain all the optimal λ’s.

4.3 Search Space

In the previous section we spelled out optimality conditions for the existence of an
optimal to the Problem CCLP. As already has been pointed out, this problem is
solved by the parametric Problem CCLP(λ) for an optimal value of λ.

But showing that an optimal λ exists for a given problem is one thing, going ahead
and finding this optimal is a whole other problem. This is because there could be
infinitely many values for λ and searching all of these may not the greatest of
ideas.

Our plan to combat this is to construct a set Λ ⊆ <k containing at least one
optimal λ and find the solution of Problem CCLP(λ) for all λ ∈ Λ.

The set Λ should be small so the solving of the parametric problem can be done
quickly, but at the same time we do not want to spend a lot of time constructing
this set. These two considerations often lead to a trade off between the size of the
Λ and the effort needed in construction it.
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Following is a list of scenarios in the framework of which such a space might have
to be constructed.

• You may have been given the solution for the optimal λ, take it and run as
this is unlikely to occur. The Problem CCLP can be solved with one instance
of the Problem CCLP(λ) with one run through of your LP package.

• A Λ is given. Maybe it has come to your attention that the optimal λ is in
a given Λ ⊆ <n.

• Construct an outer-approximation to {∇g(u(x)) : x ∈ X}. There is often
a quick way to construct a set containing {∇g(u(x)) : x ∈ X} that may be
larger but still effective as a search space.

• Set Λ = <k. Is to be used when the other options are no good.

Consider the problem form before, with the equality replaced by inequality.

Example 4.5

z∗ := min
x

√
x1 + 2x2 + x3 +

√
3x1 + 5x2 + 2x3 (4.23)

3x1 + 4x2 + 3x3 6 12 (4.24)

6x1 + 2x2 + 3x3 > 11 (4.25)

x1, x2, x3 > 0 (4.26)

Now formally set the problem as follows to comply with the format for Problem
CCLP(λ)

f(x) =
√

x1 + 2x2 + x3 +
√

3x1 + 5x2 + 2x3 (4.27)

u(x) = (x1 + 2x2 + x3, 3x1 + 5x2 + 2x3) (4.28)

g(u(x)) =
√

u1(x) +
√

u2(x) (4.29)

and let X denote the subset of <3 defined by the linear system specified by (4.24)-
(4.26). Differentiating g we obtain

∇g(u(x)) =

(

∂

∂y1
g(y),

∂

∂y2
g(y)

)
∣

∣

∣

∣

y=u(x)

(4.30)

=

(

1

2
√

y1
,

1

2
√

y2

)
∣

∣

∣

∣

y=(x1+2x2+x3,3x1+5x2+2x3)

(4.31)

=

(

1

2
√

x1 + 2x2 + x3

,
1

2
√

3x1 + 5x2 + 2x3

)

(4.32)
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Hence,

Λo :=

{(

1

2
√

x1 + 2x2 + x3

,
1

2
√

3x1 + 5x2 + 2x3

)

: x ∈ X

}

(4.33)

It is possible to obtain upper and lower bounds for u(x) by minimizing and maxi-
mizing u1(x) and u2(x) over X. This requires us to solve 4 LP problems, and you
don’t really want to do this, do you?

We could alternatively construct a rough bound - the third suggestion mentioned
above, with the use of the constraints in this case. Consider (4.24). If we make all
of the co-effiecients in (4.24) greater or equal to the corresponding co-effiecients in
u1(x), we are able to obtain an upper bound for u1(x). So if we multiple (4.24) by
1/2 and 3/2 (for u2(x)) respectively,

3

2
x1 + 2x1 +

3

2
6 6 (4.34)

9

2
x1 + 6x1 +

9

2
6 18 (4.35)

(4.36)

Since all the decision variables are non-negative, we can safely say that the follow-
ing holds

u1(x) = x1 + 2x2 + x3 6 6 (4.37)

u2(x) = 3x1 + 5x2 + 2x3 6 18 (4.38)

We can also do the same sort of thing and find an upper bound for u(x). Divide
(4.25) by 6 and 2

x1 + 2x2 + 3x3 >
11

6
(4.39)

3x1 + x2 + 3x3 >
11

2
(4.40)

Since there is no negative , this implies that

u1(x) = x1 + 2x2 + x3 >
11

6
(4.41)

u2(x) = 3x1 + 5x2 + 2x3 >
11

2
(4.42)

Therefore, the set

Λ =

[

1

2
√

6
,

1

2
√

11/6

]

×
[

1

2
√

18
,

1

2
√

11/2

]

(4.43)

is an outer approximation of Λo.
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4.4 Algorithms

4.4.1 Mid-Point Algorithm

This algorithm is based on the Mid-Point Enterprise. We are going to con-
sider the 2-dimensional case of this algorithm in this section. The algorithm
is designed for the CCLP problems where the objective function is of the form
f(x) = g(u1(x), u2(x)). The two dimensional parametric problem is converted
into an equivalent single parameter problem

Problem CCLP (λ) := z∗(λ) := min
x∈X

λu1(x) + u2(x), λ 6 λ 6 λ̄ (4.44)

where X ⊆ <n is a system of linear constraints. Λ = [λ, λ̄]. At the completion of
the algorithm, the interval Λ is split into subintervals, each interval corresponding
to a feasible solution of the problem. These subintervals are made with the use of
the Mid-Point Rule:
given a quartet ((α, x), (β, y)) we can compute the next estimate for λ

λ̂ = µ(((α, x), (β, y))) :=
y2 − x2

x1 − y1
(4.45)

this new point is in the interval [α, β] and splits into two subintervals [α, λ̂] and
[λ̂, β]. At each iteration of the algorithm there are two possibilities:

The interval [α, β] is discarded because it is already covered by some x ∈ X.

The interval is split in two subintervals, namely [α, λ̂] and [λ̂, β].

The algorithm ends when all the intervals/subintervals have been discarded.

This algorithm can be summarized as follows:

Mid Point CCLP Algorithm

Step 0:

Solve Problem CCLP(λ) for λ = λ and λ̄ and set Q = (((λ, x), (λ̄))) where
x = SOLV E(λ) and y = SOLV E(λ̄), and set zo = min{f(x), f(y)}. Let xo

denote the best of x and y.

While Q 6= ∅, DO:

Step 1:

Let q = ((α, x), (β, y)) be the first quartet in Q, set λ̂ = µ(q) and x̂ =
SOLV E(λ̂) and remove q from Q.
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Step 2:

If q failed the Mid-Point Test Do:

If x̂ 6∈ X∗(β) add ((β, y), (λ̂, x̂)) to Q

Ifx̂ 6∈ X∗(α) add ((α, x), (λ̂, x̂)) to Q

Step 3:

If f(x̂) < zo set zo = f(x̂) and xo = x̂.

Note: SOLV E(λ̂) means solve λ̂ using your LP package and retrieve solution to x.

In the next chapter we implement the Mid-Point Algorithm, with the use of
’Xpress-IVE - student edition’ to solve the linear model formed by Problem CCLP(λ).
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Chapter 5

Numerical Example

In this chapter we are solving a Composite Concave Linear Program using the
Mid-Point Algorithm discussed in the previous chapter with the assistance of a
normal Linear Programming package (Xpress-IVE).

Consider the problem

z∗ := min
x∈X

√
4x1 + x2 + 3x3 + log (10x1 + x2 + 3x4 + 4x5 + 5) (5.1)

where X ⊂ <5 is defined by

3x1 + 4x2 + 2x3 + 5x4 + 2x5 > 16 (5.2)

2x1 + 3x2 + 4x3 + 5x4 + 3x5 > 20 (5.3)

4x1 + 2x2 + 3x3 + 5x4 + 5x5 > 18 (5.4)

5x1 + 4x2 + 3x3 + 5x4 + 5x5 > 22 (5.5)

2x1 + 5x2 + 4x3 + 2x4 + 4x5 > 18 (5.6)

x1, x2, x3, x4, x5 > 0 (5.7)

We tackle this problem using the Mid-Point algorithm for 2-dimensional problems.
This algorithm is based on the Mid-Point Enterprise. This algorithm is designed
for CCLP problems where the objective function is of the form f(x) = g(x1, x1),
as is shown below

f(x) = g(u(x)) =
√

4x1 + x2 + 3x3 + log (10x1 + x2 + 3x4 + 4x5 + 5) (5.8)

u(x) = (4x1 + x2 + 3x3, 10x1 + x2 + 3x4 + 4x5 + 5) (5.9)
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This leads to the following parametric problem:

Problem CCLP (λ) :

z∗(λ1, λ2) := min
x∈X

{λ1u1(x) + λ2u2(x)} (5.10)

Then dividing by λ2, now setting λ = λ1

|λ2|
. the two dimensional parametric problem

is converted into the equivalent single-parameter problem

z∗(λ) := min
x∈X

{λu1(x) + u2(x)}, λ ∈ [0,∞) (5.11)

subject to the following constraints

3x1 + 4x2 + 2x3 + 5x4 + 2x5 > 16 (5.12)

2x1 + 3x2 + 4x3 + 5x4 + 3x5 > 20 (5.13)

4x1 + 2x2 + 3x3 + 5x4 + 5x5 > 18 (5.14)

5x1 + 4x2 + 3x3 + 5x4 + 5x5 > 22 (5.15)

2x1 + 5x2 + 4x3 + 2x4 + 4x5 > 18 (5.16)

u1(x) = 4x1 + x2 + 3x3 (5.17)

u2(x) = 10x1 + x2 + 3x4 + 4x5 + 5 (5.18)

x1, x2, x3, x4, x5 > 0 (5.19)

Firstly, check that this problem satisfies the sufficient conditions for a Composite
Concave Linear Programming Problem according to theorem 4.4 (Fundamental
theorem of CCLP).

The function g is differentiable and pseudoconcave since
√

u1(x) is concave and
also log(u2(x)) is concave, and since g(u(x)) is additive. Using the property that
two concave functions when added together form a concave function, hence are
also pseudoconcave. g(u(x)) is also differentiable, since

∇g(u(x)) =

(

∂

∂y1
g(y),

∂

∂y2
g(y)

)
∣

∣

∣

∣

y=u(x)

(5.20)

=

(

1

2
√

y1
,

1

y2

)
∣

∣

∣

∣

y=(4x1+x2+3x3,10x1+x2+3x4+4x5+5)

(5.21)

=

(

1

2
√

4x1 + x2 + 3x3

,
1

10x1 + x2 + 3x4 + 4x5 + 5

)

(5.22)

So g(u(x)) is differentiable on the set 0 < u(x) ⊂ <2

Now it is time to begin solving Problem CCLP(λ).
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With consideration of the set Λ, since u(x) > 0, we are safely saying that the
optimal λ take values in [0,∞).

Solve the parametric problem for λ = 0 and λ = ∞
q = ((0, (24, 5)), (∞, (0, 13)))

Q = ((0, (24, 5)), (∞, (0, 13)))

zo = min{f(24, 5), f(0, 13)} = f(0, 13) = 2.5649

xo = (0, 0, 0, 0, 8)

Now select the first quartet in Q, namely q = ((0, (24, 5)), (∞, (0, 13))) and apply
the Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

(5.23)

=
13 − 5

24 − 0
=

1

3
(5.24)

Remove q from Q, now Q = { }, and solve for λ = 1/3, resulting in û = (9.43, 8.43).
The q fails the Mid-Point Test, since û 6∈ X∗(0) and û 6∈ X∗(∞). And update

Q = {(0, (24, 5)), (1/3, (9.43, 8.43)), (1/3, (9.43, 8.43)), (∞, (0, 13))}
f(û) = f(9.43, 8.43) = 6.5084 > zo = 2.5649, no updating required

xo = (0, 0, 0, 0, 8)

Q is not empty, so continue.
Select the first quartet in Q, q = ((0, (24, 5)), (1/3, (9.43, 8.43))) and apply the
Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
8.42857 − 5

24 − 9.42857
= 0.2353 (5.25)

Remove q from Q, now Q = {(1/3, (9.43, 8.43)), (∞, (24, 5))}, and solve for λ =
0.2353, resulting in û = (19, 6). The q fails the Mid-Point Test, since û 6∈ X∗(0)
and û 6∈ X∗(1/3). And update

Q = {(0, (24, 5)), (0.2353, (19, 6)), (0.2353, (19, 6)), (1/3, (9.43, 8.43)),
(1/3, (9.43, 8.43)), (∞, (0, 13))}
f(û) = f(19, 6) = 6.5084 > zo = 2.5649, no updating required

xo = (0, 0, 0, 0, 8)
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Q is not empty, continue
Select the first quartet in Q, q = ((0, (24, 5)), (0.2353, (19, 6))) and apply the Mid-
Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
6 − 5

24 − 19
=

1

5
(5.26)

Remove q from Q, now Q = {(0.2353, (19, 6)), (1/3, (9.43, 8.43)), (1/3, (9.43, 8.43)),
(∞, (0, 13))}, and solve for λ = 1/5, resulting in û = (24, 5). The q passes the
Mid-Point Test, since û ∈ X∗(0) . This implies that there is no further search in
the quartile q required.

Q is not empty, continue.
Select the first quartet in Q, q = ((0.2353, (19, 6)), (1/3, (9.43, 8.43))) and apply
the Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
8.42857 − 6

19 − 9.42857
= 0.2537 (5.27)

Remove q from Q, now Q = {(1/3, (9.43, 8.43)), (∞, (24, 5))}, and solve for λ =
0.2537, resulting in û = (11, 8). The q fails the Mid-Point Test, since û 6∈
X∗(0.2353) and û 6∈ X∗(1/3). Update

Q = {(0.2353, (19, 6)), (0.2537, (11, 8)), (0.2537, (11, 8)), (1/3, (9.43, 8.43)),
(1/3, (9.43, 8.43)), (∞, (24, 5))}
f(û) = f(11, 8) = 5.3961 > zo = 2.5649, no updating required

xo = (0, 0, 0, 0, 8)

Q is not empty, continue.
Select the first quartet in Q, q = ((0.2353, (19, 6)), (0.2537, (11, 8)) and apply the
Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
8 − 6

19 − 11
= 1/4 (5.28)

Remove q from Q, now Q = {(0.2537, (11, 8)), (1/3, (9.43, 8.43)), (1/3, (9.43, 8.43)),
(∞, (0, 13))}, and solve for λ = 1/4, resulting in û = (11, 8). The q passes the
Mid-Point Test, since û ∈ X∗(0.2537) . This implies that there is no further search
in the quartile q required.
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Q is not empty, continue.
Select the first quartet in Q, q = ((0.2537, (11, 8)), (1/3, (9.43, 8.43)) and apply the
Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
8.43 − 8

11 − 9.43
= 0.2727 (5.29)

Remove q from Q, now Q = {(1/3, (9.43, 8.43)), (∞, (0, 13))}, and solve for λ =
0.2727, resulting in û = (9.43, 8.43). The q passes the Mid-Point Test, since
û ∈ X∗(1/3) . This implies that there is no further search in the quartile q
required.

Q is not empty, continue.
Select the first quartet in Q, q = ((1/3, (9.43, 8.43)), (∞, (0, 13))) and apply the
Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
13 − 8.43

9.43 − 0
= 0.4848 (5.30)

Remove q from Q, now Q = {}, and solve for λ = 0.4848, resulting in û =
(4/3, 35/3). The q fails the Mid-Point Test, since û 6∈ X∗(1/3) and û 6∈ X∗(∞).
Update

Q = {(1/3, (9.43, 8.43)), (0.4848, (4/3, 35/3)), (0.4848, (4/3, 35/3)), (∞, (0, 13))}
f(û) = f(4/3, 35/3) = 3.114 > zo = 2.5649, no updating required

xo = (0, 0, 0, 0, 8)

Q is not empty, continue.
Select the first quartet in Q, q = ((1/3, (9.43, 8.43)), (0.4848, (4/3, 35/3))) and
apply the Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
35/3 − 8.43

9.43 − 4/3
=

2

5
(5.31)

Remove q from Q, now Q = {(0.4848, (4/3, 35/3)), (∞, (0, 13))}, and solve for
λ = 2/5, resulting in û = (4/3, 35/3). The q passes the Mid-Point Test, since
û ∈ X∗(0.4848) . This implies that there is no further search in the quartile q
required.
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Q is not empty, continue.x
Select the first quartet in Q, q = ((0.4848, (4/3, 35/3)), (∞, (0, 13)), ) and apply
the Mid-Point Rule to select new λ

λ̂ =
y2 − x2

x1 − y1

=
13 − 35/3

4/3 − 0
= 1 (5.32)

Remove q from Q, now Q = {}, and solve for λ = 1, resulting in û = (4/3, 35/3).
The q passes the Mid-Point Test, since û ∈ X∗(0.4848) . This implies that there
is no further search in the quartile q required.

Q is empty, STOP.

The following table gives a summary of results

λ u(x) x f(x) z∗(λ1)
[0,0.2353] (24,5) (0,0,8,0,0) 6.508 5
(0.2353,0.2537] (11,8) (0,2,3,0,1) 5.396 10.4707
(0.2537,1/3] (9.4286,8.4286) (0,2.1429,2.4286,0,1.2857) 6.508 10.7907
(1/3,0.4848] (4/3,35/3) (0,4/3,0,0,16/3) 3.611 11.5714
(0.4848,∞) (0,13) (0,0,0,0,8) 2.565 12.3131

1 the value of λ used for this calculation is the lower bound

Table 5.1:

Figure 5.1, shows the break points of the algorithm. The five distinct solutions to
the problem and the values of λ they correspond to. Table 5.2 gives the value of

λ 0 1/5 0.235 1/4 0.254 0.273 1/3 2/5 0.485 1 ∞
z∗(λ) 5.00 9.80 10.47 10.75 10.79 11.00 11.57 12.20 12.31 13.00 13.00

Table 5.2:

z∗(λ) for all λ solved in the Mid-Point Algorithm.

In summary, the algorithm required 11 different values of λ to solve the problem
to an optimal, in doing so, there is shown to be 5 distinct solutions.

The optimal was found to be at x = (0, 0, 0, 0, 8) with an objective value of z∗ =
2.5648.
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−

Figure 5.1:
• indicate the break points of the λ’s
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Chapter 6

Conclusion/Discusion

In this thesis we have investigated Composite Concave Programming with the
major focus on Composite Concave Linear Programming. We were able to solve a
problem of the CCLP with the use of a Linear Programing package (Xpress-IVE,
student edition), and find the global optimal for this problem.

We investigated the formulation of CCLP’s and more generally CCP’s, with re-
spect to composite functions and the linearization of the problems to make them
acceptable to LP packages for solving. The finding of a search space for the λ in
the search for a optimal and the trade off between finding a tight interval for λ
and larger interval.

We acquired sufficient conditions for the existence of optimal solution to these
particular problems.

With regard to further study, it would be possible to investigate the solving of
higher order problems with the use of LP software as I only looked at the case
when k = 2. We could investigate more real world problems and applications.

With regard to comments, find in Xpress-IVE student edition if there is a setting
that gives you a warning that the problem is unbounded, as it didn’t point this
out and gave some nonsense answers.

41



42



Chapter 7

Appendix

7.1 Appendix A

Xpress-IVE code model CCLP2

uses "mmxprs"; !gain access to the Xpress-Optimizer solver

!optional parameters section

!parameters

! SAMPLEPARAM1="c: test "

! SAMPLEPARAM2=false

!end-parameters

!sample declarations section

declarations

! ...

i = 1..5

j = 1..2

!numbers: array(i) of real

x:array(i) of mpvar

u:array(j) of mpvar

LL = 10000 !lambda

end-declarations

!OBJECTIVE FUNCTION
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total:=LL*u(1)+u(2)

! declare constraints

3*x(1)+4*x(2)+2*x(3)+5*x(4)+2*x(5) >= 16

2*x(1)+3*x(2)+4*x(3)+5*x(4)+3*x(5) >= 20

4*x(1)+2*x(2)+3*x(3)+5*x(4)+5*x(5) >= 18

5*x(1)+4*x(2)+3*x(3)+5*x(4)+5*x(5) >= 22

2*x(1)+5*x(2)+4*x(3)+2*x(4)+4*x(5) >= 18

x(1) >= 0

x(2) >= 0

x(3) >= 0

x(4) >= 0

x(5) >= 0

u(1) = 4*x(1)+x(2)+3*x(3)

u(2) = 5+10*x(1)+x(2)+3*x(4)+x(5)

! end declarations

minimize(total)

writeln("lambda = ",LL)

writeln("z*(lambda) = ",getobjval)

writeln("x(1) = ",getsol(x(1)))

writeln("x(2) = ",getsol(x(2)))

writeln("x(3) = ",getsol(x(3)))

writeln("x(4) = ",getsol(x(4)))

writeln("x(5) = ",getsol(x(5)))

writeln("u(1) = ",getsol(u(1)))

writeln("u(2) = ",getsol(u(2)))

end-model

7.2 Appendix B

Xpress-IVE output
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lambda = 0

z*(lambda) = 5

x(1) = 0

x(2) = 0

x(3) = 8

x(4) = 0

x(5) = 0

u(1) = 24

u(2) = 5

lambda = 10000

z*(lambda) = 13

x(1) = 0

x(2) = 0

x(3) = 0

x(4) = 0

x(5) = 8

u(1) = 0

u(2) = 13

lambda = 0.333333

z*(lambda) = 11.5714

x(1) = 0

x(2) = 2.14286

x(3) = 2.42857

x(4) = 0

x(5) = 1.28571

u(1) = 9.42857

u(2) = 8.42857

lambda = 0.2353

z*(lambda) = 10.4707

x(1) = 0

x(2) = 1

x(3) = 6

x(4) = 0

x(5) = 0

u(1) = 19

u(2) = 6
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lambda = 0.2

z*(lambda) = 9.8

x(1) = 0

x(2) = 0

x(3) = 8

x(4) = 0

x(5) = 0

u(1) = 24

u(2) = 5

lambda = 0.2537

z*(lambda) = 10.7907

x(1) = 0

x(2) = 2

x(3) = 3

x(4) = 0

x(5) = 1

u(1) = 11

u(2) = 8

lambda = 0.25

z*(lambda) = 10.75

x(1) = 0

x(2) = 2

x(3) = 3

x(4) = 0

x(5) = 1

u(1) = 11

u(2) = 8

lambda = 0.2727

z*(lambda) = 10.9997

x(1) = 0

x(2) = 2

x(3) = 3

x(4) = 0

x(5) = 1
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u(1) = 11

u(2) = 8

lambda = 0.4848

z*(lambda) = 12.3131

x(1) = 0

x(2) = 1.33333

x(3) = 0

x(4) = 0

x(5) = 5.33333

u(1) = 1.33333

u(2) = 11.6667

lambda = 0.4

z*(lambda) = 12.2

x(1) = 0

x(2) = 1.33333

x(3) = 0

x(4) = 0

x(5) = 5.33333

u(1) = 1.33333

u(2) = 11.6667

lambda = 1

z*(lambda) = 13

x(1) = 0

x(2) = 1.33333

x(3) = 0

x(4) = 0

x(5) = 5.33333

u(1) = 1.33333

u(2) = 11.6667

7.3 Appendix C

Mid-Point Test
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Let ((α, x), (β, y)) be any quartet, let γ = µ((α, x), (β, y)) and consider the follow-
ing two cases:

Case 1: either x ∈ X∗(γ) and/or y ∈ X∗(γ)

Case 2: neither x ∈ X∗(γ) nor y ∈ X∗(γ)

Then,

In Case 1: x ∈ X∗(λ), ∀λ ∈ co(α, β) and y ∈ X∗(λ), ∀λ ∈ co(β, γ).

In Case 2: x and y do not cover co(α, β), that is co(α, β) * Λ∗(x) ∪ Λ∗(y).
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