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Abstract

Statisticians and other researchers are often confronted with incomplete data in their work.
The statistical analysis of missing data has become a topic of considerable interest to many
statisticians and workers in areas such as medicine and biological science. The goal of this
thesis is to present a general methodology of the expectation-maximisation (EM) algorithm
for maximum likelihood analysis of linear regression models involving missing observations.
Three specific regression models involving different types of explanatory variables are stud-
ied in this thesis. We assume our data to be missing at random in the modelling process
when computing the MLE. We derive the EM algorithm for computing the maximum like-
lihood estimation (MLE) for these three models, but also applied the Louis’ method to
derive the formulas for computing the variance-covariance of the MLE.

Keywords: linear regression, MLE, missing completely at random, missing at random, not
missing at random, Lagrange multipliers, bivariate normal distribution, Fisher information,
incomplete data, Louis” method, non-ignorable missingness mechanism.
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Chapter 1

Introduction

In performing a statistical analysis, it is not uncommon for data that is collected from
observational studies to contain missing values. There may be a number of reasons for
missing data. Data may be missing because complete measurement was impossible, errors
occurred in data collection procedures, or because respondents refused to answer some
particular questions in a survey or because an interesting new hypothesis emerged after
data collection was done. The missing data issue has become so widespread that it has
attracted attention from many researchers and statisticians. For many years, statisticians
have been trying to develop various methods and techniques to overcome the difficulties of
data analysis caused by missing data.

Missing data can have a big impact on the statistical inference, because ignoring missing
values in data analysis is likely to lead to less efficient or inaccurate conclusions. There
are many methods and techniques that have been developed for handling missing data.
These methods include single imputation, multiple imputation, rational substitution and
EM algorithm among others. In this thesis the general theory and methodology of the EM
algorithm technique for handling missing data problems will be presented along with three
specific regression models to illustrate the use of this algorithm.

Even though the formal study of missing data began with Rubin (1976), the statistical
effects relating to missing data were made aware in as early as 1933, the time when Yates
(1933) proposed a fill-up data approach to impute the missing data in the context of
least squares analysis. Subsequently Bartlett (1937) extended this method to analysis of
variance (ANOVA). On the other hand, the EM algorithm was first proposed and studied
systematically by Dempster, Laird and Rubin (1977), even though the idea behind this
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computing method was known at least a decade before, to various extents. The EM
algorithm is a very general algorithm for computing the maximum likelihood estimate,
which applies to cases where the given data contains missing observations. In particular,
Dempster, Laird, and Rubin proposed a general theory of the EM algorithm for the analysis
of missing data and gave a presentation of its important aspects in the modelling process
and how it can be used to handle the problem of missing data.

The EM algorithm has been widely used since its inception. McLachlan and Krishman
(1997) provided an excellent description of this development. One common criticism of the
EM algorithm is its slow speed of convergence, Meng and van Dyk (1997) describe some of
the many approaches to speeding it up. On the other hand, Rao and Toutenburg (1999)
provided the related notion of missing data in the area of linear models. In their work,
they provided an introduction of the analysis of linear models when missing observations
are presented in the data. They also gave an overview of different methods for “imputing”
(that is, fill in) the unobserved values with a few examples including Hot-deck imputation,
single imputation and mean imputation (i.e. substituting the mean for the missing value
based on the observed data) etc. More recently, Little and Rubin (2002) provided a seminal
presentation on the EM algorithm in the context of missing data analysis.

This thesis is organised as follows. First we provide in Chapter 2 a brief description of
the three types of regression models that will be used in the thesis. In the first model we
will use a 3-level categorical random variable X as the explanatory variable; in the second
model we will takes into consideration the numerical explanatory variable; and in the last
model we will consider both discrete and continuous explanatory variables. In Chapter
3, the basic theory of the EM algorithm is overviewed and the different types of missing
data are reviewed. We also present an outline of different techniques for computing the
covariance of the MLE.

The major results of this thesis are developed in Chapter 4, where we derive the EM algo-
rithm for the three regression models involving missing data. In Chapter 5, two examples
are presented to illustrate the implementation of the EM algorithm derived in Chapter 4.
Final remarks are provided in Chapter 6.

Most numerical computations were done using software ‘R’ with my own written programs.
The related R programs are provided in the appendices for reference purposes. Also Maple
was used for some algebraic computation.



Chapter 2

General Regression Models

2.1 Introduction to Linear Regression Models

This chapter gives an overview of the regression model, introducing its main concepts and
basic ideas through the analysis of three simple examples. The emphasis is on presenting
the motivation for using this type of regression model in relation to applying the EM
algorithm. Some key features will be introduced in the regression model in order to estimate
the unknown parameters involved.

A regression model is commonly used for studying the relationship between a response
variable y and a set of explanatory variables (the x variables). The response variable is
also called the dependent variable or the outcome variable; and the explanatory variables
are also called the independent variable or the predictors or the covariates. In ordinary
regression analysis, the response variable y is assumed to be a quantitative random variable
following a normal distribution with constant variance. The explanatory variable can either
be quantitative or categorical. A regression model may be particularly called the analysis
of variance (ANOVA) model if all the = variables are categorical, and may be particularly
called the analysis of variance model if some z variables are quantitative and the rest are
categorical.

The key element of regression analysis is the estimation of an equation that describes how,
on average, the response variable is related to the explanatory variables. To do this, we
need to find all the estimated values of the parameters that are involved in the equation.
For most practical applications of regression analysis, a simple linear regression model is

10



CHAPTER 2. GENERAL REGRESSION MODELS 11

not sufficient for describing the dependent variable.

The regression of a random variable Y on a variable x is simply F(Y|z), the expectation
of Y given the value of x. Often in regression analysis, a general regression model is given
by

Y = 0o+ pix1 + Boxa + ... + Brrr + €

where

e Y is the dependent variable.

® I1,T9,...,T are the independent variables.

e [y + Bix1 + Poxs + ... + Brxy is the deterministic portion of the model.

e (3; determines the contribution of the independent variable xz;, i = 1,2,...,k.

e ¢ is known as random error; having a standard deviation o.

Assume y and x1,...,xr can be observed for every case in the study, then the unknown
values of §’s and ¢ in a regression model can be estimated from the observed data. Typically
most statisticians would use ‘the least squares method’ to estimate the unknown (’s and
o. However, the least squares method does not provide the probability distribution of the
estimators of 3’s and 0. We need the distributions of these estimators for making statistical
inference. Although the random variable Y can come from a broad class of distributions,
for convenience of making inference and analysis, Y is often assumed to follow a normal
distribution N(u,0?), where yu = E(Y|z1,...,21) = Bo+ 5121+ faza+. ..+ Bpxy. Further,
Y1,Y2, - - -, Yn, the observations of Y are assumed to be independent and the associated
random errors €; are also assumed to be independently normally distributed. Once the
distribution is given, the method of maximum likelihood can be easily applied to estimate
the unknown #’s and o, and the results happen to be equivalent to the method of least
squares. What could happen and how would the B’s and o be estimated when observations
of some x variables for some units in the sample are missing? To answer this question is
the major concern of this thesis and will be considered in Chapter 4.

In a regression model, one needs to be aware of various problems associated with violation
of the model assumptions. Usually people make certain assumptions about the form of the
underlying distribution and the way the explanatory variables affect the response variable.
Many of our models are based on the assumptions that the underlying distribution is
normal with constant variance and the observations that from different experiment units
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are independent. If this is not true, then the maximum likelihood method will become
more complicated and even intractable. So it is important that we have methods available
for checking the validity of these assumptions. The most effective and common methods
for assessing these assumptions are using plots. These plots include ‘Residuals versus the
fitted values’ and ‘Normal Q-Q plot of the Standardized Residuals’ etc...

The following list gives standard model assumptions used in regression analysis:

e The deterministic portion of the model (i.e. E(y|z)) is correct.

e For any given set of values of x1,x9,...,x, € has a normal distribution with mean

equal to 0 and variance equal to o2. Namely, € 4 N(0,0?).

e The random errors are independent.

2.1.1 Model with one qualitative independent variable: Generalisation
of Model 1

Suppose we want to study whether or not there exists sex discrimination when considering
salaries of faculty members of a particular university. We can use salary y as the response
variable and sex as the independent variable. Since sex is a qualitative variable, it cannot
be measured on a numerical scale. Therefore, we need to code the values of sex (males and
females), called levels (i.e. two levels in our case) as numbers before we can fit the model.
This numbered qualitative variable is called a dummy variable, since the numbers assigned
to the various levels are arbitrarily selected. Then the dummy variable used to describe
sex may be coded as follows:

| 1 ifmale,
YTV o if female,

For the above discrimination problem we may consider the regression model y = Gy+ (1 z+-¢,
namely E(y) = fo + S1x. Note that using this model,

1. For male (z =1): E(y) = puyp = Bo+ B1 X 1 = By + bu;

2. For female (z =0): E(y) = pr = Bo + B1 X 0= Fo.
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So By + (1 is the mean salary for males (say, par); and Gy is the mean salary for females
(say, ur) and they can be estimated using the MLE technique (to be discussed in Chapter
4).

2.1.2 Model with one quantitative independent variable: Generalisation
of Model 2

Suppose we are interested in studying the relationship between heights and weights of
Melbourne University students. In this case, the weight of a randomly selected student
from the university, denoted as Y, represents the response variable. The student’s height,
x is the explanatory variable. Both are quantitative variables. We could consider Y as
our random variable, but x as non-random. Hence, the simple linear regression of Y on x
represents the mean height of individuals of a given height, and consists of the following
components in its model:

1. The distribution of Y for a specified value of x is normal.
2. The average value of Y for a specified value of z is, E(Y|x) = pu(x) = Bo + f1z.
3. The standard deviation of Y for fixed value of x is o, a constant not depending on x.

4. The Y observations are independently observed.

The first three components can be summarized concisely as Y'|x N (Bo + B1x,0?). Here,
the unknown parameters [y, £1 and o, can be estimated by the method of least squares or
MLE technique (assume all the observations are observed). Once we know the value of 3y,
B1 and o, we know everything about the distribution of Y|« under our model framework.

2.1.3 Model with one qualitative and one quantitative independent vari-
able: Generalisation of Model 3

The two regression models we have discussed so far contain either a qualitative or quan-
titative explanatory variable but not both. Here we shall introduce a regression model,
which contains both qualitative and quantitative explanatory variables.

Consider a situation where an experiment was carried out to investigate the factors which
affect the time taken for food particles to pass through the gut of Nassarius. Two types



CHAPTER 2. GENERAL REGRESSION MODELS 14

of food were investigated, organic and inorganic, and food particles of various sizes from
each type were fed to the animals. For each type of particle, the time in seconds and the
particle size in thousandth of a centimetre were recorded. The response variable considered
here is time taken and the explanatory variables are food types (categorical with two
levels) and particle size (numerical continuous). Assuming the random variable Y follows
a normal distribution and all observations are independent, a candidate model to describe
the Nassarius problem will be:

(Y|zr,22) £ N(Bo + frz1 + fax2, 0?) (2.1)

where z1 is the food type, equalling 1 is for inorganic food and 0 for organic food; and 2
is the continuous random variable denoting the particle size. Our goal here is, as usual, to
estimate the unknown parameters 3y, (1, O2 and o.



Chapter 3

Expectation-Maximisation
Algorithm

3.1 Preliminaries

The theoretical evaluation framework for a wide range of missing values is well established
in academic literature and is widely adopted in statistical analysis. The name EM algorithm
was given by Dempster, Laird and Rubin in their classic 1977 paper. Dempster, Laird and
Rubin (1977) is thought to be the first paper that systematically proposed and studied
the EM algorithm, although the idea of EM algorithm was formulated and applied in a
variety of statistical problems sometime before this paper had been published. In their
seminal paper, a general theory of the EM algorithm was developed; basic properties were
established and the concept was formalized. Since then, the EM algorithm has become
a well-known tool for statisticians to apply in a range of applications including medical
imaging, censored or grouped observations and AIDS epidemiology.

The EM framework is used to solve a class of statistical problems involving maximum
likelihood estimation, especially in the case of incomplete-data problem. The EM algorithm
has been successfully applied not only in the situation of incomplete-data, but also provides
an iterative procedure for computing the MLE in situations where the complete data may
contain some variables that are never observed. More importantly, in some situations, it
requires a certain amount of ingenuity on the part of the statistician to compute the MLE,
so that we can apply the framework of the EM algorithm to the likelihood function when
it is too complicated to do otherwise.

15
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3.2 What is an EM algorithm?

The EM algorithm is an iterative computational technique for finding the maximum like-
lihood estimates of parameters in a model where the data may be incomplete. Such com-
plication in data usually makes it infeasible for direct maximization to get the MLE. The
EM algorithm is becoming more widely used in modern statistics computing as a result of
increasing demand of using more realistic models to analyse complicated data. One compli-
cation of the data that we refer to here can be described by the so-called incompleteness
that represents a variety of situations: the data may come from a mixture distribution,
may involve random effects, in grouping, may be censored or truncated, and may contain
missing values.

There are two computational steps involved in the EM algorithm: expectation (this is
known as the E-step) and maximization or minimization (M-step). The phrase incom-
plete data is used quite broadly to represent a variety of statistical data models, including
mixtures, convolutions and random effects as well as grouping, censoring, truncation and
missing observations.

The general idea behind the EM algorithm is to augment the observed data Y with some
latent data X so that a series of simple maximization or simulations can be produced based
on the complete data (Y, X) to achieve the ultimate objective of maximization based on
Y alone. Formally, we assume Y (either a number, or a vector, or a matrix, or of more
general form) is the observed data, which follows a probability density function (pdf) given
by ¢g(Y|0), where 0 is the parameter of interest and to be estimated by the MLE. The
parameter 6 can be a px 1 vector to be estimated. We also assume (Y, X) is the complete
data with the pdf f(Y, X|0). Sometimes we write Z as the complete data, implying the
observed data Y is a function of Z. The objective is to maximize In g(Y'|0) as a function of
0 in order to find the MLE of 6. If it is easy to maximize In g(Y'|#), then there is no point to
use the EM algorithm. So suppose maximizing In g(Y'|0) is very difficult, but maximizing
f(Y, X160) is relatively easy, provided that (Y, X) is completely observed. We have
Y, X|0)

wve = o

the conditional pdf of Z given Y. Then we have the following results,

(3.1)

Uy ) (0) = Ly (0) + L7 (0) (3.2)

where Ly (0) = Ing(Y0), {(y x)(0) = In f(Y, X[0) and Lzy(0) = Ink(Z]Y,0). Namely,
Complete-data loglikelihood = Observed-data loglikelihood 4 conditional loglikelihood.
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Taking the expectation of both sides of (3.2) with respect to the conditional pdf of Z given
Y and some &' for §, we have

Q(0,0") = Ly (0) + H(6,0) (3-3)

where
Q0.8) = Bl f(V.XI9)|Y.0.6'} = [ 1n £(Y. X|o)k(2Y.0)d2
and

H(0,0') = E, {nk(Z|Y,0)|Y,0,0'} = /lnkz(Z]Y, 0) - k(Z|Y,0')dZ

Theorem 3.2.1. (Jensen’s Inequality) If g(-) is a convex function and X is a random
variable, then E[g(X)] > g(E[X]). In particular, when X is discrete with pmf p(x), then

Elg(X)] =) g(@)plz) > g (Z xp(ﬂﬁ)) = g(E[X]).

Moreover, if g(-) is strictly convex (i.e. g" > 0), then equality in the theorem implies that
X = E(X) with probability 1. Further, if g(-) is concave (i.e. ¢g" < 0), then Elg(X)] <
g(E[X]).

By Jensen’s inequality and using the fact that In(-) is concave we have

KZIYV.0) ZV0) )y, [ HEYD ,
Ed{ln———~1Y. <InEF{——211VY. =1 — ' (/Y. A
{“WW) Wy smEvzvey)V 0 = | wizy.e)HEN 0

= ln/k‘(Z]Y,H)dZ =Inl=0
Therefore,

/ / / k;(Z’KQ)
— pr— e ——— < .
E{Ink(Z|Y,0)|Y,0'} — E {Ink(Z|Y,0)|Y,0'} = E {m wZr o) <O

This implies that
H(0,0)) < H(,0) (3.4)
Thus, if #’ happens to be the MLE maximising Iny (6), from (3.3) and (3.4), we must have
Q(Y',6") = max Q(0,6")
On the other hand, given a value ¢’, if we can find 6” such that Q(0",0") = max Q0,0),
then by (3.3) and (3.4) we know
Ly (0") > Ly (0) {- QUO",0)>Q,0)and H(O",0') < H(Y',0')}
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3.2.1 Monotonicity of the EM algorithm

Theorem 3.2.2. (Dempster, Laird and Rubin, (1977)) Every EM or GEM algorithm
increases the observed-data log-likelihood ly (0) at every iteration, i.e. the sequence of
estimates 0F) satisfies

Cy (0FFD) > oy (0%, fork=0,1,2...
the equality holding if and only if Q%+ 9y = Qe 9k)).

Theorem implies that the EM algorithm never decreases the log-likelihood. Thus
for a given sequence of likelihood values £y (8%)), ¢y (§¥)) will converge monotonically to
Jim Ly (0%).

—00

Proof.

ly <9(k+1)) —Q <9(k+1),9(k)) _H (9(k+1)79(k)>

and ey< ) ( >,e<k>>_H<9(k>,9<k>>

(9 )), because we know that Q(8*+1) k) > Q(#*), 9(*)) and
(k)

Therefore £y (9F+1)) 2

H(OD,90) < Hol
Theorem 3.2.3. (Wu (1983), Little and Rubin (1987)) Suppose a sequence of EM iterates
o) satisfy

8Q(6,0%))
1. 28T gy =0

2. 0%) converges to some value 0y and k(Z|Y,0) be “sufficiently” smooth.

Then 8650(9) lo=g, = 0

Theorem implies that, if the iterates %) converge, they converge to a stationary
point of £y (@), which is the MLE if there is only one stationary point for £y (). This also
implies that when there are multiple stationary points (local maxima or saddle points), the
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EM algorithm may not converge to the global maximum.

Remark: Dempster, Laird and Rubin (1977) proved that the EM algorithm converges
at a linear rate. As one might expect, the convergence rate of the algorithm depends on
the amount of missing information, which implies that the convergence can be undesirably
show if a large portion of the data is missing.

3.2.2 EM Algorithm

The EM algorithm for finding the maximum likelihood estimate 0 is detailed below, where
0 can be a vector of unknown parameters.

Algorithm. The preceding discussions suggest the following algorithm for calculating the
MLE of 6 with respect to £y (). Let 8%) denote the estimate in the k' step.

1. We start from an initial estimate for 6 (For example, people tend to assign some
initial value to it as an initial guess, 9(0)).

2. Given that 0%) has been generated in the current iterate. To compute the estimate
in the (k + 1) step, we proceed as described below:

Ezpectation Step: Compute Q(#,0%)) = E[In f(Y, X|0)|Y = y,0®)]; and

Maximization Step: Maximize Q(G,H(k)) as a function of 6, to obtain #*+1),
(From Theorem it follows that £y (A1) > ¢y (§*+D) (Theorem [3.2.2).

Thus this procedure is guaranteed to improve the log-likelihood at every iteration.)

3. Check for convergence: the iteration continues until ||§(*T1) —9(®)|| or |Q(OK*+1) g(k))—
Q™ ,0*))| is smaller than a prescribed € > 0. (e can be as small as one wants in
theory).

3.3 EM algorithm Versus MLE

The first and possibly most important question about the EM algorithm is: Why would
one want to use it? This question, of course, also applies to the EM algorithm and in
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general the answer is: interpretability, computational effort; and this is particularly so if
some observations are possibly missing.

The method of maximum likelihood is, the most common and most popular technique for
deriving estimators. The maximum likelihood estimate (MLE) of 6 (denoted by ) is the
value of # which makes the probability of the observed sample greatest: 6 is such that
Pr(samplelf) is maximum. In practice, this is an intuitively appealing thing to do. For
example, if we toss a coin ten times, and obtain ten heads, then the best estimate of p is
the value of p for which this outcome is most likely, i.e. p = 1.

Recall that if Xi,...,X,, are independent and identically distributed (iid) samples from
a population with pdf or pmf f(z]f), the likelihood function of a random sample on a
discrete random variable is defined by

Pr(sampleld) = Pr(Xi=uz1,...,X, =x,|0)
= HP(%’W)
i=1
= L(0)

Similarly, for a random sample on a continuous random variable, we define:

n

L(O) = ][ £(xil0)

i=1

Then, 0 is that value of @ which maximises the likelihood function. Hence, 0 is such that
L(6) > L(0) for all 0. In finding 6, it is usually better to use In(L) rather than L because
(i) pmfs and pdfs often involve exponentials and power; (ii) independence means that L
is a product, so In(L) is a sum; (iii) the minima at zero are wiped out (since L = 0
— In(L) = —o0). And of course, since In is an increasing function the maximum of L
corresponds to the maximum of In(L).

3.3.1 Example

To motivate the EM algorithm, consider a situation in which the EM algorithm is more
desirable. Suppose we have a type of electrical insulating fluid subject to a constant
voltage stress. Assume the length of time to failure (T") of the insulating fluid follows an

exponential distribution: T 4 exp(f), and suppose that we observe T; = (y;,6;)T, j =
1,...,n, for n insulating fluid subjects, where d; = 0 or 1 if the observation is uncensored
or censored at time y;. (If 6; = 1 then the experiment was terminated at y; before
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the item failed.) So we have observed T1 = y1,...,T;,m = ym (the observed uncensored
lifetimes) and Ti41 > Ymt1s - - -, In > yn (the item j has not failed by time y;). We write
Cm+1 = Ym+1s--->Cn = Yp to indicate that the meanings of y, ..., yn, are different from
those of ym+1,...,Yn. Thus the observation of Ty, y1,...,T, are the unobserved lifetimes
of the insulating fluid. We assume the complete data are (T1,...,T,...,1,). We are
interested in finding the distribution of the time until the insulating fluid fails. In other
words, what is the MLE of 67

As mentioned earlier, to find the MLE of 8 we need to maximise the log-likelihood function.

Hence, the contribution to the log-likelihood of those observations where 6; = 0 (i.e. un-
m

censored so the actual failure time was observed) is given by (mInf—6 » y;) and similarly
j=1

for the log-likelihood of those observations where 0; = 1, (i.e. Tt1 > Cmats---, In > ¢p)

is given by

0> =Y WP(T;>c) (3.5)
j=m+1 j=m+1
Therefore, the log-likelihood function is
0(0) =mInd — GZy]fﬂ Z ¢ (3.6)

j=m+1

The MLE of 6 can be obtained by solving ( ) = = 0; and this is easily solved, to give

§=-—"_ On the other hand, the Q function in the EM algorithm is given by
Yt X g
Jj=1 j=m+1
Q0,0%)) =nlng — HZT -0 Z (T5|T; > ¢;,60%)) (3.7)
Jj=m+1

Generally, most people would prefer to solve rather than . Thus it is not necessary
to use the EM in this case. So why bother considering EM algorithm when we can use MLE
techniques instead? Let’s assume that the failure time no longer follows an exponential
distribution, it has a different underlying distribution, f(y|¢). Then the log-likelihood
function is given by

Zlnf (y;10) + Z In P(T; > y;16) (3.8)
Jj=m+1

We can see from 1} there is no closed form for solving 6 = max In ¢(6). However, using
the EM algorithm framework, we only need to solve E(T;|T; > c;,0%)), which is much
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easier to compute. It turns out, the computational work using the EM algorithm is much
simpler than computing the MLE from ({3.8]) in many situations.

The main advantage of EM compared with MLE is when the MLE is too difficult to
compute; and it also allows for dealing with missing data. Of course, assuming there is no

missing data and the log-likelihood is easy to compute, there is no need to consider the
EM algorithm.

3.4 Types of Missingness

Often in the analysis of data, there is a problem with missing data. Missing data occurs
when an intended measurement is not obtained or when an observational unit leaves the
study before completion. There are three major implications that result from missing
data. First, missing data causes the data set to become unbalanced and thus creates
complications for methods of analysis that requires balanced data. Secondly, there is loss
of information and therefore there is a decrease in efficiency and precision of the estimated
mean response. The loss of precision in general is proportional to the amount of missing
data, and may depend on the method of analysis. Thirdly, missing data can bring about
bias and lead to misleading inferences about the study.

It is this potential bias that causes the most serious complications in an analysis. Therefore
when data are missing we need to uncover the reasons. Though sometimes the reason may
not complicate the analysis, the potential for bias is detrimental to the study. Such reasons
constitute the missing data mechanism and provide information on the probability that a
set of values are missing given the values taken by the observed and missing observations.

We will review three types of missing data mechanisms.

1. Missing Completely at Random (MCAR);
2. Missing at Random (MAR);
3. Not Missing at Random (NMAR).

The missing data mechanism is crucial in the analysis since the properties of missing data
methods depend strongly on the nature of the dependencies in these mechanisms, and the
type of missing data mechanism determines the appropriateness of different methods of
analysis. Before Rubin’s paper was published, people only had a vague idea of how to
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manage in a situation with missing data. So the analysis of data with missing values was
largely ignored until the concept and theory was introduced by Rubin (1976), “through
the simple device of treating the missing data indicators as random variables and assigning
them a distribution”.

Much of the discussion is about the definitions and consequences of each of these three
types of missing data mechanisms. Upon making inference on responses based on the
data collected consisting of (X,Y") pairs with some values of Y maybe missing. Suppose
we represent this with an indicator variable I (i.e. the missingness of V), I = 1 if YV is
observed and I = 0 if not. In the sequel we refer to (y,x) as an independent observation
of (Y, X).

3.4.1 Missing completely at random

Missing Completely at Random (MCAR) exists when missing values are randomly
distributed across all observations, when the probability that the responses are missing
is independent of y and x, the specific values and the set of observed values, that is,
Pr(I =0|z,y) = Pr(I = 0).

A feature of MCAR is that the observed data can be thought of as a random sample of
the complete data, which allows for analysis of the observed data, excluding the subjects
with missing data, and not be concerned about bias. An example where missing data are
MCAR is in the ‘weight and height’ example (as discussed in Chapter 2). Suppose the
students change University districts because they decided to enrol in a different course for
a personal reason. Here the reason for missing data is completely unrelated to the student’s
weight and height.

3.4.2 Missing at random

Missing at Random (MAR) exists when missing values are not randomly distributed
across all observations but are randomly distributed within one or more sets of observations,
when the probability that the responses are missing depends on x but not y, that is,
Pr(I = 0|z,y) = Pr(I = 0|z). It is maybe worth noting that MAR is much more common
than MCAR. Suppose in our weight and height study, the students fail to complete the
questionnaire about their height on occasions when they think their height is inadequate,
for reasons that is completely related to the height of the students.
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3.4.3 Not missing at random

Not Missing at Random (NMAR) is the most problematic of the mechanisms. It
exists when the missing values are not randomly distributed across all observations, but
the probabilities of missingness cannot be predicted. That is, Pr(I = 0|z, y) depends on
y and maybe also on x. The missing data mechanism cannot be ignored when making
inference about the distribution of the responses. For example, if we assume our data for
Model 2 (says) is NMAR then the joint pdf of Y and X is given by

fly,2) = f(ylz) f(2) f(Ls|z,y) (3.9)

where I, = 0 if missing and I, = 1 if observed. We can see that it is extremely difficult and
require much computational effort to solve (3.9). Again, in our weight and height example,
people who think they are somewhat overweight are most likely to drop out than people
who are average weight. In that case, the missing data are considered as NMAR, because
the missingness of weight and height is related to the obesity status of the students.

Remarks: MCAR is a much stronger assumption among the three types of missingness
and is a special case of MAR. So, we often group (1) and (2) as ignorable missing data
mechanism and (3) as non-ignorable separately. Ignorability means that we do not have
to consider about the process by which data happen to be missing. In other words, the
missingness of that particular variable does not depend on the value of that variable. In
practice, it is typically hard to tell if missingness is ignorable or not (Davison, 2003).
The key requirement for ignorability is that the missing mechanisms are unrelated to the
parameter to be estimated. That is, the missingness indicator I carries no information
about 6. Thus the missing data mechanism does not affect maximum likelihood estimates,
likelihood ratio statistics or the observed information. So can be omitted for most likelihood
inferences, in which case this gives us a nicer form to handle computationally.

3.5 Standard errors in the context of EM

Normally, the MLE is obtained by solving %(QY‘@. In other words, to find the estimates

of 6, we usually find the score function U(6) = 81%(9}/‘@ and solve U(0) = 0 for 6 (briefly

discussed in previous chapter). Hence, based on the large sample theory, the MLE 6
approximately follows a normal distribution N(8, I~1(6)) under some regularity conditions.
It means that the MLE is asymptotically normally distributed. This result is useful for
inference on 6. It enables us to make probability statements about the MLE for large
samples.
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. . . e . 8%1ng(Y)0) .
Here the expected or Fisher information matrix is given by I(0) = E {_W . This
quantity represents the amount of information about the parameter contained in the sample
data. That is, the larger the value of I(6), the more we can expect to learn from the sample

about the parameter 6. It can be estimated by the observed information matrix.

_82 Ing(Y10) ‘

10) 06061

0=0
Thus, in order to calculate standard error of 0, s.e(d) = I7%5(f), we need to compute

() _82 lng(Y|9)‘

00060t lo=6

There are four methods available for computing J (), (see Tanner and M. A, (1996)). Here,
we briefly describe four methods.

1. Direct computation or numerical differentiation

The i*" row of the Hessian is approximately

€

dlng(Y|0 dlng(Y|0
70 1 {2 - 2 )

Note: Feasibility of method (1) depends on how simple (or how difficult) the formula

Olng(Y10)
00

for %(GYIW‘ In practice, may be tedious or difficult to evaluate for a given

data set.

2. Missing Information Principle

_9%lng(Y]0) _8262(979)‘ o 82H(9,é)‘ X
0000t ~ 0000t 10=0 0000t 10=0>

2 . . 2 o
where we refer to —% as the complete information and —%Téf as the missing infor-

mation, so we have the following Missing Information Principle (Louis, 1982):
Observed Information = Complete Information — Missing Information. The feasibil-

ity of method (2) depends on how difficult it is to compute —3281%2;9)
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3. Louis’ Method

In this method, we adapt a basic result from Louis (1982) by substitutin _OH

062
Var[(%“””” ]. Tt follows that

d%Ing(Y'|0) 9%Q(0,0) dln f(Y,X|0)|.,
T o000t T o000 ’e—*_v‘”{ 00 )Y’Q} ‘e—é

In this thesis, our results will be based on this particular method.

4. Simulation method:

2
Sometimes, it may be difficult to analytically compute [— g agaet lo—s =/ 9 lnae &;X'e k(Z|Y,0)dZ ]

In this situation, we first simulate a sample Z1, ..., Z,, from k(Z|Y, 0) using any
proper simulation method. Then

OQQ(O,H) 9*In f(Y, X;10)
~aoogr 0=~ Z ovagt =0

Similarly one may approximate Var {W ‘Y, é} ‘9 s by using the sample vari-

dln f(Y,X1]6) An f(Y,X|0)
ance of ———g7~—- R e A

‘9:9“



Chapter 4

EM Algorithm For Linear
Regression

The range of applications of the EM algorithm is quite broad and diverse. For example,
Dempster, Laird and Rubin (1977), discussed the applications of the EM algorithm to
missing data, censoring and truncation, finite mixtures, variance components, and factor
analysis. Some readers may have already encountered these applications in an applied
statistics course without knowing their results were actually derived from the method of
EM algorithm.

A common application of the EM algorithm may be seen in the area of linear regression
models where some observations from both or either of the response and explanatory vari-
ables may be missing. In order to understand this application, we will use three specific
linear regression models in this chapter to illustrate the use and performance of the EM
algorithm for parameter estimation in missing data analysis. In these models, we assume
only the explanatory variables possibly have missing observations. Further, we assume the
missing observations are missing at random; thus the missing data mechanism can be ig-
nored in inference. In the first linear regression model we use a categorical random variable
X as the explanatory variable, in the second model we consider continuous explanatory
variable and in the third model we consider both categorical and continuous explanatory
variables. For a formal analysis, we obviously need to have a statistical model, which allows
us to analyse the data.

27
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4.1 Model 1.

We start with a straightforward example for which the EM algorithm machinery is required.
Let’s consider a linear regression model

Y =B+ 61X +e (4.1)

where the conditional pdf of Y given X is (Y]X) <N (Bo + 1X,02), and the explanatory
variable X is a 3-level categorical random variable with category probabilities being p1, ps
and ps and p; 4+ p2 + ps = 1. For simplicity we take X = 4,4 = 1,2,3 if X is observed
at level 7. Note that the model Y = [y + 51X + € has a limitation in describing the
linear relationship between Y and X if X is categorical. To fully describe the linear
relationship between Y and a categorical variable X with k categories, one would use an
analysis of variance model Y = [y 4+ 51 X1 + ... + Be_1Xp_1 + &, where Xq,..., Xp_1,
are dummy variables corresponding to X, i.e., X; = 1 if X is at level ¢ and 0 otherwise
(i=1,2,...,k —1). However, we will not use this analysis of variance model here. Using
the limited model Y = [y + (81 + € would reveal some complications in applying the EM
algorithm which would not be revealed otherwise.

We would have n independent observations for (Y, X) which are denoted as (yi,x1),
(y2,22); «- s (YmsTm)s (Ymt1sTm+1)s -+ (Yn,Zn). However some of the X observations
are missing while Y is supposed to have no missing observations. For convenience of
presentation, suppose z1,...,ZT;, are missing and x,,41,...,2, are observed. We write
Yy = (Y15 yn)t> z = (21,... 733'n)t7 Lois = (z1,. .. ,xm)t7 Lops = (Tm+1s- - a$n)tv and
0 = (Bo, B1,02%,p1,p2,p3)". Sometimes we write X s = (X1,...,Xy,) instead of 5 to
emphasize that they are random variables not being observed.

For model 1’ our objective is to find the maximum likelihood estimate 6 using the
EM algorithm. We also need to estimate Var(f), for which we use the observed Fisher
information. Before we apply the EM algorithm, we need to find the joint probability

distribution of X and Y.

Even though Y is a continuous and X is a discrete random variable as specified above,
based on a probability space with o-finite measure the joint probability density function
of X and Y, evaluated at X = x; and Y = y;, can be written as

1

e*%%(yi*ﬂO*ﬁlxi)Q
oV 2T

I ;) I i) I i .
p(yi, xi) = p(yilzi) P(x;) = pr FOpF ) =1 9y

where I;(z;), j = 1,2,3 are indicator functions, i.e., I;j(x;) = 1 if z; = j and 0 if x; # j.
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4.1.1 Steps of EM Algorithm for Model 1

We can break down the EM algorithm into several steps. In the first step we need to
compute the complete data log-likelihood £ oy (6; Y, z). The complete data for model |D

s (y,z). Hence, the contribution of the ith observation (y;, ;) to the complete-data log-
likelihood is

3

1
Ecomp,i(e; Yi, xz) =—InvV2r —Ino — T‘Q(yz - 60 - ﬁlxi)2 + Z H](xz) lnpj'
j=1
And the complete-data log-likelihood can be written as
n
Ecomp (67 ij ,@) = Z gcomp,i(e; Yi, 1'1)
i=1
n 3
— 7%111\/271‘7%1110‘772 ﬂofﬂlxi)QqLZZ]Ij(xi)lnpj
i=1 j=1
__lﬂ/2_1_1§:A_ﬂ_ﬂA2
= nin mT—nlno ﬁ 2 (yz 0 1332)

missing = Random Variable

n

—% > (wi—Bo— Bimi)’

204
1=m+1
Observed
m
+> AT (2i) Inpy + Ta(w:) Inpy + Ts(x) In ps}
i=1

missing = Random Variable

+ Z {Ii(z;) Inp1 + Ia(z;) Inpa + I3(x;) Inps}
i=m+1

Observed

where 0 = (B, 81,02, p1,p2,p3)t is the parameter of interest and is to be estimated by
using the EM algorithm technique. To implement the EM algorithm, we begin with an
initial estimate, say 60 = (ﬁo(o),ﬁ © ),pg ),pg ),pgo),a(o))t and iterate the following two

steps until convergence.
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We start by formulating the E-step (Expectation step): Here we derive the Q-
function as following

QO.0) = E{laomp(0:y2)ly, 205, 0}

1 n
= —nlnv2r —nlno — 292 i_%;l(yi - Bo — 51372')2

n
+ Z {Hl (.%1) 1np1 + Iy (.%1) lnpg + Hg(wl) lnpg}

1=m+1
/
Lobs 0 }

1 m
—E {M ;(yz — Bo — Bra:)? Y

+E {Z[Hl(%) Inpy + Ia(z;) Inpz + I3(z;) Inps] |y, Zobs, 9'}
i=1

where
IS 2 /
272 BO_lei) g7,@absa9
1 - 2 2 /
T 952 [ - —261(yi — Bo)xs + B |y, 0 }
1 n m m
9,2 {Z )2 =26 Z(?/z‘ — Bo) E(xily:, ) +ﬂ%ZE(x?]yi,9’)}
=1 i=1 i=1
and

NE

“

1

(I (zi) Inp1 + Ia(2i) Inpe + I3(xi) Inps) |y, z . 9'))
1

S
Il

m 3
E [L(%) Inpy + H2(3%> Inps + ]13(330 In p3|y;, ] Z Z lnp] 1'1 ’yu ]
1 =1 j=1

Il

We need to compute E(z;|y;,0'), E(x?|y;,0') and E[L;(z;)|y;,0'] for j = 1,2,3 and i =
1,2,...,m in order for us to calculate Q(6,6").

Since I;(z;) is an indicator, it immediately follows that

. denote
BlLi(z)|y:, 0] = 1 Pllj(x;) = 1]y;, 0] + 0 P[L;(x;) = 0|y, 0] = P(z; = jly;, 0') “=* P,
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Hence the following result is obtained;

m m 3
E (Z(Hl(azmnpl +Ip(x;) Inpo + I3(z;) Inps) \y,%, )) =ZZ 7 np;

i=1

Using the joint pdf p(y;, z;) of (yi,x;), it can be found that

1 ) /32
. P €r; = '7 -’9/ p/Ae_QJ2(y1_BO_]ﬁ1)
Pj; = P(x; = jlyi,0') = (@ =Jyut)  _ P (4.2)

3 3 / /
Z P(xl == kuyi7 9/) Z p?ﬁeiﬁ(yiiﬁoikﬁly
k=1 k=1

By the definition of P!. it also follows that

)

xz’yza Z Pl denote X/ and E 2’y“ Z]QP/ denote X2/

Note that )/(? # ()/(:’)2

From the above derivations Q(6,6’) can be rewritten as

n n 3

Q0,0 = —71111\/%—711110—2%‘2 Z (y; — Bo — Brxi)* + Z Zﬂj(xi)lnpj
i=m1 i=m+1 j=1
m m 3
. >l = 0+ BEXY — 200~ X + 3D p Py (4
i—1 i=1 j=1

Formulate the M-step (Maximization-Step): In the M-step we are required to max-
imize Q(0,0") with respect to 0 by finding % and then solving %99’9’) = 0 subject to
the constraint p; 4+ ps + p3 = 1. The solution for 6 gives an updated estimate of . In the
EM algorithm, the estimate of # will be iteratively updated through many rounds of the

E and M-steps until convergence is achieved.

We now differentiate Q(6,6") with respect to each component of 6.

6,0’ g .
M = % Z (yi — Bo — Przi) + % Z( —Bo — ,BlX Z — Bo— Blfi/)

0Bo i=m+1 i=1 =1

xy, for i=m+1,m+2 ....,n;

~/
where we denote x;' = ¢ —; .
X;, for ¢=1,2,....,m;
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Similarly,
8Q(0. 0/ 1 & v X/ - B X%
Qé(*ﬁl) = 5 > (wi— =Bz — [y — Bo)X] — AX?]
i=m—+1 i=1
1 n

= =S i - o) — fra?)
=1

< —~
where we denote 2 = L Note that 2? # (z7)2.

! X for i=1,2,...,m.

~ {x2 for i=m+1m+2,...,n;

Solving the linear system %gf,) = 0and %gf,) = 0 for §y and (31, we obtain the following

updated estimates of Gy and (i:

-1

n ~7 n
7 n Z T Z Yi
( 51)/ ) = . E, ! (4.4)

n
~/ 2 ~/
i=1 i=1 i=1

Taking the derivative of Q(6,0") with respect to o we get

2Q(0,0) —n 1 <& 9 ~r 2
9 o T3 ;[(yi = Po)” = 2B1(yi — Bo)zi + Brz} |- (4.5)
If we set %ﬁ;ﬂ’) = 0 and solve for o, we get the following updated estimate of o2:
1 o _ ~/
o = =S s — B — 260 (i — BNF + (327 (4.6)
=1

4.1.2 Optimality conditions for equality-constrained optimisation

To update the estimates of p;, p2 and ps from maximizing Q(6,6’), we need to take into
consideration the constraint p; + ps +p3 — 1 = 0. To solve this class of problem we use the
method of Lagrange multipliers. The method of Lagrange multipliers is a very useful tool
to calculate the maximum or minimum of a function subject to some constraints. To put
it in a mathematical form, we consider the equality-constrained linear programming (LP)
problem of the following type:

miég f(x) or max f(z) subject to hj(z)=0, j=1,2,...,q (4.7)
TEe e



CHAPTER 4. EM ALGORITHM FOR LINEAR REGRESSION 33
To solve ([4.7), we associate a multiplier X\ with the constraint h;(x) = 0 and form the
Lagrangian.

Definition 1. The Lagrangian function for is given by:

L(z, A) == f(x) +§:1 Ajhi(x) = f(z) + (A h(z))

where A € R9. The vector A is called the Lagrange multiplier corresponding to h(x), in fact
each component \; of A is a multiplier corresponding to each component h;(z) of h(z).

Theorem 4.1.1. (see Winston, (1994, pp.684)). Let f and h be C' functions (i.e. dif-
ferentiable with continuous gradient function). If x* is a local minimum or mazimum of

then there exists \* € R? such that

0 = V,L(z*,\%)
= h(z")

Such a vector \* is called an optimal (Lagrange) multiplier for z*.

The first equation reflects the fact that the Lagrangian is stationary with respect to x*,
the second equation requires x* to be feasible. Observe that the gradient of L is

VoL(z*,X) = Vf(z*)+> XVh;(z*)
J
= VF(z") + Vh(z*)\,
where the Jacobian matrix Vh(z*) is a n x q matrix with 5 column equal to Vh;(z*).

Remarks: With equality-constrained problems, stationarity of z* is generally not enough
to ensure that z* is a global minimum or maximum. To be able to deduce that a stationary
point is a global minimum or maximum, we need more information, i.e. we say x* is a
global optimum stationary point of the Lagrangian function with respect to z if first and
second-order necessary (optimality) conditions hold. We noticed is a second order
differentiable concave with respect to p1, p2 and p3 and our constraint (p; +p2+ps—1) is a
linear function. Since we are maximizing it, this guarantees that p* is a global maximum.



CHAPTER 4. EM ALGORITHM FOR LINEAR REGRESSION 34

Let’s go back to our Model 1. Based on the above theorem and definition, it follows that
L(p1,p2,p3,A) = Q(0,0) — A(p1 + p2 +p3 — 1) (4.8)

If {pj,j = 1,2,3} is the maximizer, it must be that p; + pa + p3 — 1 = 0 and there must
exist A\ such that

N Liw) | s P 1
Z (&) Z iy
i=ma1 =1
n m
Io(x4) Pl
+ — A
VpL(pj, \) = i:§+1 bz z; p2 =0
i I3 (zs) + f: P _ A
1=m-+1 b3 =1 ps
p1+p2+p3—1 i

The first three equations are obtained by differentiating equation (4.8|) with respect to pi,

p2 and p3 respectively. We can use some mathematical software (Maple) to solve the above
linear equation. This gives

n m
> Di(wi) + X2 P S Lias) + Z P
p// _ i=m+1 =1 i i=m-+1
1 — n m - )
> () + Taw) + Do) + X (P + Py + Py) "
1=m-+ =1
n m n m
> D(@)+ > P 2 Do(m) + 3 P
p/2/ _ i=m-+1 =1 _ i=m-+1 =1
n m 9
O () + L) + Is(ai)) + 2(P) + Py + P) "
=m =1
n m
2 Is(@i) + 30 Py Z I3(;) + Z P
pg — i=m+1 =1 _ i=m+1
n m
3 () + Do) +Ip(@i)) + Y (Ph + P+ Ph) "
1=m-+ =1

4.1.3 EM algorithm for Model 1

Based on the derivations in sections 4.1.1 and 4.1.2 we can formally write down the EM
algorithm for computing the MLE of 6:

1. Specify an initial estimate 0(0) = (ﬁ(()o),ﬁ?),pgo),pé ),pg ), © ))t for . For example,
we can take (B((]O), 550)70(0)) to be the MLE from the data excluding the missing
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observations; and take pg ) = pé ) = pgo) = 1/3. Now suppose the k' step estimate

Of 9 1S e(k (ﬁ ﬂl apl 7pgk)7p§ )7 (k))t
k)

2. E-step: Follow the derivations in section 4.1.1 to compute Pl(j = P(z; = jlyi, 6™),

X® = B(aily;, 00) and X2® = B(a2|y;, 60)); j =1,2,3 and i = 1,2,...,m. Also

— —

—~/

—~(k
compute 7;®) and z? ~ which are similarly defined as ;" and z? .

3. M-step: Compute the (k + 1) step estimate of 6 as derived in sections 4.1.1 and

4.1.2
n -1 n
By i=1 i=1
k41 n n —~(k n
g+ SEACED I > idit
=1 i=1 =1
LS Iy(a) + 2y P
(k+1) i=m+1 =1
Dy
pgk+1) — LY L) +iy PZ-(Qk)
i=mt1 i=1
p(k+1) n m
3 LS (e + 1y Py
i=m-+1 =1
1 n _ —~ (k)
oM = 3l = B2 — 28 (g — g (8122,
i=1

4. Repeat the E-step and M-step until %11 converges and from Theorem and

Theorem we know that 0%+ will converge to (6*) as k — oo. The MLE 6 of
T Y —~(k+1)
0 is the limit of 8**Y . The values of Pz-(jkﬂ), XZ-(kH), Xiz(kﬂ), a?i(k“) and xf in

the limit will be denoted as ]51-]-, 5(:-, X 1.2, Z; and xf respectively .
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4.1.4 Covariance estimate of 5

Having found the MLE 6 of 6, the covariance of 6 can be estimated using Louis’ method
(Louis, 1982)

,y,’f@obs’ 0} }0:9“

To bypass the complication caused by the constraint p; + p2 + p3 = 1, we substitute ps =
1 —p1 —po in all our computations in this section, and we now denote 6 = (8o, 51, p1, p2, o)

[Var(é)}_l ~ —W‘ - ar{%mp(e;,yg%)

0006 00

Let

ai] aiz ... ... Qs
a1 azy ... ... Q25

4 Pew.)) _
0000t lo=6

asy as2 ... ... Qss
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It can be found that

n
a1 = ——=—5
0-2
n
1 ~
a2 = a1 = ——=5 E Zg
g° “
=1

{131_2151‘1 +(1—p1 —132)72151‘3}

{]52_2151‘2 +(1—p1 — ﬁ2)7215i3}

2 5 oA~
als = az] = —g Z;(yz — Bo — /61371)
1=
1 o
an=——5 ) o}
R
2 — ~
ags = a5 = —g z;[(yz - 60)3::1 - 511'@2]
1=
m
ass = — Z {pl I (z) + (1 —p1 — 152)72}13(3%)} - Z
i=m-+1 =1
n m
== 3 {532a(w) + (1= p1 —po) 2Mya)} = 3
i=m-+1 i=1
n m
a34 = Q43 = — Z (1—p1 _ﬁ2)_2ﬂ3(95i) - Z(l —h —]52)_21%3
i=m+1 i=1
~ e A2N
o= 1 A4Z{ 2 — 201 (ui — o) + Bt )

(13 = Q14 = 23 = (24 = A3]1 = 432 = (35 = Q41 = Q42 = Q45 = A53 = a54 = 0

Ol comp (03Y,Z obs)
Next, calculate {m

Ol comp (03y,z)

z 1 2
98 — of Z(

eomp(O5y,x)
0P o2

Ol comp (05y,)

T n
3p1~ :.Z

— Bo — Brxi) + Z (yi

i=m+1

in:( ﬁﬂ_ﬁ1$z)x1+ Z (

i=m+1

50 Yy Zobs, 6 } ‘9 ; for each parameter separately.

- Bo — 513%)}

- Bo — 51581')%}
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Bomp(ayw) n it (xz) H xz) I (Iz I (Iz)
T opr ) {2;02 _13;01 p2}+z{2 _1*3271*;02}

i=m+1

Ol Oy) ., m n
G = 2t {Z(yi —Bo—Bz) 4+ X (v — o —ﬂwi)Q}

i=1 i=m+1

Now, we proceed to calculate Var {M“mp ]y, T s é} ’ .
6=0

We make use of the following result in our computation: For random variables X1, Xo,..., X,

and Y71,Ys,...,Y),, and constants a;’s and b;’s,

n m
Cov(ag + Z a; X;, by + Z b;Y;) Z Z a;b;jCov(X;,Y)) (4.9)
i=1 j=1 i=1 j=1

Let
bi1 b2 ... ... 1)15
b b cee ... b
B V aEcamp (97 Q? Ax,) é ?1 2 25
= ar y Lobs L=
8(/605B17p17p2)0)t|g b ‘9 0
b51 b52 e e b55

and use Var*(-) to stand for Var(-|y, Lops, 0) and similarly Cov*(-,-) for Cou(- \y,xobs,é).
It can be found that

b1 = 3%6_4 E Var*(Xi)

i=1

—

b = 67 3 { (0 = Go)IXE = (K02 + BRI — (7)) = 2B — )X - Ko7}
b = 3= {572 P+ (1= 1 = )2 Pa] = [ B = (1= 1 = o) P}

bay = Z {[PQ P+ (1 —p1 — p2) 2 Pi3] — (p3 ' P — [1 — P —ﬁ2)_115i3]2}

bss — 56 3° {BVar (X2) + 4B (yi — fo)? Var* (X:) — 4533 — fo) Cov* (X2, X,) }

=1
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bio = by = =0~ 3 { Biy — o) Var* (X;) — B Cov* (3, X2) }
i=1

m

bz = bgy = 62 {—B@IICOU*(Xi,Hl(Xi)) + 51—y —]32)_1001)*()(1',]13()(1‘))}
=1

biu=by =62

=1

{_Blﬁg_lcov*(Xi7H2(Xi)) + B1(1 = py — po) " Cov*(X;, ]I3(Xi))}

bis =bs1 =63 {—Bf Cov*(Xi, X2) + 262 (yi — fo) VW*(Xz')}
i=1

ba3 = b3y = 57 Zl {ﬁfl(yz‘—ﬁo)COU*(Xu]Il(Xz‘)) — (1=p1=p2) " (yi—Bo) Cov™ (X, I3( X))

—i By Cov (X2 Li(X)) + (1 = p1 — p2) ™Ay Cov' (X7, I(X,)) }

bya = baz = 677 i {97 (= Bo) Cov* (X, To(X0)) — (1= —p2) ™" (i — Bo) Cov* (X, Ty(X0))

— 3 31 Cov* (X2, To(Xy)) + (1 — pr — p2)~ ' 1 Cov™ (X2, ]Ig(Xl-))}

bos = bsp = 677 > {3&%(% — f0) Cov* (X, X2) — 261 (yi — Bo)? Var*(X,) — 33 Var*(XiQ)}

b3y = bagz =

s

@
Il
—_

{—ﬁflﬁg_lpilpiz + [p7 P + py P (1—p1—p2) ' P + (1—py —pa) 2 Va?"*(ﬂ?)(Xz‘))}

bss =bs3 =63 {ﬁflﬁ? Cov* (11 (X;), X?) — 2p7 ' B1(yi — o) Cov* (11 (X3), X;)
=1

—(1=p1—p2) "3 Cov* (I3(X;), X2) + 2(1—p1 —p2) " 1 (yi — Bo) Cov* (I3(X;), Xi)}

bis = bt = 55 3. {5583 Cov™ (I(X,), X2) = 207 Bu (i — fo) Cov” (I(X3), X0)
i=1

—(1—p1—p2) 132 Cov* (I3(X;), X2) + 2(1—p1—p2) " 1 (yi — Bo) Cov* (I3(X5), Xi)}



CHAPTER 4. EM ALGORITHM FOR LINEAR REGRESSION 40
Remark: By the definition of X; and straightforward calculation, it can be derived that
Var*(X;) = Var(Xily,0) = X2 — (X;)2
3
E(XPlyi0) = > 7% P(Xi = jlyi. 0) “=" X3
j=1
= Cov*(X;, X?) = Cov(Xy, X2|yi,0) = )}?’ - 5(\2)/(\12

3
2 . . A\ denote < 4
E(X{lyi,0) = > 5" P(Xi = jlys,0) “= X}
7j=1

—  Var'(X2) = Var(X2lyi.6) = X — (X2)?
Cov*(I;(X), X;) = Cov(l(Xi), Xily;,0) = jPy — PyX;  for j=1,2.3
Cov*(L;(X;), X?) = Cov(l;(X;), X} |yi,0) = j2Py; — PyX?  for j=1,2,3

~

Summarizing the results of this section, the variance-covariance matrix Var(6) can be ap-
proximated by Var(f) ~ [-A — B]™'. Since p3 = 1 — p; — pa, it follows that Var(ps) =
Var(p1) + Var(p2) + 2Cov(p1, p2). The covariance of p5 and the MLE of any other compo-
nent of 6 can be similarly derived.
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4.2 Model 2.

Let us consider the situation when the independent variable X is no longer a discrete
random variable. We assume it is a continuous random variable with X < N (a,6?). For
this model, most of the derivation and results are very similar to that for Model 1. We will
continue to use the same notation whenever possible. Consider

Y =060+5X+e (4.10)

where the conditional pdf of Y given X is (Y|X) 4 N(Bo+ f1X,0?), and the independent
variable X 4 N (a,02%). Y has no missing observations and X is possibly missing. Again
write y = Wi, un)t 2= (1, 20)Y Tonis = (X1, -+, 2m)Y Tobs = (Tmats - Tn)b,
and 0 = (B, B1,02%, a, 6%)!. Analogous to Model 1, we can formulate the EM algorithm for
computing the MLE of # and the covariance of the MLE.

Since X is continuous, the likelihood for a case with missing data on X is just the marginal

distribution of Y. Then from the set up of (4.10), we can immediately write down the joint

probability density of X and Y, which is given by
1

R P A — 525 (yi—Bo—P1z:)? 537 (zi—)?
i, i) = f(yilxi) f () ame 2 5\/%6 2
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4.2.1 Steps of EM Algorithm for Model 2

The complete-data vector (y,z) for model (4.10) can be chosen to be (y,z). Then the
complete data log-likelihood for model (4.10) is given by

n

Zcomp (9» ;’{7 ,\x,) = Z fcomp,i(e; Yiy xz)

=1

1 m
= —2nInvV2r —nlno —nlnéd — 252 ;(yz — Bo _/81$i)2

missing = Random Variable

IR 1 “
~ 552 > (i~ Bo— Prxi)® ~ 352 D (i —a)’
i=m-+1 i=1
Observed missing = Random Variable
n
—2%52 Z (z; — )? (4.11)
i=m+1
Observed
As Leomp (65 Y, x) can be seen to be quadratic in terms of the unobservable data x1, ..., Zm,
the calculation of Q(6,6') on the E-step (on the (k + 1) iteration). We simply require
each z1,...,,, to be replaced by its conditional expectation given the observed data y and

x, using the current fit ¢’ for 6, where 6 = (8o, 41,02, @, 62)! is the unknown MLE to be
estimated. To implement the EM algorithm with the missing data, we begin by assigning
an initial estimate, say 09 = (ﬁo(o),ﬁl(o),a(o),é(o),a(o))t and then compute the E-step
and the M-step until convergence.

E-step (Expectation step): In the E-step we compute
Q(Q’ 9/) = E(Ecomp(a; Y, ,xv) ’Qv Lobs 9/)

1 n
= —2nlnv2w—nlna—nln5—@ Z (yi—ﬂo—ﬂlxi)Q

i=m-+1
1 " 1
_2752 Z (xi_a)Q_E{MZ(yi_ﬁo_ﬁlxi)ayv@:obsael}

1 & )
= {252 Zzl(xl - Oé) ‘fyva,l;obsa 9,} (412)
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Note that

m

{ 2#2 ﬁo—mxn%g,,@obs,e'} - ;Z 2+ BRE(Xy:,0)

—2061(ys — o) E(X|yi, 0') }

and

1 Ny 2 2 / 2
E{‘w;@"a) 'fya%bs’(”} = 252Z{EX|?J@»9)—2@E(X|Z/Z7 ) +0?)

where E(X;|y;,0') and E(X?|y;,0') are the first and second conditional moments respec-
tively. So we need the conditional pdf of X; given y; in order to compute these moments.
This entails to provide a brief description of the bivariate normal distribution.

4.2.2 Bivariate normal distribution

Thus far we have introduced probability mass functions of a univariate discrete random
variable and pdf of a univariate continuous random variable. In this section we will intro-
duce a case where there are two random variables that are defined simultaneously on the
same probability space. The two random variables will be described by a joint distribution
called the bivariate normal distribution. A bivariate random vector is a real-valued number
pair (X,Y"), the value of which depends on the outcome of a random experiment; i.e. an
assignment (X (w),Y (w)) for each w € Q (see Hogg, 2005). Let X and Y be the standard

normal random variables, where X g N(0,1) and YV 4 N(0,1). If the pdf of (X,Y) is
given by

1 1
V2 /1 — p2 { 2(1 = p?)
then we say that (X,Y") has the standard bivariate normal distribution with parameter p
(correlation of X and Y'), we shall write (X,Y) < Na(p).

foy) = (a2 - 2pay +y2>}

The contours of f(x,y) are ellipses with axes inclined at 45° to the x and y-axes. If p >
0 then the major (longer) axis is along y = = and the minor (shorter) axis along y = —x.
This mean that X large and Y large tend to happen together, as do X small and Y small.
In this case we say that X and Y are positively related. On the other hand, if p < 0 then
the axes are reversed and X large and Y small tend to happen together, as do X small
and Y large. X and Y are said to be negatively related.
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It can be seen from the expression for the pdf that we must have | p | < 1. The larger the
value of | p |, i.e. the nearer to 1 it gets, the skinnier the ellipse. The skinnier the ellipse
the stronger the relationship between X and Y. Thus the parameter p tells us a good deal
about the relationship between X and Y.

Corollary 4.2.1. For a standard normal distribution of X and Y, where X 4 N(0,1),
y < N(0,1) and the joint distribution of X and Y is Na(p), the conditional distribution

of (X|Y =y) £ N(py,1 - p?)

The result of Corollary can be generalised as follows.

Corollary 4.2.2. Let X andY have a bivariate normal distribution N(ux, py, a§<, a%, p),
then the conditional distribution of X given Y is

(XY =) L N(ux +ﬂ£@ py), 0% (1 - p?)) (4.13)

This follows from Corollary |4.2.1| since <M, M) LA (p).

oXx oy

According to the specification of Model 2, we are given the conditional distribution of Y
given X and the distribution of X as (Y|X = z) 4 N(Boy + pi1x,0?) and X 4 N(a,6?).
It can be verified that the joint distribution of ¥ and X is bivariate normal. Then we
can find the conditional distribution of X given Y using Corollary 4.2.2. Accordingly we
can find E(X;|y;,0') and E(X?2|y;, '), and any conditional moment E(XZF|y;,¢'). It can be
verified that

E(Y)=fo+ i, Var(Y)=o®+ ({67,
Cov(X,Y) p10

\/Var YWar(Y) B \/02 + (5252

As discussed above, it can be shown that the conditional distribution of (X|y;, ) is normal
distribution. More specifically,

Cov(X,Y) = (6% and p= Cor(X,Y)=

fr” o*s } (4.14)

(XMﬁ@iN{a+z+g%J =)

For convenience of presentation, denote the expectation of of E(X lyi, 0') as X’ and the
second moment of E(X?|y;,0') as X X2 . Similarity denote X X and X; XY for E (X3|y:,0') and
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E(X}yi,0') respectively. It follows from and that

1 n
Q0,0) = —2nlnv2r —nlno —nlnd — 53 > (i — fo - i)’
i=m+1
1 n m _
952 Z (i — Z 24 51X2/ — 261(yi — Bo)X]]
i=m-+1 i=1
1 =% =
553 > (XF - 20X+ o?) (4.15)
=1

Concerning the M-step, it follows from (4.15) that the (k + 1) of 6 is the one that
maximises Q(6,6’) with respect to 6.

Formulate the M-step (Maximization-Step): Maximise Q(0,6’) with respect to 6
by finding 8Q(0 ) and then solving % = 0. The updated estimates of 5y and (31 are

given by
-1

n .y n
B n Z Ly Z Yi
< " > = o 1#7 T y (4.16)
! DT Y > Vil
=1 =1 i=1

The updated estimate of o is the same as that from Model 1 and we have

0¥ = =3 Iy — B — 200y — BT + (3177 ) (4.17)

Similarly, the updated estimate for § is
1~
0 == "[a? — 203 + o (4.18)
n
i=1

and the updated estimate for « is

o = =N g (4.19)
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4.2.3 EM algorithm for Model 2

Based on the derivations in sections 4.2.1 and 4.2.2, the EM algorithm for computing the
MLE of 4 is as follows:

1. Specify an initial estimate #(0) = (ﬂéo), EO), a0 §0), o) for §. For example, follow-
ing the same argument as in Model 1, we can set (ﬁéo), EO), o) to be the MLE from
the data excluding the missing observations; and simply take a(?) and §(9) be the sam-
ple mean and sample standard deviation of all the observation x (i.e. Ty41,...,Zn).

Now suppose the k" step estimate of 6 is 8F) = (ﬁék), [3§k), alk) 5(F) gk,

2. E-step: Follow the derivations in section 4.2.1 to compute )/(\l’ = B(X|y;, 6%), )/(? =
E(X?|yi, 0%)) and similarly for X3 and X, where i =1,2,...,m.

3. M-step: Compute the (k + 1) step estimate of 6 as derived in sections 4.2.1 and
4.2.2. Thus, it can be shown that

—1 n

ﬂ(kﬂ) n Z ;%) Z n
0 =1 =1

=1 i=1 i=1

k
S+ _ Z{ Y2 gt gD (gl o 5 )}
Similarly, for a**1) and §+1)
s+l — it Z {xz — 201 7 4 (o (k+1))2}
n (2

=1
1 n
kD) — 2N 58
(07 n;xz

4. Check for convergence. For example, repeat (2) and (3) until 6(*+1) converges. Then
the MLE 6 of 6 is the limit of #*+1).
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4.2.4 Covariance estimate of 5 for Model 2

Again, the covariance of 6 can be estimated using Louis’ method and where we denote

9 = (Bo, P, e, 6,0)".

[Var(é)} o R —(ma’é))ezé - Var{wcomp \,?g,;c,obs,é} ’9:(;

0000! 00
Let
ailp] aig ... ... Qais
R a1 agy ... ... Qo5
4 Pew.0)
0000t o=
asy a2 ... ... Qss

Then it can be shown that

all = —no 2

n
o iloN~
a2 =ag1 =—6"° ) T
=

n ~ o ~
a15 = a1 = —2673 Z(yz - Bo — ﬁlxz)
=1

n —~—

P

agy = —6"° ) 1;
=1

n A A~
a95 = G52 = —2673 Z{(yz — B0)Ti — /81$z2}
=1

N

ass = —no 2

A A~ n
agy =no-2—35"4 Z(ﬂ?? — 24; + &?)
i=1

A n ~ ~
ass = ag3 = —20"° Y (T; — &)
i=1
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ass = ne 2 =367 S {(yi — Bo)? — 261 (yi — fo)Ti + Bra2}
=1

(13 = G14 = (23 = (24 = 3] = 432 = 435 = Q4] = A42 = A45 = A53 = a54 = 0

8£camp(9§y7@,obs) A . .
Note that § ——57——y, Zobs, 0 ‘9 ; for each parameter is given by

NgE!

9Bo

@
I
—

O comp (039, ops n
oo Diote) _ = { (yi = Bo— Brzi) + > (¥i —Bo _/Bll'i)}

i=m-+1

agcomp(&gégobs) 1
98/ T o2

IR

(yi — Bo — Prxi)x; + i (yi — Bo — ﬁlxi)mi}

1 i=m-+1

-
I

agcom (0;y7§€0b5) w S
i=m+1 i=1
agcom (9§y7£obs) - S
Pa{:_g+;3{ > (wi—a>2+2(wi—a)2}
i=m+1 =1
agcom (0;y7§0b3) - 3
A ng L {Z(% —Bo—Brx)* + X (yi—Bo - ﬁliﬁi)Z}
i=1 i=m+1
Following the same routine as in Model 1, we proceed to calculate Var { a%ipmp Y, 2 0 0 } ‘ 0—i’
Denote _
bii b ... ... bis
b21 b22 e PPN 625
8£comp(9; Y, ;Ljobs) N denote
B = Var = Y Zobs, 0 ’ ;o
d(fo P1 a & o)~ =

and use Var*(-) to stand for Var(-|y, zops, 0) and similarly Cov*(-,-) for Cov(-, |y, Zops, 0).
Then it can be derived that

b= f{6~1 Y Var*(Xi) = mp7o26—2(67 + 576%) !

=1

—

byo =64 fﬁl {(yi — o) [X2 — (X0)?] + BIX} — (X2)?) — 21 (i — fo) (X — 5(\%)512]}
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bss =071y Var*(X;) = m&25—2(62 + 336%)~!

o~~~ P

b = 570 3~ {BHIXE — (X212 + 433w — o) (XE — (K)?] - 4By — o) X} — X7X}

b12 = b21 = 5'_4 Z {BOBI Var*(Xl) — Blyi VCL’I“*(XZ) + B% CO’U*(XZ,X?)}

=1

biz = by = 62672 Y {1 Var*(X;)} = mBi (62 + 3552)—1
i=1

bia = by = 67267361 3 {—Cov*(X;, X?) + 24 Var*(X;)}
=1

b15 = b51 = 5'_5/3% Z {_Bl COU*(Xia XZQ) + Q(yi - BO) Va’r*(Xi)}
=1

A m ~ ~
bas = bz = 572672 3 { (ui — ) Var* (X) = By Cov* (x5, X2) }
=1

o
[N
&
=

.
Il
—

b24 = b42 =0 (yl - BU + 2@31)001)*()(@', XZQ) - 2(3[(3/1 - Bo) VLZ’I"*(XZ) - ,31 Var*(XZQ)}

bos = bsa =67

B3(y: — o) Cov™ (X, X2) — 281 (yi — fo)? Var* (Xy) — 3 Var*(X2) |

,_.
—
(98]

.

b34—b43—5 52{001) XZ,X )—Q&Var*(Xi)}

bys = bsy = 63572 Z {ﬁ Cov*(X;, X2) — 261 (yi — Bo) VC”"*(Xi)}

b45 = b54 = O’ 3(5 2 21 {,8% Var ( ) — Qﬁl( ﬁAo + @,@1)001)*<XZ‘,X2-2) + 4@31(% — Bo) VCLT*(XZ')}

The variance-covariance matrix of the MLE 6 is estimated by (-A-B)!
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Remarks:
From the conditional pdf of X given Y as shown in (4.14)), we can establish the following

results which will be used in evaluating the matrices A and B:

Cov*(X;, X?) = 202u.

Var*(X?) = 202%(c? +2u2)
Xi = e
X} = ol+p
X} = 30%uc+ug
Xt = 30t + 602 1% 4 pl
where
. 3,6? s A
He = a+m(yi_ﬂ0_ﬁ10)
5252
2 = 7

62 + 3262
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4.3 Model 3.

Consider our final model, the analysis of which is quite sophisticated using the EM ma-
chinery. This model encompasses Model 1 and Model 2 as its special cases to some extent.
Consider a regression model of the form

Y =060+ 51X1+ 2 Xo+¢€ (4.20)

where the conditional distribution of Y given X; and Xs is (Y| X1, X2) 4 N(Bo + 51 X1 +

(2X2,0?) and the conditional of X5 given X7 is (Xa|X1) 4 N(ag + a1 X1,6?). The inde-
pendent variable X7 is a categorical random variable with two possible values 0 and 1 with
pmf p®t (1 — p)t~®1. It is assumed Y has no missing observations but both X; and X are
possibly missing. So there are 3 possible missing patterns: (X; missing, X missing), (X3
missing, X9 observed) and (X observed, X missing). Suppose there are n independent
observations of (Y, X1, X3) where (X7, X2) is missing for m of them, X; is missing but X»
is not missing for m; of them, Xs is missing but X7 is not missing for meo of them, and
(X1, X2) is observed for the remaining n — m — m; — mgy cases. Represent the data by a
matrix (y, z1,r2) where y = (y1,... 2 Un)t, T1 = (T105 s Tlmy -+ > Tlmtmy s - - - ,T1n)t, and

J— t .
2 = (21, -+ s T2ms -+ T2mtmys - - s T2mtmy+mas - - - T2n) - Also write

0 - (ﬁ(]vﬁl’ﬁQu 027p7 ap, 01, 52)t'

From the above setting, the joint probability density of Y, X; and X5 is

(Wi 15, x2i) = f(yilw1s, x2i) f(x2ilx1i) f(214)

:71 efﬁ(yi*ﬁb*ﬁlwu*ﬂzzzif 1 6*25%(5”27;*040*051%11')2 21i(]

oV 2w oV 2w P

1—x1;

—p)



CHAPTER 4. EM ALGORITHM FOR LINEAR REGRESSION 52

4.3.1 Steps of EM Algorithm for Model 3

The complete-data log-likelihood for 6 based on y, 1 and x9 is given by

n
Ecomp(e;ga x1, /ZL‘\%) = chomp(e; Yi> T1i, T2;)
i=1
m

1
= —2nlnV2r —nlno —nln 5——2 (yi — Bo — Brw1; — Bowai)?
202

=1

1 m m m
_@Z (x9; — g — Ozlwu)2 + In(p) Z z1; + In(1 —p)(n — th)
i=1 i=1 i=1

1 m+my 1 m+my
_ﬁ Z (yi — Bo — Brz1i — ﬁZin)Q—@ Z (.%21' — Qg — 04156‘11')2
T S i=m+1
m+mi m-+mq
+In(p) Z z1; + In(1 —p)(n — Z x1i)
i=m+1 i=m-+1

1 m+mi+ma

—=—5 Y (yi—Bo— Pz — Powz)’?

202
=m+m1+1
1 m—+mi-+m2 m+mi-+ma
2
~552 Yo (@i—ag—awn)’+(p) Y oy
i=m+mi+1 =m+m1+1
m+mi-+ms2 1 n
2
+In(l—p)(n— Y 1) =55 > (yi — Bo — Brz1i — Paxa;)
i=m+mi+1 i=m+mi+mo+1
1 n n
2
552 Z (z2i — ap — a121;)” + In(p) Z T
i=m+mi+mo+1 i=m+mi+mo+1

n

+In(1 —p)(n— Z T1;)

i=m+mi+mo+1

We now consider the E-step on the (k + 1) iteration of the EM algorithm, where 6’
denotes the value of 6 after the EM algorithm iteration. Hence, the E-step requires to
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compute

Q(Q’Hl) = E(KCOmp(O y,$1,$2)‘y,$1

NNN~N1,5’£2/

n

1
= —2nlnv2r—nlnho—nlhd——— Z (yi — Bo — P1x1s

202
i=m+mi+mo+1
1 n n
2
552 Z (z2i — a0 — a1w13)” + In(p) Z T
i=m+mi+mo+1 i=m+mi+mo+1

n

+In(1 —p)(n — Z T1;)

i=m-+mi+ma+1

53

— Baxa;)?

1 & 2 / 1 9 ,
TZ — Bo — b1 — Boxai) |y, 0') — E(%Q; (x2i — ap — a1214)”|y;, 0")

1=
m m
+1n(p) 3 Eanilys, ) + (1 - p)(n — (S avlyi 0))
i=1 i=1
1 m-+m1
_E(T‘Q‘ D> (i — Bo— Bz — Bawi)*|yis 205, 0)
=m-+1
1 m~+m1 m+m1
~E(55 > (w2 — a0 — 0121:) i, 22005, 6) +I(p) Y E(wilti, 3200s, 0')
i=m-+1 i=m+1
m~+mq
+In(1—p)(n— > By 2206, 0))
1=m-+1

1 m+mi+ma

—E(Tt? Z (yi — Bo — Brz1i — Ba2i)?[Yis T1obs, 0')
t=m+mi+1
1 m~+mi+ma
_E(ﬁ Z (x9; — ap — 0413311‘)2’.’91‘,{101)37 0')
i=m+mi+1
m+mi+ma
+In(p) D E(x1lyi T1obs,0')
i=m+mi+1
m~+mi+ma2
—|—1Il(1 —p)(n— Z E(x1i|yi7£1/0b370,))
t=m+mi+1

(4.21)

Since we have two variables X; and Xs, then from (4.21)), we notice that X; and X» have

three patterns of missingness:

1. Both X; and X5 missing
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2. Xs observed, X missing

3. X observed, X3 missing

Case (1), we have the following results. Firstly,

{21 ; — Bo — P11 — 52:1721‘)2‘?;@', } = % g — 280 — 2yiP1E(X1i|y:, 0)

—2yi B2 E(Xai|yi, 0') + B3 + 26051 E(X14|yi, 0') + 2B0B2 B (Xailyi, 0') + B E(XE i, 0)

1261 B E(X1i Xoilyi, 0') + B3 E(X 35|y, 0)]}

Secondly,

m

1 2
- ﬁE {Z[(xzz —ag — a1z1) |y, 0’ } =55 Z {[E (X2 |yi, 0) — 200 E(Xo;]ys,6')

=1

—2a1E(X1iX2i]yi,¢9/) + Oég + 20[0041E(X1i\yi, ) + alE(X1@|yzu 0/)]}

Thirdly,
X f(YZ’Xh =1 9/)
E Xz Z"9/ — p ’
Kailve0) = T = 1,0) + ¢ x J(¥ X0 = 0,0)
_ P(Xlz _ 1|y7,,9/) dergted Pi/
E(X2;X15lyi,0') = B(X2i| X1; = 1,43, 0") E(Xq4]y:, 0')

E(X{i|yi,0') = E(X1ly:, 0)

and

E(Xgi‘yi,el) = PZI X E(XQZ‘XM = 1,%79/) + (1 — P;) X E(XQZ‘XLL = O,yi,ﬁ’)

E(X5lyi,0') = (1 = P)) {V (X X1i = 0,93, 0) + [E(Xa:i| X15 = 0,95, 0")]°}
+ PH{V(Xgi|X1i = 1,55, 0') + [E(Xai| X1i = 1,93, 0)]*}
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Now, we need to calculate the distributions of (Xo;|X1; = 0,y;,0") and (Xo;|X1; = 1,y;,6")
and these are given by

(XQZ‘Xll —0 yz’el) i {050 + 05(% - 60 - 62040)’52(1 _ PQ)}

Vo2 + (3362
dyi — Bo — 1 — P + «
(Xai| X15 = 1,45,0) £ N ag + a1 + 7 v b~ b 52( - 1)],52(1 -’
Vo2 + (3562
) . X
respectively, where p is given by \/ﬁw.
Case (2), we have obtained the following results. Firstly,
1 m-+m1
~ 552k { > (i — Bo — Pri — Bowai) 2|y, w2, 9/]}
i=m-+1
m+mi

Z { - 2yz 0 — QyZﬂlE(Xlz‘yuxmae )
i=m+1

—2y;i B2 Xi + B8 + 2B BE(X1ilyi, 2i,0') + 28062 X2 + BLE(XE |yi, w2:,0)

+261 30 X0 E(X 15y, 22i,0') + B3X5:]}
Secondly,

1 m-+m1 m-+m1
252 { Z (22 — a0 — c121i)? |y, 22, 0] } = 252 Z {[#3; — 2c0w2;

i=m-+1 i=m+1

—2a129; E(X1i|yi, v2i,0') + ad + 20001 E(X14|yi, v2i,0') + o1 E(XE |yi, w21, 0 N}

Thirdly,
/ /\ denoted
E(Xuilyi, x2:,0') = P(X1i = 1|yi, 22:,0") =" Py
E(X{ilyi, v2i,0') = E(Xuilyi, w2, 0) = 12
where,
- 1
i1‘2 - q/ r !

1!

% {exp[—p (yi — By — %i Byx2:)] exp[ # 5 (w2 — o % )]} +1

Qp — 3
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Finally, case (3), we have firstly,

1 m+mi+me
~ 552 { Z [(yi — Bo — Brw1s — Bawai)” |y 14, 9']}
g i=m-+mi+1

1 m+mi+ma

=552 > AW — 2B — 2wibren
i=m+m1+1

—2y; B B (Xoilys, 215, 0') + B2 + 2B0B121i + 26082 E(Xailys, x15,0') + B,

+261 Box1: B (Xoi|yi, 214, 0') + B3 E(X3i|yi, 714, 0')]}

Secondly,

1 m+mi-+ma
2 /
YY) E [(w2; — a0 — 1214)"|yi, 714, 0]
i=m+mi+1
1 m+mi+ma

= 552 > A{BXS i, 210, 0') — 200B(Xailyi, 214, 0')
i=m+mi+1

*20[1X1iE(X2i|yi, T1i, 9/) + 01(2) + 2a001 15 + Oé%l‘%z]}

Thirdly, it can be shown that the distribution of (Xo;|X1;,v:,0") is

(X2z"X1z‘,yi,9/) 4N {040 + o Xy + polyi — o — B1X1i — Pl +a1X1i)]752(1 _ pz)}

Remark: The conditional distribution of Y given X; follows a normal distribution with
the mean and variance to be given below. Once the conditional mean and variance are
given, we can write down the density function of Y given X;. For example;

E(Yi|X1;,0") = Bo + S1X1i + Ba(ao + a1 Xi1)

V(Y| X1,0') = 0% + 536>
Hence, the conditional pdf of Y; given Xjy; is

1 -1
o (a? + 5207) exXp 3(0? + 267) lyi — (Bo + Brzi + Ba(ag + arz;))]?
2

fyilw1i,0") =
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Once f(yi|z14,0") is available, P/ in case (1) can be found to be

P Syl X1 =1,0")p

— 4.
S X = LW + fp X = 0,001 =) (4.22)

Formulate the M-step (Maximization-Step): We now differentiate Q(6,6’) with
respect to each parameter of 8. The M-step is then

00(6, ¢’ n o
Qa(ﬁ;) - ;;(yi_ﬁo_ﬁwli—ﬁﬂm)

20(0.0' ~r
Q@(Bl> = 3 Z — Bo)zi — Pia; — BaTritai |
20(0.0' ~r
Q@(Bg) = 3 Z — Bo)7% — Ba3; — P11t

where we defined X{, = E(Xy;ly;,0") and Xiiz = E(X14|X2i,v:,6'). Similarly for Xiéz =
—
E(Xlyi, 0'), Xi, = E(X2i| X14,yi,0") and X{, X}, = E(X1; X2y, 0), and where we denote
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Z1i

—~/

T2;

/
L1322

Solving the linear system

X, for i=m+1,...
T, for i=m+mi+1,...

X, for i=1,....m
To;, for i=m+1,...
—

2 .
x5, for i=m+41,...
—

)

9

X.xo;, for i=m+1,...
—

X%i/, for i=m+mi+1,...

090N _ o 0905 _ g,
0

, M+ my;

T9;,, for i=m4+mi+me+1,...,n

, M+ ma;
X, for i=m+m+1,...
xy;, for i=m4+mi+me+1,...
X12}/, for i=1,...,m

Xfi/, for i=m+1,...
xf;, for i=m+mi+1,...

, M +my;

| Xz, for i=m4+mi+1,...

7m+m1;

obtain the following updated estimates of ﬂo, 61 and Gs :

n

—~/

n > YTl
i=1

n —_ n ’5//
Z Yirii ) T
i7:11
!
Z x22 Z T13T24
=1

M=
<
gl

=1

n —_—~—
Y 1T
i=1

l

8
Wi

ﬁ
Il
—

-1

x1, for i=m4+mi+mo+1,...,n;
!/ N .
&, for i=1,...,m;

, M+ mqp + mo;

7m+ml+m2;

» 13

, M+ mq + ma;

T1;T9;, for t=m4+mi+me+1,...,n;
X1, X0, for i=1,...,m;

7m+m1;

;M 4+ M1 + ma;

'x%i, for t=m+mi+me+1,...,n;
!/ .
X22i, for i=1,...,m;

7m+m1+m2;

nd aQa(gf/) = 0 for fo, b

n

Z Yi
i=1

n —~/
Z Yi%1i
i=1

n —~/
Z YiZT2i
i=1

58

and (o we

(4.23)
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Taking the derivative of Q(6,6") with respect to o we get

90.0) _ ny L {Z[(yi — B0)* = 261(yi — Bo)1i’ — 20B2(yi — Bo)w2

3
oo o o’ | =
—~—1 | 25 a5
+201Pox15x0 + fiay; + Pras; ]

If we set %ﬂ’e,)

= 0 and solve for o, we get the following updated estimate of o2:

¥ = fZ{ 7 — 2681 (y: — B’ — 285 (s — B) i

2T + (P + (531
It can be shown that the updated estimates of p, §, ag and «q are

1 n o — —~/

21 —~ —~ 2 2

54" = - E —2ap/(x2’ — aqtxy;’) — 2001129 + (o) + (af)nz?, + a3,
i=1

n
n , -1
" n Z X1 Z -1'21
( o > — i=1
1" = n n o~y
« —~/ 2 /

L )OEITEEDY T Z T1iT24

i=1 i=1 i=1

To obtain A%+ we start by specifying an initial value for @ and replace x; and x2; by
the conditional expectation that have been derived in section (4.3.1). We then compute
the (k + 1) step estimate of @ until it converges. Hence, to obtain
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glk+1) — (ﬁékﬂ), B§k+1),5§k+1),p(k+l), a(()kﬂ), agkﬂ), S g (k+1))t e need to compute

40 n % yizr, ") ) yizz ") > ui
0 n N n N(k 7’% (K Z?L N
B£k+l) =1 > yil‘u(k) Z 3 > fﬁlﬂzz’( ) > y'fﬁu(k)
ﬂ(k+1) iil i?bl N(k) ifll
2 S 1™ Z T1;T2 (&) >ad, > iz
i=1 i=1 i=1 i=1
( a(k+1) > n ) 3,3\1/1( ) 3 :E‘Q’i(k)
0 _ i=1 i=1
k+1 - n n —~—(k n
Oég ) 3 ivh,(k) 3 $%i( ) D 1’1z‘$2z‘(k)
i=1 i=1 i=1
i . ®
pktD) = =1
n

0.5 n
5<““:{1} {Z[ 20D (@5%) — oV F®) - 20V 7Y

S0 5w 0.5
)2 4 (@M | 1}

1 0.5 n - .
o) — {} {Z[(yi _ (()k+1))2 _ 25§k+1)(yi B ﬂ(()kJrl))xli(k) _ 25§k+1)(yi B ﬂ(()kJrl))in(k)

n
=1

- (k) ~ k"
+2ﬁ£k+l)ﬂék+l)xli$2i(k)+(ﬁ§k+1))2xi +(5§k+1))2x%i ]}
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4.3.2 Covariance estimate of 5 for Model 3

Using Louis’ result, the covariance of g is giving by (—=A — B)~!, where we denote

4 Pe.) _
0000t lo=6

and

O comp (03 Y, 71, T2)

B =V 0
a {8(ﬁ07 /817 ﬁ27p7 Qp, (1, 57 U)t ‘yj %‘\101)5’%01)57

a18
a2g

ass

b1 bi2
ba1 b2

bg1  bg2

61

big
bog

bss
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It can be shown that

n
aj] = —
11 52
N1
Zlmu
1=
a2 ===
N1
> T
_ =l
a33 - 6'2
n —~—
> T
alp = az = —"—
g
n —~—
> T2
a13 = ag1 = —%
g
n —_ —
> T1iTo;
— _ =1
a23 = a32 52
n
T1; —
BT ryn
Q44 = — + ~3
p2 (1 - p)

n 3 - 5 A S\~ A A\ o~ AN~ 75 A~ Ty
ass = —5 — == Z {(yi — Bo)? = 2B1(yi — Bo)x1i — 262(yi — Bo)Ta: + 261 foz1ia; + ﬂfﬂciﬂﬂ%i}

> (yi — Bo — br71; — Porni)
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Az{

— Bo)x1; — a2, — ﬁlez‘xm}

— Bo)T2i — [ard; — 511%}

azg = ag2 = —
agg = ag3 = — A2 {
n
a = — ==
55 52
1
> T
e — — =1
66 52
n —~—
> T
asg = ags = — =%
56 65 32
n
2 3
a7 = — == — =
2 4
0 0 i=1
2
a =a = — =
57 75 3
=1
ag7 = are

The rest a;;’s equal 0.

Note that we can show that {

D comp (05y,21,32)

o0

n
Z{Ez —dp — a171;}

— b= 52
= % {9011'962@' — Q1T — 0619611-}

|ga L1obs) L20bs) 9} ‘9

63

>~ {~26i0(@5 — ) - 26 EnEs + (@) + (@Rl + 23, |

_ for each parameter is
0
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given by
8£comp(0;gaﬂaﬂ) 1 {i[(
= Yi —
B0 77 lim

m~+mi+ma

+ Z [(yi

i=m+mi+1

b s i=1

m—+mi+ma

Meomp(0;y, x1,22) 1 {m

i=m+mi+1

eomp (b5 y,21,22) 1 [ &
052 o2

i=1

m~+mi+ma

+ Z [(yi

i=m+mi+1

8‘€comp(0;y/7ﬂ7§\2/) 1 —

ap :EZ$11‘—

Z[(yz -

Z[(yi -

m-+mq
Bo — frz1i — Paxas)] + Z [(yi — Bo — Prz1s — Paxa;)]
i=m-+1

n

— Bo — Bix1i — Paxas)] + Z (yi — Bo — i1 — ﬂ2$2¢)}

i=m+mi+mo—+1

m-+m
Bo — Prrs — Bowai)wil + Y [(yi — Bo — Prvrs — Bawai)w1i]
i=m+1

n

— Bo — Brz1i — Powei) ] + > [(yi — Bo — Brw1i — ﬁ2$2i)xli]}

i=m-+mi+mo-+1

m-+my
Bo — frx1i — Poxai)Tas) + Z [(yi — Bo — Prx1i — Paxai)T2)
i=m-+1

n

— Bo — Brzx1i — Paxai)wai] + Z [(yi — Bo — Brz1i — ﬁ2w2i)x2z‘]}

i=m+mi+mo+1
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8€comp(9;y7x17$2) 1 Ui i
60;0 — = = 52 Z[(ﬂim —op —a1x;)| + | Z (22 — g — o 14)]
=1 i=m+1
m~+mi+ma n
+ Z [(ZL‘Qz — o — 061.%11')] + Z [(1’21 — ap — 0411'11')]}
i=m+mi+1 t=m-+mi+ma+1
8€comp(0;yaxl7w2) 1 “ jaa
802 — — = 5 Z[(a@, —ap — a11)T14] + Z [(z2i — a0 — 1 x15)w14]
i=1 i=m+1
m+mi+mg n
+ Z [(2; — ap — 1 z13)w1i] + Z [(w2i — a0 — alwlz’)f’«“li]}
i=m—+mi+1 1=m+mi+mo+1
8€comp(9;y7x17$2) n 1 Ui i
95 5T Z[(ivzi — ag — anw)?] + | > @2 — ap — arzi)?]
=1 i=m+1
m~+mi+ma n
+ Z [(22i — g — Oélxu)Z] + Z (22 — g — 0419611‘)2]}
i=m+mi+1 i=m+mi+ma+1
8€comp(0;yaxly$2> n 1 " i
5 ~ = = (= + =) Z[(yi — Bo — Brz1; — Bowoi)?] + Z [(yi — Bo — Brx1i — Paxa;)?]
a g ¢ i—1 i=m—+1
m~+mi+ma n
+ Y i = Bo— Prawi — Pawa)?] + > [(yi = Bo — Prz1i — 52x2i)2]}
i=m+mi+1 i=m+mi+mo+1

0l A
Then r lcul comp ; ; .
en we proceed to calculate Var § =55y, Tii y 5T, 0 i

We will use Var*(-) to stand for Var(-|g,é), E*(-) to stand for E(-|y, 0) and similarly
Cov*(-,-) for Cou(:,-|y, 0). Similarly, use Var°(-) to stand for Var(-ly, Ev\gobs,é), E°(-) to

stand for E(-|y, 220bs,¢) and similarly Cov°(-,-) for Cov(, |y, 220ps, ). Finally use Var®(-)

A~ A~

to stand for Var(-|y, z10ps,0), E°(-) to stand for E(-|y, z10ps,0) and similarly Cov®(-,) for

~

COIU(') ‘/yj /‘7_2_1,0})87 9)

It can be shown that
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b =3 {Zl[ﬁ%Var (X1i) + B2Var(Xa;) + 261 2Cov* (X 14, Xoi)] + mgjml[/é%var (X1i)]
1= 1=m-+

m—+mi+ma A

+ [ng"(X%)]}

i=m-+mi—+1

bas = = {Z [(y: — o) Var*(X1;) + éfVar*(Xfi) + @VW*(XMX%) — 261 (yi — Bo)Cov* (X1, X3,)
77 li=1

209 (y; — Bo)Cov* (X 14, Xoi X11) + 261 52C00* (X2, X2 X1,)]

m—+m1

+ > 1[% — (0)?Var(X1;) +B%VGT°( 2) 4 (Baw2i)?Var®(Xui) — 2(y; — o) f1Cov®(X1i, X3)
i=m+

A A m—+mi-+ma ~
—2(y; — Bo)PoreiVar®(X1i) + 261 6202:Cov° (X1i, X3)| + > [(52961¢)2Va7’°(X2i)]}
i=m+mi+1

bss = ;4 {Z [(y: — Bo)2Var*(Xa:) + B3V ar* (X1:Xa:) + B3Var(XZ) — 261(yi — fo) Cov* (Xai, X2 X1,)

i=1
~ ~ ~~ A m—+mq
2065 (y; — Bo)Cov* (Xai, X2,) 4 261 62Cov* (X3, Xoi X1)| + Y [(Br122:)?Vare(Xy,)]
i=m-+1

m+mi+ma N N ~ ~ ~
+ > [y — Bo— Biz1i)?Var*(Xy) + B5Var®(X3) — 2(yi — Bo — B121:)>Cov®(Xa;, X%ﬂ]}
1=m+mi+1

b= - 1 {15 var (i + S var o)

=1 i=m+1

m-+m1 A
bss = 5%1 {Z[Var (ng)al‘/ar (X1i) —2a1Cov( X2, X14)] + D 1[ 2Var®(Xy;)]
=1 =m-+

m-+mi+ma

+ X [Vm“'(Xzz')]}

i=m-+mi—+1

bes = 6—4 {Z;[Var (X2i X14) + aOVar (X1i) + a%Var (Xlzz) — 2a0Cov*(X14, X2 X1;)

m—+m1
—2021001)*()(122-, XQinZ') + 2020021001)*(X1i, XIQZ)] + Z [(l’gz - CQQ)QVG,T‘O(XU) + 021Var°(X12i) — 2(%22‘]
i=m-+1

m+mi+ma
—dp)d1Cov® (X1, X5+ > [x%ivar.(XQi)]}
i=m+mi+1
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m A A N N
by = 5% g:l {[40%Var*(X2¢) +4a2adVart(Xy;) + 4a3Var* (X, Xoi) + afVar*(X2) + Var*(X3,)
—80;(2)02100’0*()(11‘,)(21') + 8()20021000*(X21,X2iX11) 4a0a100v (XQZ,X ) 40&000’0 (X217X12z)
*802002%00’0*()(11‘, XQini) + 402002:1300’0*()(11', X122) + 4agoi1 Cov* (Xlia X221)

—4a3Cov* (X%, X2 X1i) — 4a1Cov* (X2, X0, X1;) + 2a3Cov* (X%, X3,)]

m-+m ~ ~
+ > [(2dpdy — 2d112;)*Var®(Xy;) + afVar®(X%) + 4af(do — z9;)Cov® (X1, X3)]
1=m+1
m+mi+ma R . 9 9 . . 9
+ Z [(*20[0 — 20(1.%11') VCLT.(XQi) + V(IT.(X%) — 2(0(0 + 20[13311')001).()(21', XQZ)]
i=m-+mi+1

bs = 4 ﬁ_nj { 462 (yi — Bo)2Var* (Xui) + 402(yi — fo)2Var*(Xas) + 46202V ar* (X1:Xai) + B4V ar*(X2,)
2
21

+5 Var*(X3,) + 861 (yi — Bo)2B200v* (X1, Xa:) —8/31( — B0)B2Cov*(X11, X2 X1;)

—433(y; — fo)Cov*(X1i, X2) — 48232 (yi — fo)Cov*(X1i, X2,) — 8621 (s — o) Cov* (X1, Xos X1:)

—45?52(?/1' — Bo)Cov*(Xai, X2)) — 483 (yi — Bo)Cov*(Xai, X3;) + 45?’52(3/1' — Bo)Cov* (X2 X145, X2)

+453 51 Cov* (X9 X15, X3,) + BEB3Cov* (X3, X3))]

m-+m . . A R . ) .
+ > [(=261(yi — Bo) + 261 B229i)*Var®(X1i) + BiVare (X)) + 483 (Bew2i — (yi — Bo))Cov® (X1, X3)]
i=m+1
m-~+mi+ma . . A ) A4 )
+ > [(—2B2(yi — Bo) + 2061 02x15) Var® (Xe) + 55Var® (X5;)
i=m—+mi+1

+4633 (B — (s — Bo)) Cov® (Xai, X3)]}

big = bg = % i {[_Bl(yi — Bo)Var*(X1;) — BoaCov* (X145, X2) 4 (1 52Cov* (X1, X2i X1i) — Bo(yi — Fo)
m+my ~

Cov* (X1, Xo;5) + B12Cov* (Xa2i, X3) +ﬁ%COU (Xoi, Xoi X13)]| + > 1[51( — Bo)Var®(Xu)
1=m-+

~ A m+mi+ma
+B2Cov° (X1, XZ,) + B1B2Var (X)) + > [ﬂ%xliVar'(Xgi)]}
i=m+m1+1
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big = bgy = i 3 {[—Bl(yl — BO)COU*(XM,X%) + ﬁ?C’ov*(Xu,Xzz‘Xli) + 31320011*()(1@', X3)

—Bo(yi — o) Var*(Xa:) + frFaCov*(Xai, X X1i) + BCov* (X, X3)]

m+my o~ m~+mi+ma ~

+ Z l[ﬁ%l‘QiVaTo(Xli)] + Z 1[—62(3/2‘ — BO)V(IT.(XQi) + 62313317;‘/(17“.()(%) + B%COU.(X2i’ X%@)]}
i=m+ i=m+mi+

m o o m+my R
b14 - b41 L(% 71;3) 21 {[&Var*(Xu) — ﬂQCOv*(XM, Xgl)] — Z 1[—ﬂ1Var°(X1i)]}
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m-+m1 R R N
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m+mi+ma ~

+ Z 1[ 52-%'11( Yi 50 _52$lz)var (X2z) +ﬂQmIzCOU (X217X )]}
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m " N A~
bog = by = i(%—%) {Z[(yz — fo)Var*(Xy;) — p1Cov*(X1i, XT;) — B2C0v* (X145, X2 X15)]

=1
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bss = bsz = %i > {[(yi — Bo)Var*(Xai) — (yi — fo)a1Cov™ (X1, X2;) — f1Cov™ (X1, X2:, X2i)
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Chapter 5

Numerical solutions

In this chapter, we will use the data presented in Table to illustrate how the EM al-
gorithm can be used to fit a linear regression model if the covariates include some missing
values. There are no missing values in the original data. But we will arbitrarily remove a
few covariate observations so that we can apply the EM algorithm. Analysis of the modi-
fied data is performed using R in which we calculate the MLE 6 and the covariance of the
MLE. The data is adapted from Dr Ken Sharpe’s 620-371 lecture note!}

Background of the data: Our IQ can play a big role in the educational performance.
Generally, the higher the 1Q level of an individual, the better the intellectual performance
compared to those with lower IQ. The primary focus of this study is to determine the
statistical relationship between the maths results of high school students and their individ-
ual IQ levels. The problem then becomes fitting a regression model for making statistical
inference.

'The University of Melbourne, Department of Mathematics and Statistics
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5.1 The Original Data

class 1 class 2 class 3
Maths mark IQ | Maths mark IQ | Maths mark IQ
81 99 85 101 90 108
81 108 93 105 75 99
Male 79 109 95 126 99 126
81 96 90 107 91 110
72 94 75 95 78 94
84 103 78 95 97 119
78 96 80 94 93 106
Female 79 104 83 101 88 105
85 105 89 104 93 119
79 91 97 120 90 128

Table 5.1: Maths mark and IQ for 30 students in three different classes

7

In this study 30 students consisting of 15 males and 15 females were involved. There are
three class streams with ten students in each. Their individual IQ and maths exam results
were recorded. A student’s exam mark here is considered as the response variable. Class
is classified as a categorical variable and IQ score is treated as a numerical variable. For a

graphical view of the data setting, we list the diagnostic plots in Figure 5.1.
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Figure 5.1: Maths mark for 30 students

The left panel of Figure 5.1 shows the maths mark versus IQ for 30 students in three
classes, where the number represents class. The right panel is the maths mark against 1Q
among gender, where the letter ‘M’ denotes males and ‘F’ denotes females.

Let’s impose some (randomly) missing data for class and IQ observations, where we denote
them with a symbol, say ‘NA’. Then we can use the EM algorithm which we derived in the
previous chapter and fit the model. For example, we have the two following tables (Table
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and Table .

79

Maths mark Class

Maths mark Class

81
81
79
81
72
84
78
79
85
79

NA
1
NA

g S Wyt

85
93
95
90
75
78
80
83
89
97

2
NA
2
2

NA

NN DN

Maths mark Class
90 NA
75 3
99 3
91 3
78 NA
97 3
93 3
88 3
93 3
90 3

Table 5.2: Maths mark and IQ where some of the values for class are missing

Maths mark IQ | Maths mark IQ | Maths mark IQ
81 NA 85 NA 90 108
81 108 93 105 75 99
79 NA 95 126 99 126
81 96 90 107 91 NA
72 94 75 95 78 94
84 103 78 95 97 119
78 96 80 94 93 106
79 104 83 101 88 105
85 NA 89 104 93 119
79 91 97 120 90 128

Table 5.3: Maths mark and IQ where some of the IQ values are missing

5.1.1 Missing data

We could analyse this problem without considering the missing ‘NA’ data, but for the
purpose of this thesis the ‘NA’ observations will be taken into account. Hence the EM
algorithm will be used for that purpose.
NB: It may be acceptable to ignore the IQ values and just analyse the data as a simple
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one way ANOVA model (where classes are treated as a factor with 3 levels). To illustrate
the application of Model 1, let’s assume the relationship between math mark Y, and class
X (X =1,2,3) is of the form Y = [y + 1 X + €. Note that the EM algorithm is not
concerned with whether the model describes the data well or not.

5.2 Example 1.

We will demonstrate the purpose of the derivation of Model 1 where the data that of concern
is located in Table The 1Q values will be ignored and a simple linear regression model
will be used, where class is treated as an independent variable of 3 categories with the
categorical probabilities being p, p2 and p3. Further we assume

(VX)L N(Bo + 51 X, 0?)

where Y is the maths mark and X is the corresponding class. We are interested in estimat-
ing 0 = (Bo, b1, p1, P2, P3,0). Using the EM algorithm on this data based on the derivation
for Model 1; with a couple of iterations generated, the estimate of € is obtained. The
corresponding R program for this example is in Appendix A.

> k2=mod1(k1$znew,k1$m,35)
> k2

’ iteration (k) H Bo 51 p1 Do 3 o

0 74.2174  5.9193 0.3333 0.3333 0.3333 5.5412
74.0549 5.9586 0.4189 0.2807 0.3004 5.4042
74.0689 5.9574 0.4207 0.2790 0.3002 5.3940
74.0694 5.9573 0.4207 0.2790 0.3003 5.3939
74.0694 5.9573 0.4207 0.2790 0.3003 5.3939
74.0694 5.9573 0.4207 0.2790 0.3003 5.3939
74.0694 5.9573 0.4207 0.2790 0.3003 5.3939

O ULl W N~

Table 5.4: The corresponding MLE returned by the EM algorithm in Example 1.

For the Maths classes data, the algorithm was initialised with

0° = (85,5,p%,p% p3, )
= (74.2174,5.9193,0.3333,0.3333, 0.3333, 5.5412)
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And after several iterations the EM algorithm achieves convergence. The MLE of 0 is
found to be

D>

(Bo, b1, Pr, P, 3, &)
(74.0694, 5.9573,0.4207,0.2790, 0.3003, 5.3939)

> Var

[1] " Estimated covariance matrix of parameter vector"

[,beta.0] [,beta.1] [,p_1] [,p_2] [,sigmal
[beta.0,] 5.3344427956 -2.326678733 -0.001099708 0.0007732312 0.014000427
[beta.1,] -2.3266787328 1.244983557 0.002001702 -0.0017654069 -0.016925872
[p1,] -0.0010997077 0.002001702 0.008547546 -0.0043251041 -0.002790481
[p2,] 0.0007732312 -0.001765407 -0.004325104 0.0071201669 0.002597397
[sigma,] 0.0140004269 -0.016925872 -0.002790481 0.0025973971 0.505824378

> v.p3=Var[3,3]+Var[4,4]+2*Var[3,4]
> v.p3
[1] 0.0071245

Here is the variance and the set of pairwise covariances of 6 for Example 1, where the
diagonal elements correspond to the variance of 6 and the off-diagonal correspond to the
covariance respectively. Since ps = 1—pj —p2, it follows that Var(ps) = Var(py)+ Var(pa)+
2Cov(p1,p2) and this is estimated by 0.0071245.

Remark: Based on the above MLE and variance-covariance matrix, one would have
enough information to perform (at least approximate) confidence intervals and tests for

0 - (507517171;17271737 U)'

5.3 Example 2.

For our Model 2, we will be ignoring the effect of class and analyse the data as a simple
linear regression. The data for this model is in Table [5.3] The model that is used to
describe the student’s maths mark as a function of IQ level is represented by

(VX)L N(By + 51 X, 0?)
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where the explanatory variable X (IQ levels) is a continuous random variable with normal

pdf N(a,d?) and therefore wish to estimate § = (89, 41,0, ,d). The corresponding R
program for this example is in Appendix B.

Convergence of EM algorithm
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Figure 5.2: Successive EM iterations update ¢’ and 6
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’ iteration (k) H Bo

b1 o

a

J

|

0 21.20275
62.24481
33.44540
57.08114
48.35949
58.18005

U W N~

18 56.38981
19 56.38974
20 56.38976
21 56.38976
22 56.38976

0.6041486 4.230839
0.2239559  9.699201
0.4964612 5.408874
0.2733886  6.825762
0.3563143  5.256927
0.2632435 5.881573

0.2804260 5.541764
0.2804264 5.541760
0.2804650 5.541761
0.2804650 5.541761
0.2804650 5.541761

106.0400 10.24352
102.7964 19.93167
104.3813 12.05616
103.0969 17.42611
103.5804 14.75382
102.8935 17.80599

102.9749 17.10855
102.9748 17.10852
102.9750 17.10853
102.9750 17.10853
102.9750 17.10853

Table 5.5: The corresponding MLE returned by the EM algorithm in Example 2.

After 20 iterations, the MLE of 0 is converged and we have

~

0 = (6o, 01,6,4,0)

= (56.38976,0.280465,5.541761,102.9750, 17.10853)

Here is the corresponding variance-covariance matrix for 6 for Example 2.

[1] " Estimated covariance matrix of parameter vector"

[,beta.0] [,beta.1] [,sigma]
[beta.0,] 1.2003367520 0.0009648163 0.309736482 0.07775607
[beta.1,] 0.0009648163 0.0001345881 -0.003375944
[sigma,] 0.3097364819 -0.0033759441 10.969460823
[alpha,] 0.0777560651 0.0063064203 -0.272072658
[delta,] 0.0264461181 0.0049893709 -0.092536391

[,alpha]

0.00630642
-0.27207266
6.42453511
0.94740181

[,deltal

.026446118
.004989371
.0925636391
.947401807
.780303635



Chapter 6

Conclusion and Remarks

We have developed a method to compute MLE’s in regression models when the data con-
tains some missing observations. The simplest method for handling missing data is to
discard all the missing observations. This is the least troublesome approach but it may
produce estimates that are biased or inefficient for statistical inference. Hence it is a gen-
erally undesirable approach in this regard. In this thesis we have shown that the proposed
EM algorithm provides an effective means for computing the MLE for the linear regression
model. This algorithm is especially valuable for the problem involving missing covariate
observations since we cannot directly compute the maximum likelihood estimates when
there are missing values in the data. The observed-data log likelihood function becomes
too complicated to be computed analytically when missing data are present. In this case
we can use the EM algorithm as it is a more viable and attractive alternative. However,
the great flexibility of the EM algorithm does not come without cost. There are limitations
to the EM algorithm approach. It requires a joint pdf and the associated conditional pdf in
the model in order to proceed with the E-step. It may be worth noting that the assumption
of normality is often convenient for this purpose, but this may be unrealistic in some cases.

In our Model 1, X is assumed to be discrete random variable and in Model 2, X is assumed
to follow a normal distribution. Using the EM algorithm procedure we can analytically
find the maximum likelihood estimate for these two models. For Model 3, which involved
both Bernoulli and normal covariates, we are still able to analytically find the MLE using
the EM algorithm although the derivations involved are more forbidding. However, when
the joint distribution of the covariates becomes more complicated, we will not able to solve
the MLE analytically using the EM algorithm. In this case we can apply the Monte-Carlo
EM algorithm.
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Specifically, in the E-step we need to compute Q(0,6') = E {Ecomp(ﬁ;g, Z)|Zobs) 0’} which
equals f Leomp(0;y,z) x conditional pdf. If the conditional pdf is too complicated to be
written in a closed form, then we cannot process the E-Step analytically. A natural question
raised is “What can we do then?” To study this problem, we can use the Monte Carlo EM
(MCEM) technique to overcome this sort of problem. This method had been proposed and
studied by Wei and Tanner (1991). For example, we can use the simulated sample average

log-likelihood, + - Z Ceomp(0; Y, 2 )(‘) to replace the integral (i.e. Q(0,6’)) in the E-step. The
MCEM algomthm w111 not be pursued in this thesis.

There is one critical point that needs to be raised. In this thesis we have assumed data
are missing at random. However, in some cases, it may be possible that the missing
data is not missing at random. The EM algorithm that we have derived is sensitive to
assumptions made about the missingness mechanism. It is a challenging task to develop
an EM algorithm which takes into account the missingness mechanism. It would require
a sound knowledge of the statistics and extreme care when analysing the data with a
non-ignorable missingness mechanism. It is clearly a fruitful area for further research and
development.



Appendix A

R code used in Chapter 5 for
Example 1

HAHBHHBHHAH B H B H R R AR R B H B R AR BRH RS H R ARG H R AR
### chunk number 1: Calculate m, sort NA and assign a value for NA
BHEHBHBHBHBHBHBHBHBH AR B HBH AR B H BB R B HRHRHAHAHEHEHEHEHEHEHEHEHEHEH ARG HGH
sort.m.na=function(y,x) {

z<-cbind(y,x)

ind<-is.na(z[,2])

test<-(1l:nrow(z)) [ind]

ztemp<-rbind(z[test,],z[-test,])

m<-length(test)

ztemp[1:m,2]=1

znew<-ztemp

result=1list (znew=znew,m=m)

return(result)

}
HAEHHHHBHHAHHAHBHHHHHAHH AR B HHBHHAH B AR RS H R R AR H RS H B R AR AR RS R R RS H
### chunk number 2: Calculate the conditional pmf for xi for j=1,2,3
HAEH BB HBHHAHHAHBHHHHHAHH AR R HBHHAH B R RS HRHHAH R AR RS HBHH AR AR RS H R R AR A S
cond.p=function(Ym,m,sigma,beta,p.vec) {

ddum <- betal[1]-(betal[2]*(1:3))

dumx <-t(matrix(ddum,3,m))

duml <-((matrix(¥m,m,3)-dumx)"2)/(2*(sigma~2))

dum?2 <- exp(-duml)
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dum3 <- dum2*matrix(p.vec,m,3)

dum3.rsum <-apply(dum3,1,sum)

dum3.rsumm <- matrix(dum3.rsum,m,3)

con.p <- dum3/dum3.rsumm

return(con.p)

}

HHHHHHHHHHHHHHH R HH SRR H SRR B HSEHHHHS R R R
### chunk number 3: Calculate the MLE of theta

HUHHHHHHHH R HF R B RS RHH SRR RS H R R HH R
modi=function(znew,m,iter) {

n<-nrow(znew)

x.obs <-znew[(m+1) :n,2]

x.miss <-znew([1:m,2]

yi<-znew([1:n,1]

beta.est <- matrix(0, (iter+1),2)

A<-matrix(0,2,2)

B<-matrix(0,2)

p-est <- matrix(0, (iter+1),3)

sigma <-rep(-1, (iter+1))

temp <- 1lm(data.frame(znew))

p-estl[l,] <= 1/3

beta.est[1,] <-temp$coef #initial guess for beta

sigma[1] <- ((var(temp$residuals) * (n-1))/(n-2))"0.5

Ym <- znew[(1:m),1]

for(k in 1:iter) {

templ<-cond.p(Ym,m, sigmalk],beta.est[k,],p.estlk,])
znew[(1:m),2] <- templ%x%(1:3)

xtilde <- znew[(1:n),2]

temp <- 1lm(data.frame(znew))

Al1,1]=n

A[1,2]=A[2,1]=sum(xtilde)

A[2,2]=sum(xtilde"2)

B[1,1]=sum(yi)

B[2,1]=sum(yi*xtilde)

beta.est[(k+1), ] <- solve(A)%x*%B

sigma[(k+1)] <- ((1/n)*sum( (yi-beta.est[k,1]) 2-2*beta.est[k,2]
*(yi-beta.est[k,1])*xtilde+beta.est[k,2] "2*xtilde”2))"0.5
P.sum <-apply(templ,2,sum)

p-est[(k+1), 1] <- ((sum(znew[(m+1):n,2]==1))+P.sum[1])/n
p.est[(k+1), 2] <- ((sum(znew[(m+1):n,2]==2))+P.sum[2])/n
p-est[(k+1), 3] <- 1-p.est[(k+1), 2]-p.est[(k+1), 1]
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}

result2=1list(beta.iterates=beta.est,sigma.iterates=sigma,p.iterates=p.est,
P.est=P.sum,zfinal=znew)

return(result2)

}

B R S R S e S s s s e e e e R B R B S R e R 2 B 2

### chunk number 4: Assign the value for matrix A.f

Bl S S s s S s s e e e e e R e R S B S R R S B 2 R

zfinal<-k2$zfinal

beta.0=k2$beta.iterates[iter,1]

beta.1=k2$beta.iterates[iter,2]

sigma=k2$sigma.iterates[iter]

pl=k2$p.iterates[iter,1]

p2=k2$p.iterates[iter,2]

p3=k2$p.iterates[iter,3]

HUHHHHHHHH SRR

al1=A.f[1,1]= n/((sigma"2))

al2=a21=A.f[1,2]=A.f[2,1]=sum(zfinal[,2])/(sigma"~2)
alb=abl=A.f[1,5]=A.f[5,1]=(2/sigma"3)*sum(yi-tempp$fitted)
a22=A.f[2,2]=(sum(zfinal[,2]"2))/(sigma~2)
a25=a52=A.f[2,5]=A.f[5,2]=(2/sigma"3) *sum((yi-beta.0)*xi-beta.1*xi"2)

a33=A.f[3,3]= sum(((zfinal[(m+1):n,2]==1)/p1~2)+((zfinal [(m+1) :n,2]==3)
/((1-p1-p2)~2)))+sum((P1/p1~2)+ P3/((1-p1-p2)~2))

ad4d=A.f[4,4]=sum(((zfinal [(m+1) :n,2]==2) /p2~2)+((zfinal [(m+1) :n,2]==3)/
((1-p1-p2)~2)))+sum((P2/p2~2)+P3/ ((1-p1-p2)~2))

al34=a43=A.f[3,4]1=A.f[4,3]=sum((zfinal [(m+1) :n,2]==3)/((1-p1-p2)~2))
-sum(P3/ ((1-p1-p2)~2))

abb=A.f[5,5]=(-n/sigma~2)+(3/sigma"4)*(sum((yi-beta.0) "2-2*beta.1*
(yi-beta.0)*xi+beta.172%(xi"2)))

HHHHHHHHHH SRR HH R H RS RS R RS H SRR RS RS HH R R HH
### chunk number 5: Create a matrix (6 x 6)

HUHHHHHHHH SR HH R HH SRS RS H R H R R HH
B.f=matrix(0,6,6)
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AR
### chunk number 6: Assign the value for matrix B.f
AR
b11=B.f[1,1]=(beta.1"2/sigma"4)*sum(var.x)

b22=B.f[2,2]=(1/sigma"6)*sum((yi2-beta.0) "2*(X2-X1"2) +beta.1"2* (X4-X2"2)
-2*beta.1*(yi2-beta.0)*(X3-X1%X2))

b33=B. £ [3,3] =sum(P1/p1~2+P3/(1-p1-p2) "2~ (P1/p1-P3/(1-p1-p2))~2)
b44=B. f [4,4] =sum (P2/p2"2+P3/ (1-p1-p2) "2~ (P2/p2-P3/ (1-p1-p2)) "2)

b65=B.f [5,5]=(1/sigma~6)*sum(beta.1 4*cov.xsqu.xsqut+d*beta.1 " 2*var.x
*(yi2-beta.0) "2-4*beta.1"3*(yi2-beta.0)*cov.x.xsqu)

b12=b21=B.f[1,2]=B.f[2,1]=-(1/sigma"4)*sum(beta.1*(yi2-beta.0)
*xvar.x-beta.1"2*cov.x.xsqu)
b13=b31=B.f[1,3]=B.f[3,1]1=(1/(sigma~2))*sum(-beta.1l/pl*cov.1l.x+
(cov.3.x*beta.1)/(1-p1-p2))

b14=b41=B.f[1,4]=B.f[4,1]1=(1/(sigma~2))*sum(-beta.1l/p2*cov.2.x
+(cov.3.x*xbeta.1)/(1-p1-p2))

b15=b51=B.f[1,5]=B.f[5,1]= (1/sigma”5)*sum(-beta.1"3*cov.x.xsqu
+2xbeta.172*(yi2-beta.0)*var.x)

b23=b32=B.f[2,3]=B.f[3,2]=(1/sigma"2) *sum(pl~-1*(yi2-beta.0) *cov.1l.x
-(1-p1-p2) "-1*(yi2-beta.0)*cov.3.x-pl " -1*beta.l*cov.1l.xsqu
+(1-p1-p2) "-1*beta.l*cov.3.xsqu)

b24=b42=B.f[2,4]=B.f[4,2]=(1/sigma"2)*sum(p2~-1*(yi2-beta.0)*cov.2.x
-(1-p1-p2) "-1*(yi2-beta.0) *cov.3.x-p2 -1*beta.l*cov.2.xsqu
+(1-p1-p2) “-1xbeta.l*cov.3.xsqu)

b25=b52=B.f [2,5]=B.f[5,2]=(1/sigma"5) *sum(3*beta.1 2% (yi2-beta.0)
*Cov.Xx.xsqu-2*beta.1*(yi2-beta.0) "2*var.x-beta.1"3%cov.xsqu.xsqu)
b34=b43=B.f[3,4]=B.f[4,3]=sum(-pl1~-1*p2 " -1*P1*P2+(p1~-1*P1+p2~-1*P2)
*P3x (1-p1-p2) "-1+(1-p1-p2) "-2%var.3)

b35=b53=B.f [3,5]=B.f[5,3]=(1/sigma"3) *sum(pl~-1*beta.1"2*cov.1l.xsqu
-2*pl~-1xbeta.l1*(yi2-beta.0)*cov.1l.x-(1-pl-p2) "-1*beta.1 " 2*cov.3.xsqu+2*
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(1-p1-p2) "-1*beta.1*(yi2-beta.0)*cov.3.x)

b45=b54=B.f [4,5]=B.f [5,4]=(1/sigma"3)*sum(p2~-1*beta.1 " 2%cov.2.xsqu-2
*p2~-1*beta.1lx(yi2-beta.0)*cov.2.x-(1-pl-p2) "-1xbeta.1"2*cov.3.xsqu
+2%(1-p1-p2) "-1*beta.1*(yi2-beta.0)*cov.3.x)
HEHBHHBHHAHHAHBHHHHHAH R H RS HBHHAH R HBHH AR AR RS H RS R R AR R RS HAHH RS
### chunk number 7: Calculate the var(theta)
HAEHBHHBHHAHHAHBHHHHHAHHEH RS HBHHAH B R B HHAHH AR RS H RS R R H RS HBHH AR AR RS
Var <-matrix(0,6,6)

Var = solve(A.f-B.f)

v.p3=Var[3,3]+Var[4,4]+2*Var[3,4]
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R code used in Chapter 5 for
Example 2

HAHBHHBHHAH B H B HRHH AR H R H R ARG H B R AR RGBS H RS

#chunk number 1: calculate the MLE

HHEHBHBHBHBHBHBHBHAHAHAHRH AR HEHEHEHEHEHEHGH GRS RGBS RGBS RSRHBHBHBHBHBH

mod2=function(znew,m,iter) {

n<-nrow(znew)

yi<-znew([1:n,1]

beta.est <- matrix(0, (iter+1),2)

A<-matrix(0,2,2)

B<-matrix(0,2)

sigma <-rep(-1,(iter+1))

temp <- 1lm(data.frame(znew))

alpha <-rep(-1, (iter+1))

alphal[1] <- mean(znew[,2])

delta <-rep(-1, (iter+1))

deltal[1l] <- sd(znew[,2])

beta.est[1,] <-temp$coef

sigma[1] <- ((var(temp$residuals) * (n-1))/(n-2))"0.5

Ym <- znew[(1:m),1]

for(k in 1:iter) {

p<-beta.est[k,2]*deltalk]/((sigmalk] “2+(beta.est [k,2] "2)*deltal[k]~2)"0.5)

xtilde <- alphal[k]+p*alpha[k]*((Ym-beta.est[k,1]-beta.est[k,2]*alphalk])
/ (((sigma[k] "2+ (beta.est [k,2] "2)*deltalk] "2)~0.5)))
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znew[(1:m),2] <- xtilde

xtil <- znew[(1:n),2]

Al1,1]=n

Al1,2]=A[2,1]=sum(xtil)

A[2,2]=sum(xtil"~2)

B[1,1]=sum(yi)

B[2,1]=sum(yi*xtil)

beta.est[(k+1), ] <- solve(A)%x*%B

sigmal[(k+1)] <- ((1/n)*sum( (yi-beta.estl[k,1]) 2-2xbeta.est[k,2]
*x(yi-beta.est[k,1])*xtil+beta.est[k,2] "2*xtil"2))"0.5

alphal[(k+1)] <- (1/n)*sum(xtil)

deltal(k+1)] <= ((1/n)*sum((xtil-alphalk])~2))"0.5
result=list(beta.iterates=beta.est,sigma.iterates=sigma,
alpha.iterates=alpha,delta.iterates=delta,zfinal=znew)

return(result)

}
HEHBHHBHHAHHAHBHHHHHAH R H RS HBHHAH R HBHHRBH R AR RS R RS H AR AR R H RS R AR RS
#chunk number 2: calculate the matrix A
HAEHBHHBHHAHHAHBHHHHHAH R H RS HBHH AR R AR B HHAHHAH RS H RS R H AR R H SRR AR RS
A.f=matrix(0,5,5)

alil=A.f[1,1]= n/(sigma”2)
al2=a21=A.f[1,2]=A.f[2,1]=sum(xi[,2])/(sigma"2)
alb=ab1=A.f[1,5]=A.f[5,1]1=(2/sigma"3)*sum(yi-beta.O-beta.1l*xi)
a22=A.f[2,2]=(sum(xi"2))/(sigma~2)
a2b=ab2=A.f[2,5]=A.f[5,2]=(2/sigma"3) *sum((yi-beta.0)*xi-beta.1l*xi"2)
a33=A.f[3,3]= n/(delta~2)

ad4=A.f[4,4]= (-n/delta"2)+(3/delta"4)*sum(xi~2-2*alpha*xi+alpha”2)
al34=a43=A.f[3,4]=A.f[4,3]=(2/delta"3)*sum(xi-alpha)

abb=A.f[5,5]=(-n/sigma~2)+(3/sigma~4)* (sum(((yi-beta.0) "2)-2%beta.l
*(yi-beta.0)*xi+beta.172%(x172)))

HESHHHRFHH B H R R F R RS R R R R R
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#chunk number 3: calculate the matrix B
it A A i A
B.f=matrix(0,5,5)

b11=B.f[1,1]=m*beta.1 " 2*sigma”-2*delta”2*((sigma+beta.1"2xdelta"2)"-1)

b22=B.f[2,2]=(1/sigma"4)*sum( (((yi2-beta.0) 2)*(X2-X1"2))
+beta.172x(X4-X272) -2*beta. 1*(yi2-beta.0) * (X3-X1%X2))

b33=B.f[3,3]=m*sigma~2*delta”-2*((sigma~2+beta.1"2xdelta"2) "-1)

b44=B.f[4,4]=(1/delta”6)*sum(X4-X2"2+4*alpha”2* (X2-X1"2) -
4*alphax* (X3-X2%X1))

b55=B.f[5,5]=(1/delta"6)*sum(beta.1"4*(X4-X2"2)+4*xbeta.172
*((yi2-beta.0) "2) *(X2-X1"2)-4*beta.1"3*(yi2-beta.0) * (X3-X2*X1))

b12=b21=B.f[1,2]=B.f[2,1]=(sigma"-4)*sum(beta.O*beta.l*var.x.x
-beta.l*yi2*var.x.x+beta.1 " 2*cov.x.xsqu)

b13=b31=B.f[1,3]=B.f[3,1]=m*beta.1*((sigma~2+beta.1"2+xdelta"2) " -1)

b14=b41=B.f[1,4]=B.f[4,1]=(sigma"-2*delta”-3*beta.l)*sum(-cov.x.xsqu
+2*alpha*var.x.x)

b15=b51=B.f[1,5]=B.f[5,1]=((sigma”-5)*beta.172)*sum(-beta.l*cov.x.xsqu
+2x (yi2-beta.0) *var.x.x)

b23=b32=B.f[2,3]=B.f[3,2]=(sigma”-2*delta”-2) *sum((yi2-beta.0)*
var.x.x-beta.l*cov.x.xsqu)

b24=b42=B.f [2,4]=B.f[4,2]=(sigma"-2xdelta”-3) *sum((yi2-beta.0+2
*xalphaxbeta.l)*cov.x.xsqu -2+*alpha*(yi2-beta.0)*var.x.x-beta.l*var.x2)

b25=b52=B.f[2,5]=B.f[5,2]=sigma”-5*sum(3*beta.1”2*%(yi2-beta.0)*cov.x.xsqu-2
*beta.174*((yi2-beta.0) "2)*var.x.x-beta.1"3*var.x2)

b34=b43=B.f [3,4]=B.f[4,3]= delta"-5*sum(cov.x.xsqu-2*alpha*var.x.x)

b35=b53=B.f [3,5]=B.f[5,3]=(sigma”-3*delta”-2) *sum(beta.1"2*cov.x.xsqu
-2*beta.1*(yi2-beta.0) *var.x.x)



APPENDIX B. R CODE USED IN CHAPTER 5 FOR EXAMPLE 2

b45=b54=B.f [4,5]=B.f[5,4]=(sigma”-3*delta”-2)*sum(beta.1"2*var.x2
-(2*beta.1x(yi2-beta.O+alpha*beta.1)*cov.x.xsqu)
+4xalpha*beta.1*(yi2-beta.0)*var.x.x)

HEH R R
##chunk number 4: calculate the variance-covariance matrix of theta
HEHH
Var <-matrix(0,6,6)

Var = solve(A.f-B.f)
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