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Introduction

C*-algebra is an important area of research in functional analysis. It is generally believed
that C*-algebras were first considered primarily for their use in quantum mechanics. It
was first developed by Gelfand and Naimark in 1943. Gelfand and Naimark showed that
among all involutive Banach algebras, C*-algebras could be characterized by a few simple
axioms [8]. In Chapter 3, we will show that a unital C*-algebra can be considered as
a closed *-subalgebra of B(H) , the set of bounded linear operators of a Hilbert space.
This is a fundamental result in C*-algebra, as the theory of C*-algebra may be easier to
handle than more general Banach algebras [2].

This thesis will focus on matrices over C*-algebras. Consider the set of n x n matrices
over complex numbers, M, (C).

Let
ail A1n
A= € M,(C)
anl - Onpn
G
Let x = | : | € C". Then,
Cn
ainr - an| |G a11C1 + -+ a1nn
Ar = ] = :
apl - Qpn Cn anlCl +--+ anngn

Clearly, A is a linear operator from C™ to C". Equip C" with Euclidean norm. We will

ajl

show that A is bounded: Write A; = . Then

‘Ajn

1Az|® = > [(A, &) < > (1417 [l
j=1 j=1

\%
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where we have used the Cauchy-Schwarz inequality and
1/2
n
2
1Az < | D114l ]} -
j=1

Now, equip M,,(C) with the operator norm

A
4] = supl A2l
x#£0 HJC”

We will show that this norm satisfies the C*-identity, that is|| A* A|| = || A]|*.
A € B(C"), so there exists A* € C" such that for z,y € C",

(Az,y) = (x, A™y).

Then, ||Az|? = (Az, Az) = (x, A*Az) < |z ||A*Az|| by Cauchy-Schwarz inequality.
Hence,

| Az|? o A" Az]]
2 —_—
||z [|z]]
and
A < [|A*A]l.

Furthermore, for any A, B € B(C), |AB|| < ||A]| || B|| and ||A*|| = ||A| which imply that
JA*A|l < |4 [ A]| = | A]]%. Thus, [A*A] = ]| AJ1>

Our aim in this thesis is to show that for any C*-algebra A, M, (A), the set of n x n
matrices over A is a C*-algebra under an appropriate norm, which will be shown in
Chapter 4. In addition, in Chapter 5, we will show that the set of matrices over total
system of projections is a C*-algebra. In Chapter 6, we will present a new proof of Albert’s
lemmas and the Fuglede-Putnam theorem as applications of the results in Chapter 4 and
Chapter 5.

Matrices over C*-algebra have often been used as a tool to establish some results in
functional analysis. However, the objects themselves have not been much investigated.
Therefore, this thesis aims to discover some interesting properties of these matrices.



Chapter 1

Banach algebras

The theory of Banach algebras has numerous applications in functional analysis and var-
ious mathematical disciplines. In the next chapter, we will be interested in an involutive
Banach algebra, that is, a C*-algebra. The aim of this chapter is to cover some basic
theory of Banach algebra, which will include the spectral theory and Gelfand represen-
tation. The following discussion on Banach algebra will be fundamental to the study of
C*-algebra. We will follow the materials presented in [1].

1.1 Definition of Banach algebra

An algebra is a vector space A, (over complex numbers C), which has a multiplication of
elements satisfying
(ab)c = a(bc)

a(b+c) =ab+ ac
(a+b)c = ac+ bc
A(ab) = (Aa)b = a(Ab).

The pair (A, ||.||) where ||.|| is submultiplicative is called a normed algebra. A norm ||.||
is said to be submultiplicative if for a,b € A,

[labll < fla]l 6] -

If A admits a unit 1, that is al = la = a, and ||1]] = 1, then A is unital. A complete
normed algebra is called a Banach algebra.

Some examples of Banach algebras are in [2]:

e The set of bounded linear operators, B(X), under the operator norm

1



2 CHAPTER 1. BANACH ALGEBRAS

e M,, the set of n x n matrices with entries in C, which can be identified with B(C")

e Let S be a set, °°(5), the set of all bounded complex valued functions, under the
supremum norm

The following result will be used in the discussion that follows [1].

Lemma 1.1.1. Let A be a unital Banach algebra. If ||a]| < 1 fora € A, then1—a € A.
Consequently, A™ is an open subset of A.

Proof. Since |la™|| < |lal|", the numerical series Y ° |la"| converges. Also, A is a
complete normed space, so » -7 a™ converges to some element z in A. Thus, (1 —
)N jar =N a1 —a)=1-a" —1as N — oco. Thus,

(1-a)zr=1=z(1l—-a)

which proves that z = (1 — a)~!. Further,
o
D"
n=0

Now, let a € A and b € A™ such that ||a — b|| < Ha_lH_l. Then,

1 =)~} =

0o
<Y laf" = (1= flal)~*
n=0

b=a—(a—b)=a(l—a " a—-0)).

Since|la™(a — b)|| < Ha‘lH la —b|| <1, the element ¢ =1 —a~!(a — b) is invertible in
A and b = ac. Then, b is invertible with b=! = ¢~1b~!. Thus, the ball B(a, a‘lﬂ_l) lies
in A™Y which shows that A™V is open.

1.2 The spectrum and spectral radius

The concept of spectrum in Banach algebra is a generalization of the concept of eigen-
values of matrices. The spectral theorem gives a condition under which an operator
can be ’diagonalized’. Here we will cover some basic results of spectral theory in Ba-
nach algebras, in particular the non-emptiness of the spectrum and the spectral radius
formula.

Definition 1.2.1. The resolvent set of a € A is defined by
pla) :={AeC: A\l —aec AP}
Note that we will write A1 — a as A\ — a.

Lemma 1.2.2. The resolvent set of a is open.
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Proof. If A € pa and |p— A < H()\—a)_lH_l, then Lemma 1.1.1 implies that pu €
pla). O

Note that the spectrum of a is the complement of the resolvent set, p(a). We will give
the definition below:
Definition 1.2.3. The spectrum of a € A is defined by

Sp(a):{/\GC:)\—agéAinv}.
The spectral radius of a is r(a) = supycgp(q) |Al-

Define the resolvent of a as the function
R(\;a)=A—a)"t, X p(a).
Let a € A\{0}. Then, by Lemma 1.1.1,

R(\a)=(A—a) ' => A7"a" A > |l
n=0

Hence, if |A| > a, then X € p(a). Thus, if A € Sp(a), then |A|| < |lal|. So, we get

r(a) < ol

Now, we will show that Sp(a) is non-empty and compact. The fact that Sp(a) is
non-empty is nontrivial [1].

Theorem 1.2.4. Let A be a unital Banach algebra and a € A. Then the spectrum of a
18 nonempty and compact.

Proof. The spectrum of a is the complement of the resolvent set p(a) in C. Since p(a)
is open, Sp(a) is closed, and it is bounded by the argument above. hence, Heine- Borel
theorem implies that Sp(a) is compact. First, we will show that if w is the positively
oriented circular loop |A| = r with 7 > |a||. Then

1

2m J,,

R(XA;a)d\ = 1.

Observe that fw N =0 for any k < —1. We then have

1 1 = -n—1_n
am; | Baddh =50 w(ZA a )d)\

n=0
- 1 —n—1 n 0
= E — [ A ad=a =1
= 27 J,,

. Now assume that Sp(a) is empty. Then R(\;a) is holomorphic and for any loop A,
[, R(X;a)d\ = 0 by Cauchy’s theorem. But in a unital Banach algebra, 1 # 0. O
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The following result due to Beurling will give a calculation of r(a):
Theorem 1.2.5 (The Spectral Radius Formula). For each a € A,

r(a) = lim |a™|"™.

Proof. The function R()\;a) is holomorphic on the annulus [A| > r(a). Hence, it has a
unique Laurent expansion in positive and negative powers of A. Since for || > ||a|| we
have

R(Xa) =Y A" la™
n=0

The same expansion is valid for |A| > r(a). Consequently, for any r > r(a) the terms of
the series > 7| r~"~1a™ converge to zero, which implies

limsup ||a”||*™ < r(a)
n—oo
In view of the compactness of Sp(a), there exists u € Sp(a) with |u| = r(a). Then
" € Sp(a™) and
_ 1, nl/n n|l/n
r(a) = |p"7" < [la”]

for all n > 1. Thus

lim sup [|a”[| /" < r(a) < liminf [|a"[|"/"
n—oo

n—oo

ntn

which proves that lim,, . ||a exists and equals r(a). O

An interesting fact is that the only complex Banach algebra which is a division algebra
is the set of complex numbers C, which will be shown here [2]:

Theorem 1.2.6 (Gelfand-Mazur Theorem). If every element of A\ {0} is invertible,
then A is isometrically isomorphic to C.

Proof. From Theorem 1.2.4, we know that Sp(a) is non-empty. Let A € Sp(a), then
A — a is not invertible, so A\1 — a = 0. Hence, the map a = Al — X is an isomorphism of

A onto C. O

1.3 Gelfand representation

The idea here is to represent a commutative unital Banach algebra as an algebra of
continuous functions on a compact Hausdorff space. This will give a useful way of looking
at this algebra.

First, we will define a character of a Banach algebra.
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Definition 1.3.1. Let A be a commutative unital Banach algebra. A nonzero algebra
homomorphism 7 : A +— (C) is called a character. Hence, 7 is linear, multiplicative and
preserves unit. Denote the set of all characters of A by Q(A).

The following theorem is a celebrated result of I.Gelfand:

Theorem 1.3.2. Let 7 be a character of a commutative unital Banach algebra A. Then,
T s bounded with ||T|| = 1. The mapping

T— N(1):={x e A: 7(x) =0}

is a bijection of Q(A) onto the set of all maximal ideals in A.

Proof. Let 7 be a character of A. Then, z € A™V if and only if 7(x) # 0. Let A € A
and A = 7(a). So 7(A —a) =0 and A € Sp(a). Hence,

[m(a)] < r(a) < o]

and we get ||7|| < 1 Since 7(1) = 1, we get ||7]| = 1.

Hence, N(7) is a closed ideal of A. Note that a = a — 7(a)1 4+ 7(a)1, so A = N(7) & C1.
Hence, N(7) is a maximal ideal.

Suppose that 71,7 € Q(A) and N(11) = N(72). Then, for any a € A we have 71 (a —
T2(a)) =0, so 11(a) = m(a), that is 71 = 1.

Let M be a maximal ideal of A. Then M is closed, and A\ M is unital Banach algebra in
which every non-zero element is invertible. By the Gelfand-Mazur Theorem, A\M = C
and A = M @ C1. Define 7: A— C by 7(m + \) = XA where a =m+ X\, m € M, \ € C.
Then 7 is character with N (1) = M. O

The following is a characterisation of the spectrum of a € A by the characters of a.

Lemma 1.3.3. Let A be a commutative unital Banach algebra and a € A. Then,

Sp(a) = {7(a) : 7 € Q(A)}

Proof. Let A € Sp(a). Then the ideal £ = (a — \).A is proper, and therefore contained in
a maximal ideal M = N(7) for some 7 € Q(A). Hence, 7(a) = A. The reverse inclusion
is established in the proof of Theorem 1.3.2. O

Now, we are ready to prove the main theorem:

Theorem 1.3.4 (Gelfand Representation). For each a € A, define the Gelfand transform
of a, a: QA) — (C) by

a(t) = 7(a).
Then, the map ¢ : A — C(Q(A)) defined by (a) = a is an algebra homomorphism and
la||l = r(a) < |lal|. This map v is called the Gelfand representation of A. Further,
Sp(a) = a(2(A)).
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Proof. By Lemma 1.3.3, Sp(a) = a(2(.A)). Hence, r(a) = ||a|| .- O

Finally, we will consider the topology of Q(A).

Theorem 1.3.5. The space Q(A) equipped with the weak*-topology is a compact Haus-
dorff space.

Proof. Recall the James embedding J : A — A** defined by (Ja)(z*) = 2*(a) for a € A
and all z* € A*. The weak*-topology of A* is the weakest topology on A’ such in which
Ja is continuous for every a € A and it is a Hausdorff toppology. Recall that Banach-
Alaoglu Theorem states that the closed unit ball of A* is weak*-compact. The set ©(.A)
is weak*-closed in the closed unit ball of A* and therefore compact. O



Chapter 2

C*-algebras

This chapter contains some introduction to C*-algebras. The characterisation of C*-
algebra was given by Gelfand and Naimark in 1943. A C*-algebra is an involutive Banach
algebra, and this has a richer structure than Banach algebra.

First, we will start with a definition of C*-algebra [1].

2.1 Definition of C'*-algebra

A C*-algebra is a Banach algebra with an involution x +— z* satisfying

(r+y) =z"+y"

(zy)* =y'z"
(Az)* = \z*
(%) =2
and the C*-identity
lz*z|| = |l

Remark. The space B(H) of all bounded linear operators on a Hilbert space H is a
C*-algebra. Moreover, every C*-algebra can be regarded as a C*-subalgebra of B(H) for
some Hilbert space H, which will be shown in the next chapter.

The following is a main result in C'*-algebra which asserts that all commutative unital
C*-algebras, up to isomorphism, are of the form C(Q(A)) [2].
Needed in the proof of this theorem is the following:

Theorem 2.1.1 (Stone-Weirstrass Theorem). Let K be a compact metric space and
L c C(K) where we equip C(K) with the supremum norm. In addition, L separates
points of K and contains 1. Further, if f € L then f € L. Then the algebra generated
by L is dense in C(K).
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Theorem 2.1.2. If A is a commutative unital C*-algebra, then the Gelfand representa-
tion ¢ : A C(QA)) where p(a) = a is an isometric *-isomorphism.

Proof. By Theorem 1.3.4, ||¢(a)|| = r(a). If 7 € Q(A), then ¢(a*)(7) = 7(a*) = 7(a) =
¥(a)*(7), that is ¢ is a *homomorphism. Further, ¢ is an isometry since ||¢(a)|* =
lip(a)*(a)| = | (a*a)|| = r(a*a) = ||a*al| = ||a||*. Hence, ¢(A is a closed *-subalgebra
of C(Q(A)), separating the points of Q(.A) and for any 7 € Q(A), there is an element
a € A such that 1(a)(7) # 0. Thus, the Stone-Weirstrass theorem implies that ¢(A) =
C(QA)). O

Definition 2.1.3. We say a € A is normal if a*a = aa*. Moreover a is unitary if
a*a =aa* = 1.

Lemma 2.1.4. If u € A is unitary, then Sp(u) C T where T is the unit circle in C.

Proof. ||ul| = 1 since ||u||* = |[u*u| = ||1]| = 1. Hence, Sp(u) C T. Further, if A € Sp(u),
then A™' € Sp(u!) = Sp(u*), so |A| and |A7!| <1, that is [A| = 1. O

2.2 Functional calculus

Functional calculus allows one to apply functions to operators. Given that a is a normal
element of a C*-algebra A and f : Sp(a) — C is a continuous mapping, we will define a
function f(a). To do so, we will use the Gelfand representation for commutative algebras

).

Theorem 2.2.1 (Gelfand-Naimark Calculus). Let a be a normal element of a unital
C*-algebra A. Then there exists a unique unital *-homomorphism ¢, : C(Sp(a)) — A
such that pa(f) = a when f(X) = X for all A € Sp(a). Moreover, ¢, is isometric and
the range of pq is the C*-subalgebra of A generated by 1 and a.

Proof. Let B be the C*-algebra generated by 1 and a. Then B is commutative since a is
normal. Also, let ¢ : B — C(£2(B)) be the Gelfand representation. By Theorem 2.1.2,
¥ is a *-isomorphism. Moreover, by Theorem 1.3.4, a(2(B)) = Sp(a). Hence, for each
f € C(Sp(a)), the map foa e C(QB)). Then, we can define

pa(f) =07 (foa).

Note that oq(f) =¥~ (f(a)) =¥~ (a) = a and ¢, is unital.

From the Stone-Weierstrass Theorem, we know that C'(Sp(a)) is generated by 1 and f
and therefore , is the unique unital *-homomorphism from C(Sp(a)) to A such that
va(f) = 1. Also, @, is clearly isometric and ¢, (C(Sp(a)) = B. O
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This unique unital *-homomorphism ¢, is called the functional calculus at a. We
usually write

fla) == @a(f)
for f € C(Sp(a)).
Theorem 2.2.2 (Spectral Mapping Theorem). Let a be a normal element of a C*-algebra
A, and f € C(Sp(a)). Then
Sp(f(a)) = f(Sp(a)).

Proof. Let B be the C*-subalgebra generated by 1 and a. Note that, if 7 € Q(B), then
F(r(a)) = 7(f(a)), since the maps f — f(r()) and f — 7(f(a)) from C(Sp(a)) to C
are *-homomorphisms agreeing on the generators of C'(Sp(a)), 1 and i where ¢ is the
inclusion map of Sp(a) in C. Then,

Sp(f(a)) ={7(f(a)) : 7 € Q(B)} by Lemma 1.3.3
={f(r(a)) : 7 € QB)}
= f(Sp(a))

2.3 Positive elements of C*-algebras

We will introduce a partial ordering on the self-adjoint elements of a C*-algebra A, then
aim to show that all elements of A of the form a*a are positive. In addition, we will
show that every positive element has a unique positive square root. The proofs of these
results will involve functional calculus.

Definition 2.3.1. An element a € A is positive if a is self-adjoint and Sp(a) C [0, o).
We write a > 0 to mean that a is positive. Denote the set of all positive elements of A
by AT.

Gelfand conjectured in the original paper that a*a for any a € A is positive. However,
this was proved about a decade later by Fukamiya and Kaplansky. We will present the
proof here. To do so, we will need the following series of results [1]:

Lemma 2.3.2. Let a € A5, Then,

(i) Sp(a) C R.
(ii) [lall = r(a).

Proof. (1). Let f(\) = exp(i\) and u = f(a) = exp(ia). Then w is unitary and by
Lemma 2.1.4, Sp(u) C T where T is the unit circle. By Spectral Mapping Theorem,
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f(Sp(u)) = Sp(f(u)) C T. Thus for all A € Sp(u), exp(iA) € T, that is A € R.
2). ||a?|| = lla*all = |a||?, and therefore by induction |a®"]| = |a|*". By Spectral

mY = Timg, o [ = Jall. 0

Radius Formula, r(a) = lim,,—, ||a
Lemma 2.3.3. Let A be a unital C*-algebra, a € A% and t € R. If ||t —al| < t for
t > |la||, then a € AT. Conversely, if ||a|| <t and a € A, then ||t —al| < t.

Proof. Let t > ||al| and let g be a functional calculus such that g(a) =t — a. Note that
r(a) = ||t — al|. Now, we will show that Sp(a) C [0,00) if and only if (¢t — a) < ¢. By
the Spectral Mapping Theorem, Sp(g(a)) = g(Sp(a)). Let A € Sp(a). If A > 0, then
lg(A\)] = |t = Al < t. Hence, r(g(a)) = r(t —a) < t. Conversely, if r(t —a) < t, then
lg(A\)] = |t — A| <t. Hence, A > 0. O

Further, A" is closed under addition and multiplication by positive numbers:

Lemma 2.3.4. A" is a cone in A, that is AT + AT C AT, RTAT C AT.

Proof. Let a,b € A". Let t = ||a|| and s = ||b||. By Lemma 2.3.3,
la—t <t, [[b—s] <s.

Thus,
la+b—(t+s)| <lla—t]+[b-s]<t+s

Hence, a + b € A" by Lemma 2.3.3. The second part is obvious. O
Lemma 2.3.5. If —a*a € A", then a = 0.
Proof. Sp(—a*a) U0 = Sp(—aa*) U0, so —a*a € AT. Write a = b+ ic with b,c € A%2.
Then a*a + aa* = 2b% + 2¢*> € AT and

a*a = 2b% 4+ 2¢* + (—a*a) € AT
by Lemma 2.3.4. Hence, Sp(a*a) C R N (—R*") = {0} and therefore ||a|* = |ja*a| =
r(a*a) = 0, which implies a = 0. O

Now, we are ready to prove this theorem [1]:

Theorem 2.3.6 (Fukamiya-Kaplansky). If a € A, then a*a € AT.

Proof. Let b=a*a and ¢ = ab~. Then b € A% sob=0b" —b~. We get
—cfe=—ba*ab” =—=b (bT —b )b =) e A"
which implies ¢ = 0 by Lemma 2.3.5. Further,
(b )2 =" —=b")b" =—bb" = —a*ab” = —a*c=0

so b~ = 0. Hence, a*a =b=>b" € AT. O
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A useful result is that every positive element of a C*-algebra has a unique square root
[1):

Lemma 2.3.7. If a € AT, then there exists a unique b € AT such that b> = a. b is
called the square oot of a and is denoted by b = a'/2. Further, a = za* for some z € A.

Proof. Since Sp(a) C [0, ||al|], we can define a continuous function f(t) = 1/(t) on Sp(a)
and set b = f(a). Then, b2 = a, b € A, and Sp(b) = Sp(f(a)) = f(Sp(a)) C [0, ||al|*/?],
so that b € AT.

To prove uniqueness, let ¢ be another positive element such that ¢> = a. By the functional
calculus, ¢ = f(c?) = f(a) = b. We can let z = a'/?. Thus, zz* = a. O

As a consequence, we get the following lemma which will be useful later:

Lemma 2.3.8. Leta € AT andb e A. Then b*ab e A™T.

Proof. By Lemma 2.3.7, there exists a positive element ¢ such that ¢ = a. Consider
(¢b)*(cb) = b*c*cb = b*c?b = bab. By Theorem 2.3.6, this is positive. O
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Chapter 3

Representations

The aim of this chapter is to show that every C*-algebra A is isometrically *-isomorphic
to a C*-subalgebra of B(H) for some Hilbert space H, which is stated in The Gelfand-
Naimark Theorem. This is one of the fundamental results in the theory of C*-algebra.
A key step in its proof is the Gelfand-Naimark-Segal (GNS) construction which sets up
a correspondence between the positive linear functionals and the representations of the
algebra.

3.1 Positive functionals

In this section, we will study some properties of positive linear functionals [1] which will
be essential in the construction of the representations.

Definition 3.1.1. A linear functional ¢ : A — R is positive if ¢(a) > 0 for each a € AT.
If (1) =1, then ¢ is called a state. The set of all states of A will be denoted by S(.A).

We observe that ¢(a*) = ¢(a) for a € A. Further, we define the inner product

(a,b)¢ := p(ba)

where a,b € A. It can easily be checked that this definition satisfies the properties of an
inner product. Further, this function is a sesquilinear form on A. In addition, we have
the Cauchy-Schwarz inequality

lp(b"a)|” < p(a*a)p(b*D)

and the norm is defined by

all, = (p(a*a))V? = ((a,a),) "

Lemma 3.1.2. Let ¢ be a positive linear functional on A. Then [2],

13
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(i) p(a*a) =0 if and only if p(ba) =0 for all b € A.

(ii) For all a,b € A,
p(b*a*ab) < [|al|* p(b*D).

Proof. (1). It follows from Cauchy- Schwarz inequality.
(2). For z € A, we have z*z < |z||*. Hence, b*a*ab < ||a||* b*b, and by the monotonicity
of @, we get p(b*a*ab) < ||al|* p(b*b). O

Lemma 3.1.3. Let ¢ be a nonzero linear functional on A [1].

(i) If ¢ is positive, then ¢ is bounded and p(1) = ||¢||.
(ii) If ¢ is a bounded linear functional on A such that o(1) = ||pl|, then ¢ is positive.

Proof. (1) Let a € A and |ja]| < 1. Then, ||la*al| = [ja]|* < 1, s0 0 < a*a < 1. By the
monotonicity of ¢, 0 < p(a*a) < p(1). By the Cauchy-Schwarz inequality,

lp(a)” < p(1*1)p(a*a) < p(1)*

Thus, ¢ is bounded with ¢(1) < ¢(1). Conversely, 0 < (1) < [l¢|| |I1]] = ||¢ll-

(2) First, we show that ¢ takes real values on self-adjoint elements. We may assume that
el = 1. Let @ € A/ and |ja|| < 1. Also, let ¢(a) = a 4 i3. Note that ¢(a — in) =
o(a) —ing(l) = ¢(a) —in, so we get

p(a —in)]* = [p(a) —inf* = |a + i — in|* = o® + (8 —n)”

and
lp(a — m)\2 < |la— mH2 = |[(a — in)*(a —in)|| = Ha2 + n2H <1+4n2

Thus, o + (8 —n)? < 1+n? and if 8 <0, we get 3 = 0. If 3 > 0, apply the preceding
argument —a in place of a to get 3 = 0. Let a € AT and ||la|]| < 1. Then 1 —a € A/™ and
|1 —all <1. Hence, 1 — p(a) = ¢(1 —a) < 1. Thus, p(a) > 0if a € AT. O

Lemma 3.1.4. Let a be a normal element of a non-zero C*-algebra A. Then, there
exists a state ¢ such that ||al| = |p(a)|.

Proof. Assume that a # 0. Let B be the C*-algebra generated by 1 and a. Since B is
commutative and a is continuous on the compact space Q(B), there is a character ¢y on
B such that ||a|| = ||a||, = |p2(a)|. By the Hahn-Banach theorem, there is a bounded
linear functional ¢ on A extending ¢2 and preserving the norm, so ||¢|| = 1. By Lemma
3.1.3, since ¢(1) = ¢a(1) =1, ¢ is positive. Hence, ¢ is a state. O
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3.2 Representations
Here, we will define a representation of a C'*-algebra followed by some discussion which

will be useful in the proof of Gelfand-Naimark theorem.

Definition 3.2.1. A representation of a C*-algebra A is a pair (H,w), where H is a
Hilbert space and 7 : A +— B(H) is a *-homomorphism. A representation (H,7) is
faithful if 7 is injective.

Let S(A) be the set of all states of A and (Hy,m,) where ¢ € S(A) be a family of
representations of A. Their direct sum is (H,7) where

H= @Hw
%)
with norm ||z||* = >0 chpHi and we define 7 : A+— B(H) by

m(a)x = @ To(a)xy
%)

Note that 7 is a representation since each 7, is a representation. Further, we will prove
that H is a Hilbert space.

. . . 2
An element of H is a ﬁ%nctlon z:S(A) — U, Hy with 2(p) € Hy and 3- [lz(0) |, < oo.
And for x,y € H, the inner product

(z,y) = Z(l'goa ygo><p

)

The series (7, yyp) converges absolutely since

2 2
[, ) < llwgll, llyell, < 5Uleelly + llyell,)
Let (x,,) be a Cauchy sequence in H. For each ¢ € S(A), and m,n > N(e),
[z (@) = zm(Q)|| < [[zn — 2m| <€

Hence, (,(p)) is Cauchy in H,.
Let E be a finite subset of S(A). Then,

Y lzne) = zm(@)I* < D llzale) = 2m(@)|? = 20 — @l < €

pel peD

Let n > N(¢e). Then

D llza(e) =@l = lim > Jlza(p) = zm(p)|* < €

peR pelR
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Hence, ¢ —x, € H and z = (x — zp,) + zp, € H.
For each k € N,

k
3 laaloi) — (el < €.
=1

Taking the limit as k& — oo, we get ||z, — x| < € for n > N(e¢). Thus, ||z, —z| — 0 in
H. Hence, (z,,) converges and H is complete.

Definition 3.2.2. Let (H,,m,) be a family of representations of A where ¢ ranges over
S(A). Then, the direct sum of all the representations (H,,m,) is called a universal
representation.

3.3 The Gelfand-Naimark Theorem

Now we will proceed to show that with each state, there is associated a representation,
which is shown in the GNS construction. The GNS construction will lead to the proof of
the Gelfand-Naimark theorem which asserts that every unital C*-algebra can be regarded
as a closed C*-subalgebra of B(H).

Definition 3.3.1. A representation (H, ) of a C*-algebra A is called a cyclic represen-
tation if there exists a vector £ € H such that 7(A)¢ is dense in H. Moreover, ¢ is called
a cyclic vector for (H, ).

Theorem 3.3.2 (The Gelfand-Naimark-Segal construction). Let ¢ be a state on A.
Then there exists a cyclic representation (H, ) and a unit cyclic vector &inH for (H, )
such that for a € A,

p(a) = (m(a)§, &)
Proof. Define the set
Ny :={a € A:¢(a*a) =0}

This is a closed left ideal of A by part (1) of Lemma 3.1.2. Consider the quotient space
A/N,. An inner product on this space is defined by

(@4 Ng,b+ Ny := @(ba)
Let N := N,. For each a € A, define 7(a) : A/N — A/N by
m(a)(b+ N)=ab+ N

where b+ N € A/N. 7(a) is a well -defined linear operator :

Clearly, m(a) is a linear operator. Moreover, if b+ N = c+ N, then w(a)(b+N)—7(a)(c+
N) =a(b—c¢)+ N = N as N is a left ideal. Hence, w(a)(b+ N) = 7(a)(c + N) and
therefore 7 is well-defined.

By part (2) of Lemma 3.1.2, we get

I(a)(b+ N)||* = (ab + N,ab+ N) = p(b"a*ab) < |Jal|* o(b*b) = [la]|* b+ N|?
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Thus, 7(a) is a bounded linear operator.

Let H be a completion of A/N. Then, by continuity, 7(a) extends to an operator on H
with the same norm. Hence, 7 is a mapping 7 : A — B(H) defined by a — 7(a). It can
easily be checked that this map is a *-homomorphism. Thus, (H,7) is a representation
of ALet { =1+ N € A/N and a € A. Then

m(a) =7m(a)1+N)=a+ N
Hence, m(A)§ = A/N which is dense in H. Further,
(m(a)§, &) = (a+ N, 1+ N) = ¢(a)

Setting a = 1, we get ||£||2 =p(1)=1. 0

The representation produced by the GNS construction is not necessarily faithful, but
the Gelfand-Naimark theorem further produces an isometric representation.

Theorem 3.3.3 (The Gelfand-Naimark Theorem). Let A be a unital C*-algebra. Then,
there exists a faithful representation (H, ) of A, that is, A is isometrically *-isomorphic
to a closed C*-subalgebra of B(H) for some Hilbert space H.

Proof. Let (H,m) be universal representation of A and a be an element such that m(a) =
0. By Lemma 3.1.4, there is a state ¢ on A such that |a*a|| = ¢(a*a). Hence, if
b = (a*a)'4, then [lal® = p(a%a) = p(bY) = |Imp(B)(b+ Ny)|2 = 0 since my(b?) =
my(a*a) = 0 and therefore 7, (b) = 0. Hence, a = 0 and 7 is injective. O
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Chapter 4

Matrices over C*-algebra

Matrices over C*-algebra are often employed in the proofs of some results in functional
analysis. However, there has not been much systematic discussion on matrices over C*-
algebras in the literatures. This thesis will discuss some interesting properties of these
matrices. In particular, in this section, we will show that a norm can be found so that
M,,(A), a set of n xn matrices over a C*-algebra (A), is a C*-algebra. In our construction
of the C*-norm, we will use the representation of A and bounded linear operators..

4.1 Operations and the norm on matrices

Let A be a C*-algebra. A typical element of M,,(A) is given by

air - Gl
A=
An1 - Gpp
where a;; € A.
Note that for a matrix A = [a;;], we write a;; = [A],;. Operations in M,,(A) are analogous

to those in the set of numerical matrices. These include the associative, commutative
and distributive laws with identity

1 0 0
0 1 0
I=1.
0 1
app v Ay
In addition, the conjugate is defined as A* = | : - |. Also, the reversal law
Al 0

(AB)* = B*A*.

19
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We will show that M,,(A) is a C*-algebra. To do so, we will use the Gelfand-Naimark
representation (H,7) of A
Define m, : My(A) — M, (B(H)) by

7T(a11) e 7r(a1n)
m(A) = o (4.1)
m(an1) - w(ann)

Now, 7, embeds M,,(A) into M,,(B(H)) ,that is 7, is an injective *-homomorphism.
First, if m,(A) = 0 then m(a;;) = 0 for all i,j and a;; = 0 since 7 is injective
Thus, A =0 and 7, is injective.

Next,

[0 (A + B)];; = m(aij + bij) = m(ai;) + m(bi;)

= [m(4) + Wn(B)]z‘j

And,

[T (AB)] Z aikbr;) = m(aik)m(bkj)

=1
= [Wn(A)ﬂ'n(B)]ij

Also,

[mn (AT)] = 7(ag;) = (w(aiz))”

Thus, m, is a *-homomorphism.

Further, recall that the C* norm on M,,(B(H)) is defined as follows.
Let

An Ain,
M = :
Anl Ann
where A;; € B(H).
Let & = (21,29, ...2,) € H™ so
> i1 A
Mz = :
> i1 Anjz;

Clearly, M is a linear operator from H™ to H™.
Given that = (21, ...%),y = (Y1, ...yn) € H™, the inner product

n
)= miyi
=1
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so the norm

1
n 2
2
zlly = (E [EA )
i=1

The operator norm is defined as

[ Mz
|M] == sup
mj1 x1
We will show that M is a bounded linear operator. Let M; = : and z =
Mijn In

Then, ||Mz|; = > i1 HMijH2. Further, M;Tx = mj121 + ... + mjnx,, and

2 2
1M 2" = Imjpas + ...+ mgnzal® < (Imgll lza ] + ..+ gl 2al])?

by triangle inequality and submultiplicativity of the norm. Then, by the numerical
Cauchy Schwarz inequality, we get, HMJ’T.rHQ < HM]-TH2 ||;v||§ Hence, M is bounded.
In addition, since M € B(H (”)) and H(™ is a Hilbert space, this norm satisfies the C*-
identity.

Then, we can define the norm on M, (A) as
[A[] := Jlmn (A -

We will check that the properties of C*-norm are satisfied.
First, by the subadditivity of operator norm,

A+ B| = [[mn(A + B)|| = [[mn(A) + 7n(B)]
< lmn (A + lmn (B = |A[l + [ B -

Next,

IAA[ = [l (AA)| = [|Amn (A)]
= (Al lmn (A) [ = AT LA-

Also, if |A|| = 0,then |7, (A)|| = 0. Hence, m,(A) = 0 which follows from the property
of operator norm and since 7 is injective, a;; = 0 for all i,j.

Further, [|A|| = ||7.(A)|| is non-negative.

In addition,

[AB[| = |[7n(AB)| = (|7 (A)mn (B
< mn(AHma (B = [[A[B]] -
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Finally, this norm satisfies the C*-identity:

[AZA] = [[mn (A" A) || = [0 (A") 7 (A)]]
= [|mn(A) T (A)]| = I (A)]”
=[|A)>.

Hence, we have proved the following theorem:

Theorem 4.1.1. There exists a norm on M, (A) which turns it into a C*-algebra.



Chapter 5

Matrices over total system of
projections

Let P € B(H) be an orthogonal projection. Then P, := I — P is also an orthogonal
projection, Pi1P» = 0 = PP, and P, + P, = I. We note that H = R(P1) © R(P).
This can be generalized to n projections, which then form a so called total system of
projections in B(H).

5.1 Total projection systems in a C'*-algebra

Let A be a C*-algebra. Let P = (p1,p2,...,pn) be a total system of projections in A,
that is p? = p; = p}, pip; = 0 for i # j, and > 1, p; = 1.

The object of our discussion in this section will be a set of n x n matrices with entries
piap;j where a € A and p;, p; are elements of a total system of projections. Adapting [4]
which shows the corresponding result in a Banach algebra, we will show that this set,
equipped with an appropriate norm, is a C*-algebra.

Consider the set My (A, P) C M, (A) where A € M, (A, P) defined as A = [a;}]
with a;; € piApj.
We define a norm on M,,(A,P) as

IA[l =

2y

aij
1

n

23
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To check that the properties of norm are satisfied, first,
n

> (aij+biy) D ai| [ D by

1,j=1 i,j=1 i,j=1

A+ 1Bl

1A+ B

IA

Next,

IMA = ([ > Aags|| = A D a5

,j=1 t,j=1
= [A[]1Al

Further, || A|| = HZZ]’:l aij|| > 0.

Lastly, we will show that ||A|| = 0 implies that A = 0. [|A| = szjzl a;j|| = 0 implies
that 2?,3:1 a;; = 0. Note that a;; = p;a;;pj. For any s,t €1,..,n,

n n n
0=ps( D aij)pe = Y peijpr =0 = PsPitijp;Pr = pstistPy = ast = 0.
ij=1 ij=1 ij=1

Hence, A = 0.

Our aim is to show that M, (A, P) equipped with this norm is a C*-algebra. This
is done by showing that M, (A, P) is isometrically *-isomorphic to A itself. As a conse-
quence of this, by the uniqueness of C*-norm, the C*-norm in M, (A, P) is given by

TAI = || >_ as|| = Ima(A)]

=i

Consider ¢ : A — M, (A, P) defined by

pirpr -+ P1TPn
o(zr) = : ... : (5.1)
PnZP1 -+ PnIPn

We will show that ¢ is an isometric *-isomorphism from A to M,, (A, P), which implies
that M, (A, P) is a C*-algebra
First,

le(z +y)l;;

pi(x +y)p; = pixp; + piyp;j
[o(@)];; + e ()],
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So, p(z +y) = o(x) + ¢(y).
And,

le(@y)l;; = pilzy)p; = pix(D_ p)yp;
k=1

M=

(pizpr) (Prypj) = W(@‘P(?/)hj

i

1

That is, ¢(zy) = ¢(x)p(y). Thus, ¢ is a homomorphism.
Next, let = 37", aij € Mn(A,P). Then,
n
psepr = ps( >, aij)pt = PssiPr = ast-
ij—1

Hence, ¢ is surjective.
Note that for each z € A, x = Z?jzl DiTp;j, since

T = <sz> x ij = Z Pyxp;.
i=1 j=1

4,j=1

Hence, ||¢(z)|| = ||z||, that is ¢ preserves norm.
Also, if p(z) =0, then ||p(z)|| = ||z]| = 0, so = 0 and ¢ is injective.
In addition,

[o(z")]y; = pix*p; = (pjapi)* = [p(2)]};

*

which implies that p(z*) = ¢(z)* and ¢ is a *-homomorphism. Thus, ¢ is an isometric

*_isomorphism. The identity in M, (A, P) is given by

p1 O 0 0

0 po 0 0
I= 30(104) = |-

0 0 ... .. pn

Thus, we have proved the following

Theorem 5.1.1. There exists a norm on M, (A, P) which turns it into a C*-algebra.



26 CHAPTER 5. MATRICES OVER TOTAL SYSTEM OF PROJECTIONS



Chapter 6

Applications

In this chapter, we shall see some examples of the use of matrices over C*-algebras. By
making use of matrices over C*-algebra, one can construct a more elegant proof.

6.1 Albert’s Lemmas

In this section, we will present a new proof of Albert’s Lemmas [6]. We will make use of
the results in section 4 and 5. The method used here to establish these results is new.
First, we will begin with some definitions [5].

Definition 6.1.1. a € A is regular if there exists b € A such that aba = a, that is
a € aAa. Further, b is called the inner inverse of a, and we write b:= a™.

Definition 6.1.2. The Moore-Penrose inverse of an element a € A is the unique element
al € A satisfying the equations

*

aata = a, alaal = aT, (aaT)* = aaT, (aTa) =ala

Definition 6.1.3. Let
X — |:£L'11 1712:| GMQ(A)

T21 X22

Then the Schur complement s(X) := x99 — x21211~ X12.

To proceed, we will state a well-known theorem [7] which will be needed in our proof.

Theorem 6.1.4 (Harte-Mbekhta). Let a € A. Then, the followings are equivalent:

(i) a is regular.

(ii) a has Moore-Penrose inverse.

27
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(iii) aA = aA, that is aA is closed.

In addition, we will need the following lemma in the proof:

Lemma 6.1.5. Let a € A. If a*a is reqular, then a is regular.

Proof. Let b= (a*a)”a*.Then,

a*aba = a*a(a*a)” a*a

=a*a

The law of *-cancellation states that if a*x = a*y, then £ = y. This follows from the
C*-identity. Thus, we get aba = a. O

Lemma 6.1.6. Consider X = [1‘11 0
0 @2

and only if x11 and xo9 are positive.

} with T11 and x99 self-adjoint. X is positive is

Proof. Suppose that x1; and x99 are positive. Consider mo(X ), where the map my is as
defined in 4.1.

m(X)z[”(“”“) o]

0 7T(1‘22)

and 7 is the Gelfand representation. For any a = [a1 as],

<7T2(X)a, a) = <7r(x11)a1, CL1> + <7r(a:22)a2, a2>
>0

Hence, m3(X) > 0, and therefore X is positive. Next, suppose that X is positive. For
any a = [a1 ag], (m2(X)a,a) > 0. Take a = [0 y|. Then,

(m2(X)a,a) = (71(211)0,0) + (7(z22)y, y)
=0+ <7T(1“22)y5 y>
= (m(222)y,y) > 0

for any y € A. Hence, x92 is positive. Similarly, take a = [y 0] and we will get 1 is
positive. [

Now we are ready to state the main result. This result consists of two Lemmas. The
first Lemma will characterise the positiveness of matrices over C*-algebras. The second
Lemma will characterise the positiveness of elements of C*-algebras. The proof of the
second Lemma will make use of the result of the first Lemma.
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Lemma 6.1.7 (Albert’s Lemma 1). Let

11 T12
X =
21 T22

be a matrixz over a C*-algebra A such that X is self-adjoint and x11 is reqular. Then
X >0 if and only if

(i) 11 2 0.

(i) 211211~ 712 = 212

(ili) s(X) = @o2 — x21211 @12 > 0.

Proof. Since X is self-adjoint, x11 and x99 are self-adjoint and x12* = xo1.

Assume that conditions (1)-(3) hold. Define

N R AR AT
|

S is invertible with an inverse

1 a1t
-1 _ 11 12
5=l

Consider the matrix A = §*X.S. We will show that A is positive, which will imply that
(S™H*(S*XS)S~! = (8*)71(S*X 9)S~! = X is positive by Lemma 2.3.8. Now,

_ax |1 O
A—SXS—[O S(X)]

We apply the function 79 as defined in 4.1.

=[5 o

where 7 is the Gelfand representation of A. Then, for u = (z,y) € H?,
A ) = )
m. =" AL

=iy o)L
= {rlen)e,2) + (r(s(X))y. )
>0

since 7 is an injective *-homomorphism, and therefore preserves the positivity. Thus,
ma(A) is positive, and since 7 is an injective *-homomorphism, this implies that A is
positive. Hence, we have proved that X is positive.
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Next, let X > 0. By Lemma 2.3.7, X = Y*Y for some Y € Mjy(A). Write

yin 0 0 w12
Y] = , Yo =
! [y21 0} 2 [0 922]
Then, Y =Y1+Ys, andso X =Y*Y = (Yl —|—Y2)*<Y1 —|—Y2) = Yl*Yl —|—Y1*Y2—|-}/2*Y1 +Y2*}/2
Also,

v, _ 211 0 v |0 12
v oo =)

0 0 * 0 0
YZ*YI = |:IE21 O:| 3 Y2 Y2 = I:O 51722:|

Lemma 6.1.6 implies that x1; is positive since Y;*Y] is positive by Theorem 2.3.6.

Let Z =Y]"Y; and

Then,

W Z 0 0

| T11 0
10 0
=7

[961151711_3711 0]

which implies that Z is regular.
By Lemma 6.1.5, Y7* is also regular, and (Y7*)” = Y1(Y{*Y7) ™.
We have
Tz vz = Y7 YY) TYTY,

=Y (Y1) 1'Ys

=YY,

= T12
Next, by Lemma 2.3.8, A = §*X S = [xél s(())()] is positive since X is positive. Hence,
s(X) is positive by Lemma 6.1.6. O

In [6], Albert proved this Lemma for finite block matrices. The method presented
above also applies to finite block matrices.

Lemma 6.1.8 (Albert’s Lemma 2). Let P = (pl,p2) be a total system of projections
and self-adjoint X € Ma(A)

X xT
X — 11 12
T21 X22

with x;; = pixzp; for some x € A and x11 is reqular. Then, x is positive if and only

if
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(i) 11 Z 0.
(i) znzi T2 = T12.

(ili) s(X) = wo2 — 21211 @12 > 0.

Proof. Apply the function ¢ : A — M, (A, P) as defined in 5.1. ¢ is an isometric *-

isomorphism. Thus, x is positive if and only if X is positive. By Albert’s Lemma 1, x is
positive if and only if (1)-(3) hold. O

6.2 2 x 2 matrices over C*-algebras

Applying 2 x 2 matrices over C*-algebra, one can immediately solve some problems which
can not be treated easily in the C*-algebra itself. We will give some examples of these
in this section. In particular, we will prove the Fuglede-Putnam theorem and various
applications due to Moslehian [11].

6.2.1 Fuglede-Putnam Theorem

We will present here a result concerning normal elements in a C*-algebra by using ma-
trices over C*-algebras. First, we will need the following result given in [3]:

Theorem 6.2.1 (Fuglede’s Theorem). Let a be a normal element of A. Then a* double

commutes with a.

Proof. Let b € A such that b commutes with a. Then, b commutes with all powers of a,
so b commutes with p(a) where p is a polynomial. Further, b commutes with f(a) where
f is a uniform limit of polynomials on Sp(a). In particular, b commutes with exp(ua)
for any complex p. Thus, for any A € C,

exp(Aa*) b exp(—Aa*) = exp(\a*) exp(—Aa) b exp(Aa) exp(—Aa*)
As aa™ = a*a, we get
exp(Aa*) b exp(—Aa*) = exp(Aa® — Aa) b exp(Aa — \a*)
Further, for any = € A, the element —i(xz — z*) is self-adjoint. Thus,
g(\) = —i(Aa® — da) = —i(Aa* — (\a®)¥)

is self-adjoint. Hence
lexp(ig(A))|| = [lexp(—ig(A))[| =1

and so
lexp(Aa®) b exp(—Aa”)|| = [lexp(ig(A)) b exp(—ig(A))[| < [|b]]
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The map F(\) = exp(Aa*) b exp(—Aa*) is therefore a bounded entire function. By
Liouville’s theorem, F' is a constant function. Hence,

b=exp(Aa”) b exp(—Aa™)
and therefore,
exp(Aa®) b=1"b exp(Aa*)
for all A € C. Equating coefficients of A on both sides, we get a*b = ba*. O

Now, we will employ matrices over C*-algebras, together with the theorem above to
prove the following theorem:

Theorem 6.2.2 (Fuglede-Putnam Theorem). Let a,b be normal elements of A. If c € A
such that ac = cb, then a*c = cb*.

Proof. Let

a O 0 c
a=fr O aman= [t

Then, A, B € Ms(A). A is normal, since

«4_|a® Ofla O] [|a*a O
wa= {7 35 = 10
aa®* 0
0 obb*

]:AA*
Also,
0 ac 0 cb
an={o =10 7]
= BA

That is, A commutes with B.
By Fuglede’s theorem, A*B = BA*,

0 a*c| [0 cb
0 0| [0 O

Hence, we get a*c = cb*. O

6.2.2 Moslehian’s results

In his paper [11], Moslehian surveys the applications of 2 x 2 matrices over C*-algebras
to simplify various problems in functional analysis. Here we will present some of them.

The following two theorems will concern linear maps between C*-algebras. Our aim
is to show how the proofs of these results are simplified by utilizing 2 x 2 matrices over
C*-algebras. Before we state the first theorem, note the following definition:
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Definition 6.2.3. Let A and B be unital C*-algebras. A linear map ¢ : A — B is said
to be completely positive if for all n, ¢, : My (A) — My (B) given by ¢n([aij]) = [¢(aij)]
is positive.

Theorem 6.2.4. Suppose A and B are unital C*-algebras and ¢ : A — B is a completely
positive linear map with ¢(1) = 1. Then, for each a € A, ¢p(a*a) > ¢(a)*¢(a).

Proof. Note that [al* f } = [1 a] [1 a] > 0. By the complete positivity of ¢, we

a a 0 0] |0 0
W[ 0T T 100 ] e g > gt
get [¢(a*) ¢(a*a)}'_ {¢(a*) ¢(a*a)] > 0. Thus, ¢(a*a) = ¢(a”)¢(a). O

To prove the next result, we need the followings:

Lemma 6.2.5 (Kadison’s inequality). If ® : A — B is a positive unital linear map
between C*-algebras A and B, then for every normal element a € A

®(a*a) < P(a)*P(a)

Definition 6.2.6. ¢ : A+ B is a contraction if and only if | ®| < 1.

An interesting fact is that a positive unital linear map is a contraction:

Theorem 6.2.7. Let A and B be unital C*-algebras and ¢ : A — B be a unital positive
linear map. Then, ¢ is a contraction.

a (1 —aa*)'/?

Proof. Let u = ] € My (A) where a € A and |la|]| < 1. Note

(1 —aa*)/? —a*
that u is unitary. Define a map v <[CCL Z]) = ¢(a). 1 is a positive unital linear map.
Applying Kadison’s inequality, |¢(a)| = [[¢:(u)] = [[(u)* @) < |lv(ww)]* =

l(1)]] = 1. Hence, ¢ is a contraction. O

We know that for every € AT, there exists y € B such that z = y*y. Now, the next
result states that for every x € A, there exists y € A such that z = yy*y, and we will
use matrices to prove this theorem.

Theorem 6.2.8. For each element x € A, there exists a unique y € A such that x =
Yy y-

*

x ] . This matrix is self-adjoint. Further

2o A= Y

Proof. Consider [g
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Hence, by functional calculus,

0o 1" 0] _ [t o]0 &
z 0] o -7 "o -1z 0

0 1Y% Tu o 0 z* 0 y°
Let [ ] = [ y] We get u = v = 0 and [ } = [ y] implies that
y v x y 0

T = yy*y. O

6.3 Common self-adjoint solutions

Here, we will use matrices over C*-algebras to prove the existence of self-adjoint solutions
to system of linear equations in C*-algebras.

First, note the following result given in [9].
Theorem 6.3.1. Let a,c € A and a be reqular. Then, ax = ¢ has self-adjoint solutions
if and only if aa”c = ¢ and ca™ is self-adjoint

Recall that a™ is an inner inverse to a regular a, that is aa”a = a.

Define the matrices

a 0 c 0 z 0
Sl Rl P R
Note that matrix X is self-adjoint if and only if x is self-adjoint.

Consider the equations
ax =c

6.1
xb=d. (6.1)
We can write these equations as
axr =c
b*x = d*

and turn this into matrix equation AX = C. Then, equations 6.1 will have a common

self-adjoint solution z if and only if the matrix equation AX = C has a self adjoint

solution X = B 8} . Theorem 6.3.1 shows that AX = C has a self adjoint solution if

and only if AA=C = C and CA* is self-adjoint. Thus, we get the following theorem:

Theorem 6.3.2. Let a,b,c,d € A. Let m = b*(a — a"a) and a,b,m be regular. Let
matrices A,C, X be defined as above. Then A is reqular. The equations ax = ¢ and
xb = d have a common self-adjoint solution if and only if

AAC =C and CA* is self adjoint.
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It was shown in [10] that an inner inverse of A exists and is given by

A |~ (1—a a)ym™b*a~ (1 —a"a)m™]
n 0 0

Then,

. Ja 0lJae=(1-aaym b*a™ (1—aaym | [c 0] _ aa”c 0
AAC = [b* 0} [ 0 0 | =mm7)b*a"c+mm~d* 0’

Hence, AA~C = C if and only if

aac_c=c and (I1—mm )b'a"c=(1—mm )d"

« _|c 0] |a* b |ca* cb
ca= 15 o) [5 o = &)

Therefore, CA* is self-adjoint if and only if

Next,

ad=cb and ac*,b*d are self-adjoint.

Hence, we have proved the following theorem:

Theorem 6.3.3. Let a,b,c,d € A. Let m = b*(1 —a~a) and a,b,m be reqular. Then
the equations ax = b and xb = d have a common self-adjoint solutions if and only if

aac c=c and (1—mm )b*a c=(1—mm™)d"

and
ad =cb and ac*,b*d are self-adjoint.
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