The University of Melbourne

Department of Mathematics and Statistics

Hidden Markov Models with

Multiple Observation Processes

Honours Thesis

November 2, 2007

James Zhao

supervised by

Bill Moran Peter Taylor



Contents

1 Introduction
1.1 History . . . . . . . . .

1.2 Recent Developments . . . . . . . ... ... ... ... ...

2 Hidden Markov Models

2.1 Markov Chains . . . . . . . . . . ...
2.2 Observation Processes . . . . ... .. .. ... .. ......
2.3 Calculation of Probabilities . . . . . .. ... ... ... ...
2.4 State Estimation . . . . . ... .. ...
2.5 Sample Path Estimation . . . ... .. .. ... ... .....
2.6 Parameter Estimation . . . ... ... ... ... .......
3 Multiple Observation Processes
3.1 Motivations . . . . . ... ...
3.2 Information State . . . . . . .. ... ... L.
3.3 Two Dimensions . . . . . .. .. ... ... ... ... ....
3.4 Examples . . .. ...
4 A Special Case
4.1 Definitions . . . . . . . ..
4.2 Stationary Point . . . ... ..o
4.3 Optimality of Threshold Policies . . . . . . .. ... ... ...

5 Conclusion

References

20
20
24
27
28

38
38
40
47

56

57



1 Introduction

A Hidden Markov Model is a statistical model consisting of two stochastic
processes—the underlying process which describes the system in question,
and the observation process through which observations are made. The key
notion is that the underlying process is a Markov chain which cannot be
directly observed. Thus, all available information comes through the obser-

vation process, which is a probabilistic function of the underlying process.

Heuristically, such models can be thought of as “Markov chains with obser-
vation errors”, and have commonly been used as a model for languages, with
notable applications including speech recognition [18], musical transcription

[19], cryptanalysis [11], and DNA and protein sequencing [6].

One question of interest is: “What happens if there are different ways of
observing the underlying process?” If we can simultaneously observe in all of
these ways and combine the observations, this would clearly be the optimal
solution. However, this is not always possible. Even if neither time nor
computing power is limited, some systems do not easily lend themselves to
multiple simultaneous observations. For example, a radar can choose only

one electromagnetic pulse to transmit within a certain time interval [13].

It is this problem of choosing the best method of observation to use which
will be the primary focus of our work. In particular, we will consider policies
for selecting the observation method based on past observations, with the
optimality criterion that one policy is considered superior to another if the
best estimate under that policy has a lower long term expected information

entropy.

Our aim will be to describe an optimal policy for selecting the method of
observation, show that this policy is indeed optimal, and show that in certain
situations, it is significantly better than naive ways of choosing a method
of observation, such as only using one method or alternating between two

methods.



1.1 History

Markov chains are named after Andrei Andreievich Markov (1856-1922),
who first studied them in an attempt to discredit his lifelong adversary,
P.A. Nekrasov, who had asserted that independence is a necessary condi-
tion for the weak law of large numbers [1]. Markov constructed his chains
as a counterexample to Nekrasov’s claim, publishing his results in a series of
papers beginning in 1906 [22]. While his initial motivation was purely the-
oretical, Markov also provided one of the earliest applications of his model,

using it to analyse the relationship between consonants and vowels in Alexan-
der Pushkin’s Eugene Onegin in 1913 [15].

Work on Markov chains continued throughout the twentieth century, among
the most notable results being the generalisation to countably infinite state
spaces by A.N. Kolmogorov in 1937. Markov chains are now used in an
enormous range of mathematical applications, including statistical mechan-
ics, communications, mathematical biology, life insurance, and the Google

search engine.

The Hidden Markov Model was first introduced in a series of papers from 1966
to 1972 by L.E. Baum and others, who called them by the more descriptive
name of Probabilistic Functions of Markov Chains [3]. The initial major
application for this theory was in speech recognition in the early 1970s, with
the main results in this area described particularly concisely in L.R. Rabiner’s
influential 1989 tutorial paper [18]. Hidden Markov Models saw another
major application in bioinformatics from the 1980s onwards, with extensive

usage in the analysis of sequences of proteins and nucleic acids [6].

Algorithms for analysing Hidden Markov Models were discovered very early
in their development. In 1967, Baum described an algorithm, now known
as the forward-backward algorithm, which allows for the efficient calculation
of observation probabilities and the estimation of individual states [2, 18].
Also in 1967, A.J. Viterbi formulated an algorithm for the decoding of con-

volution codes in telecommunications, which is directly applicable to Hidden



Markov Models in estimation of sample paths [23, 10]. Then in 1970, Baum
and L. Welch discovered an algorithm for parameter estimation in a Hidden
Markov Model [4, 18].

These are the three classical algorithms for solving problems in Hidden
Markov Models. As we are primarily interested in state estimation, we will
only make use of the forward-backward algorithm in our results, but we will
also describe the Viterbi and Baum-Welch algorithms for the sake of com-

pleteness.

1.2 Recent Developments

The problem we are interested in, that of selecting an observation process for
a Hidden Markov Model in which there are multiple choices, was first con-
sidered by J.S. Evans and V. Krishnamurthy in 1998 as a sensor scheduling
problem [8, 9]. They considered the system not strictly as a Hidden Markov
Model, but rather, as a standard Markov chain observed using one of several
sensors, each with Gaussian noise depending on both the current state of the

Markov chain and the observation method used.

Evans and Krishnamurthy defined optimality for such a system as the min-
imisation of a cost function, given by the sum of the observation error, as
defined by a standard measure of uncertainty such as variance or informa-
tion entropy, and an explicitly defined usage cost associated with each sensor.
With such a broad definition, they did not attempt to solve the problem in
general, instead describing a numeric example for which they presented an

intuitive solution.

Krishnamurthy followed up this work with a paper in 2002 [12], this time
describing the system as a Markov Decision Process. This is a model in
which one has limited control over the transition probabilities of a Markov

chain. Each action results in a different set of transition probabilities, with



the aim being to decide which action to take so as to minimise a cost function
based on the state of the Markov chain. If the Markov chain is not directly
observable, the model is called a Partially Observed Markov Decision Process,
for which there exists substantial literature concerning algorithmic solutions
[17, 14].

The difference between a Partially Observed Markov Decision Process and
a Hidden Markov Model with multiple observation processes is that in the
former, one can alter the outcome and does so in order to achieve the optimal
such outcome, while in the latter, the outcome cannot be altered and the
aim is to achieve the optimal measurement of that outcome. However, it
is possible to transform a Hidden Markov Model with multiple observation
processes into a Markov Decision Process by considering it as a Markov chain
in the information state—the posterior distribution of the underlying state
given the sequence of observations—which is a sufficient statistic for the

underlying state.

The Markov chain obtained by this transformation is fully observable, but
its state space is uncountable. Krishnamurthy acknowledged this in his 2002
paper [12], presenting several algorithms which solved the problem in the
sense that they would theoretically yield an optimal solution, but were an-
alytically and computationally intractable due to the difficulty in working

with an uncountable state space.

We note that Evans and Krishnamurthy always considered the primary trade-
off as between the precision of estimation and the explicitly given cost of using
each sensor. While such an approach is very appropriate in an engineering
setting, the problem is interesting in itself without attaching a cost of usage
to each sensor. Differences in sensors will arise from some being more suited
to observing particular states than others, and, in a theoretical sense, this is

a more natural trade-off than the costs involved with using them.

This was the approach taken by M. Rezaeian in 2007 [20], who also considered

the problem as a Markov Decision Process in the information state, with the



minimisation of long term expected information entropy as the optimality
criteria, and no usage costs for sensors. However, Rezaeian did not proceed
further than describing the problem, and gave an incorrect equation for the
evolution of the information state; we present the correct version here as
Equation (16).

In consideration of the work described above, it would appear that a straight-
forward application of the theory of Markov Decision Processes is unlikely to
lead to a solution. Hence, we will not build upon the work of Evans, Krishna-
murthy and Rezaeian, but will instead work towards an analytic rather than
algorithmic solution. This was the basis of unpublished work by W. Moran

and S. Suvorova—our approach is similar, but derived independently.



2 Hidden Markov Models

2.1 Markov Chains

At the centre of any results involving Hidden Markov Models is the underly-
ing Markov chain, which, observable or not, describes the state of the system

in question. Thus, we begin by introducing the Markov chain.

Definition 2.1. A stochastic process is a collection of random variables
{Xi}ter on a common probability space (€2, F,P), indexed by a totally or-
dered set 7.

A discrete time stochastic process is one in which the index set 7 is count-
able; in this case, let 7 = Z* = {0,1,2,...}. A discrete state stochastic
process is one in which the random variables { X; };c7 take values in a count-
able set, which we again take to be Z*. A finite state stochastic process is

defined analogously, taking the n distinct values 0,...,n — 1.

Definition 2.2. A Markov chain is a discrete time stochastic process
{Xi}iez+ satisfying the Markov property, which is that the next state
depends only on the current state and not on the path taken to reach the
current state. For a discrete state Markov chain, the Markov property can

be expressed by the equation
P(Xt-H = $t+1|Xt =T ..., Xo= on) = IED<Xt+1 = 93t+1|Xt = xt)- (1)

This holds for all time ¢, and all states zy, . .., x4 1. If, in addition, this prob-

ability does not depend on ¢, the Markov chain is called time homogeneous.

Definition 2.3. The transition matrix of a finite state, time homoge-
neous Markov chain {X;}4cz+ is the n x n matrix T, where n is the number
of states of the Markov chain, with entries given by the transition probabili-
ties, that is, T; ; = P(X;11 = j|X; = 7).



We now take a moment to introduce some convenient notation. First, we
will use a superscript in parentheses to denote the vector of all the values of
a sequence up to the number within the parentheses. For example, we will
write X® to mean the vector (Xo, X1,...,X;).

Second, when we write a random variable X : {2 — R in the context of an
event, we mean the event {w € ) : X(w) = z} for some real number z, with
the understanding that the result should hold no matter which x we pick.
For example, we will write P(X|Y) = P(X) to mean the statement

P(X = x}Y = y) = ]P’(X = a:) for all real numbers z and y.
Using this notation, we can write the discrete state Markov property as
P(Xi1 | X D) = P(Xppr | Xe). (2)

If the Markov chain is also time homogeneous, we can write the Markov

property in terms of the transition matrix, giving the equation

P(Xe1 = j| X = 4, XUY) = P(Xpuy = j| X = 1) = T (3)

2.2 Observation Processes

As originally described by L.E. Baum [3], the observation process is simply
a probabilistic function of the underlying Markov chain. We now define this

formally.

Definition 2.4. Given a finite state, time homogeneous Markov chain
{Xi}iez+, an observation process for this Markov chain is a discrete time,
finite state stochastic process {Y;};cz+ on the same probability space, such
that the current observation Y; depends only on the current state X; and

not on any previous states or observations, and the next state X;,; depends
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only on the current state X; and not on either the current observation or any

previous states or observations.

This can be written as the equations
P(Yi|X0. Y 00) = B(v] ).

4
P(Xea | XD YD) = P(Xop | X0). @

This must hold for all ¢, and we require that the probabilities in both equa-

tions do not depend on .

Definition 2.5. The observation matrix is the matrix that describes the
transition probabilities from X; to Y; in the same manner that the transition
matrix describes the transition probabilities from X; to X;,;. More precisely,
it is the n x m matrix M, where m is the number of states of the observation

process, with entries

My =PB(Y; = j|X, = i) = P(Y; = j|X, = i, YU, XO0). (5)

We will use these symbols to represent the Markov chain and the observation
process for the remainder of our discourse. In particular, {X;}scz+ will be a
Markov chain with state space {0,...,n—1} and transition matrix 7" on the
probability space (Q, F,P), and {Y;};cz+ will be an observation process for

{Xi}iez+ with state space {0,...,m — 1} and observation matrix M.

We also define 7 to be the distribution of the initial state X, of the Markov
chain. With these definitions, the parameters of a Hidden Markov Model
are fully specified by the triple (7', M, 7). We will usually consider all three
parameters to be known. However, as we are primarily interested in limiting
behaviour, where the value of 7 is often unimportant, we will not give a

particular value for m but instead aim to prove our results for all possible .

With this construction, there are three basic problems of interest for Hidden
Markov Models, which are those concerning the calculation of probabilities,

the estimation of states or sample paths, and the estimation of parameters,
as stated by L.R. Rabiner [18].



2.3 Calculation of Probabilities

The probability calculation problem is that of computing the probability of
observing a particular sequence given the parameters of the model. Formally,
given a Hidden Markov Model with parameters (T, M, 7) and a sequence
of observations y), we wish to calculate the probability of observing this

sequence, that is,
P(Y® =) =Py =4O (T, M,T)).
In theory, one can simply apply the law of total probability to obtain

P(Y® =y®) =3 []p(y(t) — 0| X O = 20) . P(X® = ac(t))]

2
t—1 t
=> 7o) [[ Tevawe - I [ Mzs,yS] . (6)
() s=0 s=0

The sum is over the finitely many sample paths z(*).

While this is theoretically a very easy solution, calculating the probability us-
ing this formula is computationally infeasible, as it requires, at the very least,
evaluation of n'™! sample paths, which grows exponentially in time. Fortu-
nately, there is a fairly simple recursive algorithm, the forward-backward
algorithm first described by Baum in 1967 [2], which can be used to solve
this problem.

The mathematical basis of this algorithm is similar, but the trick is to keep
track of the state of the Markov chain.

Definition 2.6. The forward variable at time s is the vector valued
function ay : {0,...,m — 1}**! — R™ taking a sequence of observations y*
to the probability of observing that sequence, for each current state of the

system. More precisely, the entries of oy = ay [y(s)] are given by

as(j) = as[y®] () = P(Y® =y, X, = j). (7)



We will understand that o, is a function of ) without writing the depen-
dence explicitly In particular, we will assume there is a fixed sequence of

observations y*) for some time ¢, and let s vary from 0 to ¢.

Then, we can apply the finite additivity property of probability and Equation

(4) to obtain a recurrence relation for oy, in terms of a,

as+1(j) = ]P)<Y(s+1) = y(8+1) Xerl = ])

= Z]P s+1 (S+1)7Xs+1 =J Xs = Z)
_ Z]p(y(s) _ y(s), X, = @) M; . T

Mjy.in Z (1)1, (8)
We also require an initial value «g, which we obtain by
ao(j) =P (Yo = yo, Xo = J) = M ,m(j). (9)

Then, the required probability can be extracted from the forward variable

by summing over all states of the Markov chain, giving

n—1 n-1
P(Y®W =y0) =3"P(Y" =40, X, =) =3 ) (10)
j=0 =0

Thus, to calculate the probability of a sequence of observations, we need to
calculate the ¢t + 1 variables oy, s = 0,...,t, where each ay is a vector of n
probabilities, each one calculated using n addition and n + 1 multiplication
operations. Importantly, the number of calculations required increases lin-
early with time, and the number of values that need to be stored is constant,
since for each s = 0,...,t, we only need to know the current forward variable

as and can discard the previous ones.

Hence, this is a computationally feasible method for calculating the proba-
bility of a particular sequence of observations. We summarise this algorithm

as follows.

10



Theorem 2.1. The probability of observing a particular sequence y® is
z;:ol ay(7), where ay(j) are the values of the forward variable, which can be

calculated by the recurrence

ao(7) = Mjy,m(j),

. n—1 . (11)
as(j) = My, .\ Z OzS(Z)Tm'.
=0

Note that we have introduced the forward variable but no corresponding
backward variable—such an object does exist, and is used in the Baum-Welch
algorithm to solve the problem of parameter estimation. As such, it will be
described in Section 2.6.

2.4 State Estimation

The state estimation problem is that of estimating the current state of the
underlying Markov chain given a sequence of observations. However, rather
than estimating the single most likely state, we will instead estimate the
posterior distribution of the Markov chain given a sequence of observations,
which is known as the information state. Note that we can easily determine
the most likely state from the information state by simply taking the state
with greatest probability.

Definition 2.7. The information state z, = z[y®] at time ¢ given by a
sequence of observations y®) is the posterior distribution of the current state

X, given by those observations. The probabilities of this distribution are
a(f) = 2 [y0] () = P(X, = j[y© = y©). (12)

As with the forward variable, we will understand that the information state
depends on the sequence of observations, without writing this dependence

explicitly in cases where we are considering a fixed such sequence.

11



Note that the information state is a probability distribution on {0, ..., n—1},
and in particular, the space of information states is the set of all probability
measures on a finite set of cardinality n, which can be considered as the

simplex A of dimension n — 1 contained in R™ given by

A:{($07'--7$n—1) GRn:xOV"axn—l 207x0+"'+$n—1 :1} (13)

To evaluate the information state z; arising from a sequence of observations

y®, we can relate z to the forward variable oy, giving

P(X, =, YV =y)

_ P(Xt =5, YV =y")
OP(X =k, YO = y®)
= Ktat(J), (14)

where K, is some constant since the denominator does not depend on the
state j. Then, we can use the recurrence relation for a4, as written in Equa-

tion (8), to obtain one for z;, giving

n—1

Zt+1(]) Kt+1at+1( ) Kt+1Myyt+1 Zat
=0

n—1

K1 :
= }t('——:Mj7yt+1 Z Zt(l>ﬂ7]

= 0

Jyt+1 D i =0 zt( )T, . (15)
Mk,yt+1 Zz 0 Zt( )ﬂk

Note that we have evaluated the constant K;,1/K; in terms of z; from our
knowledge that > 7~ e (j) = 1.

We can write this in matrix form by considering z; as a row vector of prob-
abilities. Let Dly,y1] be the n x n diagonal matrix with entries given by
Dlyt1]ii = M,

iweers and let 1 be a n x 1 column vector of ones. This allows

us to write the recurrence relation for the information state z; in a succinct

manner, as follows.

12



Theorem 2.2. The information state z; follows the recurrence relation

2 T Dlyss]
Zt T D[yt-i—l] . 17

Zey1 = f(26, Y1) = (16)
defining f : Ax{0,...,m—1} — A to be the function which takes the current
information state z; and the next observation y;,q to the next information

state zyy1.

Remark. If we know the initial distribution 7 of the underlying Markov
chain, then clearly we should initialise the information state to zy = .
However, this method generalises to the case where we do not know the
initial state; we simply pick zg € A to be any prior distribution on the state

space of the Markov chain.

Corollary 2.3. The mazimum likelithood estimate of the current state is

I = argmax {zt(z)} (17)

7

2.5 Sample Path Estimation

One potential problem with state estimation occurs when we wish to know
the sequence of most likely states. If we take the most likely state given by
each information state, it is possible to obtain an estimated sequence which is
impossible, in that it contains transitions which have probability zero. Thus,
if we are interested in the sequence of states, it makes sense to find the sample
path of maximum likelihood, rather than the sequence of individually most

likely states.

Formally, we wish to find the sample path (), where ¢ is the current time,

which maximises
P(X(t) — WOy ® — y(t)>.

13



The solution to this problem is the Viterbi algorithm [23, 10].

Definition 2.8. The Viterbi score v,(j) of astate j =0,...,n—1 at time
s, given an observed sequence y*), is the maximal probability of observing
that sequence when the chain is currently in state j. This is given by the

equation

0,(7) = 0. [y] () = max {P(X, = j, XD =27,y —y@) L (15)

z(s—l)

As with the forward variable and the information state, we will understand
the dependence on the observed sequence and not write this dependence

explicitly when considering a fixed sequence of observations.

We can evaluate these probabilities to obtain

s—1 s
vs(25) = max {71’(1’0) ) HT$k7$k+1 ’ H Mﬂckﬂk}? (19)

(s—1)
* k=0 k=0

for each z;, = 0,...,n—1. Note that we have chosen to use x; as our dummy

variable instead of ¢ in order to simplify the form of the product.

Then, a recurrence for vs,; in terms of vy is given by
s s+1
Us—l-l(xS-l-l) = max 71-(*750) : HTxk:fEkJrl ’ H ka,yk
@) k=0 k=0

s—1 s
= max { max { 7(zo) - HTxk:karl ’ H Ma, g 0 Toseis f Moy
S G k=0 k=0

= max {vs (:JCS)TIS,QCSJrl }st+1,ys+1 ) (20)

Ts

This can be written more concisely as

Vs41 (]) - miaX {Us(i),-z—‘i,j }Mj7yt+1 : (21)
We also need an initial value for this recurrence, which is given by

vo(j) = P(Xo = 4, Yo = %0) = 7(j) Mjy,. (22)

14



In fact, we could have derived this recurrence by comparing the Viterbi score

to the forward variable. We can write the forward variable as

as(j) = P(Y(S):y(8)7Xs:j) = Z ]P)<Xs = jaX(s_l) = x(s_l)aY(S) = y(8)>7
m(371)

(23)
which is exactly the definition of the Viterbi score, with the maximum re-
placed by a sum. This means we can simply replace the sum with a maximum
in Equation (8), the recurrence for the forward variable, to obtain the recur-

rence for the Viterbi score. By inspection, this indeed gives Equation (21).

Having defined the Viterbi score and derived a recurrence for it, it remains
to find the most likely sample path, which we denote by #). For a fixed
sequence of observations y*), v, (i) is proportional to

max {]P’(Xt — Z‘,X(tfl) — x(tfl) Y(t) _ y(t)) }’

(t—1)

by definition of conditional probability. But this is simply the probability of
the most likely sample path ending in state i, hence the probability of the
overall most likely sample path is given by the maximum of this probability
across all states ¢ = 0,...,n — 1. In particular, the final state in this most
likely sample path is

I, = argmax {v: (i)} (24)
In order to determine the rest of the sample path, we need to keep track of

which state we picked at time s to reach state j at time s+ 1 with maximum
likelihood. If we let that state be ugy1(j), it is clear that it is given by

tg11(j) = argmax { v, (1) Ty }. (25)

(2

In particular, if j is the state at time s 4+ 1 in the most likely sample path,
then usy1(j) gives the state at time s. Then, we can work out all previous

states by backtracking in this way, giving the recurrence
Ts = Usy1(Tsp1)- (26)

The resulting sequence &) is the most likely sample path calculated by the

Viterbi algorithm. We summarise this result below.

15



Theorem 2.4. Given a sequence of observations y®), the most likely sample

path is 29, which can be calculated by the following recurrences:

vo(j) = () Mjy,;

vos1(7) = max {0, (T } My

e () = avgma {u, (i), (27)
iy = argmax {vi(i) };

A

Tg = us-l—l(i‘s—i-l)-

2.6 Parameter Estimation

Finally, the parameter estimation problem is that of estimating the parame-
ters of the Hidden Markov Model given a sequence of observations. Formally,
given a sequence of observations y*), we wish to pick the vector of parameters

(T, M, ) which maximises
P(Y®W =yO|(T, M, ).

As noted by Rabiner [18], this is by far the hardest of the problems, and one
for which there is a multitude of imperfect solutions. While we will not be
interested in parameter estimation for our work, we present for completeness
a classic solution, the Baum-Welch algorithm [4, 18], which finds a local
optimum for (7, M, 7). We begin with a definition of the backward variable

which we briefly mentioned in Section 2.3.

Definition 2.9. The backward variable at time s with respect to a final

time ¢ > s is the vector 3, € R™ with entries given by

Bs (i) :]P)(Ysﬂ Zys+1,-~7Y%:yt{Xs=i)- (28)

16



Note that as with the forward variable, the backward variable depends on the
sequence of observations, but since we are considered a fixed such sequence,

this dependence will not be written explicitly.

We can derive a recurrence for the backward variable similar to that for the

forward variable. Clearly,

Bi(i) =P(Q|X; =1) =1, (29)
and for s < t,
n—1
Bs(i) = ZP(Y;-H = Yor1s - Yo = 4, Xop1 = j| Xo = i)
§=0
n—1

= ZP(YsH = Ysy2y e, Vo = Cl/t|Ys+1 = Yst1, Xop1 = J, Xs = Z)

=0 X P(sz-i-l = Ys+1, Xs+1 = ]‘Xs = Z)
n—1

- Z 65-‘,—1 (j)ﬂ7ij7yS+17 (30)
=0

by Equation (4), which gives the independence relations between the under-

lying process and the observation process. This gives the following result.

Lemma 2.5. The backward variable B4(i) with respect to the final time t

satisfies the recurrence relation

Bt(l) =1,

= 31
B0) = 3 Benr () Tos My (31)
§=0

We also define the quantity &(4, j) to be the probability of a transition from
state i to state j at time s, given the sequence of observations y® for ¢t > s.

More precisely,

(i, ) = P(X, =i, Xop1 = j|Y D = ¢D). (32)

17



We can relate this to the forward and backward variables. By definition of

conditional expectation, for some constant L,

&(1,7) = Ly x P(X; =4, Xo1 = J, Yy — ?J(t))
=L X P( 512 = Yst2, -0, Vo = yt’Y(SH) = y(sH);Xs =1, Xsp1 = j)
X P(Yor1 = Yss1, Xop1 = ]‘Y(S =y, X, =)
x P(Y® =y X, =)
= Ly X Bo1(5)Ti i Mjy,  0s(2)
ag(i ) iMjy1 Bs1(7)

= ) (33)
Zl =0 O./s( )Tk,lMl,ys+1ﬁs+l(l)

where we have evaluated the constant Ly in terms of oy, G541, T and M from
our knowledge that )\, Z &0, 5) = 1.

Note that the variables &,(i, 7) depend both on y®, which is a known quantity,
and on (7, M,7), which is an unknown quantity. However, we can guess
some parameters (T, M, ), and then use the variables &(7, ) to estimate

new parameters (’f .M, 7). We formalise this process as follows.

Definition 2.10. The Baum-Welch reestimate of the triple of parame-
ters (T, M, m) is the triple of parameters (T, M, 7) given by

(i) =P(Xo=1) = Zfozk

T;; = 2 IPE T _Z’Xsfl =3 _ Ei:lofi(i’j)‘ : (34)
7 Yo P(Xs =) S0 ono Esliy k)

i1y, = Do P =) Dy Dico 6101

N ZizOP(XS =) zs OZk 0 &s (i, )

Note that all probabilities given above are conditional on the event Y®) = ¢®

representing the known sequence of observations—we have opted not to write
this explicitly so as to make the equations less cluttered. The sum in the nu-
merator of the expression for Mm is over all times s such that the observation

at that time, vy, is equal to j.

18



The intuitive justification for this reestimation procedure is that 7(i) is the
expected probability that X, is in state i, Tw is the expected number of
transitions from state i to state j divided by the expected total number of
transitions away from state ¢, and ]\}[l ; is the expected number of observations
J made in state ¢ divided by the expected total number observations made

In state 7.

Having estimated new parameters (T, M , ), we can use them to calculate
new values for the variables &(i, j), and thereby iterate the process to ob-
tain a sequence of estimated parameters. Baum proved that this process
of reestimation of parameters improves the estimate, in the sense described

below.

Theorem 2.6. The Baum-Welch reestimate (T,M,fr) is better than the

original estimate (T, M, ) in the sense that
P(Y® = yO|(T, M, 7)) > P(YD = yO|(T, M, 7)). (35)

Furthermore, a sequence of parameter estimates obtained by the Baum-Welch

reestimation procedure converges to a local mazximum of
P(Y® =y (T, M, 7)),

considered as a function of (T, M, ).

This theorem is the theoretical basis for the Baum-Welch algorithm, and
is named for Baum and L. Welch who first proposed the algorithm in an
unpublished paper; the actual first publication was in a paper by Baum and
others in 1970 [4]. Since we will not be considering the problem of parameter

estimation in our work, we omit the proof of this theorem.
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3 Multiple Observation Processes

3.1 Motivations

In the previous chapter, we discussed some of the well-known theory of Hid-
den Markov Models, in which an underlying Markov chain cannot be observed
directly, but is instead observed with error. In particular, we have assumed
that there is only one such way in which to observe the chain. However, it
will often be the case that there is more than one way to observe, each being

associated with different errors.

This situation often arises when there are multiple sensors in an area, each
attempting to measure the same quantity, but producing different errors
due to their positioning or other differences. If there are sufficient resources
available to operate all sensors simultaneously and process their outputs, it
is possible to consider them as a single collective sensor. For example, if
k sensors each produce one of m possible outputs, such a collective sensor
would produce m* possible outputs, which is still finite, hence the problem

is essentially identical.

The more interesting situation in which multiple observation methods arise
is when a single sensor is able to operate in several different modes, each
with its advantages and disadvantages. It is highly unlikely that one mode
of operation is superior to all others in every situation, which means the
optimal choice of sensor will depend on the current state of the underlying
system being observed. A simple but commonly occurring example is radar,
in which one must choose an electromagnetic pulse to transmit at each time
interval—for example, a low frequency pulse is better able to detect targets
at long range, while a high frequency pulse is better suited to targets at short

range [13].

We formulate this problem by supposing there are [ observation methods,

each represented by a n x m observation matrix M[i|, i € {0,...,l—1}. Note
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that we have assumed a common observation space; this is possible since we
can embed all observation spaces within the one with largest cardinality,
noting that this will present no problems since such spaces are finite sets

without any additional constructions such as a metric or norm.

The choice of observation matrix will be based on the previous information
state. Recall from Section 2.4, that the space of information states can be
considered as a simplex A of dimension n — 1 contained in R™. This leads to

the following definition.

Definition 3.1. A policy is a function g : A — {0,...,l — 1} which takes
an information state to the index of an observation matrix. Alternatively, we
can define a policy by the of preimages of g, which forms an ordered partition
{Ao, ..., Ai_1} of the space of information states A, with the property that
g maps A; to i for each i € {0,...,1—1}.

This leads directly to the problem which we will be considering. Given
a sequence of observations from a corresponding sequence of observation
matrices, it is not difficult to calculate the information state, which requires
only a minor adjustment to the recurrence relation presented in Equation
(16). The difficult part of the problem is deciding which observation matrix
to use, that is, determining a policy, and in particular, one that is optimal

under some criterion.

As mentioned previously, this criterion will be the minimisation of the long
term expected information entropy of the information state, where the infor-
mation entropy of an information state z; is the quantity

n—

1
H(z) = - Z z(1) log (i) (36)
i=0

We will use the natural logarithm here, as opposed to the base 2 logarithm
commonly used in the information theory literature, noting all choices of base

are equivalent for the minimisation problem, as can be seen from the equation

log,(b) = 1125((3 We will also use the word entropy to mean information

entropy, where convenient.
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By convention, we define 0log 0 = 0, on the basis that

lim (xlogx) = 0.

z—>0+( & )

Lemma 3.1. The information entropy H(z;) is minimised when z; is a
non-random information state, that is, one in which the probability of one
state is 1 and the probabilities of the other states are 0. It is mazimised when

2y 18 the uniformly distributed information state.

Proof. Since —xlogx > 0 with equality at x = 0 and x = 1, it follows that
H(z;) is minimised when all of the z,(7) are either 0 or 1. Since the sum of

the z(7) is 1, it follows that all of them are 0 except one which is 1.

To maximise H(z;) = — ), z(i)log z,(i), with the constraint ) (i) = 1,
we can use the method of Lagrange multipliers. This gives the equation
VH(z)=AV)_, %(i). Hence, —logz/(i) —1 = A, so the z(i) are equal, and

therefore equal to %

It is not difficult to see that this is the unique global maximum. In particular,

the maximum entropy for a n state distribution is

n—1
H(z) =— Z Llog = = logn. (37)
i=0

An information theoretic proof of this lemma can be found in the book by
T.M. Cover and J.A. Thomas [5]. O

This result shows that entropy is a suitable measure of uncertainty—in fact, it
can be defined axiomatically by certain desirable properties of such a measure
[5]. However, this is beyond the scope of our work. We will merely note
that in this context, entropy is much more suitable than the other common
measure of uncertainty, variance, since our state space is a finite set without
well-defined operations of addition and scalar multiplication, nor any natural

notion of distance other than the discrete metric.
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Having decided upon information entropy for our measure of uncertainty, it
remains to define what we mean by long term expected entropy. In particular,
it is necessary to define Z; as the distribution on z;, that is, a distribution
which takes value z = z[y®] with probability P(Y® = y®). If we let §(z)

represent the unit point mass at x, then we can write
7, = Zp(y(t) = y®) 6 (z[y ). (38)
y(®)

This is a probability measure. In particular, for any measurable set A C A,

Z(A) =Y P(YY =y ) Ly (2]y)), (39)

where I4(x) is the indicator function which takes value 1 if z € A and 0

otherwise.

Then, the expected information entropy of the information state at time ¢ is

H(Z) = /A H(=) dZi(2), (40)

and the long run expected information entropy, if it exists, is

tlLIglo H(Zy) = tlgglo A H(z)dZ(z). (41)
Note that the information state z; is given by a recurrence based on the
previous information state z;_i, the new observation ¥, and the observation
matrix used. This means the distribution of information states Z; over all
possible sequences of observations y* depends only on the prior information
state zg, which may be generalised to a prior distribution of information

states Z, and the policy g. This leads us to the following definition.

Definition 3.2. A policy g : A — {0,...,l—1} is called optimal if, for any
prior information state distribution Zj, the long term expected information
entropy resulting from the combination of ¢ and Z; is equal to the infimum

of the set of achievable such entropies.
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Hence, we can state our problem as:
e Under what conditions does the long term expected entropy exist?
e Under what conditions does an optimal policy exist?

e If an optimum policy exists, how can we describe it?

3.2 Information State

We now describe some of the properties of the information state. Ultimately,
we wish to understand the limiting behaviour of its distribution. We begin by
arguing that it is the correct variable to be investigating, due to the fact that

it is a sufficient statistic, which we mentioned in passing in the Introduction.

Definition 3.3. A statistic T is a sufficient statistic for the parameter A
given data X, if T'is a deterministic function of X, and no further information

about A can be inferred from X than what is contained in 7.

Lemma 3.2. The information state z;(i) is a sufficient statistic for the

parameter P(X; = i) given the sequence of observations y®.

Proof. By definition, z(i) = P(X, = i|[Y® = 3®). This clearly satisfies the

properties required for a sufficient statistic. O

This shows that the information state z; is a suitable choice of variable.
Having seen this, we now investigate its behaviour. We saw in Theorem 2.2
that the evolution of the information state is given by a recurrence, which
is easily adapted to reflect the observation matrix used. This gives us the

equation
2T D[Q(Zt)a yt+1]
LA A D[Q(Zt)7yt+1] -1’

ze1 = f(26, Y1) = (42)
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where D[g(z;), y++1] is the diagonal matrix corresponding to the chosen ob-
servation matrix M([g(z,)], with entries D[g(2;), ye+1]ii = M[g(21)]iye.,, and

1 is a vector of ones.

This gives us a natural way to derive the form of the recurrence F; on the

distribution of information state, defined by
Zt+1 — Ft(Zt)
In particular, a unit point mass Z; = d(z) evolves to
Ziy1 = P(Yit1 =) f(%!/))
z-T-Dlg(z),y]
= P(Yii1=y)0
> =0( 7 o

B SR yEr i )

Note that P(Y;41 = y) depends implicitly on the chosen observation matrix

(43)

and hence z, and is given by

P(Yir1 =y) = (7 - T - Mg(2)]) (44)

y7

where 7 is the distribution of X, considered as a row vector of probabilities.

Having found the form of F; for a unit point mass, we can integrate to find

its general form, which is

Fi(Z,) = / 5(2) dZu(2)

[ Srore=w Srson( gl o

AT

S m:m i, [ o ) ) )

=0 y
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Note that F} has some time dependence, which means it will not in general
have any fixed points. A convergent sequence of iterations of F; must instead

converge to a fixed point of the limiting form F' of F}, given by

-1 m

F(Z) = ZZ(WTOO-M[z'])y/A.5(5??5%2?}1) dZ(z).  (46)

=0 y

Note that as long as the Markov chain {X;};cz+ is not periodic, the limit-
ing distribution 7 - T exists by direct application of the Perron-Frobenius

Theorem [21]. We give the precise relation between F; and F as follows.

Definition 3.4. A global attractor of a sequence of functions {G;}ez+,
from a space X to itself, is a set A C X such that for any sequence {z;};>0
contained in X satisfying x,,1 = G(x;), any open neighbourhood of A con-
tains a tail of the sequence. For a single function GG, we simply consider the

constant sequence {G }ez+.

We note that while this is not the usual definition of an attractor—which
usually requires it be invariant under the evolution function—but this is a
necessary generalisation in order to consider attractors of non-stationary but
convergent systems. In particular, if we can show that a single point {z} C X
is a global attractor, it will have similar properties to a single point global

attractor of a stationary system under the usual definition.

Lemma 3.3. A subset of the set of distributions on A is a global attractor

of the process Fy if and only if it is a global attractor of the process F.

Proof. 1t suffices to show that F; converges to F' uniformly. This is true
since their supports are identical, and the convergence of the probability
(m- T Mli]), to (- T M]i]), is uniform since y takes only finitely many

values. O

Hence, it suffices to look for stationary points of F. Note that these points
are actually measures on the space of information states. For this reason, we

will also call them invariant measures when we wish to emphasise this fact.
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3.3 Two Dimensions

For the remainder of our results, the examples presented in Section 3.4 and
the special case presented in Chapter 4, we will only be dealing with the two
dimensional case. This is the case where the underlying Markov chain takes
two states, the observation process takes two states, and there is a choice
between at most two observation matrices. In terms of quantities we have
defined, we are setting n = m = [ = 2. Many of the equations we have

derived take much simpler forms in this case.

In particular, it is redundant to consider the information state z; as a proba-
bility vector (z:(0), z:(1)), since we know that z;(1) = 1 —2,(0). Thus, for the
remainder of our discourse, we will write the information state as a scalar

z; € [0, 1], representing what was previously called z;(0), that is,
2 = 2 [y(t)] =P(X, = O‘Y(t) = y(t)). (47)
The entropy associated with this information state is then
H(z) = —zlogze — (1 — z) log(1 — z). (48)
The recurrence for the information state, as stated in Theorem 2.2, becomes

Zipr = (20 Yeg1)
= Movyt+1 (ZtTO,O + (1 - Zt)Tl,O)
Moy, (ZtTO,O + (1 - Zt)Tl,o) + My, (ZtT0,1 +(1- Zt)TM) )

From this, we can see that Z;, the distribution of the information state,

(49)

follows the recurrence F}, where
Zoir = FAZ)

— B(Y, = 0) /[ ) aze) e =1 /

[0,1]

5<f(z, 1)) dZ,(2).
(50)

The limiting behaviour of this process, F, is given by

F(Z) = P(Y. = 0) /M 5(f(z, 0)> dZ(2) +P(Ya, = 1)/

(0,1]

5( £z, 1)) dZ(2).
(51)
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In the case of multiple observation matrices, where we are using a policy to

choose which one to use, we can adapt Equation (46) to obtain

FZ)- Y S B =y | stz (52)

i=0 y=0

3.4 Examples

We now give some examples to show that, with this definition of optimal-
ity, the choice of policy significantly affects the long-run performance. For

simplicity, we will assume the two dimensional case, as in Section 3.3.

We begin by picking an appropriate Markov chain to use as the underlying
process throughout this section. It is clear that some Markov chains do not
readily lend themselves to a Hidden Markov Model with multiple observation
processes. In particular, we need the dependence between consecutive states

to be neither too high nor too low, as shown by the following examples.

Example 3.1. Consider a Hidden Markov Model with transition matrix

! O] | (53)

T =
0 1

In this case, picking a sample path of the Markov chain is equivalent to pick-
ing an initial state. Since the chain does not evolve in time, the observation
process Y; is a sequence of independent and identically distributed Bernoulli
random variables, with probability of success
M, if Xg =0,
PY;=0)=¢ ’ (54)
MI,U lf XO = 1
Note that this probability does not depend on ¢, hence the identical distribu-
tion of the Y;. This means that in the long run, we can determine P(Y; = 0)

with arbitrary precision.
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Thus, unless My = M, which is an uninteresting scenario since it means
the observation process is independent of the underlying process, we can
determine X and hence X; for all ¢t with arbitrary precision. This means the
long run expected information entropy for any non-trivial observation process

is zero, hence there is no benefit to having multiple observation processes.
Example 3.2. Consider a Hidden Markov Model with transition matrix

] . (55)

T =

NI N
N N

This means the underlying Markov chain is in fact a sequence of independent
and identically distributed Bernoulli random variables with probability of

success % Then, the information state, by Theorem 2.2 and Equation (49),

is given by
2oy = MO,ytH (%Zt + %(1 B Zt))
t+1 —
MO,ytJrl (%Zt + %(1 - Zt)) + Mlvyt"'l (%Zt + %(1 - Zt))
= Moy (56)
MO,ytH + Ml,ytﬂ

Hence, the next information state does not depend on the current information
state, so any policy based on the information state must be a constant one,
that is, one in which we always use the same observation matrix. Again,

there can be no benefit to having multiple observation processes.
For the remainder of the examples, we will use the transition matrix

] . (57)

T =

[SHE ST
Ul U=

11
272
ticular, we can use this to calculate the long term one-step autocorrelation,
— lim E[X¢Xi41] — E[XJE[X 4]

=00 E[X?] - E[X,]?

The gives a fixed point, or stationary distribution, of X, = (5,3). In par-

_ hm P(Xt - 17Xt+1 - 1) - ]P)(Xt - 1)P(Xt+1 - ].)
t—00 P(Xt = 1) — P(Xt == ].)2
;-G 5
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Roughly speaking, this is not too high and not too low, and should allow for

interesting examples. We now consider a variety of observation processes.

Example 3.3. Consider the Hidden Markov Model with transition matrix

M= [1 0] | (59)

T and observation matrix

0 1

This corresponds to the case where we can observe the Markov chain per-
fectly. In this case, Y; = X, for all ¢, and in fact, this is just an ordinary
Markov chain and not a Hidden Markov Model. The information state is
CRON B
7z =P(X, =0y =y = (60)
This means the information entropy is always zero, and in particular, the long
term expected information entropy is zero. Hence, this is the best observation

matrix possible.

Example 3.4. Consider the Hidden Markov Model with transition matrix

T and observation matrix
] . (61)

This corresponds to the case where we cannot make any useful observation.

I
| —— |
N N
N N

In particular, Y® is independent of X and the information state is
7 =P(X, =0|Y" = y¥) = P(X, = 0). (62)

Note that the information state z; does not depend on the observations, which

means the distribution of information states Z; is simply the unit point mass
11
202
long run average information entropy is

at z;. Since X, = (5, 3), the information state converges to z,, = %, and the

H(Zy) = H(z) = —1log L — (1 — L)log(1 — 1) = log 2 ~ 0.693147. (63)

This is the highest possible information entropy for a random variable with
two values, as seen in Lemma 3.1, hence this is the worst observation matrix

possible.

30



Example 3.5. Consider the Hidden Markov Model with transition matrix

T and observation matrix

M:%:EQI (61

This corresponds to the case where we can observe state 0 perfectly, but
cannot make any useful observation when the Markov chain is in state 1. In
this case, the derivation of the information state is not trivial; we will proceed
via the recurrence relation in Theorem 2.2, in the form stated in Equation

(49), which we reproduce here:

Movyt-H (ZtTO,O + (1 — Zt)Tl,O)
M07yt+1 <ZtTO’O + (1 B Zt)TlvO) + M17yt+1 (thO,l + (1 - Zt)Tl,l) .

(49)

241 =

If y,41 = 1, then the numerator above contains a factor of M, = 0, hence

241 = 0. Otherwise, if y;1q = 0,

My (ZtTo,o +(1— Zt)Tl,o)
Moy (ZtTO,O + (1 — Zt)Tl,o) + M (ZtTO,l + (1 — Zt)T1,1) '
(‘—;zt + %(1 —2))
(52 +35(1—2)) + 332+ 51— 2))

Rt+1 =

62,5 + 2
= ) 65
Defining a fractional linear transformation ry by
6z 4 2
= — 66
we can simplify the recurrence for the information state z; to
TO(Z ) lf Yt+1 = 07
iy = t | t+ (67)
0 if 1 = 1.
We can also calculate
1 1 1 3
P(Yoo =0) =P(Xoo = 0) Moo +P(Xew = 1) My = > x 1+ 3 X 3= 71 (68)
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This gives Yoo = (2, 1), which we can substitute into Equation (51) to de-
termine the limiting behaviour of the distribution of the information state,
which is

F(z)=> / 5(rol=)) dz(2) + L500). (69)
4 Jio4] 4

By inspection, the fixed point of this dynamical system is

Zoo = i(é(O) + §5<ro<0>> + (Z) 3(r5(0)) + (Z) 6(r5(0)) + . ) (70)

We will prove in Section 4.2 that this fixed point is unique. Given that it is

unique, we can calculate the long term expected information entropy as

H(Z.) = i(mm + 21 (0) + (Z) H(r2(0)) + (Z) H(r(0) + .. )

Since this is an example, it suffices approximate the answer numerically, for
which we obtain
H(Zy) ~ 0.438157. (72)

In calculating this figure, we computed the sum of the first 1000 terms; since
the value of H(r%(0)) is bounded above by log2 < 1, this means we can
bound the error by the geometric series §((2)10%0 + (3)1001 ) = (2)1001,
which is much smaller than the last significant digit quoted above.

Example 3.6. Consider the Hidden Markov Model with transition matrix

T and observation matrix

1

210, 73
: (73)

This corresponds to the case where we can observe state 1 perfectly, but
cannot make any useful observation when the Markov chain is in state 0. By
symmetry with Example 3.5, we see that the long run average information
entropy must again be

H(Zy) ~ 0.438157. (74)
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While we already have the numerical answer, it will be useful later on for us to
calculate the corresponding fractional linear transformation that determines
the evolution of the information state. Again using Equation (49), we see

that z;.1 = 1 when 31 = 0, and when y;11 = 1,

Mo (ZtTo,o +(1— Zt)Tl,o)
Mo (ZtTo,o +(1— Zt)Tl,o) + Ml,l(ZtTO,l +(1— Zt)T1,1) .
(52 + 51— =)
TG 30— 0) + (o JA =)

Rt41 =

3Zt +1
_ 75
Hence, defining the fractional linear transformation
3z+1
= — 76
ni) =t (76)

13
404
the distribution of the information state is

Pz =1 /[0 . 5(r(2)) d2(2) + 6(1). (77)

and noting that by symmetry, Yo, = (3,3), we see that the recurrence for

Example 3.7. Now consider a Hidden Markov Model with transition ma-
trix 7', with a choice between two observation matrices M[0] = M, and
M][1] = M,, which are the same matrices defined in Examples 3.5 and 3.6.
Clearly, the best way to combine the information from M, and M is to use
both observation methods at every point in time, but let us suppose this is
not possible due to either computational or physical constraints. Hence, we

must choose an observation matrix for each time ¢.

Note that Example 3.5 is equivalent to always choosing M,, and Example
3.6 is equivalent to always choosing M;. For this example, suppose that at
each time t € Z*, we will choose M if t is even and M, if ¢ is odd. Note
that this is not a policy as defined in Definition 3.1, in that it is not based
on the previous information state, but it is a plausible way of combining the

information obtained from My and M.
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For t even, the two-step time evolution of the information state can be cal-

culated by inspection, giving

1 if Y42 =0,
Zir2 = 4 71(0) = % if yr2 =1 and ypq1 =1, (78)

1 © To(Zt) if Y42 = 1 and Yt+1 = 0.

We need to calculate the limiting probabilities of each of these cases, while

continuing to insist that ¢ be even.

Since Y, is a measurement using M;, and Y, = (%, %) when using My, it
follows that P(Y;42 = 0) — 1 as t — ooc.

Similarly, P(Y;11 = 1) — 1 as t — oo. On the other hand, since it is not
possible to observe 1 while in state 0 using M,, it follows that Y;;; = 1
necessarily implies X;,; = 1, hence P(Y;41 = 1) = P(Yi = 1, X4y = 1).
Then,

1
P(Yier = 1,Yio = 1) = > P(Yier = L, Xp1 = 1, Xppo = i, Yigz = 1)
=0
1
= ZP(Y;_H = 1)T1¢[M1]i,1
=0

1 1

1 1
—>Z><5><2—|—Z—L>< X1 ast— o0
9

5
= —. 79

0 (79)
We can then use the fact that exactly one of the three cases in Equation (78)
must occur to deduce that

21
P(Y;;1=0,Y40=1) — i t — 00. (80)

Then, the two step evolution process for the distribution of the information

state of this system is given by
F(2) = L5(1) + 25(2) + §/ 5(ron()dz). (81
4 40797740 Joup V° ‘
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Again, we can write down the fixed point by inspection, which is

Do = i(fs(l) + %(5(7“1 ) ro(l)) + (%) (5([7,1 o 7“0]2(0)) . )

+%(5( ))+...>.

We again numerically approximate the long term expected information en-

2 (52)
Do on) + () ol o

O

tropy, by adding up the first 1000 terms, noting that the error is even smaller
in this case, since the geometric series with ratio % converges faster than the

geometric series with ratio %. This gives
H(Z) =~ 0.424249. (83)

This only calculates limiting entropy when t is even, but by symmetry, the
limiting entropy for ¢ odd must be the same. While the sequence of informa-
tion state distributions Z; will oscillate between two points, these two points
have the same entropy and hence the entropy converges. Technically speak-
ing, this is a fixed point of £, and thus a two-cycle of F'; we omit the proof

that it is unique.

Thus, we have slightly improved upon the long term expected information
entropy achieved by using only one observation matrix, and conclude that it
is indeed possible to do better with two observation matrices. However, the
improvement is quite small, and intuitively, one might suspect that a sub-
stantial improvement can be made by choosing between observation matrices

in a manner that is not predetermined.

Example 3.8. In our final example, we show that a policy based on the
previous information state can do significantly better. Suppose the transition
matrix 7" and the observation matrices M[0] = M, and M[1] = M, are the
same as in Example 3.7, but instead of alternating between the two, we
make a choice based on the information state, using observation matrix M,

if zg > %, and using observation matrix M; if zp < %

35



By Equation (52), the limiting behaviour of the distribution of the informa-

tion state is given by the function

- %/{ , (5(7“0(3)) dZ(z) + éé(o) + éé(l) + Z A)@ 6(r1(2)) dZ(z).

(84)
Note that in calculating the expression above, we have used the fact that, by

1
/[O , 4212) = /[;,11 a7(z) = 3. (85)

’2

symmetry,

The fixed point of rq is

ro(\/g)_G\/g—l—Z_Q\/éwLZ:i:\/g’ (56)

B - V646 6
3\@% V6+6 V6

and the derivative of rq is

d<6z+2)_6x6—2x3_ 10

= 4 _ - 0. 87
o(2) = 2o\ 3,56 (32162  3(zt272 (87)

Since \/g > %, and 7y is monotonically increasing, it follows that

1>ro(l) >rg(l) >+ > 1. (88)
By symmetry, we also have
0<r(0) <ri(0) <--- <4 (89)

Putting these facts together, a fixed point for the process F' is given by

2o = é(&o) + 25(1“1(0)) + (%) 5(r2(0)) + ...
(90)

+6(1) + 25(7"0(1)) + (Z) 6(rg(1)) +.. )
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This fixed point is unique, which will be proved in Section 4.2. The entropy

of this fixed point can be approximated numerically as
H(Zy) ~ 0.323979. (91)

As before, we have enumerated the first 1000 terms of the series, for which

the error is much less than the last significant digit quoted.

We summarise our results in the table below.

Method Example | Entropy
Best case 3.3 0.00
Worst case 3.4 0.69
My only 3.5 0.44
M only 3.6 0.44
Alternate 3.7 0.42
Policy 3.8 0.32

This shows that a policy can significantly outperform other methods of choos-
ing an observation matrix. Theoretically speaking, an entropy of 0.44 corre-
sponds to a Bernoulli random variable with probability of success approxi-
mately %, while an entropy of 0.32 corresponds to a Bernoulli random variable
with probability of success approximately %. If we estimate the state of the
Markov chain by maximum likelihood, these correspond exactly to the prob-

ability of an incorrect estimate.

Another argument for this being a significant improvement draws from po-
tential applications. If we are concerned about the precision of state esti-
mates, the information state is almost certainly something we would already
have calculated as part of that estimation. In this case, if a choice must be
made between one of the observation methods, it takes very little additional
work to select one based on the information state, for a significant gain over

selecting one on some other basis.
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4 A Special Case

4.1 Definitions

We now consider a special case of the general Hidden Markov Model with
multiple observation matrices, for which there exists an analytic solution to
the problem of the existence of limiting distributions and optimal policies.
We make an explicit note that while the previous chapters contain known re-
sults and relatively simple extensions thereof, this chapter comprises original

work.

The first assumption we make in formulating this special case is that, as in
Section 3.3, there are exactly two underlying states, two possible outcomes
of observation, and two observation matrices from which to choose. This is
the smallest case for which the problem is still interesting, as we can only
infer partial knowledge of the underlying process, and it is not obvious how

we should pick the observation matrix.

Next, we assume that the Markov chain {X;};cz+ is well-behaved, by which
we mean the associated transition matrix 7' contains no zeros. In two dimen-
sions, this is equivalent to requiring that there be no deterministic transitions.
While a deterministic transition would make the problem easier, we wish to

avoid them so as not to have to consider separate cases in our working.

Our final assumption will be the strongest—that each observation matrix
observes one state perfectly, in that it returns one observation outcome de-
terministically when the underlying process is in a particular state. This
presents a trade-off between the two observation matrices which, as seen in
Example 3.8, allows a policy to be effective. While we cannot expect perfect
observations in general, this is often not too bad an approximation, and will

allow us to solve the system analytically.
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In summary, we assume that n =m =1 = 2, and

T:[ a 1—a] M[O]:[ 1 0] M[1]=[q 1—6117
1-0 b 1—p p 0 1

where a,b,p,q € (0,1).

As in Section 3.3, we will consider an information state z; to be the posterior
probability that X; equals 0, rather than the posterior distribution, which
will be given by the vector of probabilities (z;, 1 — 2;).

Hence, we can define our policy g : [0,1] — {0,1} by an ordered partition
{Ao, A1} of [0, 1], such that g takes value 0 on Ay and value 1 on A;. Recalling
that a Hidden Markov Model is specified by (T, M,7), and the multiple
observation processes are specified by M][0],..., M[l — 1] and ¢, we have
completely defined the system except for the initial distribution 7. As we

will wish to prove our results for any initial value, we will leave this undefined.

Finally, we define a threshold policy, as one in which we specify a threshold
c € [0, 1], and use observation matrix M[0] to find y;41 if 2; is one side of this
threshold, and use observation matrix M[1] if z; is on the other side. Such
a policy has a very simple form, and we will aim to show that these are the

only policies we need to consider. Formally, we can define this as follows.

Definition 4.1. A policy {Ao, ..., A;_1} is called a threshold policy if the
sets Ay, ..., A;_1 are connected. If the underlying state space has dimension
two, this is equivalent to their being any of path-connected, star-shaped, or
convex. It is arguable which of these is the appropriate generalisation for
higher dimensions, but since we are only considering the two dimensional

case, that is irrelevant here.
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4.2 Stationary Point

We now prove that there is always a stationary point in the process F' cor-
responding to the estimate of this Hidden Markov Model, and that in most
cases, including all cases where the policy is a threshold policy, this stationary

point is unique and does not depend on the initial distribution Z,.

First, we calculate the evolution process f for the estimate z;, given by

f(zt,yt41) = ze41. Recalling Equation (49), this has form

Mlg(2)]oy (2To0 + (1 — 2)T1p)
M{g(2)]o,y (ZTO,O + (1= 2)Th) + Mg(2)]1,y (zTO,l + (1 - z)TM)
(a2 + (1 = b)(1 — 2)) Mg(2)]o,
(a2 + (1= b)(1 = 2)) Mg(2)]oy + ((1 — a)z + (1 — 2)) M[g(2)]1,,
(92)

f(zy) =

Hence, z;,; is related to z; by a function f which is piecewise a fractional
linear transformation, and in particular, this fractional linear transformation

is sometimes constant, as we will see below.

When y,41 = 1 and z, € Ay, the term M[g(z)]o,, becomes M[0]o1, which is
zero, 50 z41 = 0. When y11 = 0 and 2, € Ay, the term M|[g(z)];,, becomes
M{1]1,0, which is zero, so z;y1 = 1. Denoting the two other fractional linear

transformations by ry and r, we obtain

(ro(zt) if 2z, € Ag and y;4q = 0,

0 if z; € Ag and =1,
Gt = oo (93)
1 if 2z, € Ay and 3,44 = 0,

(71 (zt) if 2, € A; and y;q = 1.
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In particular, g and r; can be explicitly written down as

ro(2) = (az+ (1 —b)(1-2))
0 (az4+ (1—=b0)(1—2)) + (1 —p)((1 —a)z + b(1 — 2))

= (1+ (1 —pu(2)) ",

(1—¢q)(az+ (1 =b)(1—2))
(1—gq)(az+(1=b)(1—2)+ (1 —a)z+b(1—2))

= (1+ 2ulz)

ri(z) =

where u(z) = (1—a)z+b(1 - 2) = (2-Th Z=z,1-z].

wz+(1-0)(1—2) (2 T)

S

Recalling our expression for F' from Equation (52), we can replace the inte-
grand with the values of f(z,y) calculated above, to obtain the following.

Lemma 4.1. The limiting behaviour of the evolution of the information

state distribution is given by the function F', where

F(Z) = (x- T - M[0))o / 5(ro(2)) dZ(2) + (m - T - M[0])1 Z(Ao) 5(0)

Ap

(T M) Z(A) 6(1) + (- T - M[l])l/A 5(ri(2)) dZ(2).

(95)

Note that by definition, each of the fractional linear transformations ry and
ry are defined on A = [0, 1], and also take values in [0, 1]. Then, define the
function r : [0,1] — [0, 1] by

r(2) = ro(2)1a, (2) + 711 (2)La, (2), (96)

where I4(x) is the indicator function which takes value 1 if z € A and 0
otherwise. Intuitively, this function determines the next position of a point
mass under F' by choosing the appropriate fractional linear transformation.
We see that a point mass 0(z) evolves to an affine combination of two point
masses, 0(r(z)) and one of §(0) or 6(1).
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Let R C [0,1] be the set
R =1{0,7(0),7%(0),...,1,7(1),r*(1),...}.

That is, R is the union of the orbits of the two points 0 and 1 under the

function r. From the form of the function F', we have the following result.

Definition 4.2. An absorbing set is a set A C A such that for all 2, € A,

211 € A with probability 1, where 2,11 = f(2;, yi41) for some y, 1.

Lemma 4.2. Let Zy be a probability measure on A, and let the sequence
{Z:}1ez+ be generated by Zyyw = F(Z;). Then, the support of Z; converges

to a subset of the closure of R, or more precisely,

lim Z,(A\ R) = 0. (97)

Proof. By Equation (95), for any point 7%(0) € R, f(r¥(0)) is a probabilistic
combination of 7*71(0) and either 0 or 1, all of which are in R. Similarly for
any point 78(1) € R, hence R is an absorbing set. This means the mass of
Z; which lies in R must remain in R under F'. On the other hand, again by
Equation (95), the proportion of the mass of Z; not in R, which enters R
under F', is bounded below by

¢ = min {(w T M[0])1 Z(Ao), (x - T - M[1])o Z(Al)}, (98)

which is a positive quantity. This means that

Zea(A\ R)
— 2 <1 —¢ 99
Z(a\R) o
for € > 0 given by Equation (98). Hence, the sequence {Z;(A \ R)}iez+
is bounded above by the geometric sequence {(1 — €)'};cz+, and therefore

converges to zero. O

In particular, the limiting behaviour of F'is determined by the limiting be-
haviour of its restriction to the set of probability measures on R, F'|g, which

can be considered as a Markov chain with state space R.
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Define the sets Ry = {0,7(0),7%(0),... } and By = {1,7(1),7%(1),... }, noting
Ry U R; = R, although R, and R; are not necessarily disjoint. We now

introduce a result from the theory of discrete state Markov chains.

Theorem 4.3. Consider a Markov chain with discrete state space S. If
there is a state x € S such that the expected time of first entry into x is finite
for any starting state, then the chain has a unique invariant distribution,

and any initial distribution converges to this invariant distribution.

Proof. The conditions imply that the chain contains exactly one positive-
recurrent communication class, with all other classes transient and having
positive probability of eventually entering this class. This is sufficient to
guarantee the required results. For futher details, see the book by S.P. Meyn
and R.L. Tweedie [16]. O

Lemma 4.4. Suppose Ry and Ry are disjoint, Ry C Ag and Ry C A;.
Then, the Markov chain F|g can be decomposed into two independent chains
F|gr, and F|g,, each with a unique invariant distribution, and the invariant

distributions of F|r are affine combinations of those invariant distributions.

Proof. Note that for any point 2, = r¥(0) € Ry C Ay, the next observation
matrix used is M[0], hence the next state z;, is either 0 or 7o(z;) = r*71(0).
Therefore, a point in Ry can never leave Ry, and similarly for R, so both
Ry and R, are absorbing sets. In addition, they partition the state space
R, so given any deterministic starting point, the entire Markov chain from
that point is either contained entirely in Ry or contained entirely in ;. This
means the Markov chain F|g can be decomposed into two independent chains
F|g, and F|g,, with state spaces Ry and R; respectively. It is clear that the
invariant distributions of F'|g are affine combinations of the invariant distrib-
utions of F'|g, and F|g,, with this combination representing the probabilities
that the chain is in Ry and R;.
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Now consider the process F|g,. For any z € Ry, z makes a transition to
0 with probability P(Y, = 1), by Equation (93). Since this is a positive,
constant probability from any starting state z, it follows that the time of first
entry into state 0 is bounded above by a geometric distribution, and thus has
finite expected value. Hence, F|g, has a unique invariant distribution, and

similarly for F'|g,, by Theorem 4.3. O

Lemma 4.5. Suppose Ry and Ry are disjoint, and at least one of Ry N Ay

and Ry N Ag is nonempty. Then, there exists a unique invariant distribution

OfF‘R.

Proof. Without loss of generality, there is some k € Z* such that 7%(0) € A;.
This means 1 can be reached from 0 in k + 1 steps with positive probability
. Furthermore, every point in R enters either 0 or 1 with some probability
which is bounded below by ¢ > 0—in fact, € is equal to the value given in
Equation (98). In particular, from any starting state, the chain enters state
1 within k + 2 steps with probability at least ye > 0.

Since k is fixed, the time of first entry into state 1 is bounded above by k + 2
times a geometric distribution, and has finite expected value. In particular,
this means the first entry time into state 1 has finite expected value, and

hence, there is a unique invariant distribution, by Theorem 4.3. [

Lemma 4.6. Suppose Ry and Ry are not disjoint. Then, there exists a

unique invariant distribution of F|g.

Proof. Supposed r*(0) = r!(1) € Ry N Ry; without loss of generality suppose
this point is contained in A;. But this k is fixed, so by the argument in
Lemma 4.5, the first entry time into state 1 has finite expected value, and

hence there exists a unique invariant distribution. O
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These results together show that there is always a invariant distribution, and
this invariant distribution is independent of the prior information state dis-
tribution unless Ry C Ay and Ry C A;. We now show that this is impossible
for a threshold policy.

Lemma 4.7. If Ry C Ay and Ry C Ay, then Ag and Ay cannot both be
connected.

Proof. Suppose that Ry C Ay, R; C Ay, and Ag and A; are both connected.

We have seen that in this case, the Markov chain F|g decomposes into two
Markov chains F'|g, and F|g,, each with a unique invariant distribution,
which we shall denote by 79 ana 7Y respectively. Note that these invari-
ant distributions are probability measures on R, and R; respectively. In
particular, Z(L%] is the limiting information state distribution when the prior

information state distribution Z([)O] is a probability measure on Rj.

On the other hand, any information state distribution satisfies

E[Z,] = /A 2dZ(2)

y®
— Zp(y(t) =y P(X, = 0]y ® = y)
y(®
= P(X, = 0) 1=b € (0,1) ast — oo (100)
l—a+1-0 ’
Hence,
E[ZY] = N el B (101)
o l—a+1-0
Since Zﬂ is a distribution on Ry, m lies in the convex hull of Ry,
which is contained in Ap since Aj contains Ry and is connected and therefore

€ Ao.

convex. Hence, — a+1 T

On the other hand, since Equation (100) does not depend on the prior infor-

mation state distribution or the observation matrix, it follows that the same
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argument would hold for Z&], and so, #ﬂ_b € A;. This is a contradiction,

which means that if R C Ay and Ry C Ay, then Ay and A; cannot both be
connected. N

We summarise our results in the following theorem.

Theorem 4.8. Consider a Hidden Markov Model with the transition matriz

and the two observation matrices given by

T:[ a 1—a] M[O]:[ 1 0] M[l]:[q 1—@]’
1-0 b 1—p p 0 1

where a,b,p,q € (0,1).

For any policy, the process F' representing the limiting behaviour of the in-
formation state distribution has a invariant distribution. If the policy is a
threshold policy, this invariant distribution is unique and does not depend on
the prior information state distribution. In either case, the set of invariant

distributions is a global attractor of F' considered as a dynamical system.

Proof. The existence and uniqueness of an invariant distribution follow from
combining the previous lemmata. The invariant distribution being a global
attractor follows from Lemma 4.2, which shows that the limiting distribution
is a distribution on R, and Theorem 4.3, which shows that any distribution

on R converges to an invariant distribution. O]

Corollary 4.9. With the conditions of Theorem 4.8, the set of invariant
measures corresponding to a policy is a global attractor of the time-dependent

process Fy.

Proof. Follows immediately from Lemma 3.3. m
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4.3 Optimality of Threshold Policies

We have shown that for every threshold policy, there is a unique invariant
distribution which is a global attractor of the evolution process for the infor-
mation state distribution. We will now prove that in certain cases, it is also
optimal, in the sense that it minimises the long term expected information

entropy
H(Z.) = —/ logz+ (1—2)log(l — 2)dZu(z),  (102)
[0,1]
where Z., is the limiting information state distribution.

Recall that Z, is a probability distribution on R C A, where R = Ry U R,
Ry = {0,7(0),7%(0),...} and Ry = {1,7(1),7%(1),...}.

It is often convenient to consider a policy not as a partition {Ag, A1} of
A, but instead as a partition {By, B} of R. Then, for each r*(0) € R,
rR1(0) = ro(r¥(0)) if r*(0) € By, and r**1(0) = r1(r*(0)) if 7*(0) € By, and
similarly for points r/(1) € R. In order for {By, B;} to be a valid policy, it
suffices for the points in R to be disjoint in [0, 1].

We now consider the conditions under which an optimal policy is a threshold
policy. In particular, we require that the underlying process is more likely to
stay in the same state than oscillate between the two states. This will be a
valid assumption in most cases, since a system which alternates—and more
specifically, alternates at exactly the same frequency with which observations

are made—is usually not a sensible model.

In the cases where this alternation does occur, we can transform the system
into a non-oscillating chain by defining the stochastic process X; which is
equal to X; if ¢ is even and 1 — X, if ¢ is odd. Note that for the transformed
process, the observation matrices M[0] and M[1] also alternate, so unless
p = ¢, this transformed system no longer technically fits the model we have

been working with.
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For now, we define this concept more precisely.

Definition 4.3. A positive autocorrelation Markov chain is one in
which the limiting one-step autocorrelation p is positive, where
1 E[XiXon] — E[XE[Xi]
t—o0 E[X?] — E[X¢]?
PX; =1, X1 =1) —P(X; = P(Xp1 = 1)

t—00 P(X;=1) —P(X; =1)2
= 1_‘11%) xb- (1_23_17)2 since Pr(X, =1) = —=¢
e~ ()’ R
C(l—abp(l—a+1-b)—(1—a)?
(1—a)(l—a+1—-0)—(1—a)?
(I-a)1-b)a+b—1)
(1—a)(1—0)
—a+b-1. (103)

Lemma 4.10. The functions ro and ry are monotonic. They are strictly
increasing if the Markov chain has positive autocorrelation, strictly decreasing
if the Markov chain has negative autocorrelation, and constant if the Markov

chain has zero autocorrelation.

Proof. Recall Equation (94), which gives 79(z) = (1 + (1 — p)u(z))~' and
ri(z) = (1+ pu(2))~", where

1-a)z+b(1-2)  (I—a—-0bz+b
az+(1—=b)(1—-2) (a+b—1)z+(1-b)

u(z) =

Noting that

o l—a—-0»
et ) (104)

we see that

() = (14 (1 pju(z))? x ath-l

(a+b—1)z+(1-0)"
which is positive for p = a+b—1 > 0, negative for p < 0, and zero for p = 0.

(105)

Since r; has the same form as ry with the 1 — p term replaced with l—iq, this
also holds for ry. O

48



Lemma 4.11. The fractional linear transformations ro and ry satisfy the
inequality ro(z) > r1(z) for all z € [0,1].

Proof. Again from Equation (94), we have r9(z) = (1 + (1 — p)u(z))~! and
ri(z) = (1+ quu(z))_l. In particular, u(z) is a ratio of probabilities and is

always positive, and 1—p < 1 < 117(1, hence ro(z) > ri(z) forall z € [0,1]. O

Lemma 4.12. The fractional linear transformations ro and r1 have fizved
points po and py respectively, which are contained in (0,1) and satisfy the

inequality o > fy.

Proof. Since o maps [0,1] to (0, 1), the function r¢(z) — z is positive when
z = 0 and negative when z = 1. It is also continuous since ry is continuous,
so by the intermediate value theorem, it is zero somewhere in (0, 1), which

gives a fixed point of ry. Similarly, r; also has a fixed point in (0, 1).

If the chain has positive autocorrelation, then py > p; follows from Lemma
4.10 and Lemma 4.11. If the chain has negative or zero autocorrelation,
suppose that o < pi; then pg = ro(po) > m1(0) > m1(p1) = g1 by Lemma
4.10, but this is a contradiction, so again we have po > p1. O

Lemma 4.13. Without loss of generality, we can assume that

L —po < pia. (106)

Proof. Suppose that 1 — g > ;. Now let us swap the labels 0 and 1 in both
the state space and the observation space, as well as in the indices of the
observation matrices. Then, an information state 2, = Pr(X; = 0]Y®) = y®))
is equal to Pr(X; = 1|Y® = §®) = 1 — 2, where the bar denotes a relabelled
quantity. Since the indices of the observation matrices are also swapped, we
have

1— o= <1—po=p, (107)

which gives us the required inequality under this relabelling. ]
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Lemma 4.14. The information entropy of a point is proportional to its
distance to the edge of the interval [0,1], that is, H(x) < H(y) if and only if

min{z, 1 —z} < min{y, 1 — y}. (108)

Proof. This is clear from the fact that information entropy is strictly concave

and symmetric about % ]

M1

Ho

Figure 1: Graph of information entropy at several points. By
Lemma 4.13, we can assume that pg is closer to the boundary of
[0,1] than p;, without loss of generality. By Lemma 4.14, this
means H (ug) < H(pu1).

Lemma 4.15. Suppose the Markov chain has positive autocorrelation, and
without loss of genmerality, suppose 1 — pg < py. Let Z., be an invariant
distribution given by the policy {By, B1} on R, and Z|g, the restriction of
this distribution to Ry. Then, the quantity

H(Zy|r,) = H(2)dZ.(2) (109)
Ry
1s minimised when R; C By.

50



Proof. By Lemma 4.10 and Lemma 4.11, if z > y, then ro(z) > r(y) where
r is either ro or ;. Then, it is clear by induction that r§(1) > r*(1), for
all 7% a composition of k fractional linear transformations 7y or 7. Hence,
1—7k(1) <1 —7k(1).

On the other hand, 7y and r; are monotonic by Lemma 4.10, so 7§(1) > po,
and r¥(1) > min{pg, i} = . Henee, 1 —r§(1) < 1= pig < i < (1),

Putting these together gives 1 — 7£(1) < min{r*(1),1 — 7*(1)}. Then, by
Lemma 4.14, H(rf(1)) < H(r*(1)), that is, the entropy of at individual

point 7*(1) € Ry is minimised when r*(1) = r&(1).

Thus, if Ry C By, that is, » = rg everywhere in Ry, then the entropy at

each point in R; is individually minimised, hence the overall entropy of the

limiting distribution restricted to Ry, H(Z|r,), is minimised. O
M1
Ho
r*(1)
r(1)
0 1

Figure 2: Graph of optimal information entropy on R; for a posi-
tive autocorrelation chain. By Lemma 4.15, each point approaches

uo rather than p. Graphically, this clearly minimises the entropy.
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Lemma 4.16. Suppose the Markov chain has positive autocorrelation, and
without loss of generality, suppose 1 — pug < py. Let Zy be an invariant
distribution given by the policy {By, B1} on R, and Z.|g, the restriction of
this distribution to Ry. Then, the quantity

H(Zy|r,) = | H(2)dZ.(2) (110)
Ry
is minimised when, for some k € ZTU{cc}, {0,7(0),72(0),...,r*"1(0)} C B,
and {r(0),r**1(0),...} C B.

Proof. Suppose some fixed partition {By, B1} minimises H(Zx|gr,). Let k
be the first element in the orbit of 0 which is in By, that is,

k = min {j €7 :1r1(0) € AO}. (111)

Then by definition, {0,7(0),...,7¥71(0)} C B;. If k = oo, there is nothing
left to prove, hence it suffices to show that {r*(0),r**1(0),...} C Ay in the

case when k < oo.

We claim that after 7#(0), only M[0] can be used. Let ¢ = r*(0). Since
¢ € By and the policy {By, By} is optimal, the entropy is lower when we use
ro at ¢ than when we use r; at c. Noting that ro(c) > r1(c), we see that in
particular, the entropy is lowered by shifting everything after ¢ to the right.
Since entropy is unimodal, it follows that entropy is decreased by shifting
the tail to the right for every point after c. In particular, since ro(z) > (),

the entropy is reduced by using M[0] rather than M[1] at every point = > c.

Since r**1(0) = ro(c) > ¢, this means we should use M [0] for r*¥1(0), that is,
rk1(0) € By. But then we can continue by induction to see that the entire

sequence {r*(0),7%t1(0),...} is contained in B. O

Remark. It is acknowledged that the proof of Lemma 4.16 is rather impre-
cise. While all evidence points to the statement being true, a rigorous proof

remains elusive. A graphical depiction of this result is presented in Figure 3.
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Figure 3: Graph of optimal information entropy on Ry for a posi-
tive autocorrelation chain. By Lemma 4.16, each point approaches
g1 until 7% (0); from then onwards, they approach jo. The diagram
depicts the case k = 3; 74(0) is the first point to approach pg. If
any point after 74(0) were to approach u1, the resulting entropy

would be higher.

Theorem 4.17. For a Markov chain with positive autocorrelation, there

exists an optimal threshold policy.

Proof. By Lemma 4.15 and Lemma 4.16, there is some partition { By, B} of
R which simultaneously minimises H(Z|r,) and H(Z|g, ), given by

By = {r*(0),7*™(0),... yu {1,7(1),r*(1),... },

(112)
By, = {0,7(0),7%(0),...,r*1(0)}.
We can explicitly evaluate the function r as either rg or r1, to obtain
By = {r{(0),ro(r{™(0)), g (ri™1(0)), ... } U {L,mo(1), 75 (1), - .. }, (113)

By = {0,7,(0),7%(0),..., 7" 1(0)}.

By inspection, this partition is equivalent to the threshold policy given by
Ay = [r¥(0),1] and A; = [0,7}(0)). Furthermore, this policy simultaneously

minimises H(Zy|r,) and H(Zy|r,), and hence minimises H(Z,). O
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A Ag

Figure 4: Graph of optimal information entropy on R for a positive

autocorrelation chain. The threshold policy {Ag, A1} is shown.

While we have shown an optimal policy in the positive autocorrelation case
is a threshold policy of the form Ay = [¢,1] and A; = [0,¢), we have not
described a method of finding the threshold ¢. However, we have already
made the problem much easier—at worst, we could simulate the long term
expected entropy for a large number of values of ¢ to determine one that is

approximately optimal. We could also use a greedy approach, setting
¢ = inf {a: € [0, 1] : (xTMI0))y H (ro(x)) < (WTOOM[I])OH(m(I))}, (114)

which calculates the position of the first point mass for which using M|0]

results in a lower information entropy at the next step than using M|[1].

Thus, while we have not specified how to find the optimal policy in the posi-
tive autocorrelation case, we have essentially solved the problem by restrict-
ing the form of the optimal policy sufficiently so that it is easily determined.

We now briefly discuss the cases where autocorrelation is zero or negative.

o4



In a two state Markov chain, zero autocorrelation is equivalent to indepen-
dence, since p = 0 means a = 1 — b, so the rows of the transition matrix are
identical. This is clearly an uninteresting scenario. However, we note that
the optimal policy is still a threshold policy, albeit the trivial one in which

one always uses the same observation matrix, as seen in Example 3.2.

The negative autocorrelation case is not as easy to understand. In this case,
instead of monotonically approaching their fixed point, iterations of ry or ry

converge to their fixed point by oscillation. This can be seen in Figure 5.

A Ao

Figure 5: Graph of information entropy on R for a negative auto-

correlation model, with a threshold policy {Ag, 41}

As discussed previously, it is possible to transform a negative autocorrelation
chain into a positive autocorrelation chain by considering the sequence of
random variables X, equal to X, if ¢ is even and 1 — X, if ¢ is odd. This
does not fit our model because the observation matrices M[0] and M|[1] also
alternate, hence the observation process is no longer stationary. However,
since this time dependence is a very simple one, this may possibly lead to a

solution using similar methods.
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5 Conclusion

We considered situations in which the state of a system is described by a
Markov chain which is not directly observable, but is instead only observable
with error via an associated observation process. In the case where there is
only one observation process, or there are multiple observation processes but
we are able to use all of them simultaneously, the problem is well-understood,

and we described some of the basic theory involved in analysing such systems.

We then considered the case where there are multiple observation processes,
but they cannot all be used simultaneously, which is an interesting but mostly
unexplored problem. In particular, we considered the state estimation prob-
lem, and showed that the classical forward-backward algorithm was readily
adaptable to this situation, demonstrating with several numerical examples.
We then restricted the problem to the simplest interesting case, and showed
that in this case, the state estimation problem has an optimal solution which

takes a very simple form.

The general problem, that of Hidden Markov Models with multiple observa-
tion matrices, is one which is potentially very useful to understand. Further
work in this area would involve fully solving the state estimation problem
in the general two dimensional case, from which it should not be difficult
to generalise to higher dimensions. The parameter estimation problem is
likely to be much harder; a solution may not exist beyond special cases and

approximations.
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