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Exact Solution of the Discrete (1 + 1)-Dimensional
SOS Model with Field and Surface Interactions
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We present the solution of a linear solid-on-solid (SOS) model. Configurations
are partially directed walks on a two-dimensional square lattice and we include
a linear surface tension, a magnetic field, and surface interaction terms in the
Hamiltonian. There is a wetting transition at zero field and, as expected, the
behavior is similar to a continuous model solved previously. The solution is in
terms of g-series most closely related to the g-hypergeometric functions ,¢,.
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1. INTRODUCTION

In the study of the statistical mechanics of fluctuating interfaces in two
dimensions the solid-on-solid (SOS) model has proved invaluable as a
tractable though nevertheless effective approximation.!’?’ The SOS model
arose from the consideration of the boundary between oppositely
magnetized phases in the Ising model®® at low temperatures and is now
considered to be useful for describing the salient features of a wide variety
of interfacial phenomena.“® The approximation inherent in the SOS
formulation of a phase boundary, that of no overhangs, implies that the
configurations considered are simply those of partially directed self-avoiding
walks (PDSAW). This relates the SOS model to problems in polymer
physics.

Exact solutions in statistical mechanics are now viewed as an immen-
sely important area of mathematical physics'®) where many results and
techniques have proven to be widely applicable. Here we present the exact
solution of the SOS model with a magnetic field and boundary potential in
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addition to the usual linear surface tension. A generalized or grand parti.
tion function is found to be expressible in terms of g-series. We point oyt
that g-series have played an important role in the solution of the more
complex vertex and ABF-type models and these series are in generaj
related to 6 functions.””> Our g-series, which has occurred previously ip
work on algebraic languages,'!’ can be viewed as a g-generalization of
Bessel functions, different from those defined classically.!!® The associated
PDSAW problem is that of enumerating walks according to perimeter,
area under the walk, and number of contacts with a wall. The interactions
chosen lead naturally to the consideration of the critical phenomena in
terms of critical and complete wetting transitions. These transitions are
indeed there and the critical behavior is similar to a previously studied
semicontinuum model where the solution is expressed in terms of Bessel
functions.'?)

The SOS model we analyze is defined as follows. Consider a two-
dimensional square lattice in a half-plane. For each column i of the surface
a bond is placed on the horizontal link at height r; and successive bonds
are joined by vertical bonds to form a PDSAW. The configurations are
given the energy

—‘ﬂE=_KZ|ri_ri—||“‘Hzri+bZ‘sr,-.o (1)

Many aspects of several variants and subcases have been considered
previously. The added restriction that |4r;|=|r,—r;,_,| <1, giving the
restricted SOS (RSOS) model, has been extensively studied, especially
with H=0,*"'? and considered"'* for several types of external potential.
Without magnetic field the wunrestricted model has also been
investigated.!'? '5-!8) Both variants have been considered, utilizing a dif-
ferent thermodynamic ensemble, as models for polymers in solution, since
the finite configurations are PDSAW.>!®) Recently®® an RSOS model
with H =0 but a rigidity term dependent on |4r,— 4r;_,| has been con-
sidered as a model of semiflexible polymers such as DNA. Models in which
the surface tension term depends on some integer power of |4r;| larger
than one have proven far more difficult to elucidate. Most relevant to this
paper is the previous consideration'? of the above SOS model in the limit
when the vertical lattice spacing is taken to zero and hence the r; are
allowed to assume all positive real values. The full model has been analyzed
using transfer integral techniques and the partition function is expressible
in terms of Bessel functions. The phase diagram contains a wetting tran-
sition at finite temperature T, for zero field and complete wetting occurs
taking the limit H—0 for T>T,. It is believed that the discrete model
would have the same critical behavior, since renormalization group theory
predicts a single set of exponents for critical and complete wetting!® in
systems with short-range forces, and we confirm this expectation.
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We solve the SOS model defined above using a method first explained
by Temperley.?" This requires the deduction of a set of recurrence equa-
tions (12) relating an infinite set of generating functions. These take on two
forms, the first being a set of sim equations (12) and the second difference
equations (20). These are the discrete analogues of the integral and dif-
ferential equations, respectively, that occur in the analysis of the con-
tinuous model. These equations are similar to the eigenvalue equations set
up in a transfer matrix formulation, but have the advantage that one does
not need to sum over the eigenvalues, after solving the equations, to find
an expression for the generating function. We extend these methods by
pointing out that they are equivalent to solving a functional equation (47)
for the generating function. The functional equation puts the solution of
the discrete and continuous models on the same footing. A second func-
tional equation allows the solution to be written as a continued-fraction
expansion. Intriguingly, the two functional equations are related to dif-
ferent geometric protocols. In general, continued-fraction expansions are
useful because of the powerful theorems that can be brought to bear con-
cerning the analytic structure of the solution.*?) Here they also facilitate
numerical calculation and the derivation of exponents. Another point we
make is that the solution is related to a variety of walk and polygon
problems by the method of necklacing. In particular, the problem of
enumerating bar-graph polygons by area and perimeter is enough to
provide a solution to the SOS model.

The layout of the paper is as follows. In Section 2 we define precisely
the partition and generating function for the SOS model. In Section 3 we
set up the recurrence relations and show that other generating functions of
interest can be found by simple concatenation arguments. The solution
encapsulated in Eqgs. (27), (38), (42), and (44) is set out in Section 4, the
functional equations are discussed in Section 5, and the discussion of the
singularity structure and phase diagram can be found in Section 6. We end
with some comments on the wider relevance of this work.

2. SOS PARTITION FUNCTION

The fundamental quantity of interest is the partition function in the
large-walk limit. We now define this more carefully. The partition function
for the SOS walks? of length N fixed at both ends is given by

Z(ro;ri)=exp[ —=BE(ro;r,)] (2)

*SOS walks are PDSAWs that have been ascribed a weight according to the SOS
Hamiltonian.
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and

oo} > o]

Zy(rosry)=Y --- ¥ exp[—BE(ro; 715 rn)], N=23,.. (3

rn=0 IN-1=0

where
N N N
—BE(ro;ryy,ry)=—K z lri—r,_|—H Z r,+b 6,0 (4)
i=1 i=1 i=1
It is standard to define
ZN= Z ZN(O; rN)’ N= 1) 29"- (5)

ry=0

so that Z,, is the partition function for our SOS interface fixed at one end
and the other end allowed to be free. We define

y=exp(—K), g=exp(—H), Kk=exp(b) (6)

so y is a temperature-like, ¢ a magnetic field-like, and « a binding energy-
like variable, and write
ZN=ZN(y, q’ K) (7)

The free energy is then

. 1
—Bf(ya q, K)= lim _logZN(ya q, K) (8)
N> oo N

Define the generalized (grand canonical) partition function, or simply
generating function, as

o o]

G(x, y,q.K)=Y x"Z\(, 4§, K) 9)

N=1]

Thus, the radius of convergence x.(y, g, k) of G'V(x, ¥, q, k) with respect
to the series expansion in x can be identified as exp(Bf(y, q, x)); hence

Sy, 9, x)=kTlog x(y, q, x) (10)

3. THE RECURRENCE RELATIONS

By considering SOS walks® (see Fig. 1) that finish with a horizontal
step at height r, we define a generating function for those walks as

G,= i xVZ \(0; r) (11)

N=1

3 To be precise, SOS walks start at the surface and travel in either the horizontal or vertical
direction and end with a horizontal step.
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Fig. 1. A typical SOS configuration beginning on the surface and finishing at a height r with
a horizontal step: each horizonta] step is assigned a weight x, each vertical step a weight y,
each unit of area (shaded) a weight 9, and each step that touches the surface a weight xx. The
picture also indicates how such a walk can be constructed out of a walk ending at a height
s by adding a horizontal step at a height r, which multiplies its Boltzmann weight by xy'"—slg".
This is the essential procedure in deriving Temperley’s recurrence relation (12). .

The observation of importance is that walks that end at height r are made
of walks of all heights that finish one column to the left plus the extra
vertical steps, one horizonta] step, and area (field) weighting required to

recursion relation:
G,=x[l+5,‘0(lc—])] q’(y’+ Z y"“"Ga), r=0,1,.. (12)
s=0

This is the sum equation mentioned in the introduction and its derivation
is a fundamental step in the method of Temperley. We now show how
knowledge of the G, allows the calculation of several generating functions
of interest, including G'"(x, y, g, k). Defining

Y(x. 0.9, 68)=Y uG, (13)

r=0

we obtain the generating function for SOS walks ending on the surface as

G'(x, y,q,k)= ¥ xXZp(0;0) = kx[ 1+ %(x, y, g% )] (14)

N=1

whereas the generating function for SOS walks ending at arbitrary height
(and by Symmetry one starting with a horizontal step at an arbitrary heigh.t
and finishing at the surface without a step) as defined in (9) is given as

GO(x, 5,9, 6)=%(x, y,q,1; 1) (15)

Generally, walks starting at an arbitrary height that touch the surface at
least once can be written as the concatenation of two SOS walks (possibly

¥ 70 5.6.7
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of zero length), one of them not having any contacts with the surface
except for its starting point (x =0), i.e.,

[1+%(x, y,q,x, 1)) kx[1+%(x, y,q,0;1)] (16)

Similarly, the sum of all walks whose minimal distance to the surface jg
equal to r can be written as

[1+9(xq, y, 9, 1;1)1 xq"[1 +%(xq", y, ¢, 0; 1)] (17
so that the sum of all walks which start and end with horizontal steps is
given by

[1+9(x, y,q;x;1)] kx[1 +%(x, y, q,0; 1)]

+ ) [1+%(xq", y,q, ;1)1 xq'[1 + 9(xq", y,4,0;1)]  (18)

r=1

We remark that this sum is only meaningful for |gq| < 1.

4. SOLVING THE RECURRENCE RELATIONS

Starting with (12), we will now derive a homogeneous second-order
difference equation which we can solve using an ansatz from ref. 2. Using
the scaling behavior of the solutions, we can eliminate one of the two
linearly independent solutions. We conclude by writing the general solution

of (12) as an expression involving the quotient of two q-hypergeometnc
functions.

Taking differences in (12), we first eliminate the mhomogeneous term,

r+1 )
G,+.—qu,=x(1—y2)<;1) Y »yG,, r=12,. (19)

Upon taking differences a second time, we are left with

(G,”—qu,H)—%(G,H—qu,)=x(qy—§)q'“G,+l, r=1,2,.

(20)

This is the difference equation mentioned in the introduction. If the right-
hand side of this equation were zero, it would be a homogeneous difference
equation with constant coefficients. Its characteristic polynomial P(1) is

P(A)=(1—qy) (A - %) (21)

and the solution is given by G, = 4,(qy)" + A4,(q/y)".



solution of Discrete (1+1)D SOS Model ' 1181

This motivates the ansatz®

G,=1Y cq)q”, r=1,2,. (22)

n=0

which inserting into (20) gives

Pjeot 3 0| PO, +x (2-) e, |=0 @)

n=1

This equation is solved by

P(A)=0, ie, A,=qy and A,= ‘;’ (24)
and, choosing ¢, =1,
Y @ =gy igm [x(y—1/y)A1" ¢(2)
Chn= X = 25
ml;l, P(Ag™) (A/y; @)n (Ay; )., )

where we have used the standard abbreviation

(@)= [] (1—xg"~1) (26)
m=|

Defining

© g2y
_ g (—1)"
H(x, q,1)= E«O (x; 9)n (5 9),

(27)
We now can write the general solution of (20) as

- 1 '
G,=A4,(qy) H (qyz, g, x (; — y) qu’)

N\ y(4 1_ )z ) 28
+A2<y> H(yz’q’x<y Y)y? (23)

As an aside, we note that the function A is directly related to a basic
hypergeometric function!®)

H(x, 9, t)=l¢l(0’ X;q, 1) (29)

which can be seen to be a limiting function of ,¢, and that is the q-defor-
mation of the more familiar hypergeometric function , F,. Analogously, the
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function H can be understood (apart from some normalizing factors anq
seen by taking the limit ¢ — 1) as a g-generalization of Bessel functiong
Furthermore, formally taking the continuum limit vertically transformg
(using, in addition, various variable substitutions) Eq. (20) into Bessel’s
differential equation. Therefore, the solution above is also related via thig
second limit to Bessel functions.

Returning to the analysis, we see that, for |g| <1, H(x, g, tq") is
uniformly bounded in r, so that we can write

G,| sconst-[<qy)'+ (g)] ' (30)

This we insert into (12) and, assuming 0 <g < yr<1, we get

h r—1 s o s
|G,|<const-q'[y’+ Y y’"’(g-) + ) y’"<g>]

s=0 y y

< const - (gy)’ [1 + (%)] < const - (q)’ (31)

As H(x,gq,19")— 1 for r— oo, we see that in fact 4,=0. Using the
appropriate boundary conditions for G and G, from (12), we can
determine the constant A4,.

Once we have the right ansatz, though, another way is more
convenient. We write in analogy to the above

[e )

G=[1+8,ok—DIF ¥ e@lgly  r=01. (2

n=0

where we accommodate the particular boundary conditions of our
problem. Substituting this ansatz, we have

1. 2
DY

n=0

= (qy) +(qy) of: (———-——1 +K 1)
cq =\qy qy Cn " -
n=0 l—lq /.}

o© 1 1
| r }: nr _ 33
ML et (1—/161"“)’ l—lq"“‘/y) .

n=1

so that, again, A=qy and furthermore

x(1—y*)q" _[=x(1=yY)q]" ¢? e (38)

R T Y R (/) (qy% 4)n
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with normalization

1

'x'CO=1+ Z (

1
l_qn+l+x_1 Cn

n=0

This implies

1
—=~H(y, ¢, x(1 = "))~ (x - 1) H(g)%, ¢, x(1 - }*)q)
0

1

so that

G,=[1+0,4(x—1)]x(gy)

y H(gy’, g, x(1— y*)q'*") :
H(y’ ¢, x(1 — y?))— (x — 1) xH(qy?, ¢, x(1 — y*)q)

Defining the functions

gAx, y, 9) = H(gy? q, x(1— y*)q'*")

and

h(x, y, 9)=H(y? ¢, x(1— y*))=(1—p*)~' [(1 —x = xp*) go — y’g,]

we can write simply

G,=[1+6,0(x—1)] x(qy)rh—(lcg—r 1)xgo

so that we have

glu)+(k—1) g,
h—(k—1)xg,

g(x9 Y 4 K, ”) =X

where

gw)= 3 (nqy) g.(x, »,q)

r=0
I e (T W
n=90 (q; q),, (qyz; q)n 1 _#yql +n

1183

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

For |g| <1, the only effect of the extra factor (1—uyg'*")~! in the sum,
which differentiates this expression from a g-Bessel function, is the intro-
duction of additional poles at pyq'*"=1. Apart from these poles, the
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domain of convergence and thus the locus of singularities of Y(u) are
independent of u. Specifying u=1, we get

g(1)+(xk—1)g,
h—(k—1)xg,

G(x, y, ¢, k)=x (44)

The function g(y) can be written in terms of ¢g-Bessel functions, leading tq

8o
h—(xk—1)xg,

G'"(x, y,q,k)=xKx (45)

The solutions (44) and (45) have been written in a way suggestive of
the singularity structure needed to discuss the phase diagram. To this end,
we notice that the generating functions diverge when, implicitly,

el Ay q) 1 HG? g x(1-y?)
k—1go(x, y,q) k—1H(gy% q, x(1 - y?)q)

(46)

and that this depends analytically on k for ¢ < 1. So the behavior of the
ratio h/g, as well as g(1)/g, has to be considered to completely characterize
the singularity structure. This can be done by making considerations
similar to those of ref. 23. The results of this analysis necessary for the
phase diagram will be discussed in Section 6.

5. FUNCTIONAL EQUATIONS

In this section we outline alternative solution procedures that utilize
functional equations. In the field of exact solutions®’ functional equation
techniques have proven to be of importance and so their relationship to
other methods in a model such as this is of some interest. Also, as we shall
see, there are two different ways of writing down functional equations,
related to different geometrical approaches. One of these approaches leads
to a series expansion, whereas the other leads to a continued-fraction
expansion of the generating function. So, in addition to providing an
additional route to the solution, they facilitate mathematical insights into
the problem.

In extension of the Temperley method, the recurrence relation (12)
implies a functional equation for 4(u)=Y* , u'G,:

i?(u)=(l€—l)+ +[(K—1)+ ]g(J’)

1 — ugy 1 —uq/y

1 1
— G 47)
* (1 —uqy 11— uq/y> (k) (




