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Abstract. Many problems concerning lattice paths, especially on the square lattice have been
exactly solved. For a single path, many methods exist that allow exact calculation regardless of
whether the path inhabits a strip, a semi-infinite space or infinite space, or perhaps interacts with
the walls. It has been shown that a transfer matrix method using the Bethe Ansatz allows for
the calculation of the partition function for many non-intersecting paths interacting with a wall.
This problem can also be considered using the Gessel-Viennot methodology. In a concurrent
development, two non-intersecting paths interacting with a wall have been examined in semi-
infinite space using a set of partial difference equations.

Here, we review this partial difference equation method for the case of one path in a half
plane. We then demonstrate that the answer for arbitrary numbers of non-intersecting paths inter-
acting with a wall can be obtained using this method. One reason for doing this is its pedagogical
value in showing its ease of use compared to the transfer matrix method. The solution is expressed
in a new form as a “constant term” formula, which is readily evaluated. More importantly, it is
the natural method that generalizes easily to many intersecting paths where there is inter-path
interactions (e.g., osculating lattice paths). We discuss the relationship of the partial difference
equation method to the transfer matrix method and their solution via a Bethe Ansatz.

Keywords: directed paths, interacting walks, lattice paths, difference equations, constant term,
Gessel-Viennot theorem, Bethe Ansatz, transfer matrix method

1. Introduction

Recently, the problems of one- and two-directed paths interacting with one and two
walls via contact interactions on the square lattice has been accurately solved [4]. In
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particular, the partition functions for fixed length and fixed starting and ending posi-
tions have been evaluated. Another recent development [3] has been the proof of two
theorems concerning the evaluation of the partition function of N such paths with ar-
bitrary inhomogeneous (with respect to the direction perpendicular to the directedness)
weights; these theorems give the answer in terms of a determinant provided the solution
of the one-path problem can be structured in a particular fashion. In a further work [2],
it was shown that the one-path solution for the case of surface contact interactions with
homogeneous bulk weights satisfies the conditions of those theorems, and hence, a so-
lution of N paths in a strip and in a half-plane interacting with their surfaces was given
for all numbers of paths N. These formulae generalize the “master formulae” of Equa-
tion (5.9) of [5] and Equation (4) of [6] where paths that do not interact with a surface
are considered. This method of solution calculates the partition function for paths be-
tween two walls (in a strip) and then finds the half plane (one wall) partition function
as a limit. This is based on a transfer matrix method. However, the original work on
one and two paths [4] found the solution directly in the half plane via the solution of
a set of partial difference equations. This had two advantages: First, the solution of
the half-plane was direct, and second, the solution came out naturally as the “constant
term” of a Laurent series which was simple to evaluate. In fact, the solution of the one-
path problem is substantially simpler using the partial difference equation method. As
has now been shown by its use in the osculating path problem, this method, because of
its constant term solution, is the method that easily generalizes, not only to many paths,
but also to problems outside the range of the Gessel-Viennot theorem [7,8] where paths
are allowed to intersect (but not cross).

In this paper, we generalize the partial difference equation method by applying it to
the case of the N-path problem of Brak et. al. [2] in the half plane. This demonstrates its
ease of use compared to the transfer matrix method though the partial difference method
currently lacks rigor. We shall see that the solution involves using an Ansatz for the trial
solution of the partial difference equations that is similar to the Bethe Ansatz for the
components of the eigenvectors of the transfer matrices for the problem. This leads us
to discuss the relationship between the partial-difference method and the transfer matrix
method.

2. Partial Difference Method for Non-Intersecting Paths and a Wall

2.1. The Model

A lattice path or walk in this paper is a path on a square lattice rotated 45° which has
steps in only the north-east or south-east directions. See Figure 1 where variables y', y/
and ¢ are shown. A set of paths is non-intersecting if they have no sites in common.
First, we describe the general model considered by Brak et. al. [3] in a strip of width L.
This requires the following sub-domains of ZV:

SL={y|0<y<Ly€eZ and y odd}, (2.1a)

EL:{yIOSySL,yEZ and y even}, (2.1b)
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Figure 1: Three non-intersecting directed paths of length + = 14 in a strip of
width L = 9. The path closest to the lower wall has weight v(1)w(1,2)w(2, 3)
w(3,2)---w(1,0)w(0,1) = x* so that y% = 1 andy/ = 1.

SL={y|0<y<LyeZ}, (2.1c)
U ={O1,- W) [ 1<y < ... <WS L, €L}, (2.1d)
U= {01 W) [0<yi <. <yw <L, yi €81}, (2.1e)
U= {1,y 0y <...<yv <L, i €51} (2.1

. p 0 e . .
We will use ¢4 to denote 7J; or ¢i;. Note that in most cases, it will be clear from

P 0 e . . .
the context whether 4 is @ or ¢y, and thus it will not be explicitly stated unless an
ambiguity arises. With the above definitions, the cardinality of the sets are

| 1| = (L%J) and |&L|=<L%JN+1> 2.2)

and

I+2 >
| ULl = (23)

2(L%—1J>, Lodd.

N

Sl
2( 2 > L£2-N = | even,

Z

Note that this shows that the cardinalities of f(ojL and ‘lelL are the same if L is odd, but
they differ if L is even.
Let N non-intersecting paths, confined to a strip of width L, start at positions y' =

. : )4
({>---»Yy) € U in column m = 0 of the lattice sites and terminate after s steps at
P
positions y/ = (y{,... ,y,{,) € Uz in the rth column. If 7 is even, then p’ = p, else

! = p, where p is the opposite parity to p. Paths are considered such that if (m — 1, y)
is the position of a path in column m — 1, the only possible positions for that path in
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Owczarek [4]. The reason for this is that the partial difference equation method is
one of the very few methods that generalize to many paths. We restrict the discussion in
this section to the domain 1 < x < 2 (see [4] for the analytical complications that arise
in the extended domain x > 1). Note that the final generating function is a polynomial
and thus, by analytic continuation, applies for all k.

Consider a single path of length ¢ which starts at y' € §., and terminates at y € $.,.
A path of length ¢ can be made by appending a single step to a path of length r — 1 and
this consideration gives the partial difference equations

ZO =) =Z (0 ay+ D+Z (P =y—1), ¥y>0, t>0, (28)
Z(V=0) = kZ (1), y=0, >0, 2.9)
Zo(y =y) = (1+(x=1)8),)8, s, 2.10)

where 8, , is the Kronecker delta. The first equation (2.8) is a “bulk” equation valid for
y > 0, while (2.9) is clearly a boundary condition and (2.10) is an initial condition. To

solve (2.8), we begin by separating the variables with a trial solution of 7;5())" —y) =
Pi(y,k) = A exp(iky) which requires

A = exp(ik) +exp(—ik), k€ [0, 7. 2.11)

We now exploit the degeneracy of A by noting that P, (y, k) = A, exp(iky), and P;(y, —k)
satisfy (2.8) so we try a more general form of solution, R;(y, k) = A} (A(k) exp(iky) +

B(k)exp(—iky)) for ZS(y" —y). If this is substituted into (2.9), then we must have
A/B = exp(—i6y), where
A — xexp(—ik)

M —Kexp(ik) (2.12)

exp(iby) =

Thus, the most general form of the solution for 7,5(yi — ) satisfying (2.8) and (2.9) is

T
Wi(y) = /0 A(R)AL (exp(iky) + exp(—iky + i6y)) dk. 2.13)
It remains to choose the arbitrary function A(k) such that the initial condition (2.10) is

satisfied. If we choose A (k) = (exp(—iky’) +exp(iky’ —i6y)) /27, then by a few changes
of variables, we can rewrite our trial solution as

Z, () = 5% /_ 1;’»2 [exp(ik{y’ —y'}) +exp(ik{y +y'} +i6)] dk  (2.14)

- ?I{u|=1(u+ 1/u) (@~ +S(u)u>”+Y‘)§uﬁ, (2.15)
where
ut,— %
S() == ——~ (2.16)
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with the boundary condition

ZX =0,y o) =x Y o Y ZC 6 oy ten,. vt en)),
ey=:+1 ey==%1

(2.21)
meeting condition
ZX(y —»y) =0, if yj=yj4 foranyj>1, (2.22)
and initial condition
Z3y ) = 8y y (14 (= 1)8,,.0), (2.23)

where e = (e1,...ey). Equation (2.21) allows for the wall (at y; = 0) at step ¢, where the
only possibility for the previous step is y; = 1. This ensures that negative coordinates
never arise. Equation (2.22) ensures the paths do not intersect. The variable K counts
the number of sites the lowest path has in common with the wall.

Analogous to the one-path method, the first step is to separate the step variable ¢ and
the height variables y in Equation (2.20). We then look for particular solutions to (2.20)
and use a linear combination to solve (2.21) and (2.22). This will use up all but N of
the arbitrary constants. The final constants are then used to satisfy the initial condition,

(2.23). Thus, for the first step we substitute A} exp(ik -y) into (2.20) for ZN(y" —y),
where k = (ki,... ,ky). This substitution will satisfy Equation (2.20) provided that

N
Ak =[] Mo Mg = explike) +exp(—ike), ko € [0, 7). (2.24)
o=1

If no two of the kq are equal, then any permutation of the ko will also give a linearly in-
dependent solution of (2.20) with the same value of Ax. Furthermore, if the sign of any
of the kq is reversed, another linearly independent solution is obtained with the same
value of Ax. Taken together any fixed set of ky with ko € [0, %], no two of which are
equal, gives us 2VN! solutions. We find below that by considering all possible subsets
of {ki, ka,...,kn}, we have sufficient solutions to satisfy the initial and boundary con-
ditions and hence do not require further solutions. Specifically, let Py be the set of N!
permutations of {1,2,... ,N}, 6 = (0, 03,... ,0y) € Py, andn = (M1,...,Mn), where

Mo, = %1, then Ag]'[’&’zl exp(iMakays,) is a solution of (2.20). The second step is to
take a linear combination of the above solutions in order to satisfy the boundary and
meeting conditions. The specific combination is inspired by the Bethe Ansatz for the
eigenvectors of the six-vertex model [10]. The explanation for the success of this guess
is given in Section 3. Thus, we try

— i N

Z'= % ¥ o ¥ [ acadn[[ewinadar,). @25
GEPy Ny=+1 ny==£1v0 a=1

If we assume the constants factorize

N
Ag =As [ BY, (2.26)

o=1
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3. Relationship Between the Partial Difference Equation Method and the
Transfer Matrix

Having solved the N-path problem in the half plane via partial difference equations we
now show there is an intimate relation between this method and that of diagonalizing
transfer matrices via the Bethe Ansatz. As we will show, the relation manifests itself
in two ways: (1) through the difference equations, the coefficients of which turn out
to be matrix elements of an infinite-dimensional transfer matrix, and (2) in solving the
difference equations by separating the step variable “t” and the height variables, one
ends up with another set of equations, the solution of which is equivalent to solving an
infinite-dimensional eigenvector problem. Thus, the partial difference equations can be
thought of as a method of representing the ‘“no strip” (and hence, infinite-dimensional)
transfer matrix method.

Let us consider a general N-path problem defined via the following set of partial
difference equations. Now, the paths may be intersecting (but not cross), or not, and we
place arbitrary weights on edges of the lattice that are occupied. Our only restriction is
that, if there are N occupied sites at ¢ = 0, then each column of edges has N occupied

steps. The generating function ZN (y* = y/) of N paths of length ¢ in the half plane is
given by a set of partial difference equations:

N
ZXy =y = ¥ Z4@ o0 ]]w0ony), for ¥y eu.. G
Y€ U J=

Note that even though the paths are intersecting, we can always order the edges. To-
gether with the initial condition

Z3y = y) = 8,V (¥), (3.2)
where
N .
=[]voh), (3.3)
o=1

Equation (3.5) determines ZN (y'—y/). Letus define the elements of a matrix (Ry)
as the coefficients of the partial difference equation:

v,y

N
(RN)y,yr = [0, 5))- (34)

j=1

=,
Now, the generating function Z, (y'— y/) of N paths of length  in a strip is related

=N .
to Z,_;(y' —=y), by one of two one-step transfer matrices defined above depending on

whether y/ € 'ZIL or not, thus

. N i eo f o
=N zt € ¢ Zt-—l(y _)y)(TN)y,yf’ for y €U,
Z, Yoy ={ (3.5)
! =N . oe P )
Loeg, 21V =Y)(Twyys, fory €.
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