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Abstract  Self-avoiding walk models of a polymer conbned between two parallel
attractive walls in two and three dimensions (slits and slabs, respectively) have recently
had a revival of interest. They were brst studied as simple models of steric stabilisation
and sensitised Rocculation in colloids. The revival has been catalysed by new exact
solution techniques, that have allowed the solution of directed walk models in two
dimensions in full generality, and by new Monte Carlo techniques that have allowed
the simulation of the full parameter space in the three-dimensional slab model. Addi-
tionally, rigorous techniques applied to the slab problem have also yielded new results.
The contributions to the study of this problem that have been recently added include a
novel phase diagram for the OinPnite-slabO (when the walls are a macroscopic distance
apart but both walls may still OseeO the polymer) the delineation of the repulsive and
attractive regimes of the parameter space, and a conjectured scaling theory for the
problem in general dimensions.
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1 Introduction

Self-avoiding walks are a common model of Rexible polymers in solutihndon-

Pning self-avoiding walks between two parallel walls where the walks interact with
the walls can be considered a simple model of the steric stabilisation and sensitised
Bocculation of colloidal dispersiong][by polymers. Both the two-dimensional case

of a polymer in a slit and the three-dimensional case of a polymer in a slab have
been studied. The seminal work of DiMarzio and Rul@jsgparked the study of these
problems. However, quite a bit of the work completed was concerned with the case
of non-interacting walls4b]. The work of Daoud and de Genne} [s also relevant

as they developed scaling laws for polymers in conbPned spaces. When there is an
energetic interaction with the walls, the cases of a single attractive wall and equal
interactions with the two walls have been investiga®&13]. Importantly, the full

phase space when the interactions with the two walls are allowed to vary indepen-
dently has not received attention until recenti¢l 7]. Here we review the work on

the full problem described in those four papers: the solution of a two-dimensional
integrable model by Brak etall{]]; rigorous results by Janse van Rensburg efld]. |

valid in any dimension; and numerical studies and scaling conjectures concerning the
three-dimensional slab problem in the two papers by Janse van Rensburd 8tal. [
and Martin etal. 17].

To begin we debne the full three-dimensional lattice model which is the subject of
the two papers by Janse van Rensburg etl&].4nd Martin et al. 17]. Consider the
simple cubic lattice with coordinate systgm y, z) so that each vertex has integer
coordinates. Consider-edge self-avoiding walks starting at the origin with verti-
ces numbered = 0,1, 2,...n and with thejth vertex having integer coordinates
(xj,yj,zj). We shall be interested in such walks conbned so thatf}  w for
bxedw. If we keep track of how many vertices are in each of the two plares0
andz = w we can debne the partition function:

Zn(a, b w) = Zch(u+ 1, v; w)a"b?, (1.1)

u Ov O

wherec,(u + 1, v; w) is the number ofi-edge self-avoiding walks, starting at the
origin, conbned between the two planes 0 (bottom wall) and; = w (top wall),

with u + 1 vertices inz = 0 and withv vertices inz = w. The variables: andb

are then Boltzmann factors associated with vertices in the plare$ andz = w,
respectively. For > 1 andb > 1 an attractive potential is felt by the monomers of the
our polymer, modelled by the vertices of the walk, visiting the bottom and top walls,
respectively. We debne tlf@izre-size finite-siab free energy, as

kn(a, b, w) = néllog Zy(a, b, w) (1.2)
and the thermodynamic limitingnite-siab free energy as

k(a,b; w)= lim néllog Zn(a, b; w). 1.3)
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As we shall see below this limit exist&§]. One may then consider the behaviour of
K (a, b; w) in the limit as the width tends to inbnity: we shall refer to this limit as the
infinite slab limit and debne theénfinite slab free energy (a, b), as the point-wise
limit

k(a,b) = wlim k(a, b, w). (1.4)

One can then explore the location of singularities {a, ») and it is the loci of these
singularities that determine the phase diagram of the inbnite-slab (a thg-plane.
Physically, taking the polymer length limit Prst means that we are investigating the
thermodynamics of macroscopic polymers in slabs of mesoscopic widths.

Thew-dependence af(a, b; w) determines if the force exerted by the walk on the
conbning walls is repulsive or attractive. The force at bPnite polymer length is debned
as

Fu(a,b; w) = kp(a,b; w) S ky(a, b; wS 1) (1.5)
while the thermodynamic limit is

Fa,b;w) = lim Fy(a.b;w) = k(a.b;w) S k(a,b;wS 1). (1.6)

Hence ifx (a, b; w) is an increasing function ab the force is repulsive while if it is
a decreasing function a# the force is attractive. The scaling theory of Daoud and de
Gennes§] predicts thatwhea = b= 1

F(a,b; w) ﬁ asw , .7

wherev is the radius of gyration exponent for self-avoiding walks in three dimensions.

There is a second double limit of the Pnite free enekgyq, b; w), where the
length and width limits are exchanged. This more traditional case gives us the half-
space model which describes the adsorption of polymers on a single wall. Since we
are considering self-avoiding walks that are attached to the surface where the sites
are weighted with the Boltzmann weighthe limit of large width for Pxed length is
independent of the Boltzmann weightthe partition function then simply becomes
that of a self-avoiding walk attached to the surface in a half-space. Hence if we debne

(@)= lim nStlog Z,(a, b; w), (1.8)
then the inbnite length limit of,, (a), that is,
k(@) = lim i (a), (1.9)

gives us the thermodynamic free energly;), of the half-space. This free energgu)
has a single singularity at an adsorption transitior a. [18], where the current
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best estimate is,  1.33 [19]. In fact, it has been previously provetld that « (a)

is constant fou  a. and is given by the value lggs, that is, the logarithm of the
growth constant for unconbned self-avoiding walks in three dimensions. This adsorp-
tion transition can be characterised by considering the density of visits to the wall,
p(a), where

p@)= lim % (1.10)

which acts as an order parameter for the phase transitioru Fow, we have that
p = 0 while fora > a. we havep > 0, andp 0 asa a} as the transition is
a second-order phase transition. It is therefore a central question to compare the two
double limits of the half-space(a) to the inbnite slitc (a, b): this is precisely what
has been done in the four papers reviewed herein.
The standard scaling hypothesis for self-avoiding walks attached to a sW2fice [
in the half-space predicts

logn N Aa)
n

n

kn(@) k@ + (1S 1) asn . (1.11)

The (universal) value of1 depends on whether < a., a = a., ora > a. [20]. For

a < a. the exponenys has been estimated a$8 [20]. Fora = a, the exponeni,

is often denoted bys ;. Previously, it was known imprecisely as12) [20], and the
value used in the scaling plots of Martin etdl7] found that 125 was an effective
estimate. Fou > a,. the half-space exponemt in three dimensions takes on the
ObulkO two-dimensional value/32 [21]. In a slab of any Pnite width one expects
two-dimensional behaviour to eventuate so that

Kn(a, byw)  Kk(a,byw)+ (y S

lo B(a, b;
gn , B@biw) s (112
n

n

where once agaip = 43/32 regardless af andb. The question then arises as to the
scaling form in the two variables polymer lengthand slab widthw, for «, (a, b; w):
this was discussed by Martin etal7 and we summarise their conjectures below.

We continue by discussing the exact results of Brak et4].dn a two-dimensional
integrable model in the next section. It was this work that motivated the renewed inter-
est in the three-dimensional slab problem, and it proves remarkable, at least on brst
sight, how many of the features of the exact solution have shown up in the analysis
of the three-dimensional model. After that we discuss the rigorous results, derived in
arbitrary dimension, concerning the existence and analyticity properties of the limiting
free energy found Janse van Rensburg etlé).fjefore moving onto to discussing the
numerical results on the phase and force diagrams for the inbnite slab as well as the
scaling theory for Pnite slabs. We end with a brief summary.
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2 Exact solution of the directed model in a slit

In this section we review the main results of an exactly solved model of directed paths
in a slit of widthw. While these results appear it4], we will use a different com-
binatorial construction to derive them. In particular, a Temperley-like argument gives
a functional equation which we will then solve using the kernel method &&aiid
references therein). Importantly, the results summarised below provide the impetus
for the work on undirected walks in three-dimensional slabs, described in the next
section.

Consider paths ofi2 conbned to the strip 0 y  w that start a(0, 0), and take
steps(1, + 1). We debne a generating function for these walks by

w

Fsizab) = Zsh((ﬂ)z|<ﬂ|avl(fﬂ)bvu(<ﬁ) = ka(z; a, b)s*, (2.1)
%) k=0

where the brst sum ranges over all directed walks conbned to theislitpnjugate

to the length of walkg, b are conjugate to the number of visits to the top and bottom
walls of the slit ands is conjugate to the height of the Pnal vertex. The functipn

is the generating function of the subset of walks that end at héightthe analysis

that follows we will primarily concern ourselves withops which are walks that end

at height 0 and so are counted by, (z; a,b)  fo(z;a,b) = f(0;z,a,b). One

can show that pxing the height of the last vertex of the walk does not change the
thermodynamicr( ) free-energy of the system.

We computef (s; z; a,b)  f(s) by constructing walks a single step at a time;
every directed walk in the strip is either a single vertex or can be obtained by adding
a step (in the(l, £ 1) directions) to a shorter walk. When adding steps to a shorter
walk we have to exclude those conbgurations which step outside the stripNsde Fig.
We debne the notation = 1/s. The single vertex contributes 1 to the generating
function. Adding a single step to an existing walk contribut@st+ ) f (s), however
this includes some conbgurations that leave the strip. A walk that takes a single step
below the liney = 0 contributegs fo and one that steps above the line w is given
by zs**1 f,,. This leads to the equation

f) =1+ 26+ 9)f)S 2f0S z5 fu, (2.2)

AR L LN iERER, R (R ER R

.

Fig. 1 Every walk is either a single vertex or can be obtained by addifiga1) step to a shorter walk.
When appending these steps one must remove the contribution from the walks that step outside the strip
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valid fora = b = 1. However, this does not take into account the newly generated
visits to either wall. A walk that steps down onto the bottom wall is counteghigy
(since it steps from height 1 to height 0) and similarly a walk that steps up to the top
wallis counted bybf,,51. These walks have already been counted by the s) f (s)

term but without the weights andb, so we must remove the incorrectly weighted
contributions and then replace them by the correct weight. This gives

F)=1+z(s +3) f(5)SzfoSzs¥ fu + 2@ S 1) fi+ zs¥ (b S 1) fus1. (2.3)

This is a single equation in 5 OunknownsO. We can remove two of these unknowns by
examining the coefbcients sf ands®:

fo= 1+ zfa+ z2@S 1) f1= 1+ zaf1, (2.4a)
Sfw = zfws1+ z(b S D fus1= zbfys1. (2.4b)

Rewriting the main equation in terms ¢f{s), fo and f,, gives
- 1 1 L 1. O 1.
[18 Z (s + —):| f@s)=—+ (18 -S zs) fot (18 3 S zs)swfw. (2.5)
R a a

The coefbcient off (s) in the above equation is called tlernel. We proceed by
substituting values of that set the kernel to zero:

(2.6)

We note thats = z+ 0(z%) andoy = z51+ 0(z) and thatrs 05 = 1. Typically

when applying the kernel method, one would only make use of those kernel roots that
are formal power series such@s. However, we note that since the coefpcientof

is a polynomial ins of degree mifw, w}, substitutings = o4 also results in formal
power series. This gives two linear equations involving the unknofyrad f,:

o= 1,4 (1éis
a a

i) fo+ (1§ % S zaa_f) 0y fu. 2.7)

O+

Solving these gives

Ly(z;a,b)  fo
_ (0&+ 1) ((0& + 1S b)od” + (0ébS o€ S 1))
02+ 15 b)(0€Sa+ 102" S (02bS 02 S 1)(acd S 02 S 1)

(2.8)

and a similar expression fof,,. We have used the fact thatog = 1 and 1=
z(og + 0351). Further, if we writeg = 052 then we recover Eq. 5.7 froni4.

The dominant singularity af ,, determines the free-energy of the underlying phys-
ical system. The singularities g§ are the zeros of its denominator and, possibly, the
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square-root singularity afs atz = 1/2. It can be proved thafy is rational inz and
hence has no algebraic singularities, only poles. Hence the singulariti€aiinl so
q) are poles. The zeros of the denominator are given by the solutions of

w

_(hgS ¢S 1DHagSqSI

(gqSh+1(gSa+1’ (2.9)

which we note is symmetricimm 5. Note also that if one solves the problem where
walks end at some general height then exactly the same singularities appearNhence
all these problems have the same thermodynamic free-energy.

The expression fok,, simplipPes considerably at the poiatsh { 1, 2} and along
the curveab = a + b (see [L4]), and at these points one is able to bPnd the dominant
singularity, and so the free-energy, in closed form:

k(1,1 w) = log(2cog2r/(w + 2))); (2.10a)
k(1,2; w) = k(2,1 w) = log(2cosn/(w + 1))); (2.10b)
k(2,2; w) = log 2 (2.10c)

and along the curveb = a + b

log(—“4=) fora b;
Kcurve(w) - g( aS1 (210d)
log (%ﬁ fora < b.

It is important to note that these last two expressions for the free-energy are indepen-

dent ofw. This implies that along the curvéb = a + b (which includes the point

(2, 2)) the thermodynamic limit of the system is independent of the width of the strip.
Turning to generala, b), Brak etal. [L4] were unable to bnd closed form expres-

sions for the solutions of Eq. 2.21 but they were able to bnd asymptotic expansions

for largew by perturbing around the exactly solved points in descending powers of

This gives

2

K(a, b; w) = log(2) 3 % + 0wS®) fora,b <2, (2.11a)
w
2 L
K(a,2; w) = log2) $ % + 0wS3) fora <2, (2.11b)
@b w) = lo a +(aé2)2(abéaéb) 1 \"
clabrw) =09\ s 2ad D@db \ad1
w
+0 (m) fora > ma.x{b, 2}, (2110)
@aw = lo a N @S$22( 1 \“?
k(a,a, w) = - _
g aS1 2@S1H \aS1
w
— 2 _Vfora=b>2 2.11
0((aSl)W) ora=b > 2, ( d)
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and the relations obtained by the manifest 5 symmetry of the problem in the
large length limit, as noted above in the symmetry of Eq. 2.21.

As explained in the introduction, taking the limit of these expressions as
one arrives at théfinite-slit limit (in which we have let the length of the polymer go
to inbnity before the width of the slit). The free energy is then given by

log 2 fora,b 2,
k(a.b) = log (ELST) fora > maxb, 2}, (2.12)

log (%) otherwise

On the other hand, if we leb before we let the length of the polymer
go to inPnity, then we effectively remove the top wall (see above). This leads to the
following functional equation satisbed by the generating function:

f) =1+ z(s+ ) f(s)S zsfo+ 2(a S 1) f1. (2.13)

Repeating the kernel method one can obtain the generating funttiory), of di-
rected paths that start and end on the hirre 0 and interacting with that line:

1+ 032

Liz,a)= —— >
@ a) 1+ 05 S aocg

(2.14)

Note that this is independent bf This function has two singularities: the square-root
singularity ofog atz = 1/2 and a simple pole at the zero of the denominator. The
free-energy is then

(2.15)

_ log2 fora 2,
Kk(a) =
aS1

log (é) fora > 2.

The expressior®(15 shows there is a single second-order phase transitior a2
with a jump in the second-derivative with respect to the fugagityn crossing the
transition (i.e. a jump in the specibc heat). It is an adsorption transition where the
polymer has a zero thermodynamic density of visits to the wal), fora < 2
(calculated from a the brst derivative of the free energy with respedtand a Pnite
density fora > 2. The expressior2(12 for the inpnite-slit, and its derivatives lay
andb, giving the density of visits to each of the walls, imply that fo» < 2 the
polymer is desorbed from both walls. Fer> maxX{?2, b} the polymer is adsorbed to
the bottom surface and fér> maxa, 2} the polymer is adsorbed to the top surface.
The two transitions from desorbed to adsorbed on either wall are both second-order
transitions of identical type to the half-plane desorption transition. However, there is
also a brst-order transition line between the two adsorbed phases along the line
fora, b > 2. We plot the phase diagrams implied by these two different free-energies
(Egs. 2.27 and 2.24) in Fi@. It is clear that the order in which the polymer length
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b b
adsorbed
top
desorbed aggg{g&d desorbed agggé"(}))&d
a a

Fig. 2 The half-plane and inPnite-slit phase diagrams. In the half-plane limit, there are only two phases
separated by a second-order adsorption transition. There are three phases in the inpnite-slit limit: a desorbed
phase and two adsorbed phases, one adsorbed to the bottom wall and the other adsorbed to the top wall.
The transition between the two adsorbed phases is Prst-order

and strip width are taken to inPnity produces a large change in the behaviour of the
system. In particular, the two limits do not commute.

Differentiating with respect taw one obtains expressions for the force exerted by
the polymer on the walls of the strip. These expressions imply three distinct regions in
which the system exhibits different behaviour. kob 2 the force is repulsive and
decays asv>3Nwe interpret this as a long-range force. Outside this square, the force
decays exponentially withNwhich we interpret as a short range force. Furthermore,
the sign of the force changes as the curbe= a + b is crossed. In particular, to the
left of this curve the force is repulsive, on this curve the force is identically zero (since
the free-energy is independentof as noted above) and to the right of this curve the
force is attractive. We also note that along the line » > 2 the force decays more
slowly than elsewhere in the repulsive region (Hy.

3 Self-avoiding walks in interactive slabs
3.1 Rigorous results for general dimensions

Janse van Rensburg et alf] developed new pattern-type theorems for walks on a
d-dimensional hyper-cubic lattice conPned between@\8 1)-dimensional planes.
Here the dimensiod 2. They used these and concatenation arguments to prove
several results concerning such systems. They proved that:

€ thed-dimensional analogue ef(a, b; w) exists for alla andb;

€ (1, 1; w) = ksaw Wherexgaw is the bulk connective constant;

€ «(a, 1; w) is a convex function of log, and so is continuous far > 0. It is also
differentiable almost everywhere infor a > 0;

€ k(a1 = «x(a);

€ k(a,a) = k(a) = ksaw = constant fou < 1;

€ k(a,b)=«@)ifb landk(a,b)=«k®)ifa 1.
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Fig. 3 A diagram of the . ,
different regions of force exerted b : <
by the polymer on the walls of : ~
the strip. The long-range : L,
behaviour refers to a power-law : e
decay,. Whi!e t_he short-range short rénge
behaviour indicates an

exponential decay. The )
zero-force line is given by :
ab = a+ b. Along the dashed : zero force
linea = b there is a change in long range
the nature of the repulsive force " repulsion "

%
A " short range
repulsion attraction

These results and some other suggestive inequalities point to a phase diagram qualita-
tively the same as that of the directed walk case explored above. They also consequently
showed that fob < 1 anda < 1thatF(a, b; w) is positive and so repulsive for all.

3.2 Phase diagram for the slab£ 3)

Monte Carlo data for walks up to length 128 and widths up to 11 was considered by
Janse van Rensburg et dl5]. In particular the Buctuations in the numbers of visits

to the wall, that is inu and v , is reproduced in Fig4, as a function of: andb.

The results show strong Ructuations fo= a., b < b., forb = b., a < a. and

forb = a,a > ac. Also,b.  a.. These were interpreted as Pniteremnants of

lines of phase transitions in the limit, corresponding to adsorption transitions

on the two walls, and to a transition from adsorption on one wall to adsorption on
the other wall as we cross the lie= «. It was concluded that symmetry implies

b. = a.. This is exactly the same as one sees in the integrable model above given the
caveat thati. takes on a different value. Given the similarity to the integrable case
the interpretation of this data is as follows. There exists a transition value equal to the
half-space adsorption poiat = b.  1.33 such that for andb below this critical

point the polymer is desorbed from both walls. koe- maXac, b} the polymer is
adsorbed to the bottom surface anddos maxa, a.} the polymer is adsorbed to the

top surface. Hence, there is a transition line between the two adsorbed phases along
the linea = b fora, b > a.. It remained to be seen whether the transitiorufer a.,

b < a. andb = a., a < a. are second-order and exactly of the same type as the
half-space adsorption while the transition along the lire a, a > a. is Prst-order

as in the integrable model discussed above.

Martin etal. [L7] investigated these questions using Monte Carlo simulations with
walks up to length 512 and slab widths up to 40 lattice spaces. They checked that
the scaling of the peaks of the RBuctuations did indeed demonstrate phase transi-
tions in the thermodynamic and large width limits. Given the expected inPnite-slab
phase diagram, which is displayed in Fig. four lines were analysed in detail:
(1/2,b), (2,b), (a, 1/2) and(a, 2). The results conbPrmed the expected phase diagram
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Buctuations

NWAUOON®O©

Fig. 4 The largest eigenvalue of the matrix of Buctuations in the numbers of visits to the conbning walls
for the simple cubic lattice as a function @fandb

[}
[}
b : | /
! | a=b
! |
' :
! adsorbed !
2 - R i ety T B
: :
: :
b, ' [
B \E\
N zero force
I curve
1 ! desorbed adsorbed
X botltom
! I
! ]
05 F----- +14 ————————— ¢ ® - ———- Ao
! :
' I
| i -
0.5 1 dc 2 a

Fig.5 The conjectured inPnite-slab phase diagram contains three phases in which the polymer is desorbed,
adsorbed to the bottom surface and adsorbed to the top surface. The corresponding phase boundaries are
indicated with solid lines. The system was simulated along the {iGe</2), (a, 2), (1/2, b), (2, b)} by

Martin et al. [L7] (indicated with dashed lines). The three points A, B and C are those at which we estimate

the scaling function

in Fig. 5 and transition types as described. In particular, they found that the transitions
on the lines(a, 1/2) and (1/2, b) occurred at(1.38(4), 1/2) and (1/2, 1.38(4)) so
indeed the two transition values were the same and equal, within numerical precision,
to the half-space adsorption point. Moreover, the transition was second-order with
a crossover exponent neab(as expected for the single wall adsorption problem.
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Fig. 6 The distribution of contacts with the bottom surface from the simulations along theliggwhere

a was chosen to be at the peak of the variance of contacts with the bottom surface. The walsedfvas
1.975, for data produced from simulations at width 12 and polymer length 512

The crossover exponenp, is related to the specibc heat exponent via the relation
a = 2S 1/¢. The lines(a, 2) and(2, b) yielded a transition that occurred approxi-
mately ata = 2 andb = 2 respectively, and as expected. Moreover, the convergence
of the peak heights of the Ructuations divided by the square of the length indicate a
crossover exponent @f = 1, which in turn implies a specibc heat exponent 1,

that is, a Prst-order transition. This was conbrmed by plotting the distribution of the
contacts with the bottom surface at the transition: this is shown inGrighere we
clearly see two peaks. Such a bimodal distribution is the hallmark of a brst-order tran-
sition. Hence the phase diagram in Fsgwhich mimics the two-dimensional directed
walk phase diagram, was conbrmed.

3.3 Force diagram for the slall € 3)

The force has also been studied using both Monte Carlo and exact enumeration tech-
niques in [L5,17]. It was found via exact enumeration data b] that considering

b = 1theforce was positive (repulsive) for aland decreases aincreases. The force
was then was scaled with the factot* /¥, so as to check if Eq. 3.4 can be extended
to other values ofi andb. One would expect that it could indeed be extended to all
parts of the desorbed phase, i.e. @&;, b < 2, and, perhaps, to the phase boundaries
of this region. The scaled forae!* /" F was observed to weakly collapse fok a..
Clearly corrections to scaling were still evident as bPnite length walks and small widths
were used in the simulations. Using the same types of data the né was also
examined and it was found that the force was repulsive: fgr a. and attractive for

a > a.. Along the linea = b the scaled forcev™ ¥V F converged more quickly to a
non-zero constant far < a., as the width was increased, than for the bre 1. For

a > a, the scaled combination did not converge.
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In [17] the regions of attractive and repulsive forces were examined using exact
enumeration datafor 22 andw 8. Using an analysis of the ratio

Ry(a,b;w) = /Zy(a, b; w)/Zys2(a, b; w) (3.1)
and the related quantity

R, (a,b;w) = Ry(a,b; w) S /Qu(a)/Ons2(a), (3.2)

whereQ,, (a) is the partition function for the half-space problem the following results
were found. There exists a single zero-force curve, as inFr-ifpat is conjectured to

go through the pointa,, a.). It would seem to be asymptotic to the liness 1 and

b = 1. For smalk: andb to the left of this curve the force is repulsive while to the right

the force is attractive. From the data it was deduced that fora., b  a. the force

is repulsive and obeys the DaoudbdeGennes scaling as in Eq. 3.4. It was inferred that,
as in the integrable model 4], for other values ofi andb the force decays exponen-

tially fast in the width. In this way the force diagram for the cubic lattice self-avoiding
walk model has the same structure as the square lattice directed walk model described
above. A numerical estimate of the zero-force curve was obtainddjn [

3.4 Scaling theory in general dimensions

In this section we summarise scaling hypothe&@kfpr the free energy and the force
between the walls in the high temperature and critical regimés a.. Following
Eq.1.7it is expected that for this part of the parameter space the force applied by the
walk on the walls as a function of the width is expected to be a power law. It is not
expected that standard scaling arguments hold in the low temperature regimes where
the force is predicted to fall off exponentially with the width as mentioned above.
The bxed width scalingl(12) can be reconciled with the inPnite width scaling
(1.11 using the hypothesis of a scaling function in an appropriate scaling variable.
Since walks in a half-space typically extend out from the surface an amount propor-
tional ton", wherev is the three-dimensional value of the radius of gyration exponent,
one can conjecture that this scaling variable should'bev. It was conjectured][7]
that the scaling form of the free energy is

.
kn(a, b w)  loguz+ (1S )2~
n

+ ’—]l-IC(n”/w) (3.3)

asn, w with n”/w Pxed, andy; taking on the appropriate half-space value
depending on whether the value ®fs a. or less. It is important to understand that
the scaling function depends on whether the underlying inPnite-slit system is critical
or not as the temperature is varied. Hence there are four different scaling functions:
one fora,b < a., one fora = a.,b < a., one fora < a.,b = a. and one for
a=a.b=a..
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Fig. 7 Aplotofthe scaled free energy at the paititl/2, 1/2) for widths 12 16, 20, 24 and 28 and lengths
from 0 to 512. The horizontal axisig’ /w and the vertical axis is w SloguzS 1S 1) lonﬂ).
The valueguz = 4.684,v = 0.588 and(y1 S 1) = S 0.32 were used

The scaling of the forcé), (a, b; w) can be found by using
d .
F,(a, b; w) T (scaling form fork, (a, b; w)) (3.4)
w

and so it was concluded that a scaling form for the force would therefore be

l v
F.(a, b, w) m]:(n /w) asn,w , (3.5)
where
Fx) cxBY asx . (3.6)

Hence the force exert by a macroscopic polyrfés, b; w) scales as in EdL.7 for
alla,b a,.

To conbrm the above picture the scaling function of the free energy was studied at

three points in théa, b)-plane:(0.5, 0.5) (point A), (0.5, b.) (point B), and(a., 0.5)

(point C)Nssee Fig 5. In Fig. 7 the scaling function is plotted by using the assumption

of Eq. 3.3with appropriate exponent values at point(4, ») = (0.5, 0.5). Itis clear

that the scaling assumption is conbrmed by the results. Similar results were reported
in [17] for points B and C.

Interestingly, whileXC is monotonic at pointsA and C, it was found that it is
distinctly unimodal at poinB. It was concluded that at poingsandC, the polymer
exerts arepulsive force on the walls at all lengths and widths. Whereas aBpbiete
is a combination of length and width such that the free energy has derivative (with
respect taw) equal to zero. At poinf the interactions with both conbning walls are

@ Springer



J Math Chem

repulsive and the entropy loss due to conbPnement leads to a repulsive forceC Point
corresponds to a critical value of the attraction at the wall where the walk is tethered
and there is no attractive force with the other wall, so the force is repulsive. At point
B the walk is tethered to one wall but attracted to the other. If  at bPxedw itis
known rigorously that the force is repulsive and this corresponds roughly to the case
wheren”/w >> 1. If ¥ << w the walk extends to allow vertices in the top wall
and this leads to an attractive force. The results at point B show new and qualitatively
different behaviour from that found in studies where b orb = 1[3,9B13].

4 Discussion

We have reviewed recent work4bl 7] on self-avoiding walks conPned between walls
with which they interact via a contact potential that may be different for the two walls.
Such a situation, named tligfinite slab, differs from both the case of adsorption of

a polymer on one wall and a polymer conbned between two non-interacting walls in
signibcant ways. This worklp,17] has conjectured a full phase diagram and also
delineated the types of forces between the walls in all regions of the parameter space.
These conjectures mimic the exact results found in the two-dimensional integrable
model that has been analysdd] A scaling theory 17] has also been conjectured. It
would be of some interest to derive the corresponding scaling theory in the integrable

case P3].
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