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� Up until this point we have only considered the dynamics of
functions of a single real variable

F : X 7! X where X � R

� this is a very limited selection of functions.

� We can broaden our studies in two ways

{ functions of more than one variable
(more important from point of view of applications)

{ functions of a complex variable
(smaller step in the mathematics)

� Let us start with functions of a single complex variable

F : X 7! X where X � C

particularly where F is a polynomial
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� The study of the dynamics of such functions began in the 1920's by Gaston Julia and
Pierre Fatou.

� Not much then happened until 1980 when Benoit Mandelbrot started using computer graphics
to create pictures of the dynamics.

� There is quite a bit of controversy over the work of Mandelbrot at this time.

� Other people published similar pictures / work in algebraic geometry (?) journal slightly before
Mandelbrot announced his work.

� So | it is possible that someone else got there �rst.

� However (rightly or wrongly) his name is now associated withsome of the most recognisable
pictures in mathematics.
(Has not hurt his ego)
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� Let us start with a simplest linear complex function:

L � : C 7! C L � (z) = �z with � 2 C

� As before we de�ne the dynamics of a pointz0 2 C by:

zn +1 = L � (zn ) = �z n

� As was the case for a real linear function, we can completely
describe the di�erent types orbits we can �nd.

� Write � = �e i' and z0 = rei� . The orbit of z0 is:

z1 = �e i' rei� = �re i ( ' + � )

z2 = � 2ei' re2i� = � 2rei (2 ' + � )

...

zn = � n eni' rei� = � n rei (n' + � )

� It is not hard to see that the only �xed point is z = 0.

� For j� j < 1 jzn j ! 0. i.e. 0 is attracting

� For j� j > 1 jzn j ! 1 . i.e. 0 is repelling

j� j < 1 j� j > 1

3



'

&

$

%

� This is much the same as the real case

� The neutral casej� j = 1 is more complicated.

� Let � = ei' = e2�i� , then zn is given by

zn = rei ( � +2 �n� )

� The orbits are then given by Jacobi's Theorem (we did earlier):

{ z0 = 0 is a �xed point for all � .

{ if z0 6= 0 and � = p=q2 Q then
the orbit is a q-cycle.

{ if z0 6= 0 and � 62Q then
the orbit of z0 is a dense subset of the circle of radiusr .

� To summarise:

Theorem. Let L � (z) = �z where � = �e 2�i� .

1. if � < 1 then all orbits converge toz = 0 .

2. if � > 1 then all orbits diverge to1 (excepting z = 0 ).

3. if � = 1 then:

(a) if � is rational then all points are periodic

(b) if � is irrational then each orbit is a dense subset of the
circle centred at the origin.
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� The above is quite analogous with the real case.

� Again we expect the dynamics of the linear function close to
z = 0 to indicate the behaviour close to a �xed point of a more
general function.

De�nition. Let F be a complex function with a �xed point
F (z0) = z0. Then:

1. The �xed point is attracting if jF 0(z0)j < 1.

2. The �xed point is repelling if jF 0(z0)j > 1.

3. The �xed point is neutral if jF 0(z0)j = 1.

� The behaviour around neutral �xed points can be a great deal
more complicated in C.

� even in the simple example of the linear function we can get
dense orbits.

� We do not just have F 0(z0) = � 1, but rather can have
F 0(z) = ei' .

� Indeed the dynamics near neutral �xed points is not completely
understood.

� Still the topic of current research.
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� \Near" an attracting �xed point, points stay nearby and
converge to the �xed point.

Theorem (Attracting �xed points in C). Let z0 be an attracting
�xed point for the complex function F . Then there is a diskD of the
form jz � z0j < � about z0 for which the following is true:

� if z 2 D then F n (z) 2 D for all n > 0.

� if z 2 D then F n (z) ! z0 as n ! 1 .

� \Near" a repelling �xed point, points will always move \away "
after some �nite number of iterations

� We do not know what happens after this | they might stay
away forever, they might come back | but they must move
away.

Theorem (Repelling �xed points in C). Let z0 be a repelling
�xed point for the complex function F . The there is a diskD of the
form jz � z0j < � such that the following is true:

� if z 2 D but z 6= z0 then 9n > 0 such that F n (z) 62D.

� The proofs of both of these theorems are (nearly) the same as
the real case.
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Example. Consider the function Q(z) = z2 + 1:

� The function has two �xed points:

p� =
1
2

(1 � i
p

3)

� Both of these points are repelling since

jQ0(p� )j = 2 jp� j = 4

� The same function has a 2-cycle:

Q(Q(z)) � z = z4 + 2 z2 + 2 � z = ( z2 � z + 1)( z2 + z + 2)

which gives the 2-cycle:

q� =
1
2

(� 1 � i
p

7)

� We check the nature of this 2-cycle just as we do for the real
case:

j(Q2)0(q� )j = jQ(q+ )Q(q� )j = 8

� So the 2-cycle is also repelling.
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� We have already \solved" the dynamics of the complex linear
L � .

� We now move on to the next simplest functionQc(z) = z2 + c.

� We now allow both z and c to take complex values.

� Let us start with c = 0, and Q(z) = z2.

� Write z0 = rei� , then the orbit of z0 is:

z0 = rei�

z1 = r 2e2i�

z2 = r 4e4i�

...

zn = r 2n
e2n i�

� There are three possibilities for the orbit:

{ if r < 1 then jzn j ! 0 which is an attracting �xed point.

{ if r > 1 then jzn j ! 1 .

{ if r = 1 then jzj = 1 and jQ(z)j = 1 | points on the unit
circle stay on the unit circle.

� In the caser = 1, the system becomes the angle doubling map
which was in assignment 1.
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� If jz0j = 1 then z0 = ei� and Q(z) = e2i� .

Theorem. On the unit circle the map Q(z) = z2 is equivalent to
the map � 7! 2� and is chaotic:

� Periodic points are dense

� There is sensitivity on initial conditions

� The map is transitive

Proof: (density)

� The periodic points are solutions of 2n � = � + 2 �k :

� =
2�k

2n � 1

� Given any ' 1 < ' 2 2 S1 we need to show that one can �nd a
periodic point between them.

� Choosen > 0 such that 2�= (2n � 1) < ' 2 � ' 1.

� The periodic points of period n now cut S1 into arcs of length
less than ' 2 � ' 1.

� The endpoint of one of these arcs must lie between' 1 and ' 2.

� This means that there is a periodic point between' 1 and ' 2

� Hence the periodic points are dense in the unit circle.
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Proof: (sensitivity + transitivity)

� Pick a point � 2 S1 and consider an arbitrarily small region
around it ' 1 < � < ' 2.

� The map Q(z) or � 7! 2� doubles the length of this arc.

� After a large, but �nite, number of iterations the length of t his
arc will be greater than 2� .

� Hence the image of this arbitrarily small arc will (after enough
iterations) cover the whole of S1.

� Thus two points within the original arc must end up on opposite
sides of the circle

� This is sensitive dependence on initial conditions .

� Now pick a second point� 2 S1.

� Since the arc' 1 < � < ' 2 covers all ofS1 after (say) n
iterations | it also covers � .

� There must be a point z within this arc that ends up arbitrarily
close to � .

� That is | given two points � and � there is a third point z
whose orbit starts arbitrarily close to � and passes arbitrarily
close to � .

� This is transitivity .

� We should note that the sensitivity of squaring map extends
beyond the circle
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� Consider the wedge

W = f z = rei� j r 1 < r < r 2 and � 1 < � < � 2g

� The image of W under Q is

Q(W ) = f z = rei� j r 2
1 < r < r 2

2 and 2� 1 < � < 2� 2g

� i.e. the angle of the wedge doubles, and the radii are both
squared.

W

Q(W )

Q2(W )

� If we pick z 2 C then it will lie inside Qn (W ) for somen > 0.
(except for z = 0).

� Thus any small neighbourhood of the unit circle is \smeared"
over the entire complex plane.

De�nition. The orbit of z under Qc is super sensitiveif any open
ball B around z has the property that

1[

n =0

Qc(B )

is all of C with the exception of at most one point.
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� We can now summarise the behaviour of theQ(z) = z2:

{ If jz0j < 1 then jQn (z0)j ! 0

{ If jz0j > 1 then jQn (z0)j ! 0

{ On the unit circle ( jzj = 1 ) the behaviour of the map is
chaotic.

� This can be neatly summarised:

jzj ! 0

jzj ! 1

Chaotic
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De�nition.

� The �lled Julia set of Qc(z) is the set of points whose orbits are
bounded. We denote itK c

� The Julia set of Qc(z) is the boundary of the �lled Julia set.
We denote it Jc

� Note | The Julia set is a set of points in the complex z plane.

� We will come to a set of points in the complexc plane later.

� We have shown that

K 0 = f z j jzj � 1g

J0 = f z j jzj = 1 g

� We can also �nd Julia sets for more complicated functions:

De�nition.

� The �lled Julia set of a function F (z) is the set of points in the
complex plane whose orbits are bounded. We denote itK(F )

� The Julia set of F is the boundary of K(F ). We denote it J (F ).
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� The Julia set of Q0 is very tame.

� For other c values it becomes incredibly complex.

� Recall the real case whenc < � 2

� The set � = f z j Qn
c (z) 6! 1g was a Cantor set.

� This set is the restriction of K c to the real line | i.e. K c \ R.

� Indeed one can show that properties of the real case carry over
to the complex:

Theorem. Let jcj > 2. Then Jc = K c is a Cantor set. Further the
map Qc (when restricted to Jc) is conjugate to the shift map� on
the space of sequences on two symbols� .

� We do not give the proof here, but much of it is similar to the
analysis of �. Other parts involve some nasty complex analysis.

� We would like an algorithm for computing K c:

� We can start with the following fact:

� When jcj > 2 the Julia set of Qc lies entirely within the disk
jzj < jcj.

� We can re�ne this to show that if jzj exceeds some value, then
its orbit escapes o� to 1 and so is not in K c.
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Theorem. Let jzj � j cj > 2. Then Qn
c (z) ! 1 ,

Proof:

� By the triangle inequality we have

jQc(z)j = jz2 + cj � j zj2 � j cj

� j zj2 � j zj since jzj � j cj

= jzj(jzj � 1)

� Since jzj > 2 it follows that jzj � 1 > � where � > 1.

� HencejQc(z)j > � jzj and so jQn
c (z)j > � n jzj

� HencejQc(z)j ! 1 .

� This theorem is too coarse to be of much use.

� Its proof contains some clues though.

� We only use the fact that jzj � j cj and jzj > 2 so we also have:

Corollary. Supposejzj > maxfj cj; 2g, then jQn
c (z)j ! 1 .

� This also works for future iterates of z:

Corollary (Escape criterion). Suppose9k � 0 such that
jQk

c (z)j > maxfj cj; 2g then jQn
c (z)j ! 1 .

� We can use this as the basis of an algorithm.

� It doesn't tell us which points are in | but it does tell us whic h
points are out.
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Algorithm for the �lled Julia set:

� Choose a portion ofC around z = 0, and divide it up into a grid of points.

� Choose a maximum number of iterationsN .

� For each point z in the grid compute the �rst N points of its orbit.

� If jQk
c (z)j > maxfj cj; 2g then z is not in K c | colour the point white and stop iterating.

� Otherwise if the orbit remains bounded under maxfj cj; 2g then z is probably in K c | colour the
point black.

� We can make prettier pictures by changing the way we colour the outside of the Julia set.
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Algorithm 2:

� Choose a number of colours,C.

� Partition N (the maximum number of iterates) into C equal
boxes | one for each colour.

� If a point escapes afterk iterates | look at the which of the
colour boxes it falls into.

N iterates divided into C boxes

z escapes afterk iterations

� Points that escape \quickly" are coloured di�erently to tho se
that escape \slowly"

� This idea (and variations of it) gives:
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� Varying the value of c we see theK c deform from a disc until it becomes a dust of disconnected
points:

c = 0 c = 0 :2 c = 0 :4 c = 0 :6

c = 0 :63c = 0 :635c = 0 :64c = 0 :66
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� After exploring K c for di�erent values of c a few observations become clear:

� For a given c, K c has extremely complicated and self-similar structure. Like the Cantor middle
thirds set | it is a fractal (more on fractals later).

c = � 1
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� We also see that very small changes inc can make very large changes in the structure ofK c.

� c = 0 :25 vs c = 0 :255 | the left is connected, while the right is a cantor set.

� This is not true for all c values | but is true for some c values.

� c = 0, c = 0 :1 + 0:1i and c = 0 :3 + 0:3i .
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� Which points are actually in K c and Jc?

� Obviously all �xed points and periodic points are in K c.

� Also eventually �xed and eventually periodic points are in K c.

� Since the neighbourhoods of attracting �xed points and periodic
points converge to those points | they must be in K c.

Proposition. Attracting �xed points and periodic points are in K c

but not Jc.

Proof:

� Around an attracting �xed point z0 there is an "-disc that
converges toz0.

� This " -disc is therefore inK c.

� Thus z0 is not a boundary point of K c and so is not in Jc.

� Since points around each repelling fp and pp are pushed away,
we might suspect that repelling �xed and periodic points are in
K c, but nearby points are not.

� This would mean that repelling fp and pp are in the boundary
of K c which is Jc.
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Theorem. If z0 is a repelling �xed or periodic point then z0 2 Jc.

� We �rst need a technical lemma to relate a bounded function to
its derivative.

Lemma 1 (Cauchy's Estimate). SupposeP(z) is a polynomial
with jP(z)j < M for all z in the disc jz � z0j � r then

jP 0(z0)j < M=r

Proof of theorem:

� Let z0 be a repelling �xed point with jQ0(z0)j = � > 1.

� Periodic points of period n will be the same, but with Q
replaced by Qn .

� Assume that z0 62Jc. This means it must be insideK c.

� Thus there is an "-disc around z0 that is also inside K c | the
points in this disc have bounded orbits.

� For each z in this disc we must have

jQk (z)j � maxfj cj; 2g

� By Cauchy's estimate (above) we have:

j(Qk )0(z0)j < M="

� However the derivative at z = z0 is j(Qk )0(z0)j = � k ! 1 .

� This gives a contradiction and soz0 2 Jc.
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� All repelling �xed and periodic points are in Jc.

� It is not hard to show that the preimages of these points are
also in Jc.

� This gives us an algorithm for computing the setJc without its
interior.

� It works on the idea that a point near a repelling �xed point is
pushed away underQc | so it must move closer under the
inverse mapping. That is, the preimage of a point must be
closer to the repelling �xed point.

� So under the inverse mapping repelling points become attracting
points. So points will be attracted to the set Jc.

Algorithm 3:

� Choose any pointz 2 C.

� Compute the �rst N preimages ofz.

� Throw away the �rst few preimages and plot the rest.

� The resulting image will be a good approximation ofJc.
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� The map z 7! z2 + c has inverse mapping

w 7! �
p

z � c

� Rather than using both preimages we just select one at random at each iteration.

c = � 1 c = � i

c = � 0:8 + 0:3i c = 0 :1 � 0:85i
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� When is Jc a loop?

Theorem. If Qc has an attracting �xed point then Jc is a simple
closed curve. Further it contains no smooth arcs and is nowhere
di�erentiable.

� i.e. Jc is an in�nitely \crinkly" circle.

� We can easily solve for thec values in question:

{ The �xed points of Qc are p� = 1
2 (1 �

p
1 � 4c).

{ Solving jQ0(p� )j = 1 gives:

c =
1
2

ei� �
1
4

ei�

±0.6

±0.4

±0.2

0

0.2

0.4

0.6

±1 ±0.8 ±0.6 ±0.4 ±0.2 0.2 0.4

� For c inside this region, there is an attracting �xed point ! K c

is connected.
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