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9.4 The Doubling or Renormalization Transformation

In order to discuss the asymptotic properties of the period doubling route to chaos in
one-dimensional maps, such as the Feigenbaum result (3.7), (3.8), it is clear from Figure

9.7 that we only need to consider that part of the unimodal function f which lies inside

the square obtained by iterating from the maximum.

4=z

gbo----

Figure 2.7. The essential part of f is inside the square.

Thus it is clear from the figure that if z, lies in the cnterval T = [f(far)s Fae] then 25 € I

forall n = 0,1,2,--- and similarly if zo € I, Za will lie in I after some finite number of
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iterations. The essential part of f so far as asymptotic properties of iterates 1s concerned

is therefore the part of f contained in the square.

After an elementary shift of the origin and a rescaling of the variables it follows that
we may as well focus our attention on functions of the form shown in Figures 2.8 (a)
and (b}, which are in fact topological conjugates of one another. That is there exists a

one-to-one invertible function g (with inverse g~ ') such that

f=9-F-97 (4.1)

)
Sy

Rl
T
i
|
\
|

0 () 1 o (b) 1

Figure 2.8. (a} A function f and (b) its upside-down and back-to-front topological conjugate f on th

unit square.

In Figure 2.8 the appropriate upside-down and back-to-front conjugacy g is

glz)=1-2 (4.2

In general the iterates of any two functions f and f related by a topological conjugac

(4.1) are simply related to one another. Thus since

W =g fM g (4.3
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it follows that if
Tnil = f(za) = f(“)("’o) - (44)

is a sequence of iterates obtained from f, then

Yn = §(Zn) (4.5)
is a sequence of iterates of f and vice versa.

For reasons which will become clear in a moment we will work with functions of the
form shown in Figure 2.8(b). That is, we will consider the class of functions f which are
unimodal on [0,1], take the value f(0) =1, monotonically decrease to zero at some point
b€ (0,1), then monotonically increase to some point f(1) < %, the fixed point of f. We
will denote this class of functions by ¢ and assume further that functions in { depend on

a parameter A that controls a period doubling route to chaos.

The reason for choosing f(1) < Z is that when this condition is satisfied only even
cycles are possible and hence period doubling can take place. That is, the condition
f{1) < z guarantees that we are dealing with the region A < A, in parameter space. This
important fact is illustrated in Figure 2.9 where it is clear that after some possible initial

transients, successive iterates of f alternate between the intervals [0, f(1)] and [¢,1] where

fle) = f(1) c# 1.

In order to study the phenomenon of period doubling it is clear that we first need to
isolate the essential features or parts of £ = f. f shown in Figure 2.10.

Again in terms of asymptotic properties of iterates of f(2) it is clear that we need
only consider those parts of f® which lie inside the small squares, corresponding to the
intervals [0, f(1)] and |d, 1] shown iz Figure 2.10 (b), since after possible initial transients,
iterates of f(2 for z, < Z (¢ > Z) lie in the interval {0, £(1)]([¢,1]). It is also not difficult
to show that these essential parts of f(2) are topological conjugates of one another {see
Problem 2.) so that one may as well focus attention on say the part corresponding to the
interval [0, f(1)], which, it will be noted, looks remarkably like a scaled-down version of the
original function f. In fact if one scales the variable by f(1) and the function by 1/f(1)

we obtain a new function

f(z) =a"f(flaz)) (e=f(1)) (4.6)
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Figure 2.9. Iterates altcrnatc between the subintervals [0, f(1)] and [¢, 1] when f(1} < 2.

in our class of functions { which contains all the information needed to study the behaviour

of two-cycles.

Equation (4.6) in fact defines a transformation T on the function space (;i.e.

(T f)(z)=ea7 f(f(az)) (a=f(1)) (4.7)
which is known as the doubling or renormalization transformation.

From the above remarks it is clear that generic properties of period doubling can be

obtained by studying the behaviour of functions obtained by repeated application of T to
functions in {. Notice, however, that it only makes sense to study sequences of functions
{fa] defined by

o1 =T Jn n=12---. (4.8)
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Figure 2.10. A function f and its gsecond iterate f - f. The essential parts of f - f are contained in the
small squares and these paris are topological conjugates of one another.

with f, given, so long as _
0< e, = full) < 2, = falZ,)- (4.9)

Consider for example a sequence of functions {f,} obtained from (4.8) by starting

with an initial function f, which has a 2p-cycle z,, ,, - -+, Tp- That is z; # z; for i # j,

z.p =folzi) 1=1,2,---2p-1 (4.10a)
and
I, :fﬂ(zZp) (4.102)
Defining
¥ = %ifag (ao = fo(1)) (4-11)

it follows from (4.7) and (4.8) that

Ny} = ao_]fo (folaow:)) = ac-;'lfo (fo(z:)) = “;1f0(3i+1) = “;13i+2 =VYitz (4.12)

and hence that f, has a p-cycle y;, ys, -~y ¥Y2p-1+ Moreover, it is easy to check that if the
2p-cycle of f, is stable then the corresponding p-cycle of f; is also stable.
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By repeated use of this argument we sec that if f; has a superstable 2"+ _cycle (where
the minimum is part of the cycle) then f,, has a superstable 2-cycle. However, as Hllustrated
in Figure 2.11 the only possible superstable 2-cycle for functions in ¢ is {0,1} and thus
from (4.9) ¢,, = f.(1) = 0. The sequence of functions obtained from (4.8) thus terminates

at f,.

Y

Figure 2.11. The superstable 2-cyde {0,1}.

Similarly, if we choose a parameter () dependent initial function which undergoes
bifurcations to 2"-cycles at values A, < A, such that A, — A, as n -+ oo, we might
expect that the sequence of a.’s defined by (4.9) would (eventually) decrease and reach
zero.cither after a finite number of iterations (4.8), or asymptotically as » — co. This is

in fact the case although we will not prove it here.

As z further application of the above argument, supposc that we choose a parameter
dependent f, with a A > A, and such that f, has an even cycle of order (2p + 1)2~. It
follows that f, has an odd cycle of order 2p+1 and hence, from the observation illustrated
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in Figure 2.9, it follows that @, must exceed the fixed point of f,, or in other words, the
condition (4.9} is violated.

Again it is reasonable to suppose, and in fact it is possible to prove, that for any

A > A, the sequence {a,} eventually violates (4.9).

It is thus only at the precise value A = A, of an initial function fy, with parameter

dependent period doubling, that one would expect

im T"-f,_=f (4.13)
to exist and in fact there are precise theorems to this effect (Collet and E;:kmann 1981).
Notice that by definition
T fy =T (1™ fr.) (4.14)
It then follows from continuity of T (4.7), that if (4.13) holds

F=tim 7. fy_ =7 (lim ™ fh)=TF (4.15)

n-—oo n—oo

so that the limit function f is ¢ fized point the doubling transformation T. That is, from
the definition (4.7)
f(:l:) =a"'f (f(a.z)) (a = f(l)) (4.16)

Equation {4.16) is known as the Cuitanovié-Feigenbaum equation after its independent

discoverers.

From the above ohservations it will be noted that a fixed point function f of T is
unstable in the sense that if one begins the iteration with say A = A, — € for a particular
initial function fy, T™ - f, will not approach f for any € # 0. On the other hand there may
be many different functions, for example Az(1 —z), Az exp(—z), sin Az etc., which converge
to the same fixed point function f when A is fixed at the appropriate value of A, for the
function in question. Such a set of function {f,} thus form the basin of attraction or the
stable manifold of f in the function space {. We would also expect there to be many fixed
point functions or solutions to the CF equation (4.16) (in fact there are infinitely many)

and each one would of course have their own basin of attraction. For example, one might
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expect that all function in .( with a quadratic minimum will approach a particular fixed
point function while all functions with say a quartic minimum will approach a different
fixed point function when their respective A is set equal to their appropriate A,,. We will
see that this is in fact the case and moreover that the universal Feigenbaum numbers & are
properties of appropriate fixed point functions of 7. Functions in the basin of attraction
for a particular fixed point function will thus have the same § and will constitute the

universality class of functions corresponding to that value of 4.

2.5 Linearized Renormalization and feigenvalues

Our aim in this section is to show that feigenvalues &, which give the rate of convergence
A=A, ~8™™ as m—o0o (5.1)

of points A, of bifurcation to 2"-cycles, are determined by the properties of the fixed point
function of T to which the initial function f, flows under repeated application of T'. In
particular we will show that a feigenvalue 1s precisely the maximum eigenvalue of the linear

operator obtained from T by linearizing around the appropriate fixed point function f.

In order to perform the appropriate linearization of 7' let us su]iposc that we have

a fixed point function f = T - f and consider the action of T on the perturbed function

f + ¢h where e << 1.
From the definition (4.7) of T we have

T (] + eh) (z) =a (] + eh) (f(az) + ch(az))
a1 (f(az) + eh(oz)) + a~ ek ((az)) + O(€") (5.2)
—a=1f (f(az)) + a~ eh(az)f' (f(az)) + @ eh (Flaz)) + O(e?)
whc?re in the last step we have retained only first order terms in € in the Taylor expansion

for f.

By definition

a = (f+ k) (1) = f(1) + eh(1) = a-+€h(1) (5.3) |
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so that on substitution into (5.2) and further expansion we obtain

T-(f + eh) (z) = fz)+eLy-hiz) + O(€*) | (5.4)

where
Ly -h(z)= = h(1) (= F'(z) — (=) + a7 F' (F(az)) h(az) + a7 'k (f(az))  (5.5)
and use has been made of the fact that f is a fixed point of T'.

In the above manipulation h{(z) must be such that f = f + €h is in the class (. In

particular since we require f(0) = f(0) = 1 we must have

h(0) = 0 (5.6)

The operator L; defined by (5.5) is obviously linear and is referred to as the

lineanization of T around f.

Repeated application of (5.4) then shows, since Ly is linear, that

T™ . (f + €h) (z) = f(z) + €L} - h(z) + O(€) (5.7)

It thus follows, from simple linear algebra considerations that if L£; has an isolated

maximum eigenvalue §(> 1) then
T" - (f + ¢h) (z)~ f(z) + " H(z) + O(’) as mn— o0 (5.8)
where H(z) depends on h(z) and the principle eigenfunction of Ly (corresponding to §).

Note that since f is an unstable fixed point of T, the maximum eigenvalue (8) of Lj

must exceed unity.

Let us now suppose that we have a function f, which undergoes period doubling and

that 77" [, converges to the fixed point function f. By choosing

A=A —¢€ (5.9)

oo

we have, for small ¢,

(=) = fr_{z) + eh(z) + O(€’) (5.10)
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where

h(z) = -%fx(z) . o (s11)

Applying T repeatedly to (5.10) and making use of (5.7) we thus have

T filz) &T" - fy_(2) + 6™ H(z) + O(€")

_ (5.12)
~F(z) + 6" H(z) + O(¢) as n— oo

If we now set A = X, where f, has a superstable 2"*!-cycle, it follows from the
observation depicted in Figure 2.11 that the left hand side of (5.12) has a superstable

2-cycle which includes zero when we set z = 1. We thus bave
0~ f(1)+ (Ao — A} 6" H(1) + O(X,, — A,)° (5.13)
and since this result must hold for all (sufficiently) large n we must have

A —A, ~cé™ as n—o (5.14)

where

c=-f(1)/H(1) (5.15)

That the result (5.14) also holds for the points of bifurcation A, is almost obvious but
still requires proof (Collet and Eckmann 1981).

We thus conclude from the above argument that the largest eigenvalue of L is the

feigenvalue for the universality class of functions associated with the fixed point function

f.

In order to get some feel for the nature of the spectrum (eigenvalues) of £; we note

that the function

¥(z) = zf'(z) - f(=) (5.16)

is actually and eigenfunction of L;. Thus by direct computation it 1s easily checked that
L ¥(z)= a~ly(z) (5.17)

where & = f(1).
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" However, if we differentiate both sides of CF equation (4.16) with respect to z and

cet z = 0 we obtain, since f(0) =1,
£(0) = £ (FO) £(0) = F1F(0) (518)
It follows that, so long as f'(0) # 0, -
fay=1 (5.19)

We then deduce from (5.16) that $(0) = —1 which violates the condition (5.6) for allowed

eigenfunctions of Ly. So while @a~! is an eigenvalue of L7 its associated eigenfunction is

pot in the appropriate eigenspace.
Let us now consider in place of (5.5) the associated eigenvalue problem
Ay -glz) = a7 ' (@) (a2) + 379 (F(e2)) = b5(2) (5.20)
on the space of functions g with g(0) =1.
Setting = = 0 in (5.20) we obtain
s§=a"'(1+g(1)) (5.21)
tom which one easily deduces, using (5.5), (5.17) and (5.20), that
Ly-(6+9)(2) =84 +9)(=) (5.22)

The function ¥ + ¢ is now a legitimate eigenfunction for £ (since ¥(0) + g(0) = 0) and
the somewhat simpler eigenvalue problem (5.20) is equivalent to (5.22), with cigenvalue é

given by (5.21).

In our previous discussion we have noted the relevance of conjugacy classes. In the

present context power law conjugacies
" ?
fi=) = [f(z" ’] (5.23)

obtained from the definition (4.1) with g(z) = 27, are particularly relevant since it is easily
checked that if f is a solution of the CF equation (4.16) then so is f. Moreover, if we define
the operator § by

5.P(z) = [f (:1/?‘)]’—111, (:”P) (5.24)






