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Abstract.

We analyse exact enumeration data and Monte Carlo simulation results for a
self-avoiding walk model of a polymer con ned between two parallel attractiv e
walls (plates). We use the exact enumeration data to establish the regions
where the polymer exerts an e ectiv e attractiv e force between the plates and
where the polymer exerts an e ectiv e repulsive force by estimating the boundary
(zero-force) curve. While the phase boundaries of the phase diagram have
previously been conjectured we delineate this further by establishing the order
of the phasetransitions for the so-called\in nite-slab" (that is, when the plates
are a macroscopicdistance apart). We conclude that the adsorption transitions
assciated with either plate are similar in nature to the half-spacesituation even
when a polymer is attached to the opposite wall. The transition betweenthe two
adsorbed phasesis establishedas rst-order. Importantly, we conjecture a scaling
theory valid in the desorbed and critically adsorbed regions of the phasediagram
and demonstrate the consistencyof the Monte Carlo data with thesehypothesises
by estimating the corresponding saling functions.
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1. Intro duction

The e ects of geometricalconstrairts on the thermodynamic properties of polymers
are important for a variety of reasons. Becauseof the ability to micromanipulate
individual polymer moleculesusing AFM or optical tweezers(seefor instance[1])
there is considerableinterest in the responseof polymersto an applied force. In
addition sud constrained systemsare crude models for steric stabilization and
sensitized o cculation of colloidal dispersions[2].

Polymers between two parallel con ning planes, where the monomers can
interact with the two planes,have beenstudied sincethe seminalwork on a random
walk model by DiMarzio and Rubin [3]. A directed walk model closelyrelated to
Dyck paths wasinvestigatedby Brak et al [4] wherethe phasediagram was worked
out for in nite walks betweentwo parallel lineswherethe distancebetweenthe lines
is very large. Depending on the interaction parameterswith the two linesthe phase
diagram hasregionsof long rangerepulsion, short range repulsion and short range
attraction. The correspnding self-avoiding walk model was investigated by Wall
et al [5] who determined exact valuesfor the ertropy in two dimensionswhen the
con ning lines are very closetogether (seealso [6, 7]). Stilck and Machado have
studied the attractiv e walls casein two dimensionsusing transfer matrix techniques
[8]. Seealso[9]. The phasediagramfor the self-avoiding walk model wasinvestigated
numerically by Jansevan Rensburget al [10 and boundson the region wherethe
forceis repulsive weredeterminedrigorously[11]. In this paper we report a numerical
study of the phasediagramfor the self-avoiding walk model, usinga mixture of exact
enumeration and seriesanalysis,and Monte Carlo techniques. This is an extension
of the work descriked in [10]. In particular we focuson locating the zeroforce curve
and on establishing the existenceof regions of long range repulsion, short range
repulsion and short range attraction in the phasediagram. We also conjecture a
scaling theory valid in the desorked and critically adsorked regions of the phase
diagram. We then test these conjectureswith Monte Carlo data and consequetty
estimate nite-size scalingfunctions in theseregions.

Considerthe simple cubic lattice with coordinate system(X; y;z) sothat eah
vertex has integer coordinates. Considern-edgeself-avoiding walks starting at the
origin with vertices numbered j = 0;1;2;:::n and with the jth vertex having
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integer coordinates (X;;y;;z). We shall be interested in sud walks con ned so
that 0 z  wfor xed w. Let the number of sud walks be c,(w). It is known
that the limit

(w) = lim n Yog e, (w) (1.1)

existsand that (w) is strictly increasingin w [12]. If we keeptrack of how many
verticesare in ead of the two planesz = 0 and z = w we can de ne the partition

function

X X
Z,(a;byw) = c(u+ 1;v;w)a'b’ (1.2)
uOoOv 0

where ¢, (u + 1;v;w) is the number of n-edgeself-avoiding walks, starting at the
origin, con ned betweenthe two planesz = 0 and z = w, with u + 1 verticesin
z = 0 and with v verticesin z = w. We know that the limit de ning the free energy

(a;bw) = lim n *logZ,(a;biw) (1.3)

exists[11] and we are interestedin the w-dependenceof (a;b;w) for variousvalues
of a and b. We would alsolike to know the singularitiesin (a;l;w) in the in nite
w limit since the loci of these singularities determine the phase diagram in the
(a;b)-plane. The w-dependenceof (a;b;w) determinesif the force exerted by the
walk on the con ning planesis repulsive or attractive. If (a;b;w) is an increasing
function of w the forceis repulsive while if it is a decreasingunction of w the force
is attractiv e.

We know rigorously [11] that the forceis repulsiveif a 1orif b 1andwe
alsoknow that it is repulsive if ab a. wherea; is the critical value for adsorption
in the single surface problem. The value of a. is not known exactly but reliable
numerical estimatesare available [13].

2. Exact enumeration and series analysis results

We have exactly erumerated self-avoiding walks with up to 22 edgesand extracted
the valuesofc,(u+ 1;v;w) forn 22andw 8. We constructedthe correspnding
partition functions Z,(a;b;w) de ned in (1.2) and estimated (a;b;w) by ratio



Exact enumeation and Monte Carlo resultsfor self-avoidingwalksin a slab 4

analysis methods, assumingthat Z,(a;bw) = An" (a;bw)"(1 + O(1=n)) where
(a;b;w) = exg (a;b;w)]. That is, we de ned

Y
Ro(asbw) = Zn(asbw)=Zn 2(a;bw) (2.1)
which, under the above assumptions,behavesas
Rn(a;bw) = (a;bw)[1+ B=n+ o(1=n)]: (2.2)

Of course, we expect con uent correction terms which will upset the functional
form in (2.2) but we are not concernedhere with making very accurate estimates
of (a;bw). We shall be content with the obsened trends in the behaviour asa, b
and w are varied.

In Figure 1 we shaw the ratio plotsfora= 1,b= landfora= 2,b= 1, forw
from 4 to 8. That is, we plot R,(a; b;w) against1=n and we expect the intercept to
be (a;byw). Fora= 1, b= 1 the ratio plots for the di erent valuesof w are well
separatedand the valuesfor small w are belowv those for larger w, consistem with
the limiting free energybeing an increasingfunction of w or, equivalertly, with the
force being repulsive. For a = 2, b = 1 the curves are very much closertogether
though the ratios for small w are still below those for larger w, correspnding to
a repulsive force. Theseresults then allow us to infer a force which decreasedike
a power law for a = 1, b= 1 and exponertially for a= 2, b= 1. The power law
behaviour is consistem with a scalingargumert due to Daoud and de Gennes[14]
and with the behaviour found for a directed walk model [4] for a < a;, b < a.
Similarly the behaviour at a = 2, b= 1 suggestsan exponertial deca of the force
asfound for a directed walk model for a> a., b< ky(a) whereb= Iy(a) is the zero
force curve [4].

Becausethe R,(a;b;w) curves discussedabove are very close together we
presen the data in another way. Let Q,(a) be the partition function for the half-
spaceproblem, ie for the problem of adsorption at a single impenetrable surface.
Supposethat a b De ne

RI(a;byw) = Ry (a;bw) P Qn(@)=Qn 2(a): (2.3)

That is, de ne the individual ratios relative to the valuesfor the half-spaceproblem,
which changeshe scaleand separateshe curvesfor di erent w. Valuesof R2(a;b; w)
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Figure 1. Ratio plots and modi ed ratio plots fora= 1, b= 1 and for a = 2,
b= 1.

which are negative, and approading zeroasw increasescorrespnd to a repulsive
force. Thesemodi ed ratio plots are alsoshowvn in Figure 1.

In Figure 2 we shav the correspnding ratio plots for a = 2, b= 2 and for
a= 3,b= 2. Fora= 2, b= 2 (ie onthe diagonalin the (a;b)-plane) the valuesof
the ratios (and their estimatedintercepts) are decreasingasw increasessothe force
is attractive. Fora= 3, b= 2 we seethe samebehaviour but now the ratios are very
closetogether (ie depend only weakly on w). The valuesstill decreaseasw increases
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b= 2.
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ratio plots for a= 2, b= 2 and for a = 3,

sothe forceis attractiv e and the weak w-dependences consisten with exponertial

deca of the force asfound for a directed walk model [4]. For the directed casethe

behaviour on the diagonal is predicted to be di erent from that elsewherein the

attractiv e regime, and this is seenclearly in Figure 2. The modi ed ratio plots (ie

R?(a;b;w) plotted against1=n at xed valuesof a and b for a range of valuesof w)

are alsoshown in Figure 2.
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Figure 3. Estimates of the location of the zero force curve. Note that it passes
through or closeto the point (ac;ac) and is asymptotic to the linesa = 1 and
b= 1.

By repeating this type of analysiselsewheren the (a;b)-plane we can identify
the transition from repulsive to attractiv e behaviour, ie the zero force curve. Our
estimateof this curve is shovn in Figure 3. We alsoshav the bound on the boundary
of the repulsive regime which is known rigorously. The squarewith vertices (0; 0)
and (ac; a;), and the line b = a are also shovn. The estimated curve appearsto
have asymptotesa = 1 and b = 1 and the curve passesthrough or closeto the

point (ac; a).

3. Scaling theory

In this sectionwe presen scalinghypothesedor the freeenergyand the forcebetween
the platesin the high temperature and critical regimesa;b  a.. In theseregimes
the forceis expectedto be of a power law type asa function of the width. We do not
expect standard scaling argumerts to hold in the low temperature regimeswhere
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the forceis predictedto be fall o exponerially in the width.
We begin by de ning the nite-size freeenergy , as

F@bw)=n tlogz,(a;bw) (3.1)

sothat the thermodynamic limiting free energydiscussedabove, (a;b;w), is given
by the in nite length limit givenin (1.3).

There is a seconddouble limit of the nite free energy ,(a;bw), wherethe
length and width limits are exdhanged. This moretraditional casegivesus the half-
spacemodel. That is, sincewe are consideringself-avoiding walks that are attached
to the surfacewherethe sitesare weighted with the Boltzmann weight a the limit of
largewidth for xed lengthisindependern of the Boltzmann weight b. The partition
function then simply becomeghat of a self-avoiding walk attachedto the surfacein
a half-space.Henceif we de ne

n(@ = lim n Yogz,(a;b;w) (3.2)

then the in nite length limit of ,(a) gives us the thermodynamic free energy
denoted (a), of the half-space.
Accordingly the standard scaling hypothesisfor self-avoiding walks attached to
a surfacein the half-spacepredicts
logn  A(a)

n(a) (a) + gT + . asn! 1 : (3.3)

The value of g dependson whethera < a; or a= a.. For a < a; the exponert g is
often denotedby ; 1 andin three dimensionshasbeenestimatedas 0:32[18].
For a = a. the exponert g is often denotedby ;. 1andis only known roughly as
0:5(2) [18].

It has been previously proved [19] that (&), the half-spacethermodynamic
limit free energy is constart for a  a; and is given by the value log (3), that
is, the logarithm of the growth constart for uncon ned self-asoiding walks in three
dimensions.

One expects that the exponert h, dened by the relation Z,(a;byw)
An" (a;l;w)" for the scalingof the nite slab partition function, takeson the two-
dimensionalvalue of 1 at xed width w, where is the unconstrainedenropic
exponert, and so h then is conjecturedto be 11=32 [20]. Note in passingthat for
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a> a. the half-spaceexponert g is alsoexpectedto take on this value asit is bound
closelyto the surface. Again, standard scalinggives

n(@bw)  (asbw) + hlogn + B(a;nb’w)

Also important hereis the fact that for a;b  a; one expects that (a;byw) !

asn! 1 (3.4)

log (3)= (a) asw! 1 : this wasexplicitly found in the exactly solved case[4].
This xed width scaling(3.4) can be reconciledwith the in nite width scaling
(3.3) using the hypothesisof a scaling function in an appropriate scaling variable.
Since walks in a half-spacetypically extend out from the surface an amourt
proportional to n where is the three-dimensionalvalue of the radius of gyration
exponert one can conjecturethat this scalingvariable shouldbe n =w.
Hencewe conjecture the scalingform of the free energyto be

n(@bw) log (3)+ glo%+ %K(dn =w) asn;w! 1 (3.5
with n =w xed, and the scalingfunction K(x) obeying

K(x) A(a) asx! O (3.6)
and

K(x) ox* + uIog(x) asx! 1 (3.7)

with ¢ and d being generic constaris here and belov | note that d is a non-
universal factor. It is important to understandthat the scaling function depends
on whether the underlying in nite-slit systemis critical or not asthe temperature
is varied. Hencethere are four di erent scalingfunctions: onefor a;b< a;, onefor
a= a; b< a;, onefora< a;;b= a. andonefor a= a;;b= a..

We note that the conjecturedscalingform is an expansionabout the half-space
limit. Of courseit would be alsoreasonableto conjecturea scalingform that is an

expansionabout the in nite-slit , asin

logn
n
Without going into detail we found that it was more dicult to match this two

R(@bw) log (3)+ h + %R(dn =w) asn;w! 1 (3.8)

variable scalingform with the singlevariable scalinglimits.
By usingthe de nition of the forceF,(a;;w) inducedby the polymer between
the platesas

@n(a;byw)

Fo(a;bw) = a

(3.9)
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we can conjecturea scalingform for the force as

Fn(a;b;w) n(1—1+)F(dn:w) asnw! 1 (3.10)

where
F(x) oxt*= asx! 1: (3.11)

Hencethe force betweenthe plates with an\in nite" length polymer (F (a;b;w) =

lim,; Fn(a;bw)) betweenthem scalesas

F(a:bw) ﬁ asw! 1: (3.12)

All this is consisten with the older scalingtheory [14].

4. Mon te Carlo results

We have used FlatPERM [16] to simulate self-avoiding walks on the cubic lattice
of lengths up to 512 with verticescon ned to lie betweentwo planes,oneat z = 0
and the other at z = w for w = 12,16, 20;:::;40. Theselengths and widths were
chosenso asto provide a range of valuesof the scalingvariable n =w of order one
and certred on 1. While sud systemsizespreverted us from exploring the ertire
(a;b) parameterspaceaswasdonein [10] the subsetschosenallowed the calculation
of ner estimatesof quartities. We have simulated these systemsalong four lines
in the (a;b) plane (described below). Thesesimulations required memory growing
with the squareof the length and so larger systemscould be simulated. Each run
consistedof between2 102to 3 10% samplesand took seweral weeksof computer
time.

The expectedin nite-slab phasediagram, which was sdhematically conjectured
in [10, is displayed in Figure 4, along with the four lines along which simulations
wereundertaken. For a and bbelow the half-spaceadsorptioncritical point a, 1:33
(value taken from [13]) the polymer is desorked. For a > maxf a.; bg the polymer is
adsorked to the bottom surfaceand for b> maxf a; h.g the polymer is adsorked to
the top surface. There is also a transition betweenthe two adsorked phasesalong
the line a= bfor a;b> a.. We simulated the systemalong the following four lines
in the (a;b) plane: (1=2;b); (2;b); (a;1=2) and (a;2). The lines (1=2;b) and (a;1=2)
were chosento allow us to study the phasetransition betweenthe desorked phase
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Figure 4. The conjectured in nite-slab phasediagram cortains three phasesin
which the polymer is desorbed, adsorbed to the bottom surface and adsorbed
to the top surface. The corresponding phaseboundaries are indicated with solid
lines. We have simulated the systemalongthe linesf (a; 1=2); (a; 2); (1=2; b); (2; b)g
(indicated with dashedlines). The three points A, B and C are those at which we
estimate the scaling function.

and ead of the adsorked phases. While the lines (2;b) and (a;2) were chosento
study the transition betweenthe two adsorbed phases.Our resultscon rm that the
this transition is distinctly di erent in nature from the desorled-adsorled critical
transitions.

Let us rst considerthe lines (a;1=2) and (1=2;b) which cut through the
transitions from the desorlked phaseto the adsorked phaseswhich should occur
ata=a. 133andb=h 1:33respectively. In Figure 5 we shav the uctuation
of contacts with the bottom surfacefor lengths 64, 128,256and 512in the slab of
width 20. We plot thesequartities divided by the length of the polymer. We see
that the peak heights of the uctuations are growing weakly with n. Along with
considerationof the distributions of cortacts of the polymer with the walls which
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display a single peak (when consideredat the parametervaluesof the speci c heat
peak) we concludethat this transition (in the in nite w limit) is second-ordemwith
a crosseer exponert near 0:5 (and so a speci ¢ heat exponert near 0) { we can
provide no reasonablypreciseestimate of the crosseer exponert howewer. This is
in accordwith the proposalthat both the transitions are second-ordetransitions of
the sametype and being of the sametype as the half-spaceadsorption transition.
At width 20 we estimate the position of the pseudo-transitionto be at a = 1:38(4)
and we obsene that the peaksof the speci ¢ heat move to lower valuesof a asthe
width is increased:this is in accordwith the estimatesof the half-spaceadsorption
transition at around 1:33.

2.5

n=64 +
n=128
n=256 *
n=512 o

scaled variance

Figure 5. The variance of contacts with the bottom surfaceper length along the
line (a;1=2) for width 20 and lengths 64, 128,256 and 512.

Consider now the lines (a;2) and (2; b); these passfrom one adsorked phase
to the other, cutting acrossthe transition line a = b. We expect from the directed
problem [4] to seea much stronger transition at approximately a= 2and b= 2
respectively. We plot the uctuations in the number of bottom surface cortacts
divided by length squaredin Figure 6. The uctuations per length squaredshaws a
sharp transition around a = 2 and b= 2 as expected: the corvergenceof the peak
heights of the uctuations divided by the squareof the length indicate a crosseer
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exponert of = 1, which in turn implies a speci c heatexponert = 1 (that is, a
rst order transition). To conrm the hypothesisof a rst order transition we plot
the distribution of the cortacts with the bottom surfaceat the transition: this is
shawvn in Figure 7, wherewe clearly seetwo peaks.

0.1
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0.08
0.07 r
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0.04 r
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0.02
0.01

0!

n=128 -
n=256 1
n=512 *

s
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FEEE %% % % wR
Il

scaled variance

AT EE L

Figure 6. The variance of contacts with the bottom surface per length squared
along the line (a;2) for width 12 and lengths 128, 256 and 512. Note that the
peak height stays approximately constart implying that the peak height h,,  n?.

Additionally, we have studied the scaling function of the free energyat three
points in the (a;b) plane: (0:5;0:5) (point A), (0:5; k) (point B), and (ac; 0:5) (point
C)| seeFigure 4. Sincewe do not have a preciseestimate of a;, = k. on the
cubic lattice we did not examinethe point (a; k). ldeally we would like to have
studied the scalingfunction of the force, howewer this requirespreciseestimatesof
free energiesat multiple widths and we found that would could not obtain su cien t
precisionwithin a reasonablgime-frame with the resourcesavailable to us.

Using the conjectured scaling of the free energy given in equation (3.5), we

logZ,(w) logn
n

have estimatedK by plotting n log (3) gT againstthe scaling

variable, n =w (seeFigures 8, 9 and 10). We have used (3) = 4:684, = 0:588
and a; = h, = 1:33. The value of g useddependson which point is being plotted.
For points A and B wherea< a. wehaveusedg= ; 1= 0:32while for point C
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Figure 7. The distribution of contacts with the bottom surface from the

simulations along the line (a;2) where a was chosento be at the peak of the
variance of contacts with the bottom surface. The value of a usedwas 1:975, for
data produced from simulations at width 12 and polymer length 512.

we found that data collapsewas best using an estimatefor 1. 1= 0:25which is
just outside the value computed by DeBell and Lookman [18].

While K is monotonicat points A and C, we nd that it is distinctly unimodal
at point B. We concludethat at points A and C, the polymer exerts a repulsive
force on the platesat all lengths and widths. Whereasat point B we seethat there
is a combination of length and width sud that the free energyhasderivative (with
respect to w) equalto zero.

At point A the interactions with both con ning planesare repulsive and the
ertropy lossdue to con nemen leadsto a repulsive force. Point C correspnds to
a critical value of the attraction at the plane wherethe walk is tethered and there
is no attractiv e force with the other plane, so the force is repulsive. At point B
the walk is tethered to one plane but attracted to the other. If n! 1 at xed w
it is known rigorously that the force is repulsive (Jansevan Rensburget al 2006)
and this correspndsroughly to the casewheren =w>> 1. If n << w the walk
extendsto allow verticesin the top plane and this leadsto an attractiv e force.
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Figure 8. A plot of the scaledfree energy at the point A(1=2;1=2) for widths
12;16; 20; 24 and 28 and lengths from 0 to 512. The horizontal axis is n =w and

Ioann(W) log (3) (1 1)'0% . We have used the

values (3) = 4:684, = 0:588and( 1 1)= 0:32.

the vertical axis is n

5. Discussion

We have examined the phase diagram and force-diagram' of a lattice polymer
between two attractive plates. Additionally we have conrmed the existence of
a nite-size scaling theory in the desorked and critically adsorbed regions of the
phasediagram (of the in nite slab). Intriguingly, while the numerical positions of
the transitions and the bulk and half-spaceenropic exponers are di erent from
the directed walk model solved on the square lattice [4] to this more \realistic"
three-dimensional (presumably not exactly solvable) model the structure of the
phasediagram, the order of the transitions, the generalpositions of the attractive
and repulsive force regions, as well as even the shape of the scaling functions at
correspnding points are essetially the same(numerical evidencefor the directed
case[21] conrm this, and an exact calculation of the scaling functions [22 is
forthcoming). It haslong beenconjecturedthat the crosseer exponert for the half-
spaceadsorptionmodelis “super-universal', beingindependern of the dimension(and
whether directednesss imposed). Now it seemshat the more complexproblem of
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Figure 9. Plots of the scaledfree energyat the points C(ac; 1=2) usinga; = 1:33,

for widths 12; 16; 20; 24 and 28 and lengths from 0 to 512. The horizontal axis
: . . logZ I
is n =w and the vertical axis is n w log 3) ( 1s 1)% . We

have usedthe values (3) = 4:684, = 0:588. We haveused( 1.s 1)= 0:25

a polymer in d-dimensionalspacecon ned betweentwo d 1 dimensionalsurfaces
demonstrateseven more remarkable dimensional robustness. An explanation of

thesephenomenas terms of eld-theoretical/renormalization group languagewould

be interesting.
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