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We examine the properties of the Bethe ansatz solvable two- and three-le§ uiders. These models
include Heisenberg rung interactions of arbitrary strength and thus capture the physics of thélsmanberg
ladders for strong rung coupling. The discrete values derived for the magnetization plateaux are seen to fit with
the general prediction based on the Lieb-Schultz-Mattis theorem. We examine the magnetic phase diagram of
the spin-1 ladder in detail and find an extended magnetization plateau at the fractiona(l\/e)lere} in
agreement with the experimental observation for the organic polyradical spin-1 ladder compound BIP-TENO.
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[. INTRODUCTION The solvable two-leg ladder model has been generalized
to an arbitrary numben of legs in which the underlying
After some intensive effort, the properties of the spin- su(2') symmetry is broken by the Heisenberg rung interac-

Heisenberg ladder are now well understdddrhe physics tions, which againz appear as chemical potentials in the Bethe
of the model is driven by the rung basis states, which domi&nsatz solutiori* Solvable ladder models with Hubba?d

originating between the singlet and triplet rung states fol€'S have been constructed with mixed dpand higherdsgg-

large J is known to persist for all finitg), vanishing only at  Metries arising from other known integrable mo

the decoupling poing=0 where the model reduces to two OHer model¥’ have been solved via mapping from the Hub-
Heisenberg chains. More generally, théeg spind Heisen- 2ard model with appropriate boundary conditions. Thetsu
berg ladders posséss the rather étriking property of beinIadder model has also been extended to include an additional

_ i 11,12
massive fom even and massless farodd. The ladder mod- free parametef For the solvable three-leg spinmodel;

Is al int i i " ith cl magnetization plateaus are found at the valmes: andm
€IS alSo possess Interesting magnetic properties, with cleal y i, 5qreement with Eq(1).1° An additional infinitesi-
evidence of magnetization plateatix. From quite general

h L f th ) leq [add mally thin plateau is also seen @i= 3.
arguments, the magnetizatidf of the spinS nleg ladders In this paper we investigate the properties of the Bethe
should satisfy the discrete values

ansatz solvable two- and three-leg ladder models for general
spin S. These models are defined in Sec. Il. In Secs. Il and
nS1-M)eZ. ) IV we look respectively at the magnetization plateaux and

their boundaries, and in Sec. V we give a detailed analysis of

Although the Heisenberg ladders are not solvable in thene o Jeg spin-1 ladder. Our work on the solvable spin-1
sense of the spig-Heisenberg chain, a number of solvable | qqer is motivated by the recent experimental and theoreti-
ladder models have been found. These include modified,| york on certain organic materials. For example, the com-

models with dimer or matrix product ground st&ésand | Jnd BIP-TENO. an organic polyradical of 3%5-
models solved by means of the Bethe ansatz. Here we co strakis (N-tert-butylaminoxy), was studied experimen-

sider the latter class. These models include a two-leg Spin- 20,21 o
model? which, compared to the pure Heisenberg ladder, ha&a"y’ and found to have magnetization plateaus of 0,

an additional four-spin interaction. The model is massless i#Nd 1. The crystal structure of this substance may be mod-

the absence of rung interactions with a transition to a mas€'ed effectively by a two-leg spin-1 ladder. Some models

sive phase at a criticdhonzerg value of the rung coupling. ave been used to propose mechanisms by which the frac-

In this solvable model the Heisenberg rung interactions aptional plateau appeafS Relatively little work has been done
on the spin-1 Heisenberg ladder. It has been studied in the

pear as chemical potentials which break the underlyirig)su ) . e - > )
symmetry. The phase diagram has been established by meatfaniclassical limit via a mapping to the nonlinear sigma
model and by quantum Monte Carlo simulation and

of the Bethe ansatz solutiort® In particular, magnetization _an a2 _ .
plateaus are found at the values=0 andm=1, in agree- ibnoz(;nc'zstl'on techniques:™ Concluding remarks are given

ment with Eq.(1). However, the Bethe ansatz calculations
also reveal an infinitesimally thin magnetization plateaux at
m= 3, which may open up with the introduction of some
anisotropy into the system. This thin plateau may be inter- We consider the integrable-leg spinS ladders, or spin
preted as a “plateau boundary.” tubes with periodic boundary conditions. As usual a “tube”

II. MODELS
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is a ladder with an additional interaction between iregnd 1\ L 1
leg 1. We restrict our attention to the cases2 andn=3 AB— 5l M1y (1)) (1) _j M2 AMP-NP+ 51
with uniform spins on each leg, and not the more general = Jl kl _ ,
mixed spin case. The spins along each leg and rung have an NE Ei K] )\J( )_)\(k J+ik=1 AD_\@_ Ei
isotropic Heisenberg interaction, with the introduction of J ] k2

many-body terms to retain integrability. The(8uspin-S op-
eratorsS=(S*,9,S) are defined by M, A —\(D—i

1 1 K#] )\]-(r)—)\f(r)-i-i
SX=§(S++S_), S=- Ei(SJr—S_),

r+1

1 1
YRR NN >—§| Mg MDA )—§|

S=diagS,S—1,...~S}, ?) “ 10

k=1 _ 1 =1 1
where, for givenS )\J(U_)\f(f DN 5 )\J(r)_)\(kr+1)+ 5

Sy = VS(S+1)—m(M—1) Sy im-1, (3 (11)

where in this cas&l=(2S+1)". As usual the eigenenergies

Sf;’,m: \/S(S+ 1)_m(m+ 1) 5m’,m+l- (4) Of 2|_ lH!eg+1 are
i= i,i
and mm’'=—-S,—S+1,...,S. The Hamiltonian of the "
model is ! 1
E=L-> — (12)
L L =1 ()\(1))24__
H=2 HI%  + 2 H™, (5) b4
= =1

It is important to note that since permutaté) is invari-
ant under any ordering of the basis states, this result may be
obtained using any choice of reference state pseudo-
vacuum | Q) and any assignment of Bethe ansatz pseudopar-

wherelL is the number of rungs. The leg term is given by

HED 1= PAS 0 PAS e - 0PESY  (n factors,

© ticles. For each choice, however, one has to reinterpret the
where numbersM, in terms of those corresponding to the ordering
chosen. The rung Hamiltonian is dependent on the choice of
23 2S S-S—x ordering, but the change is just a rearrangement of its eigen-
p(2s+1)_ 2 _ l)ZS—a H I "B (7) ! . .
i = ( pra Xo—Xg ' values along the diagonal. We use this property to our advan-
- a

tage by doing calculations with that choice of ordering for
with x,=3a(a+1)—S(S+1). Throughout this paper, site which the Bethe ansatz reference state is closest to the true
L+1 is identified with site 1. For the simplest case ®f ground state of the system.

=3, one recovers the familiar Heisenberg operator. Similarly

for S=1 andsS=3: A. Two-leg ladder

PG — (5. 2, g. 1 We turn our attention now to the specific case of the two-
1417 (85004 S-S ® leg spinS ladder, for the moment in the absence of a mag-
netic field. The rung HamiltoniafiL0) is given by

@ _2 , 11 , 9 67
Piit1=9(S S+1)°+ 3(S-S+1)° = 3S5-S+1— 55
9 18 8 32 1) w2
9) H™ng= g(SM. 82— 1), (13)
The rung term has pure Heisenberg interactions, given by which can be rewritten as
n—e
S g2 (g1)y2_ (g(2))2
HirunQZIZ:l JI(S(l)'$(|+1)_1)v (10 Hung_ j ( ) ; ) = ( ) “1). (e

1 . . .
where e=0 for tubes ande=1 for ladders, andS"*? |t is convenient to change to the basis where the square and

=5, We take periodic boundary conditions along the lad-the z-component of the total spin of a given rung are diago-
der, and consider isotropic rung interactiods=(J). It has  nal. Now, the operatorst+S2)2, (12 andS®)? are all
been shown that [H%?,H[""%+ H[""%|=0, soH defined in  diagonal with common eigenstates. As a result we can derive
Eq. (5) is also integrable for sufficiently smail the eigenvalues dfi™"9 simply by combining the eigenval-

A key ingredient in the models under consideration is thatues of these operators as in the above expression. From el-
they are built from permutators. Such models can be diagoementary quantum mechanics, the respective eigenvalues of
nalized using thénested Bethe ansatZ The sufN) Bethe these operators af(T+1), S(S+1), andS(S+1), where

ansatz equations are the total spinT can assume the values.Q . ,2S. It follows
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that, for a two-leg ladder, the @+ 1)? rung states fall into and respective multiplicitiem;=2T+ 1.
2S+ 1 multiplets of total spinT, with eigenvalues It is emphasized that Hamiltoniai®) has the same form
in this new basis. The rung Hamiltonid¢fh0) now becomes

J . SIS
M=5[T(T+1)-28(8+1)-2], T=0,....5 (15 dagonalandis given by

ng:diag{)\o,)\l,)\l,)\l, e ,)\T, e ,)\T, e ,)\25, e ,)\25}.
——— —_—

2T+1 45+1 (16)

In Sec. V we will look at the specific example of a two-leg Case 1 T<S. In this case the right inequality of E(RO)
spin-1 ladder in detail. is automatically satisfied. The left inequality is true wigp
assumes values in the range defined by [#6) that satisfy

B. Three-leg tube

| 813_ S| = T1 (21)
We follow a similar procedure to the two-leg ladder, re-
writing the Hamiltonian and changing the basis appropri-"amely
ately. In the case of the three-tube, thes(21)? states fall S;s=S-T.S—T+1,... S+T; 22)

into | 3S|+1 types of multiplet |(x| denotes the integer part
of x), with total spinT, whose eigenvalues are given by  and there are B+ 1 such values.
Case 2 S<T. We note that Eq(19) implies that|S;3

J —S|<S, so the left inequality of20) is automatically satis-
)‘T_E[T(TJF 1)=3S(S+1)~6], 17 fied. To make the right inequality tru&;; must assume val-
ues in the range defined by E{.9) that satisfy
where
T<S;3+S, (23
2S(mod 2) 2S(mod 2)
T= > , 5 +1,...,%. (18 namely,
S;3=T-S,T-S+1,...,%5 (29

This has clear similarity to Eq15). However the situa-
tion now is somewhat more complicated. This is because i@and there are 8—T+1 such values[since S=T-S
general there are several multiplets of given spirfor ex-  +(3S—T)].
ample two distinct doublets having the same energy in the To summarize these results: In a system of three Spin-
absence of a magnetic field. What follows is an analysis obbjects, the number of spifi- multiplets [that is,
exactly how the states fall into multiplets in a three-spin(2T+ 1)-pletd is given by
system.

Let us consider the addition of three sf@mebjects. We
first add the spins at sité4) and(3) to get a combined spin-
S,3 system, and in turn, add the spin at qi& to this com- ,
bined system to get a state of total spin Note that the Multiplets of the same type have the same energy under the
choice of ordering of addition affects only the basis vectordube Hamiltonian, but are distinguishable by their value of
used to represent a state, and not the actual state itself. Tifes, the possible values of which are

2T+1 S=T

OSD=35-T+1 s<T=3s

(25

order chosen here facilitates computation of ladder eigenval- e
ues in the next subsection. According to quantum mechanical = STT.S=T+1,... S+T, S=T (26)
rules for addition of angular momenta, we have T-ST-S+1,...,5, S<T=<3S.
0=S,:=2S (19) So, to compute the tube eigenvalues we use (Ed), qnd
then use EQ(25) to determine the number of multiplets
and which will have the given eigenvalues.
|S1— S|<T<S;3+S. (20) C. Three-leg ladder

So the number of spi-multiplets is given by the number of The three-leg ladder presents additional difficulty because
possible values db,; which satisfy Eqs(19) and(20). There  of the broken symmetry. However, fro(0) we see that the
are two cases to consider. ladder and tube rung Hamiltonians are related via
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TABLE |. Tabulated results relating tube eigenvalues and ladder eigenvalues.

Multiplet T Quantity A(tube) S5 from s, Shifts \ (ladden
type [0(ST)] (26)

singlet 0 1 -6 1 -1 2 -4

triplet 1 3 -5 0,1,2 -2,-11 3,2,0 -2,-3,-5

quintuplet 2 2 -3 1,2 -11 2,0 -1,-3

septuplet 3 1 0 2 1 0 0

H (ladder.rung)_ | (tube,rung) 37 — &(1). 3y (27)  split into individual nondegenerate states according to the
) 1) «3) ) o z-component of a state’s spin. The relevant physical effect is
Since S(_ S _commutes with the Hamiltoniantsee the  the existence of magnetization plateaus, which occur when,
Appendi, their eigenvalues are similarly related via in some region of phase spa¢gefined byJ and h), the
(ladder)_ y (tube) B groundstate con;ists of rungs a}ll h_aving the. same .magnetiza-
)\T’SlS A '“513)' (28) tion. We work with the magnetization per site, which is de-

whereus , is the eigenvalue o8- S for the state. Up to fined as

a shift and scaling, this operator is similar to the two-leg 1 L0
ladder Hamiltonian. By symmetry, the eigenvalues of M=—2 > E ("7, (30)
S. 5B must be the same as those®t - S?), and hence nLSi=1 =
adaptation of Eq(15) yields This definition is constructed in such a way thdthas a

saturation value of 1. As we move through phase space, pass-
1 ing through regions where the system is gapless, we find that
Ms = 5313(313+ 1)-S(S+1), S;3=01,... .5 the magnetization varies continuously. However in regions
(29) where there is a nonzero gap, the magnetization remains con-
stant, hence the term “magnetization plateau.”
Thus, modifying the Hamiltonian from the tube to the ladder The Lieb-Schultz-Mattis theorem for low-dimensional
gives rise to an energy shi[fﬂ(l—,u513)] that depends, ul- magnets gives rise to the necessary general contiftion
timately, on the value 08,5 for the eigenstatéhe tube and ]
ladder Hamiltonians have the same eigensjates, to cal- Q(Sc—me) €2 (31)

culate the ladder eigenvalues, we proceed as follows: firgpr the existence of a plateau. He@eis the spatial period as
calculate the tube eigenvalues along with the number of difmeasured by the unit cell, arl andm, are the total spin
ferent type of multiplets that will occur using E@5). Then,  and magnetization of the unit cell respectively. Hence for an
using Eq.(26), we compute the range of values $f; that  n-leg ladder they may be taken a$ andnm. In this defi-

will occur for a given type of multiplet. From these, we use pjtion, mis not designed to have a saturation value of 1, and
Eq. (29) to calculateus . and hence the energy shift, and so we may taken=SM. For translationally invariant lad-
finally, add these to the original tube eigenvalues to obtairders, including those of this paper, we tae=1, hence
the ladder eigenvalues. retrieving Eq.(1).

The process is perhaps better clarified through an ex- In the case of the two-leg ladder, we note that the intro-
ample, and we demonstrate for the case of the three leduction of a magnetic field splits the energy levels of the
spin-1 ladder. We pul=1 for simplicity. From Eq(17) we  states within a multiplet. Each state is shifted from the value
determine that the tube eigenvalues ar@¢, —5, —3, and 0, given in Eg. (15 by an amounthS’, where $ is the
with respective multiplicities lone singleX, 9 (three trip-  z-component of its spin. Since the multiplet states may be
lets), 10 (two quintuplet$, and 7(a septuplet The eigenval- characterized by their value &F, there is a complete loss of
uesus in this case are-2, — 1, and 1, so the correspond- degeneracy upon the introduction of a magnetic field. For a

ing ShlftS[S(l ws,)] required to give the tube eigenvalues rung of total spinT, the lowest energy state from each one
are 3,2, and 0. has an eigenvalue

We calculate the possibl8,; values(and hence the pos- J
sible Ks,, values that occur for each type of multiplet as )\Tymmzz[T(TjL 1)-29(S+1)—-6]—hT, T=0,...,5.
given by Eq.(26), and then proceed to compute the energy (32)

shifts, and finally the ladder eigenvalues. The results are
summarized in Table |. We show that it is possible for any of these states to be the

groundstate with a nonzero gap, subject to appropriate choice
Il MAGNETIZATION PLATEAUS of J andh. Consider first the case Where_ the two rung states
of lowest energy are from the same multiplet. Since the mag-
We now analyze the effect of introducing a magnetic fieldnetic energy shifts are given <, it is clear that the dif-
h along the positive direction. This causes the multiplets to ference in their energy due to the rung Hamiltoniah.i$he
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leg Hamiltonian gives a contribution of 4, so that the energgM)=1 if S,=S on each site. We calculate the magnetiza-
gap isA=h—4. Therefore ith>4, all rungs are in the same tion on these boundary lines by averaging the two states that
state, and the system has a gap meet there. Now the state corresponding gy, must have

In the case where the two lowest energy states are fror, as large as possible, that §,=T. On boundary lin€T,
different multiplets(say,\, and\,, wherex,>\,), the gap  then, we simply averag& and T+ 1, which is spread over

is given by two sites and normalized for spin. That is,
J
A=Np=Ag—4=3[p(p+1)—a(a+1)]-h(p—q)-4. T+T+1 2T+1
T\ T = , T=01,...,5-1.
(33 2 48

(37

This can be guaranteed to be greater than zero fopaamnd
g simply by taking ) ) . )
Although we would not, strictly speaking, consider this a
h(p—q)+4 magnetization plateau, it still satisfies E(B1) in some
J>2 = (39 sense. We can think of the ground state now as being a mix-
p(p+1)—a(g+1)
ture of two types of rung. Hence for the two-leg ladder, we
in the antiferromagnetic casgvith a similar result in the take Q=2 to be a unit cell. The magnetization of the unit
ferromagnetic cage Hence, the lowest energy state from cell is then 2+ 1, with the total spin being some integer
each multiplet has some corresponding region of phase spaggtween 0 and 8. Hence 26—m), as defined in Eq31), is
where it is the sole rung state occurring in the ground stateglearly an integer.
and the ladder is gapped. The different multiplets take on all
possible values o8, allowed under the restriction that the
system consists of intrinsic spir® Consequently, it is ap- V. EXAMPLE—THE TWO-LEG, SPIN-1 LADDER
parent that a plateau of every allowable magnetization is re- . .
alized somewhere in phase space. This analysis can also beWe look at the specific case Qf the two_-leg, spin-1 ladder
applied to the three-leg case without significant modification.” the_: presence of a magnetic field. In this example the leg
It is simple to check that the magnetization plateaus wd i2miltonian is
have found here satisfy the requirements of Ef). We

note that, if the gaps discussed above are nonzero, then all Hle9=[ 5D g4 (D). gD)2—1]
rungs are in the same ground state. He@e 1, and we b ! !
require thatS— m=k, whereS andm are the spin and mag- X[S?- 82+ (5. s)2-1], (38)

netization of a rung, an# is an integer. However, sinam
can take values ranging from S to Sin integer steps, it is

clear that this relation will be satisfied. while the rung Hamiltonian is given by

IV. PLATEAU BOUNDARIES
H*"9= (V- §P - 1)~ h[($H P+ ()P, (39)

It is of some interest to explore what happens on the
boundary between two magnetization plateaux. We examine
the two-leg case. The boundary may be defined by the lin&’
on which the groundstate of each plateau is degenétate.

here

general, we see that the states that can have minimum energy 01 0 0 —i 0
in the quadrant),h>0 are the states from each multiplet 1 1
with the largestz component of the spin, namely, :E 10 1), Sy:ﬁ 0 i,

3 0 1 0 0 i 0

)\T,min=§[T(T+ 1)—2S(S+1)]—hT. (35
0 O

It is also clear that as we steadily increase the ratibthat ,
T will progress in order through its possible values §g={0 0 0], (40)
0,...,%. Thatis, the plateau boundaries will occur between 0 0 -1

successively ordered states as in &%). Thus the equations
of the plateau boundaries are givenoy min— A1 min=0 Or,

more explicitly, are the spin-1 operators. We will work in the basis where the

square and the-component of the total spin of a given rung,
J S=SM+93) are diagonal. It follows that the nine states on
h=5(T+1), T=01,....5-1 (36)  agiven rung fall into a spin-2 quintuplet, a spin-1 triplet, and
a spin-0 singlet. LeS=|9| and letS? be thez component of
Now it is a simple matter to determine what the magnetizathe total spin. We denote the rung basis|ByS?) and it is
tion will be on these lines. As usual we normalize so thatgiven in terms of the $?)(") eigenstates by
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1 compute the gap contribution of a Hamiltonian that is to be
|0)=10;0)= —=(|+)|=)—10)|0)+|=)]|+)), solved by the Bethe ansatz method.
NE] If we denote bya, the integral corresponding to creating

a\(® excitation, the general result is

1
1)=|1;1)=—=(—|+)|0)+|0)|+)),
)= 1:D= (=)0 [0+ o )
ak=" [ yrloga+yi 5+ 11 (42)
1
|2>:|1’O>:ﬁ(_|+>|_>+|_>|+>)’ where y is the Euler gamma constant agdx) is the di-
gamma function. This can be simplified for a specifled
1 Here, we will only need the values;=4 anda,=2 log 2
I3)=]1;—1)= —2(—|o>|—>+|—>|o>), =1.3862 . ... We nowproceed to analyze each ordering in
turn.
(1) h<ZJ. In this case the ordering is
14)=12;2)=[+)|+), (4)  {]0),]1),]2),|3),|4),|5).]6),]7),|8)}. The energy is giv-
5y=[2:1 _i(|+ 0y+[0)]+ +(Ms+Mg+M;+Mg)h, whereM,==?_,Np,, whereN
)=12:1)= 2 )|0) D). is the number of statg$) occurring in an excited state, and
P takes the numbers 0, 1, 2, 3,4, 5, 6, 7, and 8 to the order-
1 ing we present(In this caseP is the identity permutation, in
6)=12;0)= ——=(|+)| = )+2]0)|0) +| = )| +)), the cases below, it will be some other permutatidtence
J6 the first energy gap is\=(—2J—h)—(—3J)—4=J—h
—4, leading to a critical lineh,=J—4. There is another
1 crosssover curve on which the second excitati¢as tates
|7)=12;-1)= T(|0>| —)+[=>10)), also become massless. Although we cannot calculate this ex-
2 actly, we can see that it intersects the above critical line at

the point g,h)=(4,0). This curve moves all; changes,
8)=12;=2)=[-)-). eventually traversing regiond) and (2) to the point ¢,h)
The leg Hamiltoniar(6) has the same form in this new basis. = (2 109 2,2log 2) on the boundary of regid8) h=J. Be-
The rung Hamiltonian39) now becomes diagonal and is low the lineh.=J—4, all rungs are in stat®), so the total
given by H™9=diag{—3J,—2J—h,—2J,—2J+h,—2h, Mmagnetization of the system {#)=0, as would be ex-
—h,0h,2h}. pected. Above this line a finite number of rungs exist in the
We now consider the possible orderings of the states adowest-energy triplet state, and the magnetization varies con-
cording to their energy in the presence of the magnetic fieldinuously.
h. The energy considerations in this case are quite simple, as (2)  3J<h<J. Now  the  ordering s
there is no degeneracy. The number of possible orderings i80):11).12),14).3),|5).6),|7),|8)}. This gives the same
now quite |arge because the field can cause Varying amounf@'Cmaﬂon as for case 1, so the critical line is the same.
of energy level splitting within a given multiplet, leading to Regions(1) and(2) become distinguishable only when con-
overlaps between them. In fact there are 12 physically possidering the third or higher excitations.
sible orderings foh>0. From now on we will restrict our 3) J<h<3J. Now  the  ordering s
attention to the first quadrand-0) which contains six or-  1/1),10),|4),12),|5).13),16),17),|8)}. The first energy gap is
derings. We will list these below, computing energy gapsE=—J+h—4, giving rise to a critical line oh.=J+4.

and hence deriving the phase diagram. The second excitations become massless on this line at
In computing energy gaps for each ordering, we will use gJ,h)=(8,12), and move to the point J(h)
procedure similar to that used in work on the@&utube!?  =(2log 2,2 log2). That is, the same point as that calculated

Since the rung Hamiltonian is diagonal, it is a simple matteifor region(1). Now above this line, the ground state consists
to compute its contribution to this gap. However, calculatingentirely of rungs in statgl). As a result there is a magneti-
the contribution of the leg Hamiltonian is more complicated.zation plateau ofM)=3 here.
This requires taking the thermodynamic limit of the Bethe (4) $J<h<2J. The ordering is
ansatz equations, taking Fourier transforms, and then sol{{1),|4),|0),|2),|5),|3).|6),|7),|8)}. The gap now isA
ing. The final step comes down to the evaluation of an inte=2J—h—4 and the critical curve is.=2J—4. This inter-
gral, which gave us our final result. sects the critical curve of regioii3) on the boundary
This integral, and hence the energy gap, ultimately debetween them. Again the second excitations become mass-
pends on the type of mode we need to create in order ttess at (,h)=(8,12), and move to the pointJ(h)
compute the energy gap. This follows directly from the de-=(21log 2,4 log?2) on the lineh=2J. Below the lineh,
generacy of the ground state. It is therefore possible to give & 2J—4 the ground state consists entirely of rungs in|the
general form of this integral, which depends only on the typestate, yielding a magnetization ()= 3, being part of the
of mode we are creating. This allows us to easily and quicklysame plateau as found in regi(3).
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h of the magnetization on each of the magnetization plateaus
are seen to fit with the general prediction based on applica-
tion of the Lieb-Schultz-Mattis theorem. Additionally, the
plateau boundaries, which may be thought of as infinitesi-
mally thin plateaus, also satisfy this criterion. We calculated
the phase diagranfFig. 1) of the spin-1 ladder in detail.
Distinct plateaus occur at the valuésl)=0,3,1 in agree-
ment with the experimentally obsenf@d! values for the
spin-1 ladder compound BIP-TENO. It will be most interest-
ing to derive the thermodynamic properties of this model.
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APPENDIX: COMMUTATION OF SM.S® WITH THE
g HAMILTONIANS

2 4 6 8 10

We first show thatS®).S®) commutes with the rung
FIG. 1. The magnetic phase diagram of the two-leg spin-1 ladHamiltonian. For the three-leg case we have
der. The thin lines ardi=2J, h=J, h=2J, h=2J, andh=3J,

which together with the axis divide the quadrant into regions 1—6. H™UN9= — J(2— S). §2) — 52). 53)y (A1)
The thick lines are the exactly derived phase boundaries, and the
curved lines are sketches of higher phase boundaries. SO
1 3 — 1 3 1 3 1 2
(5) 2J<h<3J. We now have an ordering of [SW.S®) Hwn = —J(2[sP- 8%, 1]-[sM). 8,51 )]
{14),]1),|0),|5),|2),16),]3),|7),|8)}. The critical line here —[SD. 53 §2). 53))
is h;=2J+4. The second excitations do not become mass- '
less on this curve. They do, however, become massless at the =J([SV). SB), s1). 52)]
point (J,h)=(2log 2,4 log 2). 1) «3) «2) «3)
(6) h>3J. The ordering is +[SH-8%,82.8%])

{|4>,|1>,|_5_),|0>_,|2>,|6>,|3_),|7>, 8)}, yielding an extension =J([SV. 53 g1). 24 52). 537,
of the critical line found in caséb). The second excitations
become massless on this line ath) =(0,4). Above the line (A2)
hc=2J+4 in regions(4) and (5) the ground state consists This commutator may be expressed as a linear combination
ent!rely of rungs in statg4), and the_system reaches a mag-of commutators of the form
netization plateau of M)=1. Qutside the three plateaux
found here the magnetization varies continuously. [($?)W(s2)() (gt (gPy(M 4 (58 (D(SE) (M (A3)
The results of this analysis are encapsulated in the phase _ _

diagram(Fig. 1). We show its first quadrant. The shape of theWherea, b and c represent the coordinate variablesy,
curved line is interesting, showing a sharp spike with its cus"d z andk, I, and m represent the site numbers. Using
on the lineh=2J. Although we have calculated some exactSFandard properties of commutators, this can be expanded to
points, its overall shape cannot be determined analyticallyd'V€
We can predict some features using perturbation theory, a ) by (k) (1) aby (m) 0 ()77 can(K) co\(m)
it is possible that the shape of the curve could be accuratel SHLSFASH S HUSH LS VASTEE)™,

; . ! . (A4)
determined using numerical series methods. Note also that
there is more structure inside this curve, corresponding to thend, using the quantum mechanical relati¢s;,S,]

points at which higher excitations become massless. =igjqS, this becomes
VI. CONCLUDING REMARKS i d S)N(SHD(SD) Mg, SP)D(S7) (O (SE) (M
We have investigated the behavior of some Bethe ansatz =i(£apet Eepa) (S)M(SHD(SP)M =0 (A5)

solvable two- and three-leg ladder models with general spin

S. These models include multispin interactions in order to bevhere a summation is implied over repeated indices, and we
exactly solvable. Most importantly, the solvable ladder mod-have used the fact that spins from different sites commute.
els include Heisenberg rung interactions of arbitrary strength That S-S commutes with the leg Hamiltonian fol-
which drive the physics for strong rung coupling. The valuesows directly from Eq.(17) of a previous papéer As was
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noted after that equation, arbitra¥Y Z interactions intro- tube Hamiltonian is transformed into the ladder Hamiltonian.
duced on the rungs will commute with leg Hamiltonians of Since the Hamiltonians and the opera®st- S are mutu-

the type we are working with here. Of course, the same stateally commutative, the eigenvalues may be related directly as
ment is true for removing such interactions, which is how thein Eq. (28).
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