










during the approach phase and speeds up the fastest during the
retraction phase. In all cases, dh/dt actually exceeds or overshoots
the instantaneous scan rate dX/dt toward the end of the retraction
phase. This is illustrated explicitly in the plot of the normal
surface velocity at the center of the film: dh(0,t)/dt as depicted
in Figure 4 for the insoluble surface impurities model.

The behavior of the hydrodynamic pressure p(r,t) (Figure 10),
the disjoining pressure Π(r,t) (Figure 11), and the total dynamic
pressure (p + Π) (Figure 12) also reflects the consequences of
the different models of surface boundary conditions. During the

approach phase from times (a)-(d), the hydrodynamic pressure
p(r,t) for the no-slip model (Figure 10a) and insoluble surface
impurities model (Figure 10d) is very similar. While the Navier
slip model reaches the maximally repulsive hydrodynamics
pressure profile within the same time (c) (Figure 10c), this pressure
falls away more rapidly at times (d) and (e). However, during
the retraction phase, the attractive hydrodynamic pressure p(r,t)
profiles are similar for the Navier slip and insoluble surface
impurities models while the pressure profile of the no-slip case
in the retraction phase is about twice as attractive. These
observations simply reflect the higher hydrodynamic drag that
arises from the no-slip air/water interface. At all times, the
magnitude of the hydrodynamic pressure profile of the full-slip
case is, as expected, smaller than that of all other models, and
as the numerical result indicate, by a factor of about 4.

Around the force maximum at times (c)-(f), when the film
is the thinnest, the magnitude of the disjoining pressure Π(r,t)
is expected to be large. The full-slip case shows the largest
disjoining pressure profiles, particularly at time (c), because this
boundary condition results in the lowest hydrodynamic resistance
and hence the bubble flattens the most (see Figure 8) with the
aqueous film attaining the thinnest minimum value of all models
considered here.

Turning now to the total dynamic pressure (p + Π) of the
different models given in Figure 12, we see that the no-slip
model (Figure 12a) and the insoluble surface impurities model
(Figure 12d) have almost identical pressure profiles. Thus, from
the augmented Young-Laplace equation (eq 1), the film thickness
of these two models should also be very similar, as we have seen

Figure 5. Time variations of the dynamic force F(t) between a bubble and a mica plate in distilled water, with 1 mM NaNO3 according to the Navier
slip model: (a) with slip lengths b ) 1 nm (s) (indistinguishable from no-slip), 10 nm (- - -), 100 nm (- - -), and 1000 nm (- · -) (indistinguishable
from full-slip) at the water/mica interface at a scan rate at 30 µm/s; (b) comparison with experimental results ( · · · ) with the best-fit slip length of
17 nm at the air/water interface (s). The initial separations hinit are 1.96 µm (5 µm/s), 2.11 µm (10 µm/s), and 1.85 µm (30 µm/s).

Figure 6. Time variations of the dynamic force F(t) between a bubble and a mica plate in distilled water with 1 mM NaNO3 according to the insoluble
surface impurities model with a diffusion coefficient of D ) 10-9 (a) with the initial magnitude of surface pressure πs0 ) 0.1 mN/m (s) compared
to experimental results ( · · · ). The initial separations hinit are 1.96 µm (5 µm/s), 2.11 µm (10 µm/s), and 1.85 µm (30 µm/s). (b) Time variations
of theoretical dynamic force results with the initial magnitudes of surface pressure πs0 ) 0 mN/m (- · -) (same as full-slip), 0.05 mN/m (- - -),
0.1 mN/m (- - -), and 1 mN/m (s) (same as no-slip) at a scan rate of 30 µm/s.

Figure 7. Time variations of the dynamic force F(t) between a bubble
and a mica plate in distilled water with 1 mM NaNO3 for the insoluble
surface impurities model with different surface diffusion coefficients D.
The scan rate is 30 µm/s, the initial magnitude of the surface pressure
πs0 is 0.1 mN/m, and the initial separation hinit is 1.85 µm.
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in Figure 8 for most of the approach-retract cycle. Again, the
results for the full-slip model (Figure 12b) differ the most from
those of these two models, especially during the time period
(c)-(g), with the behavior of Navier slip model (Figure 12c)
falling in somewhere in between. Note that, in all cases, the

maximum value of the total dynamic pressure (p + Π) did not
exceed the unperturbed Laplace pressure of the bubble: (2σ/Rb)
∼ 2.6 kPa; the curvature of the air/water interface of the bubble
did not change sign to form a dimple during the course of the
interaction.

Figure 8. Radial variations of the thickness of the film h(r,t) at some of the key time points indicated on the force curve in Figure 4 corresponding
to different boundary conditions at the air/water interface: (a) no-slip, (b) full-slip, (c) Navier slip with a slip length b of 17 nm, and (d) insoluble
surface impurities model with a surface diffusion coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m.

Figure 9. Radial variations of the normal velocity ∂h(r,t)/∂t of the air/water interface at some of the key time points indicated on the force curve
in Figure 4 corresponding to different boundary conditions at the air/water interface: (a) no-slip, (b) full-slip, (c) Navier slip with a slip length b
of 17 nm, and (d) insoluble surface impurities model with a surface diffusion coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m.
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In the bubble-mica system, the disjoining pressure Π due to
electrical double layer interactions is always repulsive (Figure
13a), so it is interesting to see how this combines with the
hydrodynamic pressure p (Figure 13b) to give a zero net force
at the time point (g) (see Figure 4) of the retract branch of the

force curve. In Figure 13d, we see that at time (g) the total
pressure (p + Π) is repulsive (positive) in the central, small r,
portion of the film but is attractive (negative) in the outer, large
r, part of the film. A zero net force results from the cancelation
between positive and negative areas in the function [r(p + Π)]

Figure 10. Radial variations of the hydrodynamic pressure p in the film between the bubble and the mica surface at the key time points indicated
on the force curve in Figure 4 corresponding to the boundary conditions at the air/water interface: (a) no-slip, (b) full-slip, (c) Navier slip with a
slip length b of 17 nm, and (d) insoluble surface impurities model with a surface diffusion coefficient D of 10-9 m2/s and initial surface pressure
πs0 of 0.1 mN/m.

Figure 11. Radial variations of the electrostatic pressure Π in the film between the bubble and the mica surface at key time points indicated on the
force curve in Figure 4 corresponding to the boundary conditions at the air/water interface: (a) no-slip, (b) full-slip, (c) Navier slip with a slip length
b of 17 nm, and (d) insoluble surface impurities model with a surface diffusion coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m.
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(Figure 13c). The magnitudes of the hydrodynamic and disjoining
pressure profiles are the largest for the no-slip model and smallest
for the full-slip model, while the pressure profiles for Navier slip
model and insoluble surface impurities model are similar in

magnitude and are intermediate between the extremes of no-slip
and full-slip.

Turning now to the surface velocity us at the bubble, which
for the full-slip model is given by eq 6b, the Navier slip model

Figure 12. Radial variations of the total dynamic pressure (p + Π), hydrodynamic pressure (p), and the electrostatic pressure (Π) in the film between
the bubble and the mica surface at key time points indicated on the force curve in Figure 4 corresponding to the boundary conditions at the air/water
interface: (a) no-slip, (b) full-slip, (c) Navier slip with a slip length b of 17 nm, and (d) insoluble surface impurities model with a surface diffusion
coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m. The Laplace pressure of the bubble is 2.6 KPa.

Figure 13. Variation of the hydrodynamic pressure p and disjoining pressure Π at the time point (g), t ) 0.0840 s in Figure 4, when the force between
the bubble and the mica surface F(t) ) 2π∫0

∞[p(r,t) + Π(h(r,t))]r dr is nearly zero.
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by eq 7b, the insoluble surface impurities model by eq 8b while
it is zero, by definition, for the no-slip model. From Figure 14a,
we see that the surface velocity us for the full-slip model is large
and positive; that is, surface flow is directed from the center to
the edge of the film (us > 0) as the dynamic force just starts to
increase along the approach branch around time (b) in Figure 4.
Around the force maximum, we have already seen in Figure 9
that the normal velocity ∂h(r,t)/∂t of the air/water interface is
small and this is also seen in the small magnitudes of the surface
velocity at times (c)-(f) in Figure 14a. On the retraction branch
of the dynamic force curve, the surface velocity becomes large
and negative; that is, surface flow is now directed from the edge
of the film toward the center (us < 0) with the largest magnitude
and extent around the time of attractive minimum of the dynamic
force.

The expression for surface velocity of the Navier slip model,
eq 7b, is similar to the full-slip case, eq 6b, but modulated by
the factor [b/(b+h)] which to first order reduces the magnitude
and spatial extent of the surface velocity profile (see Figure 14a
and b). However, the added hydrodynamic drag at the air/water
interface delayed the maximum surface velocity until nearer to
time (c).

In addition to having very similar dynamic force curves,
the surface velocity for the insoluble surface impurities model,
Figure 14c, also appears to be similar to the Navier slip model
near the center of the film (r e 4 µm) but different for large r
g 4 µm. However, this similarity can be misleading, as the
behavior of the surface velocity and surface pressure is more
complex. The surface velocity of insoluble surface impurities
model has an additional contribution from the gradient of the
surface pressure, πs (see eq 8b). During the approach branch,
because of the convection-diffusion mechanism of the surface
species, one might expect the surface velocity to flow from the

center of the film to the edge (us> 0). This will sweep surfactants
out of the film, reduce the surface pressure from the quiescent
value, and increase the local interfacial tension. On the other
hand, during the retraction phase, one might expect the surface
velocity to be directed inward (us < 0), which will increase the
surface pressure πs above the quiescent value and decrease the
local interfacial tension. From Figure 14d, these expectations
are indeed fulfilled during the early stages of the approach phase
[times (a) to (b)] and during the late stages of the retract phase
[times (h)-(j)] and account for around (20% variation in the
surface pressure at different stages of the approach/retract cycle
(Figure 14d). However, at other parts of the approach/retract
cycle, the behavior of the surface velocity is more complex. For
example, at time (c) on the approach curve, the surface velocity
is zero at around 7 µm, so that in the central part of the air/water
interface, 0 < r < 7 µm, us > 0 and the surface velocity is
directed outward, but in the outer part of the air/water interface,
r > 7 µm, us < 0 and the surface velocity is directed inward,
driven by surface diffusion effects. This complex behavior is not
present in the Navier slip model in Figure 14b.

Furthermore, we see in Figure 14c that, at time (e) just after
the commencement of the retraction phase, the surface velocity
is almost entirely directed inward at all parts of the air/water
interface (us < 0), but the surface pressure πs in Figure 14d
remains entirely below the equilibrium value of 0.1 mN/m which
implies that there is still a depletion of insoluble surface impurities
relative to the equilibrium concentration inside the film. In fact,
it is not until time (g) when the dynamic force is around zero
before the surface concentration starts to rise above the equilibrium
value. Thus, the space and time variations of the surface velocity
and surface pressure slightly lag the piezo drive.

The seemingly small variation in surface pressure ((20%)
actually has a significant effect on how the surface velocity is

Figure 14. Radial variations of the surface velocity us at the air/water interface at key time points indicated on the force curve in Figure 4 corresponding
to the boundary conditions at the air/water interface: (a) full-slip, (b) Navier slip with a slip length b of 17 nm, (c) insoluble surface impurities model
with a surface diffusion coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m, and (d) the corresponding variations in surface pressure
πs.
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generated. The surface velocity in the insoluble surface impurities
model is given by

us )-( h2

2µ)(∂p
∂r )- (h

µ)(∂πs

∂r ) (10)

and in Figure 15 we see that numerical cancelation of around
two significant figures occurs between the hydrodynamic pressure
gradient term and the surface pressure gradient terms that
contribute to the surface velocity in Figure 14c. Thus, when the
interface contains mobile insoluble impurities, the surface velocity
is a very sensitive function of the dynamics of these surface
species even though this may not be immediately apparent by
comparing the dynamic force between different models. This
type of behavior may have important implications for surface
rheological effects. Indeed, the surface velocity in the Navier
slip model, eq 7b, can be written in a similar form

u(z) h, r, t)) us )-( h2

2µ)(∂p
∂r )- (-h2

2µ )( h
h+ b)(∂p

∂r )
(11)

where we formally identify the first term on the right as the
full-slip velocity and the second as the correction of the air/water
interface deviation from full-slip. However, while eqs 10 and 11
appear similar, the physical contents are quite different.

6. Conclusion

AFM measurements of the dynamic force between a 50 µm
radius bubble and a mica surface reveal that, in the presence of
SDS above the cmc, the layer of adsorbed surfactant at the air/
water interface has rendered it immobile and the no-slip
hydrodynamic boundary condition should be used to deduce the
dynamic force even at mica-bubble separations close to ∼30
nm.

In the presence of only added salt, 1 mM NaNO3, the
hydrodynamic behavior of the air/water interface is intermediate
between the no-slip (fully immobile) and full-slip (fully mobile)
limits. The dynamic force can be fitted either by the Navier slip
model with a fitted slip length of 17 nm or by the insoluble
surface impurities model in which we postulate that the presence
of a small concentration of mobile surface-active impurities at
the air/water interface can alter the hydrodynamic shear stress
at the interface. The insoluble surface impurity model offered
a plausible quantitative explanation for the fitted slip length
required by the Navier slip model to fit experimental data. The
different behavior of the surface velocity between the Navier
slip model and the insoluble surface impurities model suggests
a way to distinguish between these models by suitable further
experiments.
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Figure 15. Radial variations of the (a) hydrodynamic pressure, -(h2/2µ)(dp/dr), and (b) surface pressure, -(h/2)(dπs/dr), contributions to the
tangential surface velocity us at the air/water interface at key time points marked in Figure 4 for the insoluble surface impurities model with a surface
diffusion coefficient D of 10-9 m2/s and initial surface pressure πs0 of 0.1 mN/m.
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