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ABSTRACT: Small metallic particles used in forming nanostructured to impart novel
optical, catalytic, or tribo-rheological can be modeled as conducting particles with
equipotential surfaces that carry a net surface charge. The value of the surface potential will
vary with the separation between interacting particles, and in the absence of charge-transfer
or electrochemical reactions across the particle surface, the total charge of each particle
must also remain constant. These two physical conditions require the electrostatic
boundary condition for metallic nanoparticles to satisfy an equipotential whole-of-particle
charge conservation constraint that has not been studied previously. This constraint gives
rise to a global charge conserved constant potential boundary condition that results in multibody eﬀects in the electric doublelayer interaction that are either absent or are very small in the familiar constant potential or constant charge or surface
electrochemical equilibrium condition.

■

INTRODUCTION
In the venerable Derjaguin−Landau1−Verway−Overbeek2
theory of the interaction between nanoparticles in solution, the
electrostatic interaction between charged particles is calculated
according to a mean-ﬁeld model in which the spatial disposition
of mobile solution ions is governed by the Boltzmann
distribution according to the mean electrostatic potential. The
mean potential is, in turn, determined by solving the Poisson
equation, thus giving rise to the Poisson−Boltzmann model for
the electric double-layer interaction. This description requires
speciﬁcation of the electrostatic boundary condition at the
particle−solution interface. Traditionally, the surface potential or
the surface charge density is assumed to be known and
independent of particle separation, corresponding to the socalled constant potential or constant charge boundary condition.
Despite such rather simplistic assumptions, the details of the
electrical interaction can still be quite rich and complex.3,4
Information about the mechanism of the development surface
charge, for example, due to the ionization of acidic/basic5 or
amphoteric6 surface groups, can also be incorporated in a selfconsistent manner into the electrostatic boundary condition so
that both the surface charge and the surface potential will change
with the separation between the interacting particles. This is
often referred to as charge regulation; however, all of such
boundary conditionsbe they constant potential, constant
charge, or charge regulationfollow from specifying local
electrochemical behavior of the interface.
For conducting nanoparticles where there is an absence of
surface charge-transfer mechanisms, a new global boundary
condition would apply. As the separation between interacting
particles changes, the surface of individual conducting particles
will remain an equipotential surface; however, the value of the
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potential will change with separation as a result of electric
double-layer interactions. The absence of surface charge-transfer
mechanisms means that the total charge carried by the particle
must remain constant, whereas the surface charge density on the
interacting particles will vary along the surface to maintain a
constant surface potential. Thus, the appropriate electrostatic
boundary condition will be a constraint between the value of the
potential on the equipotential surface and the total charge on
each particle at all separations between the particles. We term this
a charge conserved constant potential (CCCP) boundary
condition that can give rise to novel multibody and possibly
long-ranged electrostatic eﬀects. Recently, similar models have
been proposed to model electrodes in simulation studies.7,8

■

THEORY
To maintain the physical perspicacity of the discussion and to
illustrate how the CCCP boundary condition is used and its
physical consequences, we consider the electrical double-layer
interaction under the CCCP boundary condition in a 1:1
electrolyte in the linearized Poission−Boltzmann or Debye−
Hückel limit. This allows a clear illustration of how the CCCP
boundary condition is to be applied and at the same time yield
simple analytic results that are informative without any loss of
new physical insight. This simple model also illustrates how the
CCCP boundary condition can give rise to novel multibody and
long-ranged electrostatic eﬀects. The steps needed to extend to
the nonlinear Poisson−Boltzmann model will be clear even
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⎡ dϕ ⎤
σR <(l) = εεo⎢ ⎥
⎣ dz ⎦ z = l

though the necessary numerical steps required may be more
cumbersome.
Consider two dissimilar charge-conserved conducting particles that are parallel plates labeled “L” (left) and “R” (right),
with thickness tL and tR at a separation, l, as illustrated in Figure 1.

⎡
cosh(κl) ⎤
1
= εεoκ ⎢ −ψL(l)
+ ψR (l)
⎥
⎣
sinh(κl)
sinh(κl) ⎦
⎡ dϕ ⎤
σR >(l) = −εεo⎢ ⎥
= εεoκψR (l)
⎣ dz ⎦ z = l + t
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(3b)

The electrical properties of the plates are determined by
specifying either the surface charge density (σL(∞), σR(∞)) or
the surface potential (ψL(∞),ψR(∞)) of each plate when they
are far apart (l → ∞), where the charge and potential in this limit
are related by σ(∞) = (κ/ε εo)ψ(∞). The condition of charge
conservation is σ<(l) + σ>(l) = 2 σ(∞) and has to be applied for
each plate to determine the variation of its surface potentials with
separation, l. On using eqs 1−3 and after some algebra, we obtain
the relation for the variation of the surface potential of each plate
with separation, l. (See the Supporting Information for details.)

Figure 1. Schematic diagram of two plates L and R at separation l, with
the charged conserved constant potential (CCCP) boundary condition.
The plates have constant surface potentials ψL and ψR and surface charge
densities σL<, σL>, σR<, and σR> at the indicated faces. The plates have
thickness tL and tR.

They are immersed in equilibrium with a 1:1 electrolyte of bulk
molar concentration cB (M/L) or bulk ion number density,
nB (m−3) = 103NAcB, where NA is Avogadro’s number. The 1D
Debye−Hückel equation for the electrostatic potential, ϕ(z) at
position z is d2ϕ /dz2 − κ2ϕ = 0, where κ = (2nBq2/εεokBT)1/2 is
the usual inverse Debye length where q is the elementary charge,
ε and εo are the permittivity of the solution and of free space, kB is
the Boltzmann constant, and T is the absolute temperature. The
solution of the Debye−Hückel equation for the potential in the
electrolyte is

ψL(l) = ψL(∞) + ψR (∞)e−κl

(4a)

ψR (l) = ψR (∞) + ψL(∞)e−κl

(4b)

The surface charge densities on the surfaces of plate L and R can
be obtained from eq 2 and 3
σL >(l) = εεoκ[ψL(∞) − ψR (∞)e−κl]

(5a)

σL <(l) = εεoκ[ψL(∞) + ψR (∞)e−κl]

(5b)

(1a)

σR <(l) = εεoκ[ψR (∞) − ψL(∞)e−κl]

(5c)

sinh(κz)
sinh(κ[l − z])
+ ψR (l)
, 0≤z≤l
sinh(κl)
sinh(κl)

σR >(l) = εεoκ[ψR (∞) + ψL(∞)e−κl]

(5d)

ϕ(z) = ψL(l) exp(κ[z + t L]), − ∞ < z ≤ −t L

ϕ(z) = ψL(l)

(3a)

We see from eq 4 that in the limit of small separations (l → 0) the
surface potential of both plates approaches the common value:
ψL(l → 0) = ψR(l → 0) = ψL(∞) + ψR(∞), that is the sum of the
surface potentials of the two plates at inﬁnite separation. From eq
5, we see that in the limit l → 0, the surface charge densities of the
touching inner surfaces will become equal in magnitude but
opposite in sign, that is, σL>(l → 0) + σR<(l → 0) = 0, as expected
from electroneutrality considerations. The magnitude of the
surface charge is the diﬀerence between the surface charges at
inﬁnite separation: σL>(l → 0) → σL(∞) − σR(∞) and
σR<(l → 0) → σR(∞) − σL(∞). As a result of charge
conservation on each plate, the surface charge densities on the
outer surfaces of each plate will approach the same value, namely,
the sum of the surface charge density on each at inﬁnite
separation: σL<(l → 0) → σL(∞) + σR(∞) and σR>(l → 0) →
σL(∞) + σR(∞). It is also easy to verify from the simple explicit
results in eq 5 that the surface charge densities on each plate
cconditions: σL<(l) + σL>(l) = 2 σL(∞) = 2[εεοκψL(∞)] and
σR<(l) + σR>(l) = 2 σR(∞) = 2[εεοκψR(∞)]. In the special case of
identically charged plates in the limit l → 0, the surface charge
densities of the touching inner surfaces will become zero.
The repulsive electrical double-layer disjoining pressure,
ΠCCCP(l), between the interacting plates that obeys the CCCP
boundary condition can be expressed as the usual sum of the
osmotic and electrostatic stress given by3

(1b)

ϕ(z) = ψR (l) exp( −κ(z − [l + t R ])), l + t R ≤ z < ∞
(1c)

In the interior of each of the conducting plates the potential is a
constant. The solution in eq 1 reﬂects the fact that the interior
surfaces (facing the opposing plate) and the exterior surface
(facing the bulk electrolyte) of the CCCP plate L or R have the
same potential, ψL(l) or ψR(l), whose value varies with
separation, l. However, the surface charge densities at the four
surfaces (σL<, σL>, σR<, and σR>; see Figure 1 for deﬁnition) will all
be diﬀerent and will vary with the plate separation. The surface
charge densities on plate L are
⎡ dϕ ⎤
σL >(l) = −εεo⎢ ⎥
⎣ dz ⎦ z = 0
⎡
cosh(κl)
1 ⎤
= −εεoκ ⎢ −ψL(l)
+ ψR (l)
⎥
⎣
sinh(κl)
sinh(κl) ⎦

⎡ dϕ ⎤
σL <(l) = εεo⎢ ⎥
= εεoκψL(l)
⎣ dz ⎦ z =−t
L

(2a)

(2b)

and on plate R are
B
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εεo ⎧ 2 2 ⎛ dϕ ⎞2 ⎫
⎨κ ϕ − ⎜ ⎟ ⎬
⎝ dz ⎠ ⎭
2 ⎩

(6a)

= 2εεoκ 2ψL(∞)ψR (∞)e−κl

(6b)

ΠCCCP(l) =

⎪

⎪

where x ≡ z − (l + tM) and y ≡ z − (l + tM + r + tR) to simplify the
notation. In eq 8, we exhibit the dependence of the surface
potentials of the three plates: ψL(l, r), ψM(l, r), and ψR(l, r) on the
plate spacing l and r. These three surface potentials are
determined by imposing the charge conservation condition on
each plate. The six diﬀerent surface charge densities on the three
plates are ﬁrst obtained using Gauss’s Law from the derivative of
the potential given in eq 8 evaluated at each surface. The
application of the surface charge conservation for each of the
three plates then gives a set of coupled equations from which we
can determine the dependence of ψL, ψM, and ψR on the
separations l and r and in terms of the values of the surface
potentials when the plates are inﬁnitely far from each other:
ψL(∞), ψM(∞), and ψR(∞). The explicit results are (see
Supporting Information for details)
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where the general Debye−Hückel expression in {...} can be
evaluated at any z value in the range 0 ≤ z ≤ l, and eq 6b follows
from using eq 1. It is quite remarkable that the complexity of the
charge conserved constant potential boundary yields a
surprisingly simple result of a simple exponential for the
disjoining pressure. Consider the special limit of identical
surfaces where ψL(∞) = ψ(∞) = ψR(∞), the simple exponential
dependence on separation found for ΠCCCP(l) in eq 6 can be
compared with the disjoining pressure under the more familiar
constant surface potential, Πpot(l), or constant surface charge,
Πchg(l), boundary conditions that are given by3
e−κl
Π pot (l) = 2εεoκ 2ψ 2(∞)
(1 ± e−κl)2
chg

(7)

Unlike the constant charge case, the repulsion between CCCP
particles is ﬁnite for all separations with a magnitude that is
intermediate between that of the constant charge and the
constant potential case. The interaction free energy per unit area
obtained by integrating the disjoining pressure ΠCCCP(l) over the
separation also has a simple exponential dependence on
separation.
To illustrate many body eﬀects of the CCCP boundary
condition on electric double-layer interactions, we consider the a
three-plate system: “L” (left), “M” (middle), and “R” (right), at
separations l and r between them as illustrated in Figure 2. Now

0≤z≤l

sinh(κ[r − x])
sinh(κx)
,
+ ψR (l , r )
sinh(κr )
sinh(κr )

0≤x≤r

ϕ(z) = ψM(l , r )

ϕ(z) = ψR (l , r ) exp(− κy),

(9b)

ψR (l , r ) = ψR (∞) + [ψM(∞) + ψL(∞)e−κl]e−κr

(9c)

(10)

and that between the M and R plate is
ΠMR (l , r ) = 2εεoκ 2ψR (∞)[ψM(∞) + ψL(∞)e−κl]e−κr
(11)

In particular, we can see that the disjoining pressure ΠLM
between plates L and M depends on the position of plate R,
−κr
via an “eﬀective potential” ψeff
M (r) ≡ [ψM(∞) + ψR(∞)e ] of
plate M that varies with the position of plate R through the
spacing r (see eq 10 and Figure 2). Similarly, the disjoining
pressure ΠMR between plates M and R depends on the position of
plate L (see eq 11 and Figure 2). Thus, even in a simple 1D
system, the charge-conserved constant potential condition can
give rise to three-body eﬀects. In contrast, three-body eﬀects are
not present with the constant potential boundary condition; with
the constant charge boundary condition, the high dielectric
permittivity of the aqueous phase means that three-body eﬀects
are very weak.

■

CONCLUSIONS
By studying a simple 1D system in detail, we have demonstrated
how to calculate the electrical double-layer interactions involving
charged conserved constant potential plates. The physically
perspicuous analytical results of remarkably symmetry and
simplicity illustrate the fundamental diﬀerences from the
conventional constant potential, constant charge, or charge
regulation boundary conditions. The CCCP condition imposes a
constraint on the total charge on every particle involved in the
interaction rather than being a local condition applied at the
particle surface. One consequence we saw, even with the simple
one-dimensional model, is the emergence of many-body eﬀects
that can be long-ranged in the limit of small particles or low
electrolyte concentration. Although the linear Debye−Hückel
model used in the present paper is strictly only valid when the
potentials are smaller than the thermal value (kT/q) ≈25 mV, in
practice, the numerical errors of this model are still quite
acceptable for potentials up to 50 mV. The analytical nature of

− ∞ < z ≤ −tL

sinh(κ[l − z])
sinh(κz)
,
+ ψM(l , r )
sinh(κl)
sinh(κl)

ψM(l , r ) = ψM(∞) + ψL(∞)e−κl + ψR (∞)e−κr

ΠLM(l , r ) = 2εεoκ 2ψL(∞)[ψM(∞) + ψR (∞)e−κr ]e−κl

under the constant potential boundary conditions, the
interaction between plates L and M depends only on their
separation l but is independent of the distance r, namely, the
position of plate R. This is not the case for the CCCP boundary
condition in which the electrostatic potential in the four regions
of the electrolyte has the form (see Figure 2 for the deﬁnition of
symbols)

ϕ(z) = ψL(l , r )

(9a)

Using eq 6a, the disjoining pressure ΠLM between the L and M
plate is

Figure 2. Schematic diagram of three plates L, M, and R at separation l
and r with the charged conserved constant potential (CCCP) boundary
condition. The plates have constant surface potentials ψL, ψM, and ψR
and surface charge densities σL<, σL>, σM<, σM>, σR<, and σR> at the
indicated faces. The plates have thickness tL, tM, and tR.

ϕ(z) = ψL(l , r ) exp(κ[z + t L]),

ψL(l , r ) = ψL(∞) + [ψM(∞) + ψR (∞)e−κr ]e−κl

y≥0

(8)
C
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(8) Wang, Z.; Yang, Y.; Olmsted, D. L.; Asta, M.; Laird, B. B. Evaluation
of the constant potential method in simulating electric double-layer
capacitors. J. Chem. Phys. 2014, 141, 184102.
(9) McCartney, L. N.; Levine, S. An improvement on the Derjaguin’s
expression at small potentials for the double layer interaction energy of
two spherical colloidal particles. J. Colloid Interface Sci. 1969, 30, 345−
354.

the Debye−Hückel model facilitates the exhibition of key
physical eﬀect without excessive mathematical details or
numerical complexities.
At a given spatial conﬁguration of nanoparticles, the
imposition of this constraint will, in general, involve a summation
or integration of the surface charge distribution of each individual
particle to determine the surface potential of each particle. As we
have seen in the simple three-plate example, this couples the
properties on all of the particles and represents a global constraint
on the diﬀerential equation rather than just the more familiar
local boundary condition. It is the global nature of such
constraints that can give rise to the elucidated many-body eﬀect.
Although the 1D results obtained for interacting plates can
under certain conditions be used with the Derjaguin approximation to give the interaction between particles of diﬀerent
geometries, a rigorous application of the CCCP boundary
condition to interacting 3-D particulate systems involves
calculating the total charge on individual particles and ﬁnding
the corresponding surface potentials self-consistently. This
suggests that the solution of the potential problem by a boundary
integral method might be an eﬀective approach.9 This is a
development that will be explored in a future publication.
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