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Abstract

For a bounded linear operator T acting on a Banach space let og - (T') be the set of
all A € C such that T — AT is upper semi-B-Fredholm and ind (T'— A\I) < 0, and let
E%(T) be the set of all isolated eigenvalues of T' in the approximate point spectrum
0a(T) of T. We say that T satisfies generalized a-Weyl’s theorem if TsBF; (T) =
0o (T)\E*(T). Among other things, we show in this paper that if T" satisfies generalized
a-Weyl’s theorem, then it also satisfies generalized Weyl’s theorem opw (T) = o(T) \
E(T), where opw (T) is the B-Weyl spectrum of T' and E(T') is the set of all eigenvalues

of T which are isolated in the spectrum of T'.
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1 Introduction

We consider a Banach space X and the Banach algebra L(X) of bounded linear operators
acting on X. For T € L(X) we will denote by N(T') the null space of T, by «(T") the
nullity of T, by R(T) the range of T' and by (T) its defect. If the range R(T) of T is closed
and a(T) < oo (resp. B(T') < 00), then T is called an upper semi-Fredholm (resp. a lower
semi-Fredholm) operator. If T' € L(X) is either upper or lower semi-Fredholm, then 7 is
called a semi-Fredholm operator, and the index of T is defined by ind (T') = «(T") — 5(T).
If both «(T) and B(T) are finite, then T is a Fredholm operator. For a bounded linear
operator T" and a nonnegative integer n define T}, to be the restriction of T' to R(T™)
viewed as a map from R(T™) into R(T™) (in particular Tjgy = T'). If for some integer n the
range space R(T") is closed and T}, is an upper (resp. a lower) semi-Fredholm operator,

then T is called an upper (resp. lower) semi-B-Fredholm operator. Moreover if T, is a
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Fredholm operator, then T is called a B-Fredholm operator. A semi-B-Fredholm operator
is an upper or a lower semi-B-Fredholm operator. In [5, Theorem 2.7] it is shown that if
H is a Hilbert space, then an operator T' € L(H) is a semi-B-Fredholm operator if and
only if T' = Ty ¢ T1, where Tj is a semi-Fredholm operator and T3 is nilpotent.

Let T be a semi-B-Fredholm operator and let d be the degree of the stable iteration
of T (Definition 2.2). It follows from [5, Proposition 2.1] that T, is a semi-Fredholm
operator, and ind (7},,)) = ind (Tjq) for each m > d. This enables us to define the index
of a semi-B-Fredholm operator T as the index of the semi-Fredholm operator 7.

It is shown in [6] that Drazin invertibility is a good tool for the investigation of the
class of B-Fredholm operators and of the induced B-Weyl spectrum. Following [12, Def-
inition 4.1] we say that T' € L(X) is Drazin invertible (with a finite index) if there exist
B, U € L(X) such that U is nilpotent and

TB=BT, BITB=B, TBT=T+U.

Recall that the concept of Drazin invertibility was originally introduced by Drazin in [9]
where elements of an associative semigroup satisfying an equivalent relation were called
pseudo-invertible. It is well known that 7' is Drazin invertible if and only if it has a finite
ascent and descent (Definition 2.1), which is also equivalent to the fact that T'= Ty & 17,
where T} is invertible and T} nilpotent. (See [11, Proposition A] and [16, Corollary 2.2].)

In this paper we introduce the concept of left Drazin invertible operators and of left
poles (Definitions 2.5 and 2.6) to deal with the generalized B-Weyl spectrum. In the case
that 0 is isolated in the approximate point spectrum of 7', we are able to give a useful
characterization of left Drazin invertibility (Theorems 2.8 and 2.11). Generalized a-Weyl’s
and a-Browder’s theorems are formulated in terms of left poles.

Recall that B-Weyl operators and the B-Weyl spectrum were defined in [3] as follows:

Definition 1.1. An operator 7' € L(X) is called a B-Weyl operator if it is a B-Fredholm
operator of index 0. The B-Weyl spectrum opw (T') of T is defined by

(1.1) opw(T) ={\ € C:T — Al is not a B-Weyl operator}.

In the case of a normal operator T" acting on a Hilbert space H, Berkani [3, Theorem 4.5]
showed that

opw(T) = o(T)\E(T),

where opw (T') is the B-Weyl spectrum of 7" and E(T) is the set of all eigenvalues of T'

which are isolated in the spectrum of T'. This result gives a generalization of the classical
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Weyl’s theorem. Recall that classical Weyl’s theorem [22] asserts that if T is a normal
operator acting on a Hilbert space H, then the Weyl spectrum

(1.2) ow(T) ={\ € C:T — Al is not a Fredholm operator of index 0}

is the set of all points in o(7") except for the set Ey(7T') of all eigenvalues A of finite
multiplicity (0 < a(T" — M) < 00) isolated in o(T'); that is,

ow(T) =o(T)\ Eo(T).

Let SF1(X) be the class of all upper semi-Fredholm operators, SF (X) the class of
all T'e SF(X) with ind (T) <0, and for any 7" € L(X) let

(1.3) op- (T) = {A € C: T Al ¢ SF;(X)}.

Let E§(T) be the set of all eigenvalues of T of finite multiplicity which are isolated in the
approximate point spectrum o,(T) = {A € C : inf) = [[(T — M)(z)|| = 0}. Following
[19], we say that T satisfies a-Weyl’s theorem if Tsr: (T) = 0o(T)\ EG(T). It follows from
[19, Corollary 2.5] that an operator satisfying a-Weyl’s theorem satisfies Weyl’s theorem.

Similarly, let SBF(X) be the class of all upper semi-B-Fredholm operators, and
SBF(X) the class of all T € SBF(X) such that ind (T") <0, and

(1.4) opp-(T) = (N € C:T = A ¢ SBFF (X))},

In this paper we investigate several Weyl type theorems. As a first step, we consider an op-
erator T' satisfying generalized a-Weyl’s theorem o Fr (T) = 0(T)\ E*(T), where E*(T)
is the set of all eigenvalues of T' which are isolated in the approximate point spectrum
04(T"). We show that in this case T satisfies a-Weyl’s theorem Tsp; (T) = 0q(T) \ E§(T),
and also satisfies generalized Weyl’s theorem oy (T) = o(T) \ E(T). Moreover we show
that if 7" satisfies generalized Weyl’s theorem opw (1) = o(T') \ E(T'), then it also satisfies
Weyl’s theorem oy (T') = o(T') \ Eo(T).

We consider also generalized a-Browder’s theorem (see Definition 2.13 and Table 1 in
Section 5) and obtain similar results. In particular we show that if T" satisfies generalized
Browder’s theorem opyw (T') = o(T') \ II(T'), then it satisfies Browder’s theorem oy (1) =
o(T)\ IIo(T"), where II(T') is the set of the poles of T', and IIy(T") is the set of all poles of
T of finite rank.

2 Preliminaries

We begin by some definitions motivated by [7] and [10].
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Definition 2.1. For any T € L(X) we define the sequences (¢, (7)), (c,(T)) and (k,(T))

n

as follows:
(i) en(T) = dim (R(T™)/R(T™)).
(ii) € (T) = dim (N (") /N(T™)).

(iii) kn(T) = dim [(R(T™) N N(T))/(R(T™) N N(T))].

The descent §(T) and ascent a(T') of T are defined by

NT)=inf{n:c,(T)
a(T) = inf {n: c, (T)

0} =inf {n: R(T") = R(T™™)},
0} =inf {n: N(T™) = N(T")}.

Definition 2.2. (See [15].) Let T'€ L(X) and let
AT)={neN:YmeNm>n= (RT")NN(T)) C (R(T™)NN(T))}.
Then the degree of stable iteration dis (T') of T is defined as dis (T") = inf A(T).

Definition 2.3. (See [10].) Let T € L(X) and let d € N. Then T has a uniform descent
for n > d if R(T) + N(T") = R(T) + N(T?) for all n > d (equivalently, k,,(T) = 0 for
all n > d)). If, in addition, R(T) + N(T?) is closed, then T is said to have a topological

uniform descent for n > d.
In [14] Kordula and Miiller defined the concept of regularity as follows:

Definition 2.4. A non-empty subset R C L(X) is called a regularity if it satisfies the

following conditions:

(i) If A€ L(X) and n > 1, then A € R if and only if A™ € R.

(i) If A, B, C, D € L(X) are mutually commuting operators satisfying AC'+ BD = I,
then AB € R if and only if A, B € R.

A regularity R induces the spectrum or(T) ={A\ € C: T — X ¢ R} for any T' € L(X).
Define a set LD(X) by
LD(X) ={T € L(X) : a(T) < 0o and R(T*T*1) is closed}.

In [17], LD(X) is denoted by Rg, and it is shown there that Rg is a regularity.
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Definition 2.5. Let X be a Banach space. Then T' € L(X) is called left Drazin invertible
if T € LD(X); the left Drazin spectrum orp(T) of T is defined as the spectrum induced
by the regularity Rg = LD(X).

Definition 2.6. We will say that A € 0,(T) is a left pole of T if T — A\ € LD(X), and
that A € 0,(T) is a left pole of T of finite rank if X is a left pole of T and (T — A1) < oo.
We will denote by II*(T") the set of all left poles of T', and by II(T") the set of all left poles
of T of finite rank.

Remark 2.7. If A\ € I1%(T), then it’s easily seen that T'— A\ is an operator of topological

uniform descent. Therefore from [10, Theorem 4.7], it follows that X is isolated in o, (7).

Theorem 2.8. Let T € L(X) and A € C be isolated in 04(T). Then X € II*(T) if and
only if A ¢ TSBF; (T), and X € II§(T) if and only if X ¢ Tsr: (T).

Proof. Without loss of generality we can assume A = 0. If 0 € II*(T'), then d = a(T) < oo
and R(T%1) is closed. From [17, Lemma 12] it follows that R(T?) is closed and T; q) is an
upper semi-Fredholm operator such that ind (7jg) < 0. Therefore 0 ¢ oy Fr (T).
Conversely suppose that 0 ¢ ogp Py (T). Then T is upper semi-B-Fredholm, and, in
particular, an operator of topological uniform descent. Since 0 is isolated in o,(7"), from
[10, Theorem 4.7] it follows that for n large enough we have ¢, (T) = 0. So a(T') < oc.
Since T is semi-B-Fredholm, it is also an operator of topological uniform descent, and by
[17, Lemma 12], R(T*T)+1) is closed. Now it is easily seen that an upper semi- B-Fredholm
operator is upper semi-Fredholm if and only if «(7T") < co. Using this fact we can show
analogously that 0 € II§(T) if and only if 0 ¢ o Fr (T). O

Proposition 2.9. Let H be a Hilbert space. ThenT € L(H) is an upper semi-B-Fredholm
operator if and only if T = T1 ® Ty, where T} is upper semi-Fredholm and Ty nilpotent.

Moreover, in this case we have ind (T') = ind (71).

Proof. We know from [5, Theorem 2.6] that 7' is an upper semi-B-Fredholm operator if
and only if T'= Ty @ T5, where 17 is upper semi-Fredholm and 75 nilpotent. We only have
to show that if such a decomposition exists for 7', then ind (7") = ind (7}).

If T} is a B-Fredholm operator then 7 is also B-Fredholm, and from [2, Proposition 2.1]
it follows that ind (7') = ind (77). If T} is not B-Fredholm, let m be such that 75" = 0, and
let d > max (dis (7'),m). Then R(T9) = R(Tl(d+1)). Therefore dim (R(T%)/R(T(*1)) =
dim (R(Tl‘j)/R(Tl(d+1))). Since T3 is upper semi-Fredholm operator which is not a B-
Fredholm operator, then dim (R(Tld)/R(Tl(dH))) = oo = dim (R(T%)/R(T@+1))). Conse-
quently ind (71) = —oo = ind (T'). O
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We have immediately the following corollary:

Corollary 2.10. Let H be a Hilbert space and T € L(H). Then T € SBF_ (H) if and
only if T =T ® Ts, where Ty is an upper semi-Fredholm operator with ind (T1) < 0, and

T5 is nilpotent.

In the case of a Hilbert space H we can give yet another characterization of isolated

left poles of an operator.

Theorem 2.11. Let H be a Hilbert space, T € L(H), and let A be an isolated point in

04(T). Then the following properties are equivalent:
(i) X is a left pole of T.

(ii) There exist T-invariant subspaces M and N of H such that H = M&N, (T—XI)
is bounded below and (T — M)y is nilpotent.

Proof. Let X\ be a left pole of T" and let S = T'— AI. Then d = a(S) < oo and both
R(S™1) and R(S?) are closed, which implies that N(Sig) = {0} and R(Sjg) = R(S%H1)
is closed in R(S?); hence Spg is bounded below. From [7, Corollary 3.13] it follows that
S = 51 ® S,, where S is bounded below and Ss nilpotent.

Conversely, suppose there exist T-invariant subspaces M and N of H such that H =
M@®N, (T — X)p is bounded below and (T'— AI)|y is nilpotent. Then from the previous
corollary it follows that T'— X\ € SBF (H). By Theorem 2.8, A is a left pole of T.  [J

Lemma 2.12. Let X be a Banach space and let T' € L(X). Then
ISBF; (T) CoLp(T) C oq(T).

Proof. If X ¢ 04(T), then infj,—y [(T — Al)z|| > 0. So there exists ¢ > 0 such that
(T — AI)z|| > ellz|| for all x € X. Hence N(T — AI) = {0}, and a(T — X\I) = 0.
Moreover since |[(T' — AI)z|| > e||z||, R(T — AI) is closed. Consequently A ¢ o1,p(7T) and
orLp(T) C a,(T).

If A& orpx)(T), then d = a(T — AI) < oo and R(T%*1) is closed. From [17, Lemma
12] we deduce that R(T ) is closed and 1}4) is an upper semi-Fredholm operator of negative
index. So A ¢ TsBE; (T") and TsBE; (T) CoLp(T) C ou(T). O

Definition 2.13. Let T' € L(X). We will say that:

(i) T satisfies Weyl’s theorem if ow (1) = o(T) \ Eo(T).
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(il) T satisfies generalized Weyl’s theorem if opw (T) = o(T) \ E(T).

(iii) T satisfies Browder’s theorem if ow (1) = o(T") \ Io(T).

(iv) T satisfies generalized Browder’s theorem if opw (T) = o(T) \ II(T).

(vi

T satisfies generalized a-Weyl’s theorem if TsBE; (T) = 0q(T) \ E*(T).

(vi

)

)
)
)
(v) T satisfies a-Weyl’s theorem if Tsp; (T) = 0o(T)\ EG(T).
)
) T satisfies a-Browder’s theorem if Tsr: (T) = 0o(T) \ I§(T).
)

(viii) T satisfies generalized a-Browder’s theorem if TsBE; (T) = 0,(T) \ II*(T).

(For a convenient summary of these definitions see Table 1 in Section 5.)

3 Weyl type theorems for Banach space operators

At the beginning of this section we give a characterization of operators obeying generalized
a-Weyl’s theorem or a-Weyl’s theorem. This characterization extends results of Barnes [1,
Theorem 4], proved in the case of Weyl’s theorem, and Berkani [4, Theorem 2.5], proved

in the case of generalized Weyl’s theorem.

Theorem 3.1. Let X be a Banach space and let T € L(X). Then the following are

true:

(i) TsBE; (T) Coo(T)\ E*(T) if and only if E*(T) = II*(T).
(ii) TsBE; (T) 2 0o(T)\ EYT) if and only if TsBE; (T)=orp(T).

Proof. (i) Suppose that TsBE; (T) Coo(T)\ E“(T) and let A € E*(T'). Then X is isolated
0q(T), and \ ¢ TsBr: (T'). SoT — Al is in SBF(X). From Theorem 2.8 it follows
that X is a left pole of T, and so A € II*(T"). As we have always II1*(T") C E%(T), then
EY(T) =T11%(T).

Conversely if E*(T) = II*(T') and A € E*(T), then (' — X)) € SBF_(X). Therefore
¢ TSR (T)) and so TSBET (T) C 0o(T) \ E“(T).

(ii) Suppose that TsBE; (T) 2 04(T) \ E4(T), and let X\ € 0,(T) \ TSBR- (T'). Then
A € E4(T), in particular X is isolated in 04(7"). Moreover T' — AI is an upper semi-B-
Fredholm operator and ind (7" — AI) < 0. From Theorem 2.8 it follows that 7" — AI is left
Drazin invertible and orp(T") C TsBE; (T'). As it is always true that TsBE; (T) C orp(T),
then TsBr; (T) =orp(T).
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Conversely suppose that TsBE; (T) = oLp(T). Let X ¢ TsBE; (T), then A ¢ orp(T).
So T — AI is left Drazin invertible and A € E*(T). Hence TsBr; (T) Do (T)\ EX(T). O

From this theorem we obtain immediately the following corollaries:

Corollary 3.2. Let X be a Banach space and let T € L(X). Then T satisfies generalized
a-Weyl’s theorem if and only if TsBE; (T) = 0o(T)\I*(T) and E“(T) = 11*(T).

Corollary 3.3. Let X be a Banach space and let T € L(X). If T satisfies generalized

a-Weyl’s theorem, then it satisfies generalized a-Browder’s theorem.

Similarly we have the following characterization of operators satisfying a-Weyl’s theo-

rem, which we give without proof.

Theorem 3.4. Let X be a Banach space and let T € L(X). Then T satisfies a-Weyl’s
theorem if and only if ogp—(T) = 0o(T) \ HUG(T) and E§(T) = TI§(T).
+

As a consequence of this theorem we have the following result:

Corollary 3.5. If T € L(X) satisfies a-Weyl’s theorem, then it satisfies a-Browder’s

theorem.

Remark 3.6. In [19, Theorem 1.1] Rakocevi¢ proved that T' € L(X) satisfies a-Weyl’s

theorem if and only if the following conditions are satisfied:
(i) If A e II§(T"), then R(T — AI) is closed.
(i) T — X € SF(X), then X is not an interior point of o4(T’).

Our characterization of operators obeying a-Weyl’s theorem appears to have a simpler

formulation than Rakocéevié’s theorem.

Theorem 3.7. If T € L(X) satisfies generalized a-Weyl’s theorem, then it satisfies gen-

eralized Weyl’s theorem.

Proof. Suppose that T satisfies generalized a-Weyl’s theorem and X\ € o(T') \ opw (T).
Then T'— Al is a B-Fredholm operator of index 0 and hence also upper semi-B-Fredholm
with index 0. Therefore \ ¢ TsBr; (T'). Let A ¢ 04(T). Since T'— AI is an operator of
topological uniform descent, then there exist ¢ > 0 such that if 0 < |A — p| < ¢, then for n
large enough we have ¢, (T — M) = ¢o(T — pI) and ¢, (T — N\ ) = ¢{, (T — pI). Since T — \I
is a B-Weyl operator, then for n large enough we have ¢, (T — AI) = ¢,,(T' — \I). Since
X ¢ 04(T) we have ¢{(T — AI) = 0. It follows then that co(T — M) = (T — \I) = 0.
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Consequently A ¢ o(T), which is a contradiction. Hence A € 0,(T). As T satisfies
generalized a-Weyl’s theorem, then A € E%(T). If p # X and |\ — p| is small enough,
then u ¢ 04(T). So ¢4(T — ul) = 0. Hence ¢, (T — M) = 0 for n large enough. Since
ind (T'— M) = 0, then T' — p[ is invertible. Consequently A € E(T).

Conversely, if A € E(T) C E*(T), then X\ ¢ TsBr; (T'). Hence T'— AI is an operator
of topological uniform descent. So there is ¢ > 0, such that if 0 < |\ — u| < &, then
cn(T — M) = (T — ul) and ¢, (T — X\) = ¢,,(T — ul) for n large enough. Since X is
isolated in o(T), if € is chosen small enough, then ¢, (T —pl) = ¢, (T —pl) =0. So T — A
is Drazin invertible. Therefore A ¢ opw (1) and opw (1) = o(T) \ E(T). O

Theorem 3.8. If T € L(X) satisfies generalized a-Browder’s theorem, then it also satis-

fies the generalized Browder’s theorem.
Proof. Obtained by an argument similar to the one in the preceding proof. O
Further we have:

Theorem 3.9. If T € L(X) satisfies generalized Weyl’s theorem, then it also satisfies
Weyl’s theorem.

Proof. Suppose that T satisfies generalized Weyl’s theorem, and let A € o(7T) and A\ ¢
o(T)\ Eo(T). Then X\ € Eo(T) C E(T). Since T satisfies generalized Weyl’s Theorem,
T — M\ is a B-Fredholm operator of index 0. As A is isolated in the spectrum of T, it
follows from [7, Theorem 4.5 | that A is a pole of T'. Hence there is an integer n such that
X=N{(T-XD)")® R(T —X)"). Since a(T' — AI) < oo, then from [21, Lemma 3.3 (a)]
we have a((T'— AI)") < co. Therefore (T"— AI)" is a Fredholm operator of index 0, and
so is T — AI. Hence X ¢ ow (T).

Conversely, if A € o(T") and X\ ¢ ow (T'), then T' — A is Fredholm operator of index
0, and hence also a B-Fredholm operator of index 0. Therefore A ¢ opw (7). Since T
satisfies the generalized Weyl theorem, we have A € E(T'), while a(T — AI) < co. So
A€ Ey(T) and ow (T) = o(T) \ Eo(T). O

Corollary 3.10. If T € L(X) satisfies generalized a-Weyl’s theorem, then it satisfies
Weyl’s theorem.

Theorem 3.11. If T € L(X) satisfies generalized a-Weyl’s theorem, then it satisfies a-
Weyl’s theorem.
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Proof. Let T € L(X). Suppose that TsBE; (T) = 04(T) \ E*(T) and let us show that
Tsp; (T) = 0o(T) \ E§(T). It X € o,(T) \ Tsr: (T'), then T — A\ is an upper semi-
Fredholm operator and ind (" — AI) < 0. Therefore A ¢ o¢p Fr (T'). Since T satisfies the
generalized a-Weyl theorem, then A € E4(T). As a(T — AI) < oo, then A € E§(T).
Conversely suppose that A € E§(T). Then A ¢ Ospr; (T'), and T — AI is an upper
semi- B-Fredholm operator with ind (7" — AI) < 0. Since a(T — AI) < oo, then T'— A is
an upper semi-Fredholm operator with ind (7" — AI) < 0. So A ¢ Tsr: (T). O

The converse of the preceding theorem is not true as shown by the following example:

Example 3.12. There is an operator 7' € L(X) which obeys a-Wey!’s theorem and Weyl’s
theorem, but does not obey generalized Weyl’s theorem or generalized a-Weyl’s theorem.
Let @ be defined for each = = (&) € ¢! by

Q(£17£2a§37 s 7£k7 . ) = (07 04151,04252, s aak—lgk—la s )7

where () is a sequence of complex numbers such that 0 < |a;| < 1 and )77, |ou| < oo.
We observe that

R(Q™) # R(Q™), n=1,2,...

Indeed, for a given n € N let x]gn) = (1,...,1,0,0,...) (with n + k zeros). Then the
limit y™ = limp_o0 x,(cn) exists and lies in W However, there is no element z(™ e
/' satisfying the equation Q"z(™ = y(™ as the algebraic solution to this equation is
(1,1,1,...) ¢ £

Define T on X =@ ¢ by T=Q @®0. Then N(T) = {0} ® ¢}, o(T) = 04(T) = {0},
E(T) = {0}, E§(T) = 0. Since R(T™) = R(Q") & {0}, R(T™) is not closed for any
n € N; so T is not a B-Weyl operator, and opw (T') = {0}. Further, T" ¢ SF(X), and
Tsp; (T') = {0}. We then have

opw(T) # o(M)\E(T),  05p-(T) = 0a(T) \ EG(T)-

Hence T satisfies a-Weyl’s theorem but not generalized Weyl’s theorem. Then T does
not obey generalized a-Weyl’s theorem (Theorem 3.7), but obeys Weyl’s theorem [19,
Corollary 2.5].

Theorem 3.13. If T € L(X) satisfies generalized a-Browder’s theorem, then it satisfies

a-Browder’s theorem.
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Proof. Suppose that TSBEL (T) = 04(T)\1I*(T), and let us show that Tsp: (T) = 04(T)\
I(T). If X € 04(T) \ Tsp (T'), then T'— AI is an upper semi-Fredholm operator and
ind (T'— AI) < 0. Then A & 05 Fy (T'). Since T satisfies generalized a-Browder’s theorem,
then A € II*(T"). As o(T' — M) < o0, we have A € ITI§(T).

Conversely suppose that A € II§(T). Then X\ ¢ o¢p Fr (T'). Therefore T'— A\ is an
upper semi-B-Fredholm operator with ind (7' — AI) < 0. Since a(T' — A\) < oo, T'— A is
an upper semi-Fredholm operator with ind (7" — AI) < 0. So A ¢ Tsr: (T). O

Combining Corollary 3.3 with the preceding theorem we obtain the following result

(which also follows from Theorem 3.11 and Corollary 3.5).

Corollary 3.14. If T € L(X) satisfies generalized a-Weyl’s theorem, then it satisfies

a-Browder’s theorem.

Theorem 3.15. IfT € L(X) satisfies generalized Browder’s theorem, then it also satisfies

Browder’s theorem.

Proof. If A € o(T) \ ow(T), then T'— A is a Fredholm operator of index 0 and also a
B-Fredholm operator of index 0. So A is a pole of T', and by [16, Theorem 1.2] there is an
integer n such that X = N((T'— AI)")) & R((T'— A\I)™). Since o(T — M) < oo, then from
[21, Lemma 3.3, (a)] we have o((T'— AI)") < co. From [1, Proposition 2] it follows that A
is a pole of finite rank of 7.

Conversely, if A is a pole of finite rank of T, then T' — Al is a B-Fredholm operator of
index 0 since T satisfies generalized Browder’s theorem. So there is an integer n such that
X=N(T-XD") & R(T —A)") and o((T"— M\)") < oo. Therefore T'— AI is also a
Fredholm operator of index 0. Hence we have oy (T) = o(T') \ IIo(T). O

4 Finite rank perturbations for Hilbert space operators

In this section H denotes a Hilbert space and Fy(H) the set of finite rank operators in
L(H). Classical characterizations of Weyl’s and Browder’s spectrum state that, for every
TeL(H),
ow@ = () oT+F), osT)= () o@+F)
FeFy(H) FeFy(H), TF=FT

Many extensions of these results have been obtained (for instance, [1, 13, 18, 20]). In the
following we present some results analogous to the above characterizations of Weyl’s and
Browder’s spectra, and also show that the validity of generalized a-Browder’s theorem and

of a-Browder’s theorem is preserved under commuting finite rank perturbations.
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Theorem 4.1. Let T € L(H). Then

ospr (T) = (| own(T+PF).
FeFy(H)

Proof. If X ¢ TsBr; (T'), then T'— \I is a semi- B-Fredholm operator and ind (T" — AI) < 0.
Therefore H = Hy @ Hs, and T — A\ = T @ T5 relatively to this decomposition, with T;
in SF(H) and T a nilpotent operator. By [18, Corollary 2.7] there exists a finite rank
operator Fy such that T @ Fy is bounded below. Let F' = Fy @ 0. Then F' is a finite rank
operator, T — AN+ F =T+ F® Ty isin LD(X) and A ¢ ({op(T + F) : F € Fy(X)}.

Conversely suppose that A ¢ (\{orLp(T' + F) : F € Fy(X)}. Then there exists a finite
rank operator F' such that T'— A + F' is in LD(X). In particular ' — X\ + F is semi-B-
Fredholm with ind (T'— A+ F) < 0. As F is of finite rank, then by [5, Proposition 2.7],
T — M is also an upper semi-B-Fredholm operator. Moreover there exists an integer ng
such that for any n > ng, T'— A\ — %I and T — A+ F — %I are semi-Fredholm operators,
ind (T — A — 21) = ind (T'— AI) and ind (T — M + F — LI) = ind (T — Al + F). Since
F' is a finite rank operator and T" — Al — %I is semi-Fredholm, by the known properties
of the index we have ind (T — A+ F — 1) = ind (T — X — 1I). So ind(T — XI) =
ind(T -+ F)<0. O

Theorem 4.2. Let T € L(H). Then

oLp(T) = N oLp(T +F).
FeFRy(X), FT=TF
Proof. Let A ¢ or,p(T). Then T + 0 — Al is left Drazin invertible. Since 0 is a finite rank
operator, it follows that A\ ¢ (\{orp(T + F) : F € Fo(X), FT =TF}.

Conversely suppose that A ¢ ({orp(T + F) : F € Fy(X), FT = TF}. Then there
exists a finite rank operator F' commuting with 7" such that T+ F' — AI is left Drazin
invertible. Hence from [5, Proposition 2.7], T—AI = (T'— A+ F)—F is a semi- B-Fredholm
operator. In particular the two operators T'— Al and T'— Al + F' are of topological uniform
descent. By [10, Theorem 5.8], for n large enough we have ¢, (T — AI) = ¢, (T — A\ + F)
and ¢, (T — \I) = (T — A\ + F). Since T — A\I + F is left Drazin invertible, then for n
large enough we have ¢/,(T — A\I + F') = 0. So for n large enough we have ¢/, (T"— \I) = 0.
Hence T' — AI is left Drazin invertible. O

Theorem 4.3. IfT € L(H) satisfies generalized a-Browder’s theorem and if F' is a finite
rank operator such that TF = FT, then T + F satisfies generalized a-Browder’s theorem.
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Proof. From the characterization of o4 Fy (T) it follows that if F' is a finite rank operator,
then TsBr; (T+F) = TsBr; (T'). Moreover, if F' commutes with 7', it follows from
Theorem 4.2 that or,p(T' + F) = orp(T). If T satisfies generalized a-Browder’s theorem,
then USBF;(T) = orp(T). Hence TsBE; (T'+F)=o0rp(T+ F), and so T + F satisfies

generalized a-Browder’s theorem. ]

Similarly, using properties of o - (T') for an operator T' acting on a Banach space X,

we have the following:

Theorem 4.4. Let X be a Banach space. If T € L(X) satisfies a-Browder’s theorem and
F is a finite rank operator such that TF = F'T, then T + F satisfies a-Browder’s theorem.

We give a generalization of a result involving poles of finite rank [1, Fact 10], and

arbitrary poles [4, Theorem 2.9], which in general holds for Banach space operators.

Theorem 4.5. Let I' be a nonempty connected subset of C such that T — ol is an upper
semi-B-Fredholm operator for all o € T'. If there is a € I" such that T — ol is left Drazin
invertible, then every point of o(T) N T is a left pole of T and o,(T) NI is a countable

discrete set.

Proof. Since T — oI is left Drazin invertible, for n large enough we have ¢, (T — al) = 0.
Let Q = {pu € T' : T — pl is left Drazin invertible}. Then o € Q and Q # 0. If A € Q,
since T'— \I is left Drazin invertible, then there is an open neighborhood B(\, ¢) such that
B(X,e)\{A} C pa(T), where po(T') is the complement set of o,(T"). Therefore B(\,e)NI" C
Q, and Q is open in I'. Now let A € QNT, where § is the closure of . In particular, T'— \I
is a an upper semi-B-Fredholm operator. Hence there is ¢ > 0 such that if |A — p| < &
then for n large enough we have ¢, (T — AI) = ¢, (T — pI), ¢, (T — XI) = ¢,,(T — pI). Since
A € Q, then B(\,e)NQ # 0. So there is u € B(\,¢) N Q. Hence ¢, (T — A\I) = 0, and
so A € Q. Therefore  is closed in I'. Since I' is connected, then 2 = I'. Moreover, if
A € 04(T)NT, then A is a pole of T, and an isolated point of o4(7"). Since o4(T) is a

compact set, o,(7) NT is a discrete set. O

Theorem 4.6. Let T € L(H). Suppose that TsBF; (T') is simply connected. Then T + F

satisfies generalized a-Browder’s theorem for every F € Fy(X).

Proof. Suppose that A € 04(T) and (T'— AI) € SBF_(X). Let ' = {a € C: (T —al) €
SBF_(X)}. Then I' is connected. Since I' N po(T") is non-empty, from the previous
theorem it follows that I' N o,(T") consists entirely of left poles of T. So A € II*(T") and T’

satisfies generalized a-Browder’s theorem.
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If F € Fy(X), is a finite rank operator, then TsBr; (T+ F) = TsBF; (T). Thus
TsBr: (T + F) is simply connected, and so T+ F satisfies generalized Browder’s theorem.
O

5 Summary of results and open problems

For the sake of simplicity of notation we introduce the abbreviations gaW, aW, gWW and
W to signify that an operator T' € L(X) (which is usually understood) obeys generalized
a-Weyl’s theorem, a-Weyl’s theorem, generalized Weyl’s theorem and Weyl’s theorem,
respectively.

Analogous meaning is attached to the abbreviations gaB, aB, ¢B and B with respect

to Browder’s theorem. The following table summarizes the meaning of various theorems.

gaW TsBr; (T) = 0q(T) \ EY(T) gaB TsBE; (T) = oo (T) \ TI*(T)

aW ISk (T) = 0a(T) \ EG(T) aB ISk (T) = oo(T) \ (T

gw opw(T) = o(T)\ E(T) 9B opw(T) = o(T) \ I(T)

w ow(T) =0o(T) \ Eo(T) B ow (T) =o(T) \ IIy(T)
Table 1

The spectra ow (1), opw(T), Tsp; (T') and JSBF;(T) are defined by (1.2), (1.1), (1.3)
and (1.4), respectively. In addition,

E(T) — eigenvalues of T isolated in o(T")

Eo(T) — eigenvalues of T' of finite multiplicity isolated in o (T")
E*(T) - eigenvalues of T isolated in o, (T")

E§(T) — eigenvalues of T' of finite multiplicity isolated in o, (T')
I(T) - polesof T

IIo(T) - poles of T of finite rank

I*(T) — left poles of T

II§(T) — left poles of T of finite rank

In the following diagram, arrows signify implications between various Weyl and Brow-
der type theorems, and the numbers near the arrows are references to the results in the

present paper (numbers without brackets) or to the bibliography therein (the numbers in
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square brackets).

3.7 g(lW 3.3 gCLB 3.8 gB

Jsss o s s s

B w aW —— aB —— B
(1] (19] 3.5 (8]

Table 2

We finish this paper by posing the following two problems arising from Table 2.

Open problem 1. Does there exist an operator satisfying Browder’s theorem but not

generalized Browder’s theorem?

Open problem 2. Does there exist an operator satisfying a-Browder’s theorem but not

generalized a-Browder’s theorem?
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