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Abstract

We study perturbations of the Drazin inverse of a closed linear operator A
for the case when the perturbed operator has the same spectral projection
as A. This theory subsumes results recently obtained by Wei and Wang,
Rakocevi¢ and Wei, and Castro and Koliha. We give explicit error estimates
for the perturbation of Drazin inverse, and error estimates involving higher
powers of the operators.

AMS: 47A10, 47A60, 34G10

KEY WORDS: Drazin inverse, closed linear operators, perturbation, perturbed linear
equation

1 Introduction

In several recent papers [3, 4, 17, 20, 21], perturbations of the Drazin inverse were
studied with a purpose to obtain explicit error bounds. In this paper we present
a perturbation theory for the Drazin inverse AP of a closed linear operator A in
which the perturbed operator B shares the spectral projection at 0 with A.

By C(X) we denote the set of all closed linear operators acting on a linear
subspace of X to X, where X is a complex Banach space. We write D(A), N(A),

R(A) and o(A) for the domain, nullspace, range and spectrum of an operator
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A € C(X). All relevant concepts from theory of closed linear operators can be
found in [19]. The set of all operators T' € C(X) with D(T") = X will be denoted
by B(X); we recall that operators in B(X) are bounded, and the operator norm
of T € B(X) will be denoted by ||7T||.

An operator A € C(X) is quasipolar if 0 is not an accumulation point of the
spectrum of A. We recall the following result of [11], which can be deduced from

[19, Theorem V.9.2].

LEMMA 1.1. An operator A € C(X) is quasipolar if and only if there exists a
projection P € B(X) such that

() R(P)C D(A),
(il) PAx = APz for all x € D(A),
(ili)) A+ P € C(X) is invertible,
(iv) AP € B(X) is quasinilpotent, that is, c(AP) = {0}.
The projection P is uniquely determined by conditions (1)—(iv), and it is the
spectral projection of A at 0.

DEFINITION 1.2. Anoperator A € C(X) is Drazin invertible if it can be expressed

in the form (relative to a topological direct sum X = X; @ X3)

A= A; & Ay, where A; is closed invertible and A, is bounded quasinilpotent.

(1.1)
The Drazin index i(A) of A is 0 if A is invertible; if A is not invertible, i(A) is
the least positive integer k for which A% = 0, or oo if no such integer k exists.

The operators
AP = AT @0 and A"=0@1 (1.2)

are the Drazin inverse of A and the spectral projection of A corresponding to 0,

respectively.

This definition given in [11] generalizes the concept of pseudoinverse intro-

duced by Drazin [6] in two directions. It applies to closed linear operators,
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whereas [6] can be applied only to bounded linear operators (elements of an
algebra), and it admits an infinite index in the case when As is a true quasinilpo-
tent, while only a finite index was possible in [6]. The finite index Drazin inverse
for closed linear operators was previously defined and studied by Nashed and
Zhao in [15]. For a more general view of generalized inverses see [14].

In the preceding definition, A® € B(X) and A™ € B(X). The following
equations, easily verifiable by a manipulation of direct operator sums, are often

useful:
A" =1—AAP, AP = (A+ A" Y1 - A7), (1.3)

Drazin invertible operators include invertible and quasinilpotent operators
when X5 = {0} and X; = {0}, respectively. From Lemma 1.1 and Definition 1.2

we obtain the following result.
LEMMA 1.3. A € C(X) is Drazin invertible if and only if A is quasipolar.

Mbekhta [12] proved that the spaces X; and X3 in the direct sum X = X;® X5
inducing (1.1) are X; = K(A) and Xo = Ho(A), where

Ho(A) = {z € Doo(A) : limsup HA"le/" =0},

K(A) ={z € X : 3z, € Dy(A) such that
Ari =z, Azpy1 =ap forn=1,2,...

1/n

and limsup ||z,[|"/™ < oo}.
n—oo

They are hyperinvariant under A, and
N(A™) C Ho(A), K(A) CR(A™), n=12,...

It is known [9] that A € C(X) is quasipolar if and only if X = IC(A) & Ho(A),
where at least one of the spaces K(A) and Ho(A) is closed. For a Drazin invertible

operator A € C(X) we have

R(AP) =D(A)NK(A),  N(AP)=Hy(A).
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2 Characterizing operators that satisfy B™ = A"

Let A € C(X) be a Drazin invertible operator. Our first task is to characterize
those Drazin invertible operators B € C(X), with D(B) = D(A), for which
BT =A™,

One result that will be used systematically throughout is that the product
ST of S € C(X) and of T € B(X) with R(T) C D(S) is in B(X).

Let A € C(X) be a Drazin invertible operator, and let B € C(X) satisfy
D(B) = D(A). We have

D(A) = R(AP) + R(A™),

which means that the operator products BA™ and BAP are well defined (and
in B(X)). Relative to the space decomposition X = K(A) @ Ho(A) we have the
operator matrices

_[Bi1 Bia _[Ar 0 ~ _J0 o0 p_[ATY 0O
p=lom g A=[0 wl =l 1 =% 0]

We focus our attention on two conditions on B that will be used in our main

result. From the matrix representations of operators we can deduce that

ATBAP =0 & By =0 © B(D(A)NK(A)) C K(A),
APBA™ =0 < Bjy =0 < B(Ho(A)) C Ho(A).

These conditions are fulfilled automatically for B = A.

Before proceeding, we mention a principle that will be used in the sequel
without a further comment. If U = B — A is the difference of two closed operators
with the same domain, then U is a linear operator with the domain D(A), not
necessarily closed. However, UT € B(X) for any operator T' € B(X) with R(T) C
D(A) since UT = AT — BT.

We now give a characterization of operators B € C(X) with D(B) = D(A)
that satisfy B™ = A™.

THEOREM 2.1. Let A € C(X) be a Drazin invertible operator, and let B € C(X)
satisfy D(B) = D(A). Then the following are equivalent:
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(i) B is Drazin invertible and B™ = A™;
(ii) B is Drazin invertible, ATBAP =0, I + (B — A)AP is invertible and

BP = AP (1 + (B - 4)AP)~ L, (2.1)

(iii) A™BAP =0 = APBA™, [4+(B—A)AP is invertible and BA™ is quasinilpo-

(iv) A™BAP =0= APBA™ BAT™ is quasinilpotent and B + A™ is invertible.
Proof. Throughout this proof we write
C =1+ (B—A)AP (e B(X)).

(i) = (ii) Since B™ = A", relative to the space decomposition X = K(A) &
Ho(A) we have

A:Al@AQ, B:Bl@B%

where A;, B; are invertible with D(A;) = D(B1) = K(A) N D(A), and Az, By
are quasinilpotent with D(As) = D(B2) = Ho(A). Then

C=IaI+ (B -ADAT'@0=BA]'a I (2.2)
Hence C € B(X) is invertible with C~' = A\ B ' @ I, and
APCT = (AT'@0) (A By @) =B '®0=BP.

Moreover, ATBAP = (0@ I)(B1A7' @ 0) =0.
(ii) = (i) First we observe that A™C = A™ + A™(B — A)AP = A™. Hence
A" — B" = BB® — AAP = BAPC™' — 1+ A7
= (BAP —C + A"C)C7! = (BAP —C 4+ A™)C !
= (BAP — BAP)C™! = 0.
(i) = (iii) Suppose that (i) holds. In view of Lemma 1.1, BA™ is quasinilpo-

tent, and A" Bx = BA™x for all z € D(A), which implies ATBAP =0 = APBA™.
The invertibility of C' follows from the first part of this proof.
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(iii) = (iv) Condition A"BAP = 0 = AP BA™ is equivalent to A" Bz = BA™x
for all z € D(A); hence we have B = B @ B relative to the space decomposition
X = K(A) @ Ho(A). By (2.2), C = B1A;' @ I; since C is invertible, so is
By. Further, BA™ = 0 @ B; is quasinilpotent, which implies that By is also
quasinilpotent. Hence B + A™ = By @ (I + By) is invertible.

(iv) = (i) Follows from Lemma 1.1. O

It is of some interest to observe that condition AP BA™ = 0 alone in (iv) would
still ensure that B is Drazin invertible, but not that A™ is the spectral projection
of B at 0; for that we need the mirror condition ATBAP = 0. In the case that
the operators A and B are in B(X), we obtain the following specialization of
the preceding theorem in which the condition A" BAP = 0 can be omitted from
(ii). We note that for bounded operators A" BAP = 0 = AP BA™ is equivalent to
AT™A = AAT. There is also an additional condition (v).

COROLLARY 2.2. Let A € B(X) be a Drazin invertible operator, and let B €
B(X). Then the following are equivalent:

(i) B is Drazin invertible and B™ = AT,
(ii) B is Drazin invertible, I + (B — A)AP is invertible and (2.1) holds;
(iii) A™B = BA™, I + (B — A)AP is invertible and BA™ is quasinilpotent;
(iv) A™B = BA™, BA™ is quasinilpotent and B + A™ is invertible.

(v) B is Drazin invertible and BP® — AP = AP(A — B)B® = BP(A — B)AP.

Proof. The only part that requires proof is (ii) = (v) = (i).
(ii) = (v) We observe that
BP = AP(I + (B— A)AP)™! = (I + AP(B — A4))7'AP; (2.3)

I + AP(B — A) is invertible since o(AP(B — A)) \ {0} = o((B — A)AP) \ {0}.
Condition (v) then follows from (2.3).

(v) = (i) From equations

BP = AP(I + (A— B)BP) = (I + BP(4 — B))AP,
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AP = BP(I — (A- B)AP) = (I - A®(A- B))BP

we obtain R(AP) = R(BP) and N (AP) = N (BP); this gives (i) since for opera-
tors in B(X), R(AP) = K(A) and N (AP) = Hy(A). O

The preceding corollary generalizes [5, Theorem 2.1] proved for matrices.

3 Perturbations of the Drazin inverse in the case
B?T — ATI‘

The continuity properties of the Drazin inverse for matrices are well known [1, 2];
the continuity of the conventional Drazin inverse for bounded linear operators was
investigated by Rakocevié¢ in [16], and the continuity of the generalized Drazin
inverse for bounded operators by Koliha and Rakoc¢evié in [10]. It was proved in

[10] that if A and A,, are bounded linear operators such that A, — A, then

AD AP o AT AT

n

in the operator norm. However, no explicit bounds for the perturbations of the
Drazin inverse have been obtained for this general case. Most of the previous
studies of error bounds limit themselves to special cases of perturbations sat-
isfying B™ = A™. Let A be a Drazin invertible operator (for the moment we
may assume that A is bounded), that A = A; @ As with A; invertible and Ao
quasinilpotent, and that B = A + U, where U € B(X) commutes with A™. Wei
[20], Wei and Wang [21], and Rakocevié¢ and Wei [17] study perturbations of the

type
B=(A1+U)@® Ay,

while Castro and Koliha [3] and Castro, Koliha and Straskraba [4] investigate

perturbations
B = (A1 +U1) @ (A2 + Ua),

where Us is quasinilpotent (or nilpotent in the case of matrices) and commutes
with Ay. The results of [3, 17, 20, 21] include explicit error bounds for the Drazin

inverse and relations between the Drazin indices of B and A.
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A general theory of perturbations of generalized inverses is described in [13].
In this section we address perturbations of the Drazin inverse of a closed linear
operator A under the assumption that the perturbed operator B satisfies the
condition BT = A™. We consider a closed, rather than just a bounded, oper-
ator because important applications of perturbation theory are to infinitesimal
generators of operator Cy-semigroups, and such operators are closed.

We now give our main perturbation theorem for the Drazin inverse of closed

linear operators.

THEOREM 3.1. Let A € C(X) be a Drazin invertible operator and let B € C(X)
with D(B) = D(A). If

|(B—A)AP| <1, A™BAP =0= APBA™, o(BA™) = {0}, (3.1)

then B is a Drazin invertible operator with B™ = AT, and the following error

bounds obtain:

IBP — AP _ (B~ A)AP|

< , 3.2

AP S T-[B - A)An] (3:2)
4P| 5 4P|

< |B°| < . 3.3

1B = many = 1B = T = ayam) (3:3)

Proof. From 6 = ||(B — A)AP|| < 1 we deduce that I + (B — A)AP is invertible.
Then condition (iii) of Theorem 2.1 is fulfilled, and B is Drazin invertible with
B™ = A™. By Theorem 2.1 (ii), BP — AP = BP(A — B)AP = AP(A — B)AP +
(BP — AP)(A — B)AP. Applying the norm, we get

IBY — AP|| < (| AP0 + || B” — AP]le,
and (3.2) follows. The inequalities in (3.3) are derived similarly. O

COROLLARY 3.2. Let the conditions of the preceding theorem be fulfilled with
A, B € B(X). Then (3.2) can be modified to

I(B — A)AP|| B = AP sp(A)l1B - All/|A]
rp(A) 1+ [APIIB - All) = [[AP] ~ 1—kp(A)IB - All/[[All

(3.4)

where kp(A) = ||A||||AP|| is the Drazin condition number of A.
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Proof. Since B™ = A™, AAP = BBP and (B— A)AP = (A+(B— A))(AP - BP).
From the last expression we deduce the lower estimate for ||[BP — AP|/||AP||
in (3.4) taking into account that xkp(A) > ||I — A™|| > 1. The upper estimate
follows from (3.2). O

The following result is a direct consequence of Theorem 3.1.

COROLLARY 3.3. Let A € C(X) be a Drazin invertible operator and let (By,) be
a sequence of operators in C(X) with D(By,) = D(A) such that

A™B,AP =0 = APB, A", o(B,A™)={0}, n=1,2,...
and that
en = ||(Bp, — A)AP|| -0 asn — occ.

For all sufficiently large n the operators By, are Drazin invertible with By = A™,
and

||B,]LD—ADH§H7—>O as n — oo.
En

AP| e,

1—
In the following two remarks we make comparison of our results on perturba-
tion of the Drazin inverse with existing literature. To this end we consider only
a restricted type of perturbations of A, where A € C(X) is Drazin invertible and

B = A+ U for some U € B(X).
Remark 3.4. Condition
|APU|| <1, A"TU=0=UA" (3.5)

is a special case of (3.1) since (A+U)A™ = AA™ is quasinilpotent by Lemma 1.1;
(3.5) is equivalent to the condition (W) that was used in [20, 21] for matrices and
in [17] for bounded linear operators and elements of Banach algebras. Hence we

recover the perturbation results of [21] and [17] as a special case of Theorem 3.1.

Remark 3.5. The preceding theorem subsumes the perturbation results of [3, 4],

where A and U satisfied the condition

|APU| <1, A™U =UA™, AA™U =UAA™, UA" is quasinilpotent, (3.6)
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which is a special case of (3.1). Indeed,
(A4 U)A™ = AA™+ UA™

is quasinilpotent being the sum of two commuting quasinilpotent operators in
B(X).

The results of [3, 17, 21] include relations between the Drazin indices of A
and B. Under condition (3.5) adopted in [17, 21] we have i(B) = i(A). If A and
U satisfy condition (3.6) as in [3], then

li(A) — i(A™U)| + 1 < i(B) < i(A) +i(A™U) — 1.

If only (3.1) is assumed, no relation between i(A) and i(B) exists. In fact, in
the next example we show that for any pair of extended natural numbers p,q €
N U {oo}, we can find a pair of operators A and B satisfying (3.1) such that
i(A) = pand i(B) = gq.

Ezample 3.6. By X we denote the space /1 @ ¢! with the norm ||z|| = ||z1 + z2|| =
|z1]| + ||z2]|. For any positive integer p let S, be the (bounded linear) operator
on /! defined by

Sp(&la&?a&%' . ) = (07517£27£37' o agpflaovov . ")7

and let S, be the operator on ¢! defined by

500(517527637' . ) = (03617 %525 %63’ o )

We observe that S, is nilpotent of index p, while S is a true quasinilpotent.
Given a pair p,q € NU{oco}, we define a (Drazin invertible) operator A on X by
A =1®S, and an operator U = 0@ (S; — Sp). We check that A and B=A+U
satisfy condition (3.1): APU = (I®0)(0® (S, —S,)) =0, ATU = U = UA™ and
(A+U)A™ = 0® S, is quasinilpotent. Then B = I @ S, is Drazin invertible,
while i(A) = p and i(B) = q.

We consider the perturbation of the linear equation

Ax =b, be X given, (3.7)
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(with A Drazin invertible and = € D(A) to be found) in more generality than in
[3, 4, 17, 21]. (In the cited references only b € C(A) is considered.) We have the

following result.

THEOREM 3.7. Let A, B € C(X) be operators with the same domain, let A be
Drazin invertible, let (3.1) be satisfied, and let byu € X. If x € X is a solution
to Ax = b and y € X is a solution to By = b+ u, then

IQy— Qx| _  [[AP]l  |UAPD| + [|Qul
Q] — 1 [|UAP]| lAPe

(3.8)

where U = B — A and Q = I — A™ is the projection of X onto K(A) relative to
the direct sum X = K(A) ® Ho(A).

Proof. To prove this theorem, we proceed similarly as in the proof of [3, Theorem
3.1]. There is added generality that b, u are not assumed to lie in (A) as in
[3], and the operator U = B — A is only linear, not necessarily defined on all
of X. Recall that UT € B(X) for any T € B(X) with R(T) C D(U). Since
QAz = AQz and QBz = BQz for all z € D(A), we first transform the equations
Ax =b and By = b+ u to AQzx = Qb and BQy = Qb + Qu, respectively. The
procedure from the proof of [3, Theorem 3.1] can be now applied to yield the
result when we observe that APQ = AP. O

4 Error estimate using higher powers of operators

In [11] it is shown that if A € C(X) is Drazin invertible, then A* is Drazin
invertible for each k& € N, and

(AF)° = (APY* and (A%)" = A™ for all k € N. (4.1)

Here we are interested in the converse problem. If A™ is Drazin invertible for some
m € N, is A also Drazin invertible, and can the error bounds for the perturbation
of AP be calculated from the known error bounds for the perturbation of (A™)P?

First we address the question of existence.
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LEMMA 4.1. Let A € C(X) be such that A™ is Drazin invertible for some m € N.
Then A is also Drazin invertible, and (4.1) holds. In addition,

Dy(A) = R((AP)*) + R(A™) for all k € N. (4.2)

Proof. We may assume that A™ is not invertible. Then 0 is an isolated spectral
point of o(A™). By the spectral mapping theorem for polynomials of closed
operators [19, Theorem V.9.6], 0 is also isolated in o(A), that is, A is Drazin
invertible. Equation (4.1) is satisfied in view of the above mentioned result in
[11].

To prove (4.2), we note that (AP)¥ = (A%)~! @ 0, where (A¥)~! maps K(A)
onto KC(A) N Di(A). O

The error bounds for the perturbation of the Drazin inverse of A can be then
expressed in terms of error bounds involving higher powers of A.
THEOREM 4.2. Let m € N and let A, B € C(X) be operators satisfying the fol-
lowing conditions:
(i) Dr(B) =Di(A) for k=m —1 and k = m;
(ii) A™ is Drazin invertible;
(i) 6 =(B™—A™)(A™)P| < 1;
(iv) A™B™(AP)™ =0 = (AP)"B™A™;
(v) B™AT is quasinilpotent.

Then the operators A and B are Drazin invertible, and

HBD — ADH m— m— m—1,\D T -

S = (I ar A P - ATje) -0 (43)
Proof. By Theorem 3.1, B™ is Drazin invertible with (B™)P = (A™)° W, where
W = (I + (B™— A™)(A™)P)~1. By the preceding lemma, both A and B are
Drazin invertible and the operators A*(AP)* B*¥(BP)* and B*(AP)* are defined

for k =m — 1, m. Then

BD _ AD — (BBD)m—lBD _ (AAD)m—lAD
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— Bmfl(BD)m _ Amfl(AD)m
— Bmfl(AD)mW . Amfl(AD)mW + Amfl(AD)mW . Amfl(AD)m
= (B — AP (A )P APW 4 (I - AT)APW (B™ — A™)(A™)P.

Taking norms, we get

m— m— m—1\D -
IBP — AP|| < [[(B™! — Am=h(A™ )| AP (1 - 6) 7
+ 1= AT[1AP (1 - 0) "o,

and (4.3) follows. O

COROLLARY 4.3. Let the conditions of the preceding theorem be satisfied with
A, B € B(X). Then (4.3) takes the following form:

|BP — AP|| _ kp(A™h) (| Bt — A
< )
(L - i (44
Proof. If A, B € B(X), then
m—1 _ gm—-1y  gm—1\D} B =A™ m—1
(B ATTHATT) T < T2 kp (AT,
and
IT— A7 = [|(AAP)™ 7| = || A™ 1 (AP)™ )| < kp(A™ ).
Inequality (4.4) then follows. O
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