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Abstract

This paper introduces the mapping δx,y(t) = 2 ‖x + ty‖ − ‖x + 2ty‖ in a
normed linear space, closely related to the lower and upper semi-inner product,
and investigates its monotonicity, boundedness and convexity. This mapping is
used as a tool to refine measurements in normed linear spaces obtained through
the norm. As a result we obtain refinements of the abstract Cauchy-Schwarz
inequality and their applications in concrete spaces.
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1 Introduction

In this paper we introduce the mapping δx,y(t) = 2 ‖x + ty‖−‖x + 2ty‖, which arises

naturally in geometric arguments on normed spaces which use the lower and upper

semi-inner product defined below. Continuing the investigation of [6, 7, 8], we study

properties of monotonicity, boundedness and convexity of this mapping. We give

applications to inequalities in analysis, including refinements of the Cauchy-Schwarz

inequality, both in normed linear and inner product spaces.

Let (X, ‖·‖) be a real normed linear space. We define the lower and upper

semi-inner product by

(y, x)i = lim
t→0−

‖x + ty‖2 − ‖x‖2

2t
,

and

(y, x)s = lim
t→0+

‖x + ty‖2 − ‖x‖2

2t
,

1
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respectively. These limits are well defined for every pair x, y ∈ X (see for example

[3, 9]); the subscripts i and s stand for inferior and superior, respectively. We

mention that (·, ·)i and (·, ·)s are not semi-inner products in the sense of Lumer

since they are not additive in the first variable (see (VII) below).

For the sake of completeness we list here some of the main properties of these

products that will be used in the sequel (see [3, 4, 5]), assuming that p, q ∈ {s, i}
and p 6= q:

(I) (x, x)p = ‖x‖2 for all x ∈ X ;

(II) (αx, βy)p = αβ(x, y)p if αβ ≥ 0 and x, y ∈ X;

(III) The Cauchy-Schwarz inequality: |(x, y)p| ≤ ‖x‖ ‖y‖ for all x, y ∈ X ;

(IV) (αx + y, x)p = α(x, x)p + (y, x)p if x, y belong to X and α is a real number;

(V) (−x, y)p = −(x, y)q for all x, y ∈ X;

(VI) (x + y, z)p ≤ ‖x‖ ‖z‖ + (y, z)p for all x, y, z ∈ X;

(VII) The mapping (·, ·)p is continuous and subadditive (superadditive) in the first

variable for p = s (or p = i);

(VIII) We have the inequality

(y, x)i ≤ (y, x)s for all x, y ∈ X ;

(IX) If the norm ‖·‖ is induced by an inner product (·, ·), then

(y, x)i = (y, x) = (y, x)s for all x, y ∈ X.

For other properties of the lower and upper semi-inner product see [3, 4, 5, 10].

See [12] for applications to iterative methods for nonlinear operators, and [2] for

generation of nonlinear semi-groups. Good sources of further information on the

lower and upper semi-inner product and the related duality mappings are the recent

monographs [9] and [1]; the latter discusses many applications to nonlinear problems

(see also the review [13]).
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The terminology throughout the paper is standard. We mention that for func-

tions we use the terms ‘increasing’ (and ‘strictly increasing’), ‘decreasing’ (and

‘strictly decreasing’), thus avoiding ‘nondecreasing’ and ‘nonincreasing’.

2 Properties of the mapping δx,y

Let (X, ‖·‖) be a real normed linear space, and x, y two fixed elements of X . We

introduce and study the mapping δx,y : R → R which we define by

δx,y(t) = 2 ‖x + ty‖ − ‖x + 2ty‖ .

The following theorem describes the main properties of this mapping which is related

to the lower and upper semi-inner products.

Theorem 2.1 Let (X, ‖·‖) be a real normed linear space, and x, y two fixed vectors

in X , and let

Φp
x,y (t) =

(y, x + ty)p

‖x + ty‖
, Ψp

x,y (t) =
(x, x + ty)p

‖x + ty‖

(if x, y are linearly independent). Then we have:

(i) δx,y is bounded and

|δx,y(t)| ≤ ‖x‖ for all t ∈ R; (2.1)

(ii) If x, y are linearly independent, then we have the inequalities

δx,y(t) ≤ Ψi
x,y (t) ≤ Ψs

x,y (t) ≤ ‖x‖ for all t ∈ R (2.2)

and

δx,y(t) ≥ Ψs
x,2y (t) ≥ Ψi

x,2y (t) ≥ ‖x + 2ty‖ − 2|t| ‖y‖

≥





(x, y)s

‖y‖
if t ≥ 0

−(x, y)i

‖y‖
if t < 0;

(2.3)
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(iii) The mapping δx,y is continuous on R and we have the limits

lim
t→+∞

δx,y(t) =
(x, y)s

‖y‖
, lim

t→−∞
δx,y(t) = −

(x, y)i

‖y‖
(2.4)

provided that x, y are linearly independent;

(iv) The mapping δx,y has one sided derivatives at each point of R and, if x, y are

linearly independent, we have

d+δx,y(t)
dt

= 2
(
Φs

x,y (t) − Φs
x,y (2t)

)
(2.5)

and

d−δx,y(t)
dt

= 2
(
Φi

x,y (t) − Φi
x,y (2t)

)
(2.6)

for all t ∈ R;

(v) The mapping δx,y is increasing on (−∞, 0] and decreasing on (0,+∞).

Proof (i) By the triangle inequality for the norm,

|δx,y(t)| = | ‖2x + 2ty‖ − ‖x + 2ty‖ | ≤ ‖2x + 2ty − x − 2ty‖ = ‖x‖

for all t ∈ R, and (2.1) obtains.

(ii) Using the Cauchy-Schwarz inequality (III) and properties of lower and upper

semi-inner products (·, ·)p, we have

‖x + 2ty‖ ‖2x + 2ty‖ ≥ (x + 2ty, 2x + 2ty)s

= (2x + 2ty − x, 2x + 2ty)s = ‖2x + 2ty‖2 − (x, 2x + 2ty)i

from where we get

‖x + 2ty‖ − ‖2x + 2ty‖ ≥ −(x, 2x + 2ty)i
‖2x + 2ty‖

,

which is equivalent to

2 ‖x + ty‖ − ‖x + 2ty‖ ≤ (x, x + ty)i
‖x + ty‖

for all t ∈ R, and the first inequality in (2.2) is proved.
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The second inequality is obvious.

The third inequality follows from the Cauchy-Schwarz inequality

(x, x + ty)s ≤ ‖x + ty‖ ‖x‖ , t ∈ R.

To prove the first inequality in (2.3), we also use the Cauchy-Schwarz inequality:

‖2x + 2ty‖ ‖x + 2ty‖ ≥ (2x + 2ty, x + 2ty)s

= (x + x + 2ty, x + 2ty)s = ‖x + 2ty‖2 + (x, x + 2ty)s,

which implies

2 ‖x + ty‖ − ‖x + 2ty‖ ≥ (x, x + 2ty)s

‖x + 2ty‖
= Ψs

x,2y (t)

for all t ∈ R.

Now suppose that t ≥ 0. Then

‖x + 2ty‖ − 2|t| ‖y‖ = ‖x + 2ty‖ − 2t ‖y‖ ;

by the Cauchy-Cauchy-Schwarz inequality we have

‖x + 2ty‖ ‖y‖ ≥ (x + 2ty, y)s = (x, y)s + 2t ‖y‖2 ,

from where we get

‖x + 2ty‖ − 2t ‖y‖ ≥
(x, y)s

‖y‖
.

If t < 0, then, by the preceding argument,

‖x + 2(−t)(−y)‖ − 2(−t) ‖−y‖ ≥
(x,−y)s

‖−y‖
= −

(x, y)i

‖y‖
,

and the last inequality in (2.3) is also proved.

(iii) The continuity of δx,y is obvious.

To calculate the first limit in (2.4), we observe that

lim
α→0+

‖y + αx‖ − ‖y‖
α

=
(x, y)s

‖y‖
;

this follows from the identity

‖y + αx‖ − ‖y‖
α

=
‖y + αx‖2 − ‖y‖2

2α
·

2
‖y + αx‖ + ‖y‖
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valid for any α > 0. Then

lim
t→+∞

(2 ‖x + ty‖ − ‖x + 2ty‖) = lim
α→0+

(2 ‖x + y/α‖ − ‖x + 2y/α‖)

= lim
α→0+

(
2 ‖y + αx‖

α
−

∥∥y + 1
2αx

∥∥
1
2α

)

= 2 lim
α→0+

‖y + αx‖ − ‖y‖
α

− lim
α→0+

∥∥y + 1
2αx

∥∥ − ‖y‖
1
2α

= 2
(x, y)s

‖y‖
− (x, y)s

‖y‖
=

(x, y)s

‖y‖
.

The second limit is obtained in a similar fashion.

(iv) It will be convenient to introduce the notation

nx,y(t) = ‖x + ty‖ , t ∈ R,

and calculate one sided derivatives of nx,y first: Let t ∈ R. Then

d+nx,y(t)
dt

= lim
α→t
α>t

(
‖x + αy‖ − ‖x + ty‖

α − t

)

= lim
β→0
β>0

(
‖x + ty + βy‖ − ‖x + ty‖

β

)

= lim
β→0+

‖x + ty + βy‖2 − ‖x + ty‖2

2β
·

· lim
β→0+

2
‖x + ty + βy‖ + ‖x + ty‖

= Φs
x,y (t) ,

Then we have

d+δx,y(t)
dt

= 2
d+nx,y(t)

dt
−

d+nx,y(2t)
dt

= 2
(
Φs

x,y (t) − Φs
x,y (2t)

)
;

the other derivative is obtained similarly.

(v) We show that the mappings Φp
x,y, p ∈ {s, i} are increasing on R.

Using properties of the norm derivatives, for any z ∈ X and any t > 0 we obtain

‖z‖ ‖z + ty‖ ≥ (z, z + ty)s = (z + ty − ty, z + ty)s
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= ‖z + ty‖2 − t(y, z + ty)i;

hence

Φi
z,y (t) ≥ ‖z + ty‖ − ‖z‖

t
if t > 0. (2.7)

Similarly we show that

Φs
z,y (u) ≤

‖z + uy‖ − ‖z‖
u

if u < 0. (2.8)

Let t1 < t2, and write u := t1 − t2 < 0, t := t2 − t1 > 0. Then

Φs
x,y (t1) = Φs

x+t2y,y (u) ≤
‖x + t2y + uy‖ − ‖x + t2y‖

u

=
‖x + t2y‖ − ‖x + t1y‖

t2 − t1

=
‖x + t1y + ty‖ − ‖x + t1y‖

t
≤ Φi

x+t1y,y (t) = Φi
x,y (t2) ,

where we used (2.8) with z := x + t2y and (2.7) with z := x + t1y.

We have just proved that, for p ∈ {i, s} and t1 < t2,

Φp
x,y (t1) ≤ Φp

x,y (t2) . (2.9)

If t < 0, then 2t < t and Φp
x,y (t) ≥ Φp

x,y (2t), which implies that

d+δx,y(t)
dt

≥ 0 for t ∈ (−∞, 0).

If t ≥ 0, then 2t ≥ t and Φp
x,y (2t) ≥ Φp

x,y (t), which implies that

d+δx,y(t)
dt

≤ 0 for t ∈ [0,+∞).

By [14, Proposition 5.1.2] we conclude that the mapping δx,y is increasing in

(−∞, 0) and decreasing in [0,+∞).

The theorem is thus proved.

Remark 2.2 We observe that we have also proved that

lim
t→+∞

Ψs
x,y (t) =

(x, y)s

‖y‖
, lim

t→−∞
Ψi

x,y (t) = −(x, y)i

‖y‖

in view of (2.3) and (2.4).
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Remark 2.3 We consider the graph of δx,y in the case of a normed linear space.

In Figures 1 and 2 the graphs are drawn in a dashed line to suggest that we have

no information about the convexity of δx,y. The graph of δx,y attains its absolute

maximum at t = 0, and is asymptotic to (x, y)s/ ‖y‖ as t → ∞, and to −(x, y)i/ ‖y‖
as t → −∞.

Figure 1 depicts the graph in the case that (x, y)s ≥ 0. Note that −(x, y)i ≥
−(x, y)s, but −(x, y)i may be of either sign.

In Figure 2 we give the graph of δx,y in the case that (x, y)s < 0. In this case

−(x, y)i ≥ −(x, y)s > 0.

We shall now investigate the case of an inner product space.

Proposition 2.4 If (X, (·, ·)) is a real linear product space and x, y linearly inde-

pendent vectors in X, then the mapping δx,y is strictly convex on the set (−∞, t1)∪
(t2,+∞) and strictly concave on (t1, t2), where

t1 =
( 3
√

4 − 2)(y, x) −
√

∆x,y

(4 − 3
√

4) ‖y‖2 , t2 =
( 3
√

4 − 2)(y, x) +
√

∆x,y

(4 − 3
√

4) ‖y‖2 , (2.10)

∆x,y = (2 − 3
√

4)2(y, x)2 + (4 − 3
√

4)( 3
√

4 − 1) ‖x‖2 ‖y‖2 > 0.

Proof It is clear by the preceding theorem that

dδx,y(t)
dt

= 2
(
Φx,y (t) − Φx,y (2t)

)
,

where

Φx,y (t) =
(y, x) + t ‖y‖2

‖x + ty‖
.

The mapping Φx,y is differentiable on R with

dΦx,y (t)
dt

=
‖y‖2 nx,y(t) − (y, x + ty)n′

x,y(t)
n2

x,y(t)

=
‖y‖2 nx,y(t) − (y, x + ty)(y, x + ty)/nx,y(t)

n2
x,y(t)

=
‖y‖2 n2

x,y(t) − (y, x + ty)2

n3
x,y(t)
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=
‖y‖2 (‖x‖2 + 2t(y, x) + t2 ‖y‖2)

n3
x,y(t)

− (y, x)2 + 2t(y, x) ‖y‖2 + t2 ‖y‖4

n3
x,y(t)

=
‖y‖2 ‖x‖2 − (y, x)2

n3
x,y(t)

.

Hence we get

d2δx,y(t)
dt2

= 2
(

dΦx,y (t)
dt

− 2
dΦx,y (2t)

dt

)

= 2(‖x‖2 ‖y‖2 − (x, y)2)
(

1
n3

x,y(t)
− 2

n3
x,y(2t)

)

=
2(‖x‖2 ‖y‖2 − (x, y)2)(n3

x,y(2t) − 2n3
x,y(t))

n3
x,y(2t)n3

x,y(t)
. (2.11)

The equation δ′′
x,y(t) = 0 is equivalent to

‖x + 2ty‖2 = 3
√

4 ‖x + ty‖2 ,

that is, to

(4 − 3
√

4) ‖y‖2 t2 + 2(2 − 3
√

4)(y, x)t + (1 − 3
√

4) ‖x‖2 = 0.

The solutions to this equation are real numbers t1, t2 given by (2.10). Note that

t1 < 0 < t2. The second derivative δ′′
x,y(t) changes sign at t1 and t2, while δ′′

x,y(0) < 0;

hence

d2δx,y(t)
dt2

> 0 if t ∈ (−∞, t1) ∪ (t2, +∞)

and

d2δx,y(t)
dt2

> 0 if t ∈ (t1, t2).

This completes the proof of the proposition.

Remark 2.5 We consider the graph of δx,y in the case of an inner product space.

The t-intercept is found from the equation 4 ‖x + ty‖2 = ‖x + 2ty‖2; so δx,y(t) = 0

if and only if 4(x, y)t = −3 ‖x‖2. This time we have a complete description of the



10 S. S. Dragomir and J. J. Koliha

convexity of δx,y given by the preceding Proposition with the points t1, t2 defined by

(2.10).

Figure 3 depicts the graph of δx,y in the case that (x, y) > 0, and Figure 4

gives the graph in the case that (x, y) < 0. The t-intercept in both cases is t0 =

−3
4 ‖x‖2 /(x, y).

The case of two nonzero orthogonal vectors x, y is depicted in Figure 5. The

mapping δx,y is even (in particular, t2 = −t1), and its graph is asymptotic to the

t-axis.

3 Applications to inequalities in analysis

We start with a refinement of the Cauchy-Schwarz inequality applicable to both

normed linear and inner product spaces based on the results of the preceding section.

Proposition 3.1 Let x, y be linearly independent vectors in a normed linear space

(X, ‖·‖) and let u < 0 < t. Then the following inequalities hold:

−‖x‖ ‖y‖ ≤ −‖y‖ (x, x + uy)s

‖x + uy‖
≤ −‖y‖ (x, x + uy)i

‖x + uy‖
≤ − ‖y‖ (2 ‖x + uy‖ − ‖x + 2uy‖)

≤ −
‖y‖ (x, x + 2uy)i

‖x + 2uy‖
≤ −

‖y‖ (x, x + 2uy)s

‖x + 2uy‖
≤ − ‖y‖ (‖x + 2uy‖ + 2u ‖y‖)

≤ (x, y)i ≤ (x, y)s

≤ ‖y‖ (‖x + 2ty‖ − 2t ‖y‖)

≤ ‖y‖ (x, x + 2ty)i

‖x + 2ty‖
≤ ‖y‖ (x, x + 2ty)s

‖x + 2ty‖
≤ ‖y‖ (2 ‖x + ty‖ − ‖x + 2ty‖)

≤ ‖y‖ (x, x + ty)i

‖x + ty‖
≤ ‖y‖ (x, x + ty)s

‖x + ty‖
≤ ‖x‖ ‖y‖ . (3.1)

Proof Follows from Theorem 2.1, in particular from (2.2) and (2.3).

The preceding proposition inserts up to 6 extra terms in the Cauchy-Schwarz

inequality for normed linear spaces (4 for smooth normed linear spaces). We apply
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the result to some concrete normed spaces.

Example 3.2 Let (Ω,A, µ) be a measure space, let p > 1, and let Lp(Ω) be the

Banach space of all real valued functions p-integrable with respect to µ. It is known

[15] that

[x, y]p = ‖y‖2−p
p

∫

Ω
|y|p−1sgn(y)x dµ

is a semi-inner product on Lp(Ω) generating the norm ‖x‖p = (
∫
Ω |x|p dµ)1/p. Since

the space Lp(Ω) is smooth,

[x, y]p = (x, y)s = (x, y)i, x, y ∈ Lp(Ω).

Applying the preceding proposition with t > 0 to any linearly independent vectors

x, y ∈ Lp(Ω), we get
∫
Ω |y|p−1sgn(y) xdµ
(∫

Ω |y|p dµ
)(p−1)/p

≤
(∫

Ω
|x + 2ty|p dµ

)1/p

− 2t
(∫

Ω
|y|p dµ

)1/p

≤
∫
Ω |x + 2ty|p−1sgn(x + 2ty) xdµ

(∫
Ω |x + 2ty|p dµ

)(p−1)/p

≤ 2
(∫

Ω
|x + ty|p dµ

)1/p

−
(∫

Ω
|x + 2ty|p dµ

)1/p

≤
∫
Ω |x + ty|p−1sgn(x + ty)xdµ

(∫
Ω |x + ty|p dµ

)(p−1)/p

≤
(∫

Ω
|x|p dµ

)1/p

;

for t < 0 the first line in the above string of inequalities gets changed to

−
∫
Ω |y|p−1sgn(y)x dµ
(∫

Ω |y|p dµ
)(p−1)/p

≤
(∫

Ω
|x + 2ty|p dµ

)1/p

+ 2t

(∫

Ω
|y|p dµ

)1/p

while the other inequalities remain unchanged.

Example 3.3 We consider the space `1(R) consisting of all vectors of the form

x = (xj)j∈N, where ‖x‖ =
∑∞

j=1 |xj| < ∞. It is known from [10] that

(x, y)i =
∞∑

k=1

|yk|


∑

yj 6=0

sgn(yj)xj −
∑

yj=0

|xj |



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and

(x, y)s =
∞∑

k=1

|yk|


∑

yj 6=0

sgn(yj)xj +
∑

yj=0

|xj |


 .

Applying Proposition 3.1 with t > 0 to any x, y ∈ `1(R), we get
∑

yj 6=0

sgn(yj)xj −
∑

yj=0

|xj| ≤
∑

yj 6=0

sgn(yj)xj +
∑

yj=0

|xj |

≤
∞∑

j=1

|xj + 2tyj| − 2t

∞∑

j=1

|yj |

≤
∑

xj+2tyj 6=0

sgn(xj + 2tyj)xj −
∑

xj+2tyj=0

|xj |

≤
∑

xj+2tyj 6=0

sgn(xj + 2tyj)xj +
∑

xj+2tyj=0

|xj |

≤
∞∑

j=1

2|xj + tyj| −
∞∑

j=1

|xj + 2tyj|

≤
∑

xj+tyj 6=0

sgn(xj + tyj)xj −
∑

xj+tyj=0

|xj |

≤
∑

xj+tyj 6=0

sgn(xj + tyj)xj +
∑

xj+tyj=0

|xj |

≤
∞∑

j=1

|xj|.

For t < 0 the first two lines in the above string of inequalities are changed to

−
∑

yj 6=0

sgn(yj)xj −
∑

yj=0

|xj | ≤ −
∑

yj 6=0

sgn(yj)xj +
∑

yj=0

|xj|

≤
∞∑

j=1

|xj + 2tyj | + 2t
∞∑

j=1

|yj|

with the rest remaining the same.

Example 3.4 Let c0(R) be the space of all vectors of the form x = (xj)j∈N such

that limj→∞ xj = 0, equipped with the norm ‖x‖ = supj∈N |xj| = maxj∈N |xj |. First

we show that in c0(R)

(x, y)s = sup
|yj|=‖y‖

xjyj, (x, y)i = inf
|yj |=‖y‖

xjyj . (3.2)
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We may assume that x 6= 0 and y 6= 0. Let A be the set of the indices k with

|yk| = ‖y‖ and let α = infj /∈A(‖y‖ − |yj|); then A is finite, and α > 0. Let 0 < t <

α/(2 ‖x‖). If j /∈ A and k ∈ A, then

|yj + txj | ≤ |yj| + t|xj | ≤ ‖y‖ − α + t ‖x‖ < ‖y‖ − 1
2α

≤ ‖y‖ − t ‖x‖ ≤ |yk| − t|xk| ≤ |yk + txk|,

and

‖y + tx‖ = max
k∈A

|yk + txk| if 0 < t < α/(2 ‖x‖).

Then

(x, y)s = lim
t→0+

maxk∈A

(
|yk + txk|2 − ‖y‖2

)

2t

= max
k∈A

lim
t→0+

(yk + txk)2 − y2
k

2t
= max

k∈A
xkyk.

The second identity in (3.2) follows from (x, y)i = −(−x, y)s.

We can apply Proposition 3.1 with t > 0 to any linearly independent vectors

x, y ∈ c0(R). For convenience, for any x ∈ c0(R) we introduce the notation

∆(x) = {k ∈ N : |xk| = ‖x‖}.

Then we have

infk∈∆(y) xkyk

supj |yj |
≤

supk∈∆(y) xkyk

supj |yj |
≤ supj |xj + 2tyj | − 2t supj |yj |

≤
infk∈∆(x+2ty) xk(xk + 2tyk)

supj |xj + 2tyj |
≤

supk∈∆(x+2ty) xk(xk + 2tyk)
supj |xj + 2tyj |

≤ 2 sup
j

|xj + tyj| − sup
j

|xj + 2tyj|

≤
infk∈∆(x+ty) xk(xk + tyk)

supj |xj + tyj|
≤

supk∈∆(x+ty) xk(xk + tyk)
supj |xj + tyj |

≤ sup
j

|xj|.

If t < 0, the first line in the above string becomes

−
supk∈∆(y) xkyk

supj |yj |
≤ −

infk∈∆(y) xkyk

supj |yj |
≤ supj |xj + 2tyj | + 2t supj |yj |

with the remaining lines unchanged.
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Example 3.5 In this example we consider the Hilbert space `2(R) of all vectors

x = (xj)j∈N with ‖x‖ =
(∑∞

j=1 x2
j

)1/2
< ∞. Applying Proposition 3.1 with t > 0 to

any linearly independent vectors x, y ∈ `2(R), we get the following inequalities.
∑∞

k=1 xkyk(∑∞
k=1 y2

k

)1/2 ≤
( ∞∑

k=1

(xk + 2tyk)2
)1/2

− 2t
( ∞∑

k=1

y2
k

)1/2

≤
∑∞

k=1 xk(xk + 2tyk)

(
∑∞

k=1(xk + 2tyk)2)1/2

≤ 2
( ∞∑

k=1

(xk + tyk)2
)1/2

−
( ∞∑

k=1

(xk + 2tyk)2
)1/2

≤
∑∞

k=1 xk(xk + tyk)

(
∑∞

k=1(xk + tyk)2)1/2

≤
( ∞∑

k=1

x2
k

)1/2
.

For t < 0, the first line in the above string of inequalities becomes

−
∑∞

k=1 xkyk(∑∞
k=1 y2

k

)1/2 ≤
( ∞∑

k=1

(xk + 2tyk)2
)1/2

+ 2t
( ∞∑

k=1

y2
k

)1/2

while the rest remains unchanged.

Let us consider the case when X is a general inner product space. For any given

pair x, y of linearly independent vectors in X we define real numbers t1, t2 by (2.10).

Then by Proposition 2.4, δx,y is convex on the intervals (−∞, t1], and [t2,+∞) and

concave on [t1, t2]. In this case we are able to obtain further refinement of the

Cauchy-Schwarz inequality.

Proposition 3.6 Let (X, (·, ·)) be a real inner product space, x, y linearly indepen-

dent vectors in X , and let t1, t2 be defined by (2.10).

(i) If t2 ≤ a < b or a < b ≤ t1 and η = sgn(1
2(a + b)), then the following

inequalities hold.

η (x, y) ≤
‖y‖
b − a

∫ b

a
δx,y(t) dt

≤
[∥∥∥∥x +

a + b

2
y

∥∥∥∥ +
‖x + ay‖ + ‖x + by‖

2
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−1
2

(
‖x + (a + b)y‖ +

‖x + 2ay‖ + ‖x + 2by‖
2

)]
‖y‖

≤
[
‖x + ay‖ + ‖x + by‖ − ‖x + 2ay‖ + ‖x + 2by‖

2

]
‖y‖

≤ ‖x‖ ‖y‖ . (3.3)

(ii) If 0 ≤ a < b ≤ t2 or t1 ≤ a < b ≤ 0 and η = sgn(1
2(a + b)), then

η (x, y) ≤ ‖y‖
b − a

∫ b

a
δx,y(t) dt

≤ (‖2x + (a + b)y‖ − ‖x + (a + b)y‖) ‖y‖

≤ ‖x‖ ‖y‖ . (3.4)

Proof We note that t1 < 0 < t2 and that |δx,y(t)| ≤ ‖x‖ for all t ∈ R in view of

Theorem 2.1.

(i) By (2.3),

(x, y)
‖y‖

≤ δx,y(t) for all t ≥ 0.

Hence also

(x, y) ≤
‖y‖
b − a

∫ b

a
δx,y(t) dt if 0 ≤ a < b.

If we choose a, b in the interval [t2,+∞), then the function δ(t) = δx,y(t) is convex

in [a, b], and the Hermite-Hadamard inequality [11, p.10] can be applied to δ:

1
b − a

∫ b

a
δ(t) dt ≤

1
2

[
δ

(
a + b

2

)
+

δ(a) + δ(b)
2

]
≤

δ(a) + δ(b)
2

≤ ‖x‖ . (3.5)

Substituting into (3.5) for δ(t) = δx,y(t), we get (3.3) with η = 1.

Similarly, according to (2.3),

−
(x, y)
‖y‖

≤ δx,y(t) for all t ≤ 0;

(3.3) with η = −1 follows by (3.5).

(ii): The mapping δx,y is concave in [a, b] ⊂ [t1, t2], and the other part of the

Hermite-Hadamard inequality implies that

δx,y

(
a + b

2

)
≥ 1

b − a

∫ b

a
δx,y(t) dt.
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By (2.3), δx,y(t) ≥ (x, y)/ ‖y‖ if 0 ≤ a < t < b ≤ t2, and δx,y(t) ≥ −(x, y)/ ‖y‖ if

t1 ≤ a < t < b ≤ 0; (3.4) then follows.
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