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Abstract

This paper introduces the mapping 0, ,(t) = 2 ||z + ty|| — ||z + 2ty| in a
normed linear space, closely related to the lower and upper semi-inner product,
and investigates its monotonicity, boundedness and convexity. This mapping is
used as a tool to refine measurements in normed linear spaces obtained through
the norm. As a result we obtain refinements of the abstract Cauchy-Schwarz
inequality and their applications in concrete spaces.

Key words and phrases: Normed linear spaces, the lower and upper semi-inner product,
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1 Introduction

In this paper we introduce the mapping 6, ,(t) = 2 ||z + ty|| — ||z + 2ty||, which arises
naturally in geometric arguments on normed spaces which use the lower and upper
semi-inner product defined below. Continuing the investigation of [6, 7, 8], we study
properties of monotonicity, boundedness and convexity of this mapping. We give
applications to inequalities in analysis, including refinements of the Cauchy-Schwarz
inequality, both in normed linear and inner product spaces.

Let (X,||-][) be a real normed linear space. We define the lower and upper

semi-inner product by

eyl — )

(ya‘r)l = tE%l— o ;

and
o ety = )
(Y, 2)s = tlilt% 2t ’
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respectively. These limits are well defined for every pair z,y € X (see for example
[3, 9]); the subscripts i and s stand for inferior and superior, respectively. We
mention that (-,-); and (-,-)s are not semi-inner products in the sense of Lumer
since they are not additive in the first variable (see (VII) below).

For the sake of completeness we list here some of the main properties of these
products that will be used in the sequel (see [3, 4, 5]), assuming that p,q € {s,i}
and p # ¢:

(1) (z,2), = ||z||* for all z € X;
(II) (ax, By)p = afB(x,y), if @f >0 and z,y € X;
(IIT) The Cauchy-Schwarz inequality: |(z,y),| < ||z||||y| for all z,y € X;
(IV) (ax +y,z)p = a(z,x)p + (y,z)p if 2,y belong to X and « is a real number;
(V) (=2,y)p = —(2,y)q for all z,y € X;
(VD) (z +y, 2)p < [[z[l[|2]] + (v, 2)p for all z,y, 2 € X;

(VII) The mapping (-,-), is continuous and subadditive (superadditive) in the first

variable for p = s (or p =i);
(VIII) We have the inequality

(y,x); < (y,x)s forall z,y € X;

(IX) If the norm ||-|| is induced by an inner product (-,-), then

(y)x)l = (y7 :1:) = (y,:c)s for all T,y € X.

For other properties of the lower and upper semi-inner product see [3, 4, 5, 10].
See [12] for applications to iterative methods for nonlinear operators, and [2] for
generation of nonlinear semi-groups. Good sources of further information on the
lower and upper semi-inner product and the related duality mappings are the recent
monographs [9] and [1]; the latter discusses many applications to nonlinear problems

(see also the review [13]).
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The terminology throughout the paper is standard. We mention that for func-
tions we use the terms ‘increasing’ (and ‘strictly increasing’), ‘decreasing’ (and

‘strictly decreasing’), thus avoiding ‘nondecreasing’ and ‘nonincreasing’.

2 Properties of the mapping ¢, ,

Let (X,||-]|) be a real normed linear space, and z,y two fixed elements of X. We

introduce and study the mapping ¢, , : R — R which we define by
Oay(t) = 2|z + tyl| — [lz + 2ty]|.

The following theorem describes the main properties of this mapping which is related

to the lower and upper semi-inner products.

Theorem 2.1 Let (X, ||-||) be a real normed linear space, and x,y two fixed vectors

in X, and let

P (1) = W,z +ty)y P () = (z, 2 +ty)p
.y - ) T,y -
[l + ty]| [l + tyl|
(if z,y are linearly independent). Then we have:
(i) 02y is bounded and
|02,4(t)] < [|z|| for all t €R; (2.1)

(ii) If z,y are linearly independent, then we have the inequalities
Oy (t) < \I’ivy (t) <5, () <|x|| forall teR (2.2)
and

Guy (1) 2 W5 5, (1) 2 WG, (1) 2 ||z + 2ty|| —2t] |1y

x,2y x,2y
(“‘5” y’)s ift>0
= (z yygz‘ (2.3)
- if t <0

1yl
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(ili) The mapping 6, is continuous on R and we have the limits

_(xvy)i
[yl

(z,y)s .
lyl & oo

lim 0z4(t) =

Jim (2.4)

duy(t) =
provided that x,y are linearly independent;

(iv) The mapping 6, has one sided derivatives at each point of R and, if x,y are

linearly independent, we have

Toeall) s (a3, 1)~ @3, (20) (2.5)
and

%iy(t) =2(®gy (1) = 9oy (20) (2.6)
for all t € R;

(v) The mapping 0, is increasing on (—oo,0] and decreasing on (0, +00).
Proof (i) By the triangle inequality for the norm,
102,y ()] = [ 1|22 + 2ty|| — ||z + 2ty[|| < |12z + 2ty — 2 — 2ty = |||

for all ¢ € R, and (2.1) obtains.
(ii) Using the Cauchy-Schwarz inequality (III) and properties of lower and upper

semi-inner products (-, -),, we have

|z + 2ty|| |22 + 2ty|| > (z + 2ty, 22 + 2ty),
= (22 + 2ty — x, 20 + 2ty), = ||22 + 2ty||* — (z, 2z + 2ty);

from where we get

(x,2x + 2ty);

T+ 2ty|| — |22 + 2ty|| > ——T—,
which is equivalent to

(z, 2+ ty);

2 e+ tyll — [z + 2ty]] <
< et wl

for all t € R, and the first inequality in (2.2) is proved.
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The second inequality is obvious.

The third inequality follows from the Cauchy-Schwarz inequality
(@, 2 +ty)s < |lz+tyl [lzf|, teR.
To prove the first inequality in (2.3), we also use the Cauchy-Schwarz inequality:
122 + 2ty|| || = + 2ty|| > (2= + 2ty, x + 2ty)s
= (z 4z + 2y, = + 2ty)s = ||z + 2ty||* + (z,2 + 2ty)s,

which implies

(z, x4 2ty)s

2 ty|| — Ay|| > V= =
||.7}—|- y” ||.TC—|— y” - H96+2ty\| ,2y

(t)

for all t € R.
Now suppose that ¢ > 0. Then

|+ 2tyl| — 2J¢] [ly|| = [l + 2ty]| — 2¢ [|ly] ;
by the Cauchy-Cauchy-Schwarz inequality we have
2
2 + 2ty [yl > (z + 2ty,y)s = (z,y)s + 2t [ly]”,

from where we get

(z,9)s

[l + 2ty = 2t [ly[| > :
[yl

If t < 0, then, by the preceding argument,

_ _ _o(_ o (wv _y>s _ _(.%', y)i
2 +2(=t) (=)l = 2(=t) [[ -yl = T ol

and the last inequality in (2.3) is also proved.
(iii) The continuity of 0, , is obvious.

To calculate the first limit in (2.4), we observe that

ol =yl (@),

a—0+ a lyll

this follows from the identity

2 2
ly + ozl —llyll _ lly +oxl” — llylI” 2
! 2a ly + az|| + ||yl
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valid for any a > 0. Then

Jim (2| +tyl| = [l +2ty[]) = Tim (2[}z +y/af] = |z +2y/al])
—+00 a—0+
2 +3
B CIVE e VS 7
a—0+ « 5
N e I R R L5
a—0+ « a—0+ EO‘
— 2($?y)8 _ (w,y)s — (1:,y)5
Iyl [yl 1yl

The second limit is obtained in a similar fashion.

(iv) It will be convenient to introduce the notation
nay(t) = llz+tyll,  teR,

and calculate one sided derivatives of n, , first: Let ¢ € R. Then

dmm@:mHUmﬂm—m+mg

dt a—t a—t
a>t

— o (il =l o)
= 1m

B—0 I}

B£>0
oy Moty Byl — o+ ty)?
= lm .

B—0+ 2,8

. 2

- lim

=0+ |z +ty + Byl + |z + ty|
=7, (1),

Then we have

d¥ooy(t) _ 5 A ngy(t)  dng,(2t)
dt dt dt
=2 ((I)i,y (t) - (I);,y (Zt)) ;

the other derivative is obtained similarly.
(v) We show that the mappings ®% ,, p € {s,i} are increasing on R.

Using properties of the norm derivatives, for any z € X and any ¢ > 0 we obtain

Izl |z + tyll > (2,2 + ty)s = (2 + ty — ty, 2z + ty)s
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=z +tyl* — t(y, = + ty)s;
hence

it t > 0. (2.7)

: Iz + tyll — [I=]]
P, (1) > —

Similarly we show that

z+uy|| — ||z
B () < L2l =le]

Let t; < t9, and write u :=t] —t5 <0, :=1t9 —t1 > 0. Then

if 0. 2.8
" if u< (2.8)

H° (tl) — P° (u) < Hx +toy + uy” B Hx + toH
z,y — Tattayy =

2 + tayll = [l + tay|l

u

to — 11
_ Nzt ty + tyll — Nl 4ty
. t .
< ¢1I+t1y:y (t) = (I)?r,y (tQ) >

where we used (2.8) with z := x + toy and (2.7) with z := x + t1y.
We have just proved that, for p € {i,s} and ¢; < to,

(I)gz,y (tl) < (I)Ia);,y (tQ) . (29)

If t <0, then 2¢t <t and ®F , (t) > ®% , (2t), which implies that

Tyt
%f() >0 for t € (—00,0).

If t >0, then 2¢t >t and %, (2t) > @ , (), which implies that

dT0,,(t
4700y (1) <0 for ¢ € [0,+00).
dt

By [14, Proposition 5.1.2] we conclude that the mapping d;, is increasing in
(—00,0) and decreasing in [0, 4+00).

The theorem is thus proved.

Remark 2.2 We observe that we have also proved that

S (t) — (x7 y)s

oy lim ¥ (t)=

lyll oo Y [yl

lim W
t——400

in view of (2.3) and (2.4).
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Remark 2.3 We consider the graph of 6,4, in the case of a normed linear space.
In Figures 1 and 2 the graphs are drawn in a dashed line to suggest that we have
no information about the convexity of . ,. The graph of ¢, , attains its absolute
maximum at ¢ = 0, and is asymptotic to (z,y)s/ ||yl as t — oo, and to —(z,y);/ |||
as t — —oo.

Figure 1 depicts the graph in the case that (z,y)s > 0. Note that —(z,y); >
—(x,y)s, but —(x,y); may be of either sign.

In Figure 2 we give the graph of d,, in the case that (x,y)s < 0. In this case

_($7y)i > _(x7y>s > 0.
We shall now investigate the case of an inner product space.

Proposition 2.4 If (X, (-,-)) is a real linear product space and x,y linearly inde-
pendent vectors in X, then the mapping 6, is strictly convex on the set (—oo,t1)U

(ta,+00) and strictly concave on (t1,t2), where

t = VA-2@2) = Ay (V-2 2) + ~et, (210

@—vay (4 — ) ||yl
Apy = (2= VI2(y,2)* + (4 — VI)(VA - 1) ||| y]* > 0.

Proof It is clear by the preceding theorem that

Aoy (T
C%—:fjt() =2 (‘bx,y (t) - (I)ac,y (Qt)) )
where
(v, ) +t|yl?
o, . (1) = 0.
v =T

The mapping @, , is differentiable on R with

d(I):):,y (t> _ HyH2 na:,y(t) - (y7 T+ ty)n;,y(t)
dt n2  (t)

x?y

P ey () = (@ + ty) (g, 2 + ty) /nay (1)

13y (t)

2
_ il nZ, () — (v, = + ty)?

3y ()
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2 2 2
_ Iyl i l” + 2t(y, @) + £ [ly [ %)

n (1)

~ (w@)? + 2ty ) yl* + £ |yl
13, (1)
2 2
_ Pl )” = (v, 2)*

n (1)

Hence we get

0y (t) _ <d¢>x,y &), d%,, (2t)>
dt dt

dt?
:mmﬁmﬁ—@wﬁ(ml - )

_ 20l Iyl — (,)%) (0, (20) = 202, (1)) (2.11)

The equation d;, ,(t) = 0 is equivalent to
|z +2ty|* = Ve |l + ty|*,
that is, to
(4= V4) lly|* £ +2(2 = VD(y, 2)t + (1 = V4) [|z]* = 0.

The solutions to this equation are real numbers ¢1,%2 given by (2.10). Note that

t1 < 0 < t2. The second derivative d;, , () changes sign at ¢ and t2, while d; , (0) < 0;

hence
d? t
d"02(t) >0 if t € (—o0,t1) U (t2, +00)
dt?
and
d?6, ,(t
d—;() >0 if t € (t1,t2).

This completes the proof of the proposition.

Remark 2.5 We consider the graph of d,, in the case of an inner product space.
The t-intercept is found from the equation 4 ||z + ty||* = ||z + 2ty[|%; so dzy(t) =0

if and only if 4(z, y)t = —3||z||*>. This time we have a complete description of the
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convexity of ¢, , given by the preceding Proposition with the points t1, to defined by
(2.10).

Figure 3 depicts the graph of ¢,, in the case that (x,y) > 0, and Figure 4
gives the graph in the case that (x,y) < 0. The t-intercept in both cases is tg =
3l f(a. ).

The case of two nonzero orthogonal vectors x,y is depicted in Figure 5. The
mapping ¢, is even (in particular, to = —t;), and its graph is asymptotic to the

t-axis.

3 Applications to inequalities in analysis

We start with a refinement of the Cauchy-Schwarz inequality applicable to both

normed linear and inner product spaces based on the results of the preceding section.

Proposition 3.1 Let x,y be linearly independent vectors in a normed linear space

(X, |I]l) and let w < 0 < t. Then the following inequalities hold:

Ml @zt uy)s o Nyl (2,2 + uy)i

=Nzl iyl < <
|2 + uyl| I+ uy]
< =yl @llz +wyll = [l + 2uyl))
< _lyll @+ 2uy)i |yl (=, 2 + 2uy)s
T 2wl T Iz + 2uy|
< = llyll ([l + 2uy]| + 2u|ly[})
< (xvy)l < (x>y>8
< llyll (= + 2yl — 2¢ ||y )
< Myl (x4 2ty)i _ [lyll (o, 2 + 2ty)s

o +2tyl = [l + 2ty
<yl 2llz +tyl — llz + 2ty])

Iyll (.2 +ty)i _ |lyll (2 +ty)s
lz+tyll = e+ tyl

<zl gl - (3.1)

IN

Proof Follows from Theorem 2.1, in particular from (2.2) and (2.3).

The preceding proposition inserts up to 6 extra terms in the Cauchy-Schwarz

inequality for normed linear spaces (4 for smooth normed linear spaces). We apply
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the result to some concrete normed spaces.

Example 3.2 Let (2, A, 1) be a measure space, let p > 1, and let LP(£2) be the
Banach space of all real valued functions p-integrable with respect to p. It is known
[15] that

(@9l = [yl /Q P sgn(y) o du

is a semi-inner product on LP(£2) generating the norm ||z, = (Jo lzP du)*/P. Since

the space LP(2) is smooth,

[xvy]p = (x>y)8 = (:Evy)ia T,y € LP(Q)'

Applying the preceding proposition with ¢ > 0 to any linearly independent vectors
x,y € LP(Q), we get

p—1 d Vp 1/P
Jo ] sgn(yzl‘ H < (/ |z + 2ty|? d,u) — 2t </ ’y|pdﬂ>

(fg ly|P d#)(p 1)/p

fQ |z + 2ty|P~sgn(x + 2ty) z du
(Jo 2+ 2ty|P dp) (p-1)/p

1/p 1/p
gz(/ ]$+ty|pdu> —</ |x+2ty\pdu)

fQ |z + ty|P~tsgn(z + ty) x du
(fQ |z + ty[p d#)(p D/p

1/p
< ( [ du) ;
Q

for t < 0 the first line in the above string of inequalities gets changed to

p—1 d Vv v
_Jolyl” sen@) i (/ |x+2ty|pdu> + 2t (/ Iy!”du>
Q Q

(fQ ly|P du) (p—1)/p

while the other inequalities remain unchanged.

Example 3.3 We consider the space ¢!(R) consisting of all vectors of the form

x = (2j)jen, where |z|| = >22, |z;| < co. It is known from [10] that

Z k] [ D sen(y;)z Z 5]

y; 70
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and

wys—Elyk\ zsgny] %JrZI%\

y; 70 y;=0
Applying Proposition 3.1 with ¢ > 0 to any z,y € /1 (R), we get

Z sgn(y;)z; — Z |z < Z sgn(yj)z; + Z |z

y; 70 y;=0 y;#0 y;=0

Z |z + 2ty;| — 2752 |y

< Z sgn(z; + 2ty;)x; — Z ||
j42ty; 70 j+2ty;=0

< Z sgn(z; + 2ty;)x; + Z |
@ j+2ty;#0 z;+2ty;=0
oo o0

< 2w+ byl — Y |y + 2ty
— e

< Y sen(wi+ty)zi— > |yl
:cj—i-tyj;é() zj+ty;=0

< Z sgn(z; + ty;)x; + Z |51
ijrtyj;éO xj+ty;=0

oo
<Yl
j=1
For t < 0 the first two lines in the above string of inequalities are changed to

— Z sgn(yj)xj — Z |z < — Z sgn(y;)z; + Z |5

;70 y;=0 y;70 y;=0
[e.@]
< Z |z + 2ty;| + QtZ |y,
j=1 J=1
with the rest remaining the same.

Example 3.4 Let c¢y(R) be the space of all vectors of the form x = (z;);jen such
that lim;_,c ; = 0, equipped with the norm ||z|| = sup;¢ey 75| = maxjey |z;]. First
we show that in co(R)

(x,y)s = sup xjy;, (z,y); = inf x;y;. (3.2)
ly; 1=yl lyj 1=llyll
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We may assume that z # 0 and y # 0. Let A be the set of the indices k with
lye|l = llyll and let @ = infjga(|[y| — |y;]); then A is finite, and o > 0. Let 0 <t <
af/(2||z]]). If j ¢ A and k € A, then

lyj + taj| < Jys| +tlay] < [lyll — o+t < [lyll - 50

< |yl = tllzll < lykl = tloel < lyr + toxl,

and
ly + tall = maox [yx + ta| i 0 <t < o/ (2]]).
Then
masiea (Jue + bl lol?)
(@,)s = 0 2t
= max lim (s + tr)* yﬁ = max Ty
kEA t—0+ 2t keA  FIk

The second identity in (3.2) follows from (z,y); = —(—x,y)s.
We can apply Proposition 3.1 with ¢ > 0 to any linearly independent vectors

x,y € co(R). For convenience, for any x € ¢p(R) we introduce the notation
Ax) = {k € N: |zx| = ||=[}-

Then we have

infre () TrYk  SUPkeA(y) TkYK

< sup; |z; + 2ty;| — 2t sup; |y

sup; [y;| = sup, |yl
< nfreaqran) T (Tk + 2tYr)  SUPReA(wtoty) Th(Th + 2tYk)
sup; |[x; + 2ty;| - sup; |x; + 2ty;|

< 2sup |z + ty;| — sup |x; + 2ty
J J

infreAetty) Tu(Tk + tYK)  SUPReA(a+ty) Th(Tk + TYk)
sup; |z; + ty;| - sup; |z; + ty;|

< sup |z;].
J

If t < 0, the first line in the above string becomes

_ SUPkea(y) ThYk _ Infreny) ThYk
sup; [y;| T sup; [y;|

< sup; @) + 2ty;| + 2t sup; |y;|

with the remaining lines unchanged.
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Example 3.5 In this example we consider the Hilbert space £2(R) of all vectors

x = (x;)jen with [|z]| = (E;’il x?)l/g < 00. Applying Proposition 3.1 with ¢t > 0 to

any linearly independent vectors x,y € ¢?(R), we get the following inequalities.

Ei;’}lwkyfﬂ < (Yl +2t) )1 —2t<2yk>1/2
(Zk:l yl%) k=1

< 2k T(Th A+ 2tyr)

TR (ke + 2tyr)?)

< 2(Z(xk +tyg) )1/2 (D" G + 2t0)%)
k=1 k=1

< _2he1 Th(Th + typ)

(R (a + tyr)2)

oo

< (Z xi)lﬂ.

k=1

1/2

For ¢t < 0, the first line in the above string of inequalities becomes

—% < (Mt +2m?) +2t(2yk)
(Zk:l yk) k=1

while the rest remains unchanged.

Let us consider the case when X is a general inner product space. For any given
pair x, y of linearly independent vectors in X we define real numbers t1, t2 by (2.10).
Then by Proposition 2.4, é,, is convex on the intervals (—oo,t1], and [t2, +00) and
concave on [t1,tz]. In this case we are able to obtain further refinement of the

Cauchy-Schwarz inequality.

Proposition 3.6 Let (X, (-,-)) be a real inner product space, x,y linearly indepen-
dent vectors in X, and let t1, to be defined by (2.10).

(i) Ifts < a<bora<b<t andn = sgn(3(a+b)), then the following

inequalities hold.

<l ”5 d
n(@,y) < 3= | day(t)dt

a+b z+ay|| + ||x+0b
< [fo ] o etttz i
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1 x4+ 2ay|| + || + 2by
~5 (1o + (a+ oy 2 Bl gy

2

i+ 2ay)] + |1z + 20y
- Iy

< [l=[[ Il - (3.3)

< [Hx T ay]) + flz + byl -

(i) If0<a<b<tyort; <a<b<0andn=sgn(i(a+b)), then

<yl /
Oy
n(x > b—a ,y

< (122 + (a + )yl — |l + (a + b)y[) [[y]
< [lz[[ ]l - (3.4)

Proof We note that t; < 0 <ty and that |6, ,(t)] < [|z| for all £ € R in view of
Theorem 2.1.

(i) By (2.3),

(TT Z|/|) < 0z y(t) for all t > 0.
Y

( < —y (ix 1 at “ < a 1).

If we choose a,b in the interval [t2,4+00), then the function §(t) = 6,,4(t) is convex

in [a, b], and the Hermite-Hadamard inequality [11, p.10] can be applied to 4:

/ 5(t)di < & [ <a+b> N d(a) +6(b)] < d(a)+0(b) <l (3.5)

b—a 2 2
Substituting into (3.5) for §(t) = 6, ,(t), we get (3.3) with n = 1.
Similarly, according to (2.3),

(=)
Iyl
(3.3) with n = —1 follows by (3.5).

(ii): The mapping 6, is concave in [a,b] C [t1,t2], and the other part of the

< g y(t) for all t <O0;

Hermite-Hadamard inequality implies that

a+b 1 b
>
dm,( 5 >_b—a/a Sz y(t)dt
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By (2.3), 624(t) = (z,y)/ |yl if 0 < a <t <b <ty and 6,y(t) > —(z,y)/ ||yl if
t1 <a<t<b<0;(3.4) then follows.

Acknowledgement We are indebted to the referee for drawing our attention to

several relevant references.
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