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ABSTRACT

In this paper we give an explicit representation of the Moore—Penrose inverse in a C*-algebra in
terms of the Drazin inverse of a quasipolar element, and derive properties of the Moore-Penrose
inverse from theory of the Drazin inverse. Results include an alternative proof that regularity
implies Moore—Penrose invertibility, and a simplified proof of the continuity theorem for the
Moore—Penrose inverse.

1991 Mathematics subject classification scheme: 46105, 46H30

1 The Drazin inverse

Let A be a unital Banach algebra with unit e. If a € A, then o(a) and acco(a) denote
the spectrum and the set of all accumulation points of o(a), respectively; a is quasipolar
if 0 ¢ acco(a), and polar if it is quasipolar and 0 is at most a pole of the resolvent
R(X\;a) = (A\e —a)~! of a. In particular, a is simply polar if 0 is at most a simple pole of
R(X;a). Further, a is regular if a € aAa, that is, if there is € A such that a = axa; the
set of all regular element of A is denoted by A. If B C A, the set of all z € A such that
bx = xb for all b € B is denoted by comm (B), and the set of all z € A such that bz = zb
for all b € comm (B) by comm? (B). By A~!, A, QN(A) and N(A) we denote the sets of
all invertible, idempotent, quasinilpotent and nilpotent elements of A, respectively. This

notation and terminology follows essentially Harte [7].

Definition 1.1 [11, Definition 4.1]; see also [7, Section 7.5]. We say that an element
a € Ais Drazin invertible if there is x € A such that

x € comm (a), ax’®=uz, ale—azx)c QN(A). (1.1)
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For any Drazin invertible ¢ € A such z is unique; we write = a”, and call it the
Drazin inverse of a. We write AP for the set of all Drazin invertible elements of A. The
Drazin index i(a) of a € AP is equal to 0 if a € A™!, to q if a ¢ A~ and a(e — aa®)
is nilpotent of index ¢, and to co otherwise. (Drazin’s original definition [4] requires
ale —aa?) € N(A).)

Theorem 1.2 [11, Theorem 4.2] The following conditions are equivalent.
(i) a€ AP.
(ii) a € A is quasipolar.
(iii) There exists p € AN comm (a) such that ap € QN(A) and a+p e AL,
The unique idempotent p satisfying (iii) of the preceding theorem is the spectral
idempotent of a quasipolar element a at 0 (see also [10]); we will write p = a™.

For the main properties of the Drazin inverse we depend on Koliha [11]. If a € AP

with p = a™, then

a? = (a+p)~te—p), p=-e—aa. (1.2)

We mention a representation of a” based on the holomorphic calculus for a: If a is
quasipolar and f a function holomorphic in an open neighborhood of o(a) with f(A) =0

in a neighborhood of 0 and f(\) = A~! in a neighborhood of o(a) \ {0}, then
a’ = f(a). (1.3)

The representation shows that a” € comm? (a).
If a is quasipolar with p = a™, we have a Laurent expansion for the resolvent R(\;a)

in some punctured neighborhood of 0 [11, Theorem 5.1]:
R(\;a) = Z A gy — Z A (aP)y 0 <A < (1.4)
n=0 n=0

A quasipolar element a is polar of order not exceeding k € N if and only if a¥p = 0.
The Drazin inverse and the conditions of Theorem 1.2 can be used to give short

proofs of certain spectral results for elements of a C*-algebra, such as the well known
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Lemma 1.5 below. We give three results that will be needed later, assuming for the rest
of the section that A is a unital C*-algebra. Recall that, in addition to the standard

properties of involution = — x* we have ||a*|| = ||a|| for all a, and the B*-condition
la*al| = ||a]*.
Lemma 1.3 Ifa € AP then a* € AP and (a*)P = (aP)*.

Proof Let z = a”. From (1.1) it follows that z* € comm (a*), a*(2*)? = z* and

a*(e —a*z*) € QN(A); the conclusion by the uniqueness of the Drazin inverse.

Lemma 1.4 The Drazin inverse of a normal (self-adjoint) element is normal (self-

adgjoint).

Proof By [11, Theorem 5.5], ab = ba implies a”b? = (ab)” = bPaP; setting b = a* and
applying the preceding lemma, we get the result. The self-adjoint case follows by direct

verification.
Lemma 1.5 A normal quasipolar element a € A is simply polar.

Proof Suppose that a is quasipolar, and let p = e —aa® be the spectral idempotent of a
corresponding to 0. Then p is normal by the preceding lemma; since the spectrum of p is
real, p is in fact self-adjoint, and ap = pa is normal. Since ap € QN (A) by Theorem 1.2,
|lap|| = r(ap) = 0, and ap = 0. This implies that a is simply polar.

2 Moore—Penrose inverse in a ("*-algebra

In this section A is a unital C*-algebra. We hope to demonstrate that the Drazin inverse
is a useful unifying tool offering significant simplification of arguments in spectral theory

and the Moore—Penrose inverse theory.

Definition 2.1 An element a € A is Moore—Penrose invertible if there exists £ € A such

that

zaxr =z, aza=a, (ax)"=azx, (zra)"=za. (2.1)
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There is at most one element z satisfying (2.1); this is a well known result of Penrose [14].
If a is Moore—Penrose invertible, the unique solution of (2.1) is called the Moore—Penrose
inverse of a and is denoted by af. The set of all Moore-Penrose invertible elements of A
is denoted by Af. (By Theorem 2.8 below this notation is redundant as it will be shown
that AT = A.)

The following proposition gives a necessary and sufficient condition for af to commute
with a. Our result supplements the conditions obtained by Brock [2] for bounded oper-
ators and by Harte and Mbekhta [9, Theorem 10] for C*-algebras. The result is known
for matrices (Campbell and Meyer [3, Theorems 4.3.1 and 7.3.4]).

Proposition 2.2 Let a € At. Then

dla=ad = [a e AP and of = aD] = a s simply polar.
Proof Suppose that afa = aal; together with afaa’ = af and ale — aTa) =0¢€ N(4)
this shows that = o' satisfies (1.1), and establishes the simple polarity of a. If at = adP,

then afa = aal follows from a” € comm (a).

Example 2.3 Simply polar elements are regular and therefore Moore—Penrose invertible
(see Theorem 2.8 below), but the simple polarity of a is not sufficient to ensure that
at = aP. For a counterexample consider an idempotent element a € A; then a is simply

D

polar with a” = a. However, a” = al is equivalent to a* = a: If a® = af, then

a = a® = aPa = ala is selfadjoint. Conversely, if a is selfadjoint, then (2.1) is satisfied

with « = a, and hence a = a = aP.

Our main existence theorem for the Moore—Penrose inverse follows. Equivalence
(i) <= (ii) is [8, Theorem 7]. We recall that quasipolarity is equivalent to the existence
of the Drazin inverse.
Theorem 2.4 The following conditions on a € A are equivalent:

(i) a has a Moore—Penrose inverse.

(ii) a*a (respectively aa®) has a Moore—Penrose inverse.
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(iii) a*a (respectively aa*) is quasipolar.
(iv) a*a (respectively aa™) is simply polar.

Proof (i) = (ii) If z = af, then az = z*a* and za = a*z*. We show that zz* is the

Moore—Penrose inverse of a*a. The equalities
a*axx*a*a = a*araxa = a*a, rraa*x T = ¥ ravar = ¥ x

prove the first two equations in (2.1). Further,

a*arr® = a*r¥a* " = a*x* = xa, rr*a*a = rara = za;

since za is self-adjoint, the remaining two equations in (2.1) are true.
(ii) = (iii) Write b = a*a and = = b. A direct verification shows that z* satisfies
the defining relations (2.1) with a replaced by b. By the uniqueness of the Moore—Penrose

inverse, x = x*. Then
br = x*b" = xb.

The preceding lemma implies that b € AP, and hence b is quasipolar by Theorem 1.2.
(iii) = (iv) Lemma 1.5.
(iv) = (i) Let a*a be simply polar; we prove that the element = (a*a)”a* is the

Moore—Penrose inverse of a. First we observe that

rar = (CL*CL)DCL*CL(G*G)DCL* — (CL*CL)DCL* —

From the simple polarity of a*a we get a*a = a*a(a*a)”a*a = a*axza. Then

(a — aza)*(a — axa) = (a* — a*ax)(a — azxa)
=a*a — a*axa — a*azra + a*araxa

=a*a—a'a—a‘a+a*a=0.

By the B*-condition, ||a — azal|? = ||(a — aza)*(a — azxa)|| = 0, so that a — axa = 0, and

azxa = a. Identities (ax)* = ax and (za)* = za follow by direct verification.
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The statements about aa® follow by symmetry; in the last implication we have to

prove that = = a*(aa*)” is the Moore-Penrose inverse of a.

The implication (iv) = (i) in the preceding theorem leads to an explicit formula for
the Moore—Penrose inverse in terms of the Drazin inverse which is a generalization of the

identity a=! = (a*a)'a* = a*(aa*) ! valid for every a € A7

Theorem 2.5 An element a of a C*-algebra A is Moore—Penrose invertible if and only
if a*a (respectively aa*) is Drazin invertible. If a € At, then

af = (a*a)Pa* = a*(aa*)P. (2.2)
The spectral idempotents of a*a and aa* are given by (a*a)™ = e — a'a and (aa*)™ =
e—aal.
Proof We only need to prove the equality involving the spectral idempotents. By (1.2)

and (2.2), (a*a)™ = e — (a*a)Pa*a = e — afa. The other equality follows by symmetry.

Note 2.6 The preceding theorem is false when the Moore—Penrose and Drazin inverses

are replaced by the ordinary inverse. In that case we have only
acA!l «—= a*ac A and aa* € A7L.

An example of an element a € A for which a*a € A~! and aa* ¢ A~! is provided by the
right shift a in A = ¢2.

Next we apply Theorem 2.4 to show that the idempotents are Moore—Penrose invert-

ible. This result is essential for establishing the equality of AT and A.
Proposition 2.7 Ifp € A is idempotent, then p*p is simply polar, and p € Af.

Proof Set t = e — (p— p*)? = e + (p—p*)*(p — p*); then ¢ is positive, t € A~ and
t € comm (p,p*,p*p). We show that w = e — p*pt~! is the spectral projection of p*p.
2,-2 2

t

From p*pt = tp*p = (p*p)? we deduce (p*pt=1)% = (p*p) = p*pt~!. Hence w? = w

and p*pw = 0 = wp*p. Further,

p'r+w=ec+p(e—t )p=e+(sp)sp,
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where s = ¢~1/2 (p—p*). Therefore p*p+w € A~!, and the simple polarity of p*p follows
from Theorem 1.2; hence p € AT by Theorem 2.4.

This proposition holds the key to an alternative proof of the following important

result of the Moore—Penrose inverse theory.

Theorem 2.8 [8, Theorem 6] An element of a C*-algebra A is Moore—Penrose invertible

if and only if it is regular, that is, AT = A.

Proof If a is regular, then there exists b € A such that aba = a and bab = b; p = ba
and ¢ = ab are idempotents. The elements u = pip and v = ¢q' exist by the preceding
proposition. It can be verified directly that u,v are selfadjoint idempotents with au =
a = va, and that the element = = ubv satisfies conditions (2.1).

Conversely, every a € Al is regular.

Note 2.9 If p € A is idempotent, then u = plp is a selfadjoint idempotent satisfying
up = w and pu = p. This gives a simple solution to the problem of finding a selfadjoint
idempotent u such that Au = Ap. An explicit construction of pip is given in [8, Theorem

6] for C*-algebras; pp! is constructed in [1, p. 55] for operators on Hilbert spaces.
Note 2.10 Harte and Mbekhta [8, Theorems 6 and 8] proved that
ae Al «—= 4A =ad < Aa= Aa,

where B denotes the closure of B C A. Their elegant proof is based on square roots of

positive elements in a C*-algebra.

Theorems 2.4 and 2.5 enable us to use known properties of the Drazin inverse to
derive further facts about the Moore—Penrose inverse. We start by recovering two results
due to Harte and Mbekhta.

Proposition 2.11 Let a € A be normal. Then the following are true.

(i) ac AT <= ac AP,

(ii) [8, Theorem 10] If a € AT, then a' is normal and commutes with a.
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Proof Let a*a = aa*. If a € Af, then

D D D

a'a = (a*a)Pa*a = (aa*)Paa* = aa*(aa*)P = aal.

Hence af = aP by Proposition 2.2, and the normality of af follows from Lemma 1.4.
If a € AP, then a* € AP by Lemma 1.3, and a*a € AP by [11, Theorem 5.5]. Hence
a € A" by Theorem 2.5.

Proposition 2.12 [8, Theorem 5] If a € AT, then af € comm? (a,a*).

Proof By [11, Theorem 5.5], (a*a)” € comm? (a*a). If z € comm (a,a*), then

D _x*

a'z = (a*a)Pa*z = z(a*a)Pa*

a* = zal.

The following proposition gives sufficient conditions for the product to be Moore—
Penrose invertible.
Proposition 2.13 Let a,b € A" with b € comm (a,a*). Then ab € Af, and

a'b="0ba', abl =bla, (ab)! =dalb’ =blal. (2.3)

Proof We observe that b € comm (a,a*) implies a € comm (b,b*), and the first two
equalities then follow from the preceding proposition. Since also b* € comm (a,a*), we
have a'b* = b*al, and af € comm (b,b*). By the preceding proposition, atvt = bvfal.
Since the sets {a,a'} and {b,b'} commute,
aba'bTab = aa'abb’d = ab, a'blaba’d’ = alaa’dTbb! = a'd',
(aTbTab)* = (aTab™d)* = bTba’a = a'blab,
(aba'd")* = (aa’db")* = bblaa’ = aba’b'.

This proves (ab)’ = afbf.

Proposition 2.14 Let a,b € At with a normal and ab = ba. Then ab € AT and (2.3)
holds.

Proof Since a is normal and ab = ba, then also a*b = ba* by Fuglede’s theorem [7, Theo-

rem 9.6.7]. Then b € comm (a, a*), and the result follows from the preceding proposition.
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3 Representations of the Moore—Penrose inverse

If a is a bounded linear operator on a Hilbert space X, than a' can be expressed as
al =@ 'a* [6], where @ is the restriction of a*a to the range a*X; other representations
of al also rely on the restricted operator @ [6]. In C*-algebras we have to use a different
device. This is provided by Lemma 3.1 below and by ensuring that 0 is always in the
domain of any continuous function ¢ used to calculate p(a*a) and p(aa™).

Throughout this section we assume that a € A'; then a*a is self-adjoint, positive and
simply polar, and o(a*a) U{0} = o(aa*) U{0}. However, 0 may be contained in only one
of the sets o(a*a) and o(aa*) (see Note 2.6). For that reason we use functions continuous
on ¥ = o(a*a) U {0} when applying the Gelfand-Naimark calculus for the self-adjoint

elements a*a and aa*.

In this section we use the following notation.
b the set o(a*a) U {0} = o(aa™) U {0}
the spectral idempotent of a*a at 0
the spectral idempotent of aa™ at 0
X(N) the characteristic function of {0} in ¥
©(A) the function in C'(X) defined by
©(0) =0 and o(\) = A"tif A e 2\ {0}

Lemma 3.1 Ifa € Af, then (e — p)a* = a* and a*(e — q) = a*.

Proof We have (e — p)a* = a'aa* = a*(a’)*a* = (aa'a)* = a*. The second equality is

obtained by symmetry.

The Gelfand—Naimark calculus is consistent with the holomorphic calculus for the
self-adjoint (and simply polar) element a*a. Hence (a*a)” = f(a*a) = ¢(a*a), where
f is holomorphic in an open neighborhood of o(a*a) with f(A) = 0 in a neighborhood
of 0 and f(\) = A~! in a neighborhood of o(a*a) \ {0} (see formula (1.3)). Similarly,
(aa*)P = p(aa*). In view of (2.2),

o' = p(a*a)a* = a*p(aa®). (3.1)
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The following result, an application of (3.1), gives a useful representation of the

Moore—Penrose inverse in terms of the ordinary inverse.
Theorem 3.2 If a € AT, then
al = (a*a+ &p)~La* = a*(aa* +£q)7F for any € # 0. (3.2)

Proof Let & # 0 and let g(\) = (A + &x(V) 751 — x(N)) for all A € . A direct
verification shows that g = ¢, where ¢ is defined above. Using the Gelfand—Naimark

calculus, Lemma 3.1 and (3.1), we get
(a*a +&p)~'a" = (aa+ &p) " (e — p)a* = gla*a)a’ = p(a*a)a” = a.
The other part of the formula is obtained by symmetry.

Our next result generalizes the main representation theorem of Groetsch [6, Theorem

2.3.1].

Theorem 3.3 Let a € A'. If (fo) is a net in C(X) convergent uniformly on X to the

function @, then
al =lim fo(a*a)a® = lima* fo(aa®). (3.3)
Proof Follows from (3.1) and the norm continuity of the Gelfand-Naimark calculus.

The preceding theorem is very versatile in producing a variety of representations of
the Moore-Penrose inverse by specifying the net (f,) (see Groetsch [5, 6]). We give

several examples.

Example 3.4 If a € Af, then

a’ = lim (a*a + ae)ta* = lim a*(aa* 4 ae) L. (3.4)
a—0 a—0

To obtain the formula, for any o # 0 and any A € ¥ we set fo(A) = (A +a) 71 (1 — x(\)).

We have f,(0) = 0 for all o, and lima_q fo(\) = A7 if X # 0, with the convergence

uniform on Y. The first part of the formula follows from

(a*a+ ae)"ta* = (a*a+ ae) (e — p)a* = fa(a*a),

the second part is obtained by symmetry.
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Example 3.5 The integral representation of Showalter [17] (see also [6, Corollary 2.3.3]):

o0 oo
al = / exp(—ta*a)a® dt = / a” exp(—taa™) dt.
0 0

The first part is obtained from fo(A) = [5 e (1 — x(\))dt via Theorem 3.3 and

Lemma 3.1.

Example 3.6 The series representation [6, 17]:

al = ﬁZ(e — fa*a)"a* = BZ@*(@ — Baa™)",
n=0 n=0
where 3 € (0,2lal|72). The first part from fo(A) = B3 0_(1 — BA)™(1 — x(A)) using
Theorem 3.3, Lemma 3.1 and [6, pp. 62-63].

The representations of this section were essentially all based on the formula
al = (a*a)Pa* = a*(aa®)P.

We address the converse problem of expressing the Drazin inverse in terms of the Moore—

Penrose inverse, answering thus a question raised by the referee.
Proposition 3.7 Let a € AP with i(a) finite. If a®™t € AT for some m > i(a), then
aP? = a™(a® g™, (3.5)

Proof We can prove a slightly stronger result. Let a?"t! = a?"Hlza?™+! for some

z € A. If b = aP, then ab = ba and a’b*t1 = b, a™5b5 = o™ for all s € N. Hence

amra™ = bm+1a2m+1xa2m+1bm+1 — b2m+2a2m+1 —bh= CLD.

The preceding result cannot be much improved since, unlike Drazin invertibility,
Moore—Penrose invertibility is not preserved under taking the positive powers of the
element. However, we can produce a somewhat more satisfying result when we use the
concept of the core part ¢ of a Drazin invertible element a € A. We recall [11, Theorem
6.4] that each Drazin invertible element a has a unique decomposition a = ¢ + u, where
D= Db,

cu = uc = 0, i(c) < 1, u is quasinilpotent and a Since ¢ has a commuting

generalized inverse, ¢™ € A for all m € N. Applying the preceding result, we have



12 Mathematical Proceedings of the Royal Irish Academy

Proposition 3.8 Let a € AP and let ¢ be the core part of a. Then

4 Continuity of the Moore—Penrose inverse

The purpose of this section is to present an elementary proof of the fundamental theorem
on the continuity of the Moore—Penrose inverse in a C*-algebra based on the correspond-
ing result for the Drazin inverse. The simplicity of the arguments in this section under-
lines the advantages of treating the Moore—Penrose inverse through the Drazin inverse.
Koliha and Rakoc¢evi¢ [12] recently proved the continuity result for the (generalized)
Drazin inverse for Banach algebras, with refinements for bounded linear operators on

Banach spaces. However, only the following simple result is needed here.

Theorem 4.1 Let A be a Banach algebra, an,a € AP, and let a,, — a. Then

D D D D

G, — 6 <= a;a, — a a.

Proof Suppose that a,? — aP. Then af a, — aPa by the continuity of multiplication

in A. Conversely, suppose that a”a, — a”a. By (1.2),

af = (an "’pn)_l(e —pn) — (a —{—p)_l(e -p)= aD’

D

where p, = e — aPa,, p = e — aPa are the spectral idempotents of a,,, a at 0.

We can now give a simple proof of the main result on the continuity of the Moore—

Penrose inverse that appeared with minor variations in [9, 13, 15, 16].

Theorem 4.2 Let A be a C*-algebra, let an,a € AT, and let a, — a. Then the following

conditions are equivalent.

al — al, (4.1)

sup |lal || < oo, (4.2)
n

ala, — a'a, (4.3)

anal, — aal. (4.4)
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Proof (4.1) <= (4.2) The forward implication is clear. For the converse we use the well

known identity for b' — al (see Wedin [18]):
b —al = =bl(b—a)a’ + (e — bTb) (b* — a*)(al)*a’ + 0T (bT)* (b* — a*)(e — aal).

Setting b = a,, we obtain the inequality |ja}, — af|| < 3max {||a'||2, ||a}||*}||arn — a|/, and
the result follows.

(4.1) <= (4.3). The forward implication follows from the contituity of multiplication
in A. Conversely, by Theorem 2.5, ¢, = e—aLan, g = e—a'a are the spectral idempotents
of the simply polar elements a}ay,, a*a. Since also a), — a*, we have a}a, — a*a. By
the preceding theorem, g, — ¢ implies (a}a,)” — (a*a)?. Finally
)D )Da* — CLT.

al = (a%an)Pa’ — (a*a

(4.1) <= (4.4) follows by symmetry.

Harte and Mbekhta [9, Theorem 2] proved that the conorm ~(a) of a in a C*-algebra
A is given by y(a) = [laf||~! if a is nonzero and regular. If we consider only nonzero

elements in the preceding theorem, we recover condition (6.2) of [9, Theorem 6]:
af, = ab = (an) = 7(a).

Acknowledgement I would like to thank Professor V. Rakocevi¢ who drew my attention
to the topic of this paper and kindly provided me with copies of his recent papers and

preprints.

References

[1] BOULMAAROUF, Z., FERNANDEZ MIRANDA, M., LABROUSSE, J.-PH. 1997 An algorith-
mic approach to orthogonal projections and Moore—Penrose inverses, Numer. Funct. Anal.
Optim. 18, 55-63.

[2] Brock, K. G. 1990 A note on commutativity of a linear operator and its Moore-Penrose
inverse, Numer. Funct. Anal. Optim. 11, 673-678.

[3] CAMPBELL, S. L. AND MEYER,C. D. 1979 Generalized Inverses of Linear Transforma-
tions. London. Pitman.



14

Mathematical Proceedings of the Royal Irish Academy

DraziN, M. P. 1958 Pseudo-inverse in associative rings and semigroups, Amer. Math.
Monthly 65, 506-514.

GRrOETSCH, C. W. 1975 Representation of the generalized inverse, J. Math. Anal. Appl.
49, 154-157.

GROETSCH, C. W. 1977 (Generalized Inverses of Linear Operators: Representation and
Approzimation. New York. Dekker.

HarTE, R. E. 1988 Invertibility and Singularity for Bounded Linear Operators, New York.
Dekker.

HARTE, R. E. AND MBEKHTA, M. 1992 On generalized inverses in C*-algebras, Studia
Math. 103, 71-77.

HarTE, R. E. AND MBEKHTA, M. 1993 On generalized inverses in C*-algebras I, Studia
Math. 106, 129-138.

KoLiaa, J. J. 1996 Isolated spectral points, Proc. Amer. Math. Soc. 124, 3417-3424.
Kourina, J. J. 1996 A generalized Drazin inverse, Glasgow Math. J. 38, 367-381.

Kouina, J. J. AND RAKOCEVIC, V. (to appear) Continuity of the Drazin inverse II, Studia
Math.

MBEKHTA, M. 1992 Conorme et inverse généralisé dans les C*-algebres, Canad. Math.
Bull. 35, 515-522

PENROSE, R. 1955 A generalized inverse for matrices, Proc. Cambridge Philos. Soc. 51,
406—413.

RAKOCEVIC, V. 1991 On the continuity of the Moore-Penrose inverse in Banach algebras,
Facta Ungv. (Nis) Ser. Math. Inform. 6, 133-138.

RAKOCEVIC, V. 1993 On the continuity of the Moore-Penrose inverse in C*-algebras, Mat.
Montisnigre 2, 89-92.

SHOWALTER, D. 1967 Representation and computation of the pseudoinverse, Proc. Amer.
Math. Soc. 18, 584-586.

WEDIN, P. A. 1973 Perturbation theory for pseudoinverses, BIT 13, 217-232.



