PERTURBATION OF THE DRAZIN INVERSE

BY
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Abstract

We obtain perturbation theorems for the Drazin inverse and explicit error
estimates under certain condition on the perturbing matrices. Then we give ap-
plications to the solution of a perturbed linear system, an integral representation
of the Drazin inverse, and to the asymptotic behaviour of solutions of a perturbed
system of differential equations.

1 Introduction

The Drazin inverse of a matrix has many useful applications. Let us mention difference
equations, linear systems of differential equations, Markov chains and minimal norm
solutions of systems of linear equations. In connection with the solution of singularly
perturbed differential equations it is important to know what happens to the Drazin
inverse of a matrix under a perturbation.

The results of this section on the Drazin inverse, index, block decompositions,
eigenprojections and the continuity properties of the Drazin inverse can be found in
the monograph [2] by Campbell and Meyer.

For each singular matrix A € C®*? which is not nilpotent there exists a nonsingular

matrix @ such that

A=Q! [fél j } @), A nonsingular, As nilpotent. (1.1)
2
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The nilpotency index of As is the least nonnegative integer m such that A" = 0. It
is known that the nilpotency index of As is equal to the index of A, written ind (A),
which is the least positive integer k for which N(AF) = N(AF+1). We will also use
equation (1.1) in the case when A is nonsingular (respectively nilpotent), in which
case the block As (respectively A1) would be empty. The Drazin inverse of A and the

eigenprojection of A corresponding to the eigenvalue 0 are given by

0 0

A 0] Q. AT=I-AA®=Q"" [O I} Q. (12)

A7=Q [ 0 0
respectively.

The continuity of the Drazin inverse without explicit error bounds was studied by
several authors (for example [1, 2, 3] and more recently [4, 6]). The main result on the
continuity of the Drazin inverse [4, 6] says that if (4,,) is a sequence of matrices in C4*¢
convergent to a matrix A, then AD — AP if and only if AT — A™. However, numerical
estimates for ||AP — AP| are difficult to obtain unless the matrices A, are suitably
restricted (see [3]). Rong [7] and recently Wei and Wang [9] gave numerical bounds
for ||[AD — AP|| with certain restrictions on the perturbing matrices. In this paper we
consider matrices A,, satisfying AT = A™ and certain other conditions specified in the

next paragraph.

2 Main results

We start by specifying the class of matrices that will be used to perturb a given matrix
A€ C¥d,

DEFINITION 2.1 Let A € C¥? A matrix E € C¥™? is called a compatible A-

perturbing matriz if it satisfies the following conditions:

AAPE = EAAP, (2.1)
E™ = AAPE™ for some m € N, (2.2)
AE(I — AAP) = EA(I — AAD). (2.3)

Our aim is to study perturbations of A of the form A 4+ E with compatible A-

perturbing matrices E.
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LEMMA 2.2 Let A € C™? be a matriz with a decomposition (1.1). Then E is a

compatible A-perturbing matriz if and only if
E; 0
_ -1 |

Ay

with the block matrix compatible with
0 A

with As.

} and with Fo nilpotent and commuting

Proof. Suppose that F is a compatible A-perturbing matrix. Since A™ = I — AAP,
(2.1) implies A"E = EA™. Let

By U
-1 _ |1
. . : . A 0
with the block matrix compatible with 0 Al Then
2

QEA”Q‘lz(QEQ‘l)(QA”Q‘l)Z[1;7/1 Jiﬂ [8 ?HS Jiﬂ

T -1 _ T y—1 -1y _ 0 0| |Ex U _ 0 0
From A™E = EA™ we obtain U =V = 0. Hence (2.4) holds. By (2.2),
Er 0] [r 0][E 0] [EM 0
0 E |0 0|0 EF |0 0
and E5* = 0. Finally, (2.3) is equivalent to AA™E = EFAA™, which leads to
A 01[0 O][Ey O] [Ey O][A O0]f0 0
0 Ap| [0 IJ]|O0 Eo] |0 E3| |0 A |0 I

and

0 0 ] o [0 0 }
0 AxEs 0 EsAs|’
that is, Ao Fy = FoAs.
Conversely, suppose that E satisfies (2.4) with Es nilpotent and AsEy = EjA,.
Conditions (2.1)—(2.3) can be verified by direct calculations with block matrices. [

We can now present the main perturbation result. By ||-|| we denote a consistent

matrix norm on C9*¢ [8, Definition I1.2.4].
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THEOREM 2.3 Suppose that A € C¥™*?, and that E is a compatible A-perturbing ma-
triz such that |APE|| < 1. If B= A+ E, then

BT — A", (2.5)
BP = (I + APE)71AP = AP(1 + EAP) !, (2.6)
|BP — AP |APE]
< : (2.7)
AT < T-[A°E]

4P| or 1A
- < |IB < 2.8
7 ave) < B T (28)

Proof. According to Lemma 2.2,

-1
I+ APE = Q! [”Al By O] Q.

0 I

Matrix I + APE is nonsingular in view of the inequality ||[APE|| < 1; hence so are
I+ Al_lEl = Al_l(Al + E1) and A; + F7. By Lemma 2.2 again, A and Fy commute
and are nilpotent. Then also A, + Es is nilpotent, and

AL+ Eq 0 ]

Bz@l[ Ve (2.9

Consequently, B™ = Q! [8 ?] @ = A™. We calculate
- _ —1 _1
D1 4D -1 [T +AT'E; 0 ATt 0
(I+AE)"" A" =Q _ 0 7 00 Q
[T +ATTE)TE o] [A7E 0
=Q i 0 Il 0 O @
— Q! [(Ay +0E1)1 8} Q = BP;

the second equation in (2.6) is obtained similarly. Since |[APE|| < 1, ||(I + APE)~1|| =
1200 (AP E)™ | < 3202, IAPE|" = 1/(1 — |APE])), and

|BP — AP|| = ||(I + APE)"TAP — AP||
= ||(I+ APE)"1APEAP|
|APE|

< — D .
=T qavgy
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Inequality (2.8) is obtained similarly from (2.6). O

The following result follows directly from the preceding theorem.

COROLLARY 2.4 Suppose that A € C™? and that E, is a sequence of compatible
A-perturbing matrices such that 6, = |APE,|| — 0. Then

1AP[6n
-0

n

(A + E,)P — AP| < — 0 as n — oc. (2.10)

Condition ||APE,|| — 0 in the preceding corollary can be replaced by a stronger
assumption || E,| — 0; (2.10) then holds with &, = ||AP||||E,||. However, as we show
in the next example, |[APE,|| — 0 need not imply || E,| — 0.

EXAMPLE 2.5 Let

4 0 [F, 0
R DA B

where A; is invertible, As nonzero nilpotent, and F,, — 0. Then each E,, is a com-

patible A-perturbing matrix, and E, — [0 0 ] # 0. However,

0 A
—1
APE, = [AloF” 8} — 0.

Theorem 2.3 extends the results of Wei and Wang who studied the perturbation

of the Drazin inverse and obtained estimates for || BP® — AP|| under the condition
AAPEAAP = F and ||APE|| < 1. W)
To relate their results to theorems of the present paper, we need the following result.

ProPOSITION 2.6 The following conditions are equivalent under the assumption that
A € C™4 js ¢ matriz with ind (A) = k, and E € C¥*4:

(i) AAPEAAP = E,
(i) ATE=0=EA",

(iii) R(E) C R(A*) and N (A*) c N(E),
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(iv) if A has the decomposition (1.1) with Ay nonsingular and As nilpotent, then
E has the decomposition (2.4) with E2 = 0.

Proof. (i) <= (ii) Recall that AAP =T — A™. If (i) holds, then
EAPA = AAPE(AAP)? = AAPEAAP = E,

and FA™ = 0. Similarly, ATE = 0. The converse follows easily.

(ii) <= (iii) Since R(A™) = N'(AF) and N (A™) = R(AF), ATE = 0 is equivalent
to R(E) C R(AF), and EA™ = 0 is equivalent to N'(A¥) Cc N(E).

(ii) <= (iv) If ATE = 0 = EA™, then we can easily verify that (2.1)—(2.3) hold.
According to Lemma 2.2, E has the decomposition (2.4). From

Cre a0 0B 0], [0 0
R | AR

follows Fy = 0. The converse follows by a direct verification. O

If A has index ind (A) = k and if condition (W) holds, then the hypotheses of
Theorem 2.3 are satisfied with the perturbation taking the following form:

BeA+E=Q! {AﬁEl O}Q.

0 As

From (2.5) we deduce that R(B*) = R(A*). Hence we recover [9, Theorems 3.1, 3.2

and Corollaries 3.1, 3.2] as a special case of our main perturbation theorem.

EXAMPLE 2.7 We show that if A and E, satisfy condition (W), then §,, = ||APE,| —
0 is equivalent to || E,| — 0. Suppose that é,, — 0. Then

1Enll = [|AAP En|| < [|A| A En]| < [|A]16.
The converse is clear. This means that, under condition (W),

(A4 E,)P - A° — E, —0.
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3 Perturbation of a linear system

In this section we give applications to perturbation of a linear system.
Let A € C% be a matrix with ind (4) = k. Then

C? = N (AF) @ R(AF),

where the eigenprojection A™ satisfies R(A™) = N (A¥) and N(A™) = R(A*); we note
that R(AP) = R(A4F).

In this section we consider the linear equation
Az =b, bcR(AF) given, (3.1)

with z € C? to be found. We note that there is a unique zy € R(A*) satisfying
(3.1), namely g = APb. Indeed, APb € R(A¥), and A(APb) = (I — A™)b = b since
R(I — A™) = R(A¥); the uniqueness follows from the fact that the restriction of A
to R(AF) is a bijective linear transformation. The general solution to (3.1) is the set
APb + N (A).

As in [9] we obtain a result on the solution of the perturbed equation (3.1). Let ||-||
be a vector norm on C¢ consistent with the given matrix norm [8, Definition 11.2.4];
that is, we have ||Az| < ||A]|||z] for all A € C**? and and all 2 € C?. We define the

Drazin inverse condition number of A by
rp(A) = | A][ AP

THEOREM 3.1 Let A € C™? have index ind (A) = k, let E € C™*? be a compatible
A-perturbing matriz satisfying ||APE| < 1, let B = A+ E, and let b,u € R(A*). If
x € C%4 satisfies Ax = b and y satisfies By = b+ u, then

(- AT -2 _ |47 ]
[T A7l =1 [APE] (”E'”nADbH)‘ (3:2)

If, in addition, |AP||||E|| < 1, then

(1 = A")(y — =)| rp(4) LEN, flull
[T—Aamall = 1= ro(A)]EN/TA] (IIAII el )
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Proof. First we consider 2o = APband yg = BP(b+u). From (2.6) we get the equation
BP(I+FEAP) = AP and BP - AP = ~BPEAP. Hence yo—xo = (BP — AP)b+ BPu =
—BPExg + BPu, and |lyo — a0l < |BP|[(|Ewo]l + lul)). Applying (2.8) under the
assumption ||APE|| < 1, we obtain

lyo — ol |A®] < ]
< IE1 + ; (3.4)
ol 1—[|APE]| | APD]|

then (3.2) holds with = = g and y = yo.
If Az = b and By = b+ u, then x = 9 + f and y = yo + g, where f € N(A) C
N(A*), and g € N(B) Cc N(B*) = N(AF). Note that f — g € N(A¥). Then

(I — A7)y —2) = (I — A7)(yo — o) + (T — A™)(f — g) = w0 — o,
(I A7)z = (I — A7)ao + (I — A7) f = 2

since R(I — A™) = R(A*) and N(I — A™) = N(A*). Estimate (3.2) follows from

(3.4).
Finally, assume that ||AP||[|E| < 1. Since b = AAPb, ||b]| < ||A]|||APb||. Then
(3.3) follows from (3.2) and the definition of xKp(A). O

REMARK 3.2 If in the preceding theorem A and FE satisfy A™F = 0 = FA™ and if
z,y € R(AF), then (3.3) yields as a special case [9, Theorem 4.1].

4 Applications to semistable matrices

Following [5], we say that a matrix A € C%*? is semistable if ind (A) < 1 and the
nonzero eigenvalues A of A satisfy Re A < 0; a semistable matrix with ind (4) = 0 is
stable. Tt is well known that exp(tA) converges as t — oo if and only if A is semistable,

in which case
lim exp(tA) = A™.
t—oo

If the matrix A is stable, we have an integral representation for the inverse of A (e.g.
[5, Section 6]):

Al = — /OO exp(tA) dt. (4.1)
0
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In this section we study integral representation for the Drazin inverse of a semistable
matrix A and of a perturbed matrix A + E. The perturbing matrix F is again of
special form; however, this time we need only condition (2.1).

Throughout this section ||-| denotes the spectral matrix norm on C%*% that is,

||A|| is the largest singular value of A (see [8, Theorem I1.2.10]).

THEOREM 4.1 Let A € C¥*4 be semistable. Then there exists 6(A) > 0 such that, for
every matriz E satisfying (2.1) and ||E| < 0(A), we have the representation

(A+@D:—/m@mwA+E»a—Aﬂﬁ. (4.2)
0
Proof. If (2.1) is satisfied, then

1A 0 -1 |E 0

where A; is nonsingular and As nilpotent, and the two block matrices are compatible.
Since A is semistable, A; is stable. By the continuity of eigenvalues [8, Section IV.1.1],
there exists 7 > 0 such that ||Ei| < n implies that A; + E; is also stable. Write

_|Er O — -1
G—[O EQ].ThenG—QEQ , and

1B < IGI < IQUIEINIQ™ I = w(Q)IIE];

the first inequality holds since [|-|| is the spectral norm. Set 6(A) = n/k(Q). We have

o1 [exp(t(Ay + Ey)) 0 I 0
exp(t(A+ E)(I —A")=Q ! [ 5 ' exp(t(As +E2))] [0 0} @
1 [exp(t(Ay + E1)) 0
A B AR [

If ||E|| < §(A), then ||E1|| <n, A1 + E; is stable, exp(t(A+ E))(I — A™) is integrable

on the interval [0,00) and, in view of (4.1),

[ exntetas B Ay — g [T BT -0 0]

_ ! [—(Al +E) 0

0 JQ:—M+EW. 0
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Setting E = 0 in the preceding theorem, we recover [5, Theorem 6.3]. It is of
interest to observe, that the perturbed matrix A + E satisfying the conditions of the

theorem need not be semistable.

REMARK 4.2 We can estimate the quantity §(A) using the fact that, for any semi-
stable matrix A, |lexp(tA) — A™|| decays exponentially, that is,

lexp(tA) — AT|| < Me™, >0,
for some positive constants M, u. It is enough to choose §(A) to satisfy
S(A) < My

Finally we consider a differential equation

d
= Auf, u(0) = =, (4.3)
dt
and its perturbation
dv
i (A+E)v+ f, v(0)=uz. (4.4)

Combining the preceding theorem, Theorem 2.3 and [5, Theorem 7.3], we obtain
the following result, in which the special form of E ensures that exp(t(4A + E))A™

converges as t — o0.

THEOREM 4.3 Let A € C¥4 be a semistable matriz with a decomposition (1.1), and
let

Ey 0
_ -1 |
(with a block decomposition compatible with (1.1)) and such that ||E| < p, where

0 < p < 6(A) and |AP||p < 1. Let f : (0,00) — C¢ be bounded and Lebesgue

measurable on (0,00), and A™f integrable on (0,00). If

tll{gof(t) = f07
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then the solution v(t) of the perturbed differential problem (4.4) satisfies

lim v(t) = A"z — (A+ E)° fo + /OO A" f(s)ds.

t—o0 0

If u(t) is the solution of the exact system (4.3), then

, AP||E
}gglo\“(t)—“(t)”ﬁl” HEL 4o s

— [[AP[[IE]]
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