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Abstract

In this paper we continue our investigation of multivariable integral inequalities of
the type considered by Hilbert and recently by Pachpatte by focusing on fractional
derivatives. Our results apply to integrable not necessarily continuous functions,
and we are able to relax the original conditions to admit negative exponents in
the weight functions.
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1 Introduction and preliminaries

The purpose of the present paper is to derive new integral inequalities for frac-
tional derivatives related to those obtained originally by Hilbert, and their recent
analogues and generalizations involving classical derivatives due to Pachpatte and
other authors. Recall the original Hilbert’s double integral inequality:

Theorem 1.1. [2, Theorem 316] If p > 1, q = p/(p − 1) and
∫ ∞

0
fp(x) dx ≤ F,

∫ ∞

0
gq(y) dy ≤ G,
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tics of the University of Melbourne for their support and hospitality.

1



2 G. D. Handley, J. J. Koliha and J. Pečarić

then
∫ ∞

0

∫ ∞

0

f(x)g(y)
x + y

dxdy <
π

sin(π/p)
F 1/pG1/q

where f, g are nonnegative measurable functions not identically zero.

Pachpatte [4, 5, 6, 7, 8] obtained analogues and generalizations of the theorem
in several directions. We are interested in the results represented for classical
derivatives by the following theorem.

Theorem 1.2. (Pachpatte [6, Theorem 1]) Let n ≥ 1 and 0 ≤ k ≤ n − 1
be integers. Let u ∈ Cn([0, x]) and v ∈ Cn([0, y]), where x > 0, y > 0, and let
u(j)(0) = v(j)(0) = 0 for j ∈ {0, . . . , n − 1}. Then

∫ x

0

∫ y

0

|u(k)(s)||v(k)(t)|
s2n−2k−1 + t2n−2k−1 ds dt

≤ M(n, k, x, y)
(∫ x

0
(x − s)|u(n)(s)|2 ds

)1/2 (∫ y

0
(y − t)|v(n)(t)|2 dt

)1/2

(1.1)

where

M(n, k, x, y) =
1
2

√
xy

[(n − k − 1)!]2(2n − 2k − 1)
. (1.2)

In [1], the present authors obtained extensions and modifications of Pach-
patte’s results, again with classical derivatives, recovering many of the theorems
in [4, 5, 6, 8] as special cases. Our aim is to derive theorems of this type for
fractional derivatives, and treat integrable instead of continuously differentiable
functions.

For the purpose of our exposition we survey some facts about fractional deriva-
tives needed in the sequel; for more details see the monograph [9, Chapter 1].

Let x > 0. By Cm([0, x]) we denote the space of all functions on [0, x] which
have continuous derivatives up to order m, and AC([0, x]) is the space of all
absolutely continuous functions on [0, x]. By ACm([0, x]) we denote the space of
all functions g ∈ Cm−1([0, x]) with g(m−1) ∈ AC([0, x]). For any α ∈ R we denote
by [α] the integral part of α (the integer k satisfying k ≤ α < k + 1).

Let α > 0. For any f ∈ L(0, x) the Riemann–Liouville fractional integral of f
of order α is defined by

Iαf(s) =
1

Γ(α)

∫ s

0
(s − t)α−1f(t) dt, s ∈ [0, x], (1.3)

and the Riemann–Liouville fractional derivative of f of order α by

Dαf(s) =
(

d

ds

)m

Im−αf(s) =
1

Γ(m − α)

(
d

ds

)m ∫ s

0
(t − s)m−α−1f(t) dt (1.4)
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where m = [α] + 1. In addition, we stipulate

D0f := f =: I0f, I−βf := Dβf if β > 0, D−αf := Iαf if 0 < α ≤ 1. (1.5)

If α is a positive integer, then Dαf = (d/ds)αf .
Let α > 0 and m = [α] + 1. The space Iα(L1) consists of all functions f on

[0, x] of the form f = Iαϕ for some ϕ ∈ L(0, x) (see [9, Chapter I, Definition 2.3]).
According to [9, Theorem 1.2.3], this is equivalent to the condition

Im−αf ∈ ACm([0, x]), (1.6)
( d

ds

)j
Im−αf(0) = 0, j = 0, 1, . . . , m − 1. (1.7)

A function f ∈ L(0, x) satisfying (1.6) is said to have an integrable fractional
derivative Dαf [9, Chapter I, Definition 2.4]. In particular, Dαf is an integrable
fractional derivative if Dαf exists at each point s of [0, x]. We find it convenient
to express these conditions in terms of fractional derivatives.

Lemma 1.3. Let α > 0 and m = [α] + 1. A function f ∈ L(0, x) has an
integrable fractional derivative Dαf if and only if

Dα−kf ∈ C([0, x]), k = 1, . . . ,m, and Dα−1f ∈ AC([0, x]). (1.8)

Further, f ∈ Iα(L1) if and only if f has an integrable fractional derivative Dαf
and satisfies the conditions

Dα−kf(0) = 0 for k = 1, . . . ,m. (1.9)

P r o o f. Observe that, in view of the definition of fractional derivative and
of the equation [α − m + k] + 1 = k,

( d

ds

)k
Im−αf =

( d

ds

)k
Ik−(α−m+k)f = Dα−m+kf.

Then (1.8) is equivalent to (1.6) and (1.9) is equivalent to (1.7). (For k = m we
use the stipulation Dα−mf = Im−αf in (1.8).)

Definition 1.4. We say that f ∈ L(0, x) has an L∞ fractional derivative
Dαf in [0, x] if conditions (1.8) are satisfied and Dαf ∈ L∞(0, x).

The next result is a version of Taylor’s theorem for fractional derivatives with
an integral remainder, which will be needed later in the paper. For a generalization
of this result see [10].

Lemma 1.5. [9, Chapter I, Theorem 2.2] Let α ≥ 0, m = [α] + 1 and f ∈
ACm([0, x]). Then the fractional derivative Dαf exists almost everywhere in [0, x]
and

Dαf(s) =
m−1∑

k=0

f (k)(0)
Γ(k − α + 1)

sk−α + Im−αf (m)(s), s ∈ [0, x]. (1.10)
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We will also need the following result on the law of indices for fractional
integration and differentiation using the unified notation (1.5) and restricting
ourselves to real exponents.

Lemma 1.6. [9, Chapter I, Theorem 2.5] The law of indices

IuIvf = Iu+vf (1.11)

is valid in the following cases:

(i) v > 0, u + v > 0 and f ∈ L(0, x);

(ii) v < 0, u > 0 and f ∈ I−v(L1);

(iii) u < 0, u + v < 0 and f ∈ I−u−v(L1).

2 Preparatory inequalities

We start with an inequality needed in the proof of the main theorem.
Proposition 2.1. Let Φ ∈ L∞(0, s) be nonnegative on (0, s), where s > 0.

Let 1/p + 1/q = 1 with p, q > 1, let r > −1, and let a, b ∈ R satisfy

a ≥ 0, b ≥ 0, a + b = 1; b >
r + 1

(1 − q)r
if r < 0. (2.1)

Then
∫ s

0
(s − t)rΦ(t) dt ≤ s((a+bq)r+1)/q

((a + bq)r + 1)1/q

(∫ s

0
(s − t)arΦ(t)p dt

)1/p

. (2.2)

P r o o f. First assume that −1 < r < 0. We observe that t 7→ (s − t)rΦ(t) ∈
L(0, s) as |(s − t)rΦ(t)| ≤ const(s − t)r a.e. in (0, s), and t 7→ (s − t)r ∈ L(0, s) if
r > −1. Factorize the integrand on the left in (2.2) as

(s − t)rΦ(t) = (s − t)(a/q+b)r
[
(s − t)ar/pΦ(t)

]
. (2.3)

From (2.1) we deduce that (a + bq)r > −1. For a = 0 or b = 0 this is obvious, for
a > 0 and b > 0 we have

(a + bq)r = (1 − b + bq)r = b(q − 1)r + r > −r − 1 + r = −1.

Hence the first factor t 7→ (s − t)(a/q+b)r in (2.3) is in Lq(0, s). Further, ar > −1,
and the second factor (s − t)ar/pΦ(t) in (2.3) is in Lp(0, s).

We then apply Hölder’s inequality to obtain
∫ s

0
(s − t)rΦ(t) dt =

∫ s

0
(s − t)(a/q+b)r

[
(s − t)ar/pΦ(t)

]
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≤
(∫ s

0
(s − t)(a+bq)r dt

)1/q (∫ s

0
(s − t)arΦ(t)p dt

)1/q

,

from which (2.2) follows.
Let r ≥ 0. As Φ ∈ L∞(0, s) and the exponent r in the weight function (s− t)r

is nonnegative, we can apply Hölder’s inequality without restriction, and the result
follows.

In our main theorem below, ui are given functions, the coefficients pi, qi are
conjugate Hölder exponents to be used in applications of Hölder’s inequality, and
the coefficients ai, bi are used in exponents to factorize integrands. The coefficients
wi will act as weights in applications of the geometric–arithmetic mean inequality.

Theorem 2.2. For each i ∈ {1, . . . , n} let xi > 0, ui ∈ L(0, xi) and Φi ∈
L∞(0, xi) be nonnegative, ri > −1, let pi, qi > 1 satisfy 1/pi + 1/qi = 1, wi > 0
satisfy

∑n
i=1 wi = 1, and ai, bi ∈ [0, 1] satisfy ai + bi = 1; in addition, bi >

(ri + 1)/(1 − qi)ri for those i for which ri < 0. If

|ui(si)| ≤
∫ si

0
(si − τi)riΦi(τi) dτi, si ∈ [0, xi], i = 1, . . . , n, (2.4)

then
∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |ui(si)|

∑n
i=1 wis

((ai+biqi)ri+1)/(qiwi)
i

ds1 · · · dsn

≤ Ω
n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − si)airi+1Φi(si)pi dsi

)1/pi

(2.5)

where

Ω =
1∏n

i=1[((ai + biqi)ri + 1)1/qi(airi + 1)1/pi]
. (2.6)

P r o o f. According to Proposition 2.1,

|ui(si)| ≤=
s
((ai+biqi)ri+1)/qi

i

((ai + biqi)ri + 1)1/qi

(∫ si

0
(si − τi)airiΦi(τi)pi dτi

)1/pi

.

Using the inequality of means [3, p. 15]
n∏

i=1

s
((ai+biqi)ri+1)/qi

i ≤
n∑

i=1

wis
((ai+biqi)ri+1)/(qiwi)
i ,

we get
n∏

i=1

|ui(si)| ≤ Θ
n∑

i=1

wis
((ai+biqi)ri+1)/(qiwi)
i

n∏

i=1

(∫ si

0
(si − τi)airiΦi(τi)pi dτi

)1/pi
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where

Θ =
1∏n

i=1((ai + biqi)ri + 1)1/qi
.

In the following estimate we apply Hölder’s inequality and, at the end, change the
order of integration. The existence and finiteness of integrals is shown as in the
proof of Proposition 2.1.

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |ui(si)|

∑n
i=1 wis

((ai+biqi)ri+1)/(qiwi)
i

ds1 · · · dsn

≤ Θ
n∏

i=1

[∫ xi

0

(∫ si

0
(si − τi)airiΦi(τi)pi dτi

)1/pi

dsi

]

≤ Θ
n∏

i=1

x
1/qi

i

(∫ xi

0

(∫ si

0
(si − τi)airiΦi(τi)pi dτi

)
dsi

)1/pi

=
Θ∏n

i=1(airi + 1)1/pi

n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − τi)airi+1Φi(τi)pi dτi

)1/pi

.

This proves the theorem.

Remark 2.3. The condition that Φ ∈ L∞(0, x) in Proposition 2.1 and the
preceding theorem can be replaced by the assumption that the function t 7→
(s − t)arΦ(t)p is integrable on (0, s); this allows unbounded Φ.

Corollary 2.4. Under the assumptions of Theorem 2.2,

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |ui(si)|

∑n
i=1 wis

((ai+biqi)ri+1)/(qiwi)
i

ds1 · · ·dsn

≤ p1/pΩ
n∏

i=1

x
1/qi

i

(
n∑

i=1

1
pi

∫ xi

0
(xi − si)airi+1Φ(τi)pi dsi

)1/p

, (2.7)

where Ω is given by (2.5) and p = p1 + · · · + pn.

P r o o f. By the inequality of means, for any Ai ≥ 0,

n∏

i=1

A
1/pi

i ≤ p1/p

(
n∑

i=1

1
pi

Ai

)1/p

.

The corollary then follows from the preceding theorem.
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3 Inequalities for fractional derivatives

Our first result is an integral representation of the fractional derivative Dαf
which will enable us to apply Theorem 2.2.

Lemma 3.1. Let α ≥ 0, β > α, let f ∈ L(0, x) have an L∞ fractional deriva-
tive Dβf in [0, x], and let Dβ−kf(0) = 0 for k = 1, . . . , [β] + 1. Then

Dαf(s) =
1

Γ(β − α)

∫ s

0
(t − s)β−α−1Dβf(t) dt, s ∈ [0, x]. (3.1)

P r o o f. Set u = β − α > 0 and v = −β < 0. According to Lemma 1.3,
f ∈ I−v(L1). Then case 2) of Lemma 1.6 guarantees that the law of indices holds
for this choice of u, v, namely

Iβ−αDβf = IuIvf = Iu+vf = I−αf = Dαf ;

this is (3.1).

The following theorem is the main result of this section, a new inequality for
fractional derivatives derived from (2.5).

Theorem 3.2. Let n ∈ N. For each i ∈ {1, . . . , n} let xi > 0, αi ≥ 0, βi > αi.
Let pi, qi > 1 satisfy 1/pi+1/qi = 1, wi > 0 satisfy

∑n
i=1 wi = 1, and ai, bi ∈ [0, 1]

satisfy ai + bi = 1; if βi < αi +1, let in addition bi > (βi −αi)/(qi −1)(1−βi +αi).
Write ri = βi−αi−1. If, for each i ∈ {1, . . . , n}, fi ∈ L(0, xi) has an L∞ fractional
derivative Dβifi and Dβi−jfi(0) = 0 for j = 1, . . . , [βi] + 1, then

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαifi(si)|

∑n
i=1 wis

((ai+biqi)ri+1)/(qiwi)
i

ds1 · · ·dsn

≤ Ω1

n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − si)airi+1|Dβifi(si)|pi dsi

)1/pi

(3.2)

where

Ω1 =
1∏n

i=1[Γ(ri + 1)((ai + biqi)ri + 1)1/qi(airi + 1)1/pi ]
. (3.3)

P r o o f. By Lemma 3.1,

Dαifi(si) =
1

Γ(ri + 1)

∫ si

0
(si − ti)riDβifi(ti) dti, si ∈ [0, xi].

Set

Φi(ti) =
|Dβifi(ti)|
Γ(ri + 1)

.

Then Theorem 2.2 applies with ri = βi − αi − 1 > −1.
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Remark 3.3. Instead of the hypothesis Dβifi ∈ L∞(0, xi) in the preceding
theorem we may assume that for each si ∈ [0, xi] the functions defined by ti 7→
(si − ti)airi|Dβifi(ti)|pi are integrable on (0, xi). This allows unbounded fractional
derivatives Dβifi.

Corollary 3.4. Under the assumptions of Theorem 3.2,
∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαifi(si)|

∑n
i=1 wis

((ai+biqi)ri+1)/(qiwi)
i

ds1 · · · dsn

≤ p1/pΩ1

n∏

i=1

x
1/qi

i

(
n∑

i=1

1
pi

∫ xi

0
(xi − si)airi+1|Dβifi(si)|pi dsi

)1/p

, (3.4)

where Ω1 is given by (3.3) and p = p1 + · · · + pn.

A useful specialization of Theorem 3.2 is to functions possessing classical
derivatives. From the definition of ACm([0, x]) it follows that if f ∈ ACm([0, x]),
the derivative f (m) exists almost everywhere in [0, x] and is integrable there.
As before, we first obtain an integral representation of Dαf , a consequence of
Lemma 1.5.

Lemma 3.5. Let α ≥ 0, f ∈ ACm([0, x]) and let f (k)(0) = 0 for k =
0, . . . ,m − 1, where m = [α] + 1. Then the derivative Dαf exists in [0, x], and

Dαf(s) =
1

Γ(m − α)

∫ s

0
(s − t)m−α−1f (m)(t) dt, s ∈ [0, x]. (3.5)

Theorem 3.6. Let n ∈ N. For each i ∈ {1, . . . , n} let xi > 0, αi ≥ 0,
mi = [αi] + 1, let pi, qi > 1 satisfy 1/pi + 1/qi = 1, wi > 0 satisfy

∑n
i=1 wi = 1,

and ai, bi ∈ [0, 1] satisfy ai + bi = 1; let also bi > (mi − αi)/(qi − 1)(1 − mi + αi)
if αi is not an integer. Write ri = mi − αi − 1. If, for each i ∈ {1, . . . , n},
fi ∈ ACmi([0, xi]), f

(mi)
i ∈ L∞(0, xi) and f

(j)
i (0) = 0 for j = 0, . . . ,mi − 1, then

the inequality (3.2) holds with βi = mi and with Ω1 defined by (3.3).

If αi = ki ∈ N and βi = mi ∈ N for i = 1, . . . , n, Theorem 3.2 specializes to
the following.

Theorem 3.7. For each i ∈ {1, . . . , n} let mi ∈ N, ui ∈ Cmi([0, xi]) be such
that u

(j)
i (0) = 0 for j ∈ {0, . . . ,mi − 1}, and let ki ∈ {0, . . . ,mi − 1}. Further, let

pi, qi ∈ (1, ∞) satisfy 1/pi + 1/qi = 1, and let ai, bi ∈ [0, 1] satisfy ai + bi = 1.
Write ri = mi − ki − 1. Then

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |u(ki)

i (si)|
∑n

i=1 wis
((ai+biqi)ri+1)/(qiwi)
i

ds1 · · ·dsn
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≤ K
n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − si)airi+1∣∣u(mi)

i (si)
∣∣pi dsi

)1/pi

where

K =
1∏n

i=1[ri!((ai + biqi)ri + 1)1/qi(airi + 1)1/pi]
.

Example 3.8. Suppose that βi ≥ αi + 1 for i ∈ {1, . . . , n}. Then we can
choose ai = 1 and bi = 0 (i = 1, . . . , n) in Theorem 3.2. The inequality (3.2)
becomes

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαifi(si)|

∑n
i=1 wis

(ri+1)/(qiwi)
i

ds1 · · · dsn

≤ 1∏n
i=1 Γ(ri + 2)

n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − si)ri+1∣∣Dβifi(si)

∣∣pidsi

)1/pi

. (3.6)

Example 3.9. In Theorem 3.2 set αi = α, βi = β, where β ≥ α+1. Then we
can choose ai = 1 and bi = 0, qi = n, wi = 1/n, pi = n/(n − 1) for i = 1, . . . , n.
The inequality (3.2) becomes

∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαfi(si)|∑n

i=1 sβ−α
i

ds1 · · ·dsn

≤ (x1 . . . xn)1/n

nΓn(β − α + 1)

n∏

i=1

(∫ xi

0
(xi − si)β−α

∣∣Dβfi(si)
∣∣n/(n−1)

dsi

)(n−1)/n

.

(3.7)

Example 3.10. In Theorem 3.2 set ai = 0 and bi = 1 for i = 1, . . . , n. Then
∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαifi(si)|

∑n
i=1 wis

(qiri+1)/(qiwi)
i

ds1 · · ·dsn

≤ 1∏n
i=1[Γ(ri + 1)(qiri + 1)1/qi ]

n∏

i=1

x
1/qi

i

n∏

i=1

(∫ xi

0
(xi − si)

∣∣Dβifi(si)
∣∣pidsi

)1/pi

.

(3.8)

Example 3.11. In Theorem 3.2 set αi = α, βi = β, ai = 0 and bi = 1 for
i = 1, . . . , n. Set further qi = n, wi = 1/n, and pi = n/(n − 1), for i = 1, . . . , n.
Then
∫ x1

0
· · ·

∫ xn

0

∏n
i=1 |Dαfi(si)|

∑n
i=1 s

n(β−α−1)+1
i

ds1 · · ·dsn
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≤ (x1 . . . xn)1/n

nΓn(β − α)(n(β − α − 1) + 1)

n∏

i=1

(∫ xi

0
(xi − si)

∣∣Dβfi(si)
∣∣n/(n−1)

dsi

)(n−1)/n

.

(3.9)

Setting q = p = n = 2, we obtain [6, Theorem 1] with k = 0. If q = p = 2 and
n = 1, we recover the result of [8].

We observe that in the special case when αi = 0 for i = 1, . . . , n, the inequal-
ities obtained in Theorems 3.2 and 3.6, Corollary 3.4 and the preceding examples
reduce to new inequalities that estimate functions in terms of their fractional
derivatives.
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