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In this paper we obtain a new class of multivariable integral inequalities of Hilbert
type from which we can recover as special cases integral inequalities obtained
recently by Pachpatte.

1 Introduction

Hilbert’s double series inequality and its integral version [3, Theorem 316] have been
generalized in several directions (see [1, 2, 3, 4, 5, 6, 8, 9]). Recently, Pachpatte [10]
considered integral inequalities similar to those of Hilbert. A representative sample

is the following.

Theorem 1.1. (Pachpatte [10, Theorem 1].) Letn > 1 and 0 < k < n—1 be integers.
Letu € C™([0,2]) andv € C™([0,y]), where x > 0,y > 0, and let u) (0) = v (0) = 0
for j€{0,...,n—1}. Then

) () o) (1)
/ /0 s2n—2k—1 4 ¢2n—2k— y dsdf
z 1/2 y 1/2
< M(n, by 2.1) ( / <x—s>ru<"><s>\2ds) ( / <y—t>|v<”><t>\2dt) (L.1)
0 0

where

VY (1.2)

1
Mnk29) = St DPen — 2k = 1)

The purpose of the present paper is to derive a new class of related integral
inequalities from which the results of Pachpatte in [10, 11] are obtained by specializing

the functions ®; in (3.1) below.
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2 Notation and preliminaries

The symbols N, Z, R have their usual meaning, R, denotes the interval [0, c0). The
following notation and hypotheses will be used throughout the paper.

I1=A{1,...,n} necN

mi, 1 €1 m; €N

ki,iGI kiE{O,...,mi—l}

a:z-,z'EI $16R7x¢>0

Pi, @iy 1 €1 pi, ¢ €ERy, 1/pi+1/qi =1

ps q Vp=>32a(/pi), 1a=32"1(1/a)
a;, by, 1 €1 ai, by € Ry, a;+b; =1

w;, 1 €1 w; €R, w; >0, 37" w; =1

a;, 1 €1 a; = (a; +b;iq;)(m; — k; — 1)

Bi, i €1 Bi = ai(m; —k; — 1)

ui, 1 €1 u; € C™i ([0, z;]) for some m/ > m;
P, 11 (I)Z'ECI([O,QTZ']),‘I)iZO

Here u; are given functions of sufficient smoothness, and ®; are subject to choice.
The coefficients p;, g; are conjugate Holder exponents to be used in applications of
Holder’s inequality, and the coefficients a;, b; will be used in exponents to factorize
integrands. The coeflicients w; will act as weights in applications of the geometric-
arithmetic mean inequality; this will enable us to pass from products to sums of
terms. The coefficients «; and (; arise naturally in the derivation of the inequalities.

The key to the results derived in this paper are the inequalities (3.1). Such inequal-
ities are always available with some continuous nonnegative functions ®; provided the

u; are sufficiently smooth and their derivatives at 0 satisfy certain conditions (vanish).

3 The main result

The theorem of this section forms an abstract basis for obtaining a class of concrete
inequalities by selecting suitable functions ®; in (3.1); as noted above, such functions

®, always exist under suitable hypotheses on the u;.

Theorem 3.1. Let u; € C™i([0, z;]) forie I. If

‘ul(k’)(sz)‘ < /0 Z(Si — Ti)miikiilq)i(ﬂ') dTi, S; € [0, xi], 1€ I, (31)
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then
21|u Z(Sz)|
/ / o (1) (qewy) 45177 don
1 1/pi
< UHJ} @ H (/ (.%'Z — Si)6i+1@i(8i)pi d81>
i=1 0
where

1
Tl + DG+ 7]
Proof. Factorize the integrand on the right side of (3.1) as

U=

(Si . Ti)(ai/qi‘i’bi)(mi*ki*l) « (S ' )(az/pz)(mz ki— 1)(I>i(7'i)

and apply Holder’s inequality [7, p. 106]. Then

(k) 1/q;
u i) 52 ‘ < (/ (h—‘rbqu)(mz ki—1) dTZ) %
0

1/pi
X </ Si —7'2 a’ mi—ki— 1)(1)2'(7'2')1% dTi>
0
st

ai+1)/q; S5 1/p;
= (o; e (/ (si — Ti)’giq)i(n)p" dTi> .

Using the inequality of means [7, p. 15]
H sgaﬂrl)/fh‘ < Z wisz(ai+1)/(ini)7
i=1 i=1

we get

n n Si 1/pi
H ’uz(k < WZU)Z (as+1)/ (giws) H </ )P ®; (7;)Pi de‘> ’
=1

=1 =1

where
1
[Ticy (i + 1)V

W =

(3.2)

In the following estimate we apply Holder’s inequality and, at the end, change the

order of integration:

[T ™ (s0)]
/ / n s D) dsy -+~ dsn
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n xT; S; 1/ps
S WH [/ (/ (81 - Tl)’B”I)z(Tz)p’ de> dSZ]
=1 /0 0
n 1 xX; S; 1/pi
< WHxi/qi (/ (/ (si — Ti)ﬂi@i(n)pi de) dsi>
. 0 0

=1

n 1/pi
T ﬂ + 1)1/ H 1/%1—[ (/ o) dTZ) '

This proves the theorem. ]

Corollary 3.2. Under the assumptions of Theorem 3.1,

ki)
Iy |U (si)]
/ / TR

1/p
<p1/”UH " (Z . / i— i) He(r )pzdsz> . (34)

=1

where U is given by (3.2).

Proof. By the inequality of means, for any A; > 0,

n n 1/p
Upi — 1/p 1
o ($5)

The corollary then follows from the preceding theorem. O

In the following sections we discuss various choices of the functions ®;.

4 The st inequality

Theorem 4.1. Let u; € C™i([0, z;]) be such that ugj)(O) =0 forje{0,...,m; —1},

1€1I. Then
(ki)
I 1|u (si)]
/ / S gl O @) dsy -+~ dsn

< U Hxl/% H (/ (I’ /Bz"rl‘u(mz S’L)
0

_ 1/pi
b dsi> (4.1)

where
Uy = 1 42)
b H?:l[(mi—ki—1)!(041'—1—1)1/(11:(@4_1)1/;;4‘ .
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Proof. By [10, Equation (7)],

(ki) _ L N _ymi—ki—1, (m) )
! (S)_(mi—ki—l)!/o (si —72) ™ (7) drs.

Inequality (4.1) is proved when we set

(e) — 1 % C_ymi—ki—1|, (ma) '
(b’(s@)_(mi—ki—l)!/o (si = 72) ™ (1) dri (4.3)

in Theorem 3.1. ]
Corollary 4.2. Under the hypotheses of Theorem 4.1,

x Tn n ki
/1/ [lie ‘u( )(si)‘ dsy ---ds
0 0 Zn w,s(a1+1)/(9zw1)

1=1

< pl/pUl Hml/qz (Zp / Si),@i+1‘u§mi)(si)

=1

1/p
bi dsi> (4.4)

where Uy is given by (4.2).

We discuss a number of special cases of Theorem 4.1. Similar examples apply also
to Corollary 4.2.

Example 4.3. If a; =0 and b; = 1 for i € I, then (4.1) becomes

ki)
z ™ (s)
/ / TL szz qzk'7Qi+1)/(qiwi) d81 o dSn

i=1 Wis;

7ﬁ 3/‘“, 1</0 (2 = 5)|ud™ (1)

] 1/p¢
pi d51> (4.5)

where
_ 1
U = = —.
T [(my — ki — D)W (gimi — qiki — ¢ + 1)1/4]

Example 4.4. If a; =0, b, = 1, ¢ = n, w; = 1/n, p = n/(n — 1), m; = m and
k; = k for ¢ € I, then

Iy Jut (s0)]
/ / E M= nk—n+1 dsy---dsp

111

(4.6)

TR
_n[(m E—1D"(nm —nk —n+1) %
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), /ey, \ "
X H </ — i) |w;"™ (i) dsi) . (4.7)

For ¢ = p = n = 2 this is [10, Theorem 1]. Setting g =p =2,k =0and n =1, we

recover the result of [11].

Example 4.5. Let a; =1 and b; = 0 for i € I. Then (4.1) becomes

T x n ki
Lol
0 0 Zn_ (mz )/(szl) "

i=1 Wis;
. n T 1/pi
<U ng/qi H </ (z; — s;)™ ki ugml)(sl) pidsi) (4.8)
i=1 i=1 /0
where
. 1
U, = (4.9)

[Tz [(mi — ki = Dmi — ki)]
Example 4.6. Set a; =0, b; =1, ¢ = n, w; = 1/n, p; = n/(n — 1), m; = m and
k; =k for i € I. Then (4.1) becomes

[ /"quu 60 g5,
'le

1 TR - i DR L™ (s, n/(n—1) ; | (n=1)/n
<= nH</ Jug™ (1) dsz) :

[(m—Fk—1)! Pl

(4.10)

5 The second inequality

Theorem 5.1. Let u; € C"™t1([0,2;]) be such that u)(0) = 0 for j € {0,...,m;},
and let p € C1([0,00)). Then

ki)
z 1 |’LL (Sz)| .
/ / T ) dsy - dsn

<0 H ”qu [/ i ([ lotoi ey

where
1
T (s — i — D)l{aq + DV (G + D7)’
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Proof. According to [10, Equation (14)],

u (57 = m /0 " (55— 7y (ﬁ /0 " (o)™ (o)) doi> dr:.

By Holder’s inequality,

i _ A i " _ 1/pi
/O |(p(0)ul™ (@3)Y | dos < 7/ ( /0 |(p(oi)ul™ (a7) ”ldai) ,

and inequalities (3.1) hold with

1/q T 1/p;
1 T: o (m ) D )
(Di Ti) = L / pP\T; U, ‘ ¢ dO’i .
) (mi_ki_l)!p(m(o (i)™ (@)
The theorem is then proved by an application of Theorem 3.1. O

Corollary 5.2. Under the assumptions of Theorem 5.1,

ki)
I \u (si)]
/ / : @t i) dsi---dsn

< pl/pU2 H$Zl/qi %
i=1

(sz/ @“p‘%; (/:\(p( Juy" (o))’

where Uy is given by (5.2).

1/p
b dcri) dsi> (5.3)

Example 5.3. Let a; =0 and b; = 1 for i € I. Then (5.1) becomes

(ki)
z 1 |u ( l)|
/ / QZm’L qik; Q’L+1)/(Q1wz) dSl o dSn

i1 Wi,

ol ot/ " 2 — 8;) K o)™ (0;))"
S8 11(/0 (=02 ([ loto™ (@)

where

[T [(mi — ki — D) qimy — qiki — g + 1)V/%]
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Example 5.4. Let a; =0, b, =1, ¢ =n, p; = n/(n—1), w; = 1/n, m; = m and
ki =k for i € I. Then (5.1) becomes

[T, [u™ (1))
/ / Z VM= —nk— n—l—ldl d”

i=15;

VL1 Ty

_n[(m kE— 1)l (nm—nk‘—n+1) %

2 JL/(n=1) (n=1)/n
% m n/(n—1
[] / (@i = 8i)— =y (/ [(p(aiyud™ (o))" )dai) ds; :
=1 [ /o p(si) 0

For ¢ = p = n = 2 this is [10, Theorem 2.

Example 5.5. Set a; =1 and b; = 0 for i € I. Inequality (5.1) becomes

ki)
z 1 |u (51)| .
/ / mz kz)/(qiww) d81 dsn

1“’1

p;i—1 S; 1/pi
m; ; Si m; i
< Us Hxl/qZH [/0 (; — ;)™ (s )P (/0 [(plos)ud™ ()" dUz‘) dSz‘]
=1
(5.7)
where

—~ 1

Uy = (5.8)

[Tz, [(mi — K — 1)1 (m; — k)]

Example 5.6. Set a; =1, b, =0, ¢ = n, w; = 1/n, p; = n/(n —1), m; = m and
ki =k for i € I. Then (5.1) becomes

/ /nHz 1|U )| 1"'d$n
z 18 7
< 1 Vo1~ Zn X
“nllm—k-— 1)!]”(m — k)"

1/(n—1)

TI/[ i st ( / S m), /D) ) |
X Ti— S VIR YRS ploi)u; “(o; do; | ds;
11:[1[/0 ( ) p(si)™/ =1\ o |(p(ai)u;™ ()|

] (n-1)/n

(5.9)
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6 The third inequality

Theorem 6.1. Let u; € C*™i([0, 1)), p € C™(]0,00)) with m = max; m;, ugj)(()) =0
and (p(si)uz(-mi)(si))(j) =0ats;=0 forje{0,...,my —1}, i € I. Then

(ks) n
[Ty w7 (i) 1/q;
/ / @ (g 451 dsn < Us [ [

1 W;S; i=1

n ) b1 S(qi(mi—l)—i—l)(pi—l) si () - 1/ps
X — SZ L - o; uimi o; mi ZdO'i dSi
II| [ e ([ Nt
(6.1)
where
Ua — 1
. [T [(m; — D)W m; — k; — DN gqi(my — 1) + 1)V (o + 1)V (8; +1)1/pi]
(6.2)

Proof. By [10, Equation (21)],

ki % ks
W) = o,

( /0 i = o)™ (poi)™ (o)) dm) dr;.

For brevity write
Fi(o3) = |(ploi)uy™ (02) ™).

Applying Hélder’s inequality, we get

i T 1/q; T 1/pi
/ (Ti — O'i)mi_lFi(O'Z‘) dO'Z' S </ (Ti — O'i)qi(mi_l) d0'1> </ E(O’z)p’ d0'1>
0 0 0

Aatmi=1)+1)/q; - 1/pi
- - (o \Pi
(gi(m; — 1) + 1)V/a (/O Fi(os) daz> :

Then the inequalities (3.1) are satisfied with

</0Ti ‘(P(Uz‘)ugmi)(gl))(mz)

T(Qi(mfl)ﬁq)/qz‘
Di(r;) =W -

o 1/pi
" do;
p(7i) >

where
_ 1
— (mi = DU mi — ki = D(gs(mi — 1) + 1)V/ai
The result then follows from Theorem 3.1. ]
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Corollary 6.2. Under the hypotheses of Theorem 6.1,

z+1)/(qiwi) .l

1 /xl (fl:z _ Si)ﬁi+1 Sg‘]i(mi—l)-i-l)(p )/sl (m2) ()
X — oi)u; g; ¢
(Z pi Jo pip(si)Pi 0 ](,o( ) (e3))

ki) (. n
/ / l 1 |u (SZ)| d81'--d8n Spl/pU?)H:L,Zl/ql X

where Us is given by (6.2).
Example 6.3. Let a; =0 and b; = 1 for i € I. Inequality (6.1) becomes

Z 1|U (Sz)| .
/ / (qomi—acki—qu ) () 45177 B

z 1wl

< @H xil/qz' %
i=1
n x; S(qimrqﬂrl)(Prl) s ) o
X ./L'Z — S’L 1 v p O'l uzml O’l mi

1/pi
pldm) dsZ]

(6.4)

_ 1
Us = .
ST [ — 1)1 (my — ki — D) gimi — qiks — qi + 1)V (gimy — q; + 1)1/4]

(6.5)

Example 6.4. Set a; =0,b; =1, ¢; = n, w; = 1/n, p; = n/(n — 1), m; = m and
k; =k for i € I. Then (6.1) becomes

" sl
/ / Z Z Sm— nk— n+1d$1‘”d8”
i=15;

1
n [(m—D)"[(m—k—1D)]"(nm —nk —n+1)(nm —n+1)

n z; S(nm—n+1)/(n—1) Y (m) 4
XH / (z; — 83)— /0 |(p(oi)u;™ (05)) ™)

IN

(n—1)/n
(n_l)ddidsi

(6.6)

For ¢ = p = n = 2 this becomes [10, Theorem 3].
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Example 6.5. Set a; =1 and b; = 0 for ¢ € I. Inequality (6.1) becomes

k;) n
z 1 ’u (52)‘ —~ 1/q;
/ / sor iR gy @51 dsn < Us | | z; " X

1ws i=1

ks S(QZ(mz 1)+1)(pl_1) i (m) '
x H / fm ) p(s;)Pi </0 |(ploi)us™ (07)) )
i

where
~ 1
U= — | .
[Ty [(mi — )Y my — ki — D gimy — q; + 1)V % (my — k;)]

Example 6.6. Set a; =1, b, =0, ¢ = n, w; = 1/n, p; = n/(n —1), m; = m and
ki =k for ¢ € I. Then (5.1) becomes

(6.8)

- 1li=1 1" A\7/1 - ds,

0 0 > i1 Szmik :

1 n, ml oo xn
< - X
“n[(m-—D"[(m—k—-1"(nm—n+1)(m— k)"

n i (nm n+1)/(n—=1) s, m) P (n—1)/n
X x; —8;)" kS / p(a)u;™ (o)) ™"V doyds;

11 [/o S r il GOl

(6.9)
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