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Abstract

Copson’s extension of Hardy’s discrete inequality has been generalised in
different directions by Hwang, Hwang—Yang and Pachpatte. In this paper
inequalities are obtained which subsume and extend Hwang—Yang’s and Pach-
patte’s inequalities.
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1 Introduction

In [1] Copson established the following Hardy type inequalities involving a series
of positive terms (see [3, Inequality 326] and [6, p. 145]).

Theorem 1.1. Ifp > 1, A, > 0,a, > 0, Ay = >0 N, Ap = >0 Nia; and

>0 L Anah converges, then

o0 A P p p
) < — P, .
S B w
n=1
The constant is the best possible.

Theorem 1.2. Let p,, \n, an, Ay and A, be as in Theorem 1.1 and let H(u)
be a real-valued positive convex function defined for w > 0. If > >° A\, HP(ay)

converges, then

p—1
The constant is the best possible.

Generalizations of these theorems were given by Hwang and Yang [5] and Pach-

patte [7]. We establish inequalities which subsume and extend those results.
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2 Main results

Our first result extends Copson’s inequality stated in our Theorem 1.1 as well as

Hwang and Yang’s result [5, Theorem 1].
Theorem 2.1. Letp>1,q¢>0, 3, >0, A\, >0, ap, >0 for alln € N, and define

n n An
i=1 i=1 n

Suppose that Zflo:l Anahwd converges and that there exists k > 0 such that

(ﬁn—‘rl - ﬂn)An > b + q

p+qg—1+ > , néeN. 2.2
(Bn—i-lﬂn)An K ( )
Then
D Awht <Py T Aabwl. (2.3)
n=1 n=1

Proof. Without a loss of generality we may assume that wy = 8y = Ao = 1. In the
initial part of the proof of [5, Theorem 1] replace p by p + ¢ obtaining

N-1 N
Z Apwh 4 < g Z AnpwP a1, (2.4)
n=1 n=1

Taking the limit as N — oo in (2.4) and applying Holder’s inequality with indices
p and p/(p — 1), we obtain

io: Apwb e < ni ()\gpfl)/ngJrqflfq/p) ()\}L/panwg/p)

n=1 n=1
00 1) (r=1)/p ( oo 1/p
Sy S oy
n=1 n=1
00 1-1/p ¢ o 1/p
=K {Z )\nwgﬂ} {Z /\naﬁwg} ;
n=1 n=1

hence

00 1/p 0o 1/p
{ Z )\nw5+q } <K { Z Anabwi } .
n=1

n=1

Raising both sides to the pth power, we have (2.3). O
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The case ¢ = 0 is [5, Theorem 1].

From the preceding theorem we can deduce the following more general result.

Theorem 2.2. Letp > 1, g >0, r >0, and let a,, A,, wn, Bn A\n and A, be as in
Theorem 2.1. Suppose that y 7 AnalTlwr converges and that there exists Kk > 0

such that
(ﬁn—&—l - ﬂn)An > pt+q+r

(/Bn—i-lﬁn))\n K
Then
oo o
> AnahwdtT < K> Nuab . (2.5)
n=1 n=1

Proof. Using Holder’s inequality with indices (p + ¢)/p and (p + ¢q)/q and then
applying Theorem 2.1 with g replaced by q + r, we get

i )\nagwgﬁ-r _ i (Anag—kqw;)p/(p-kq) (Anw£+q+T)Q/(p+Q)
n=1 n=1

0 p/(P+9) / o q/(p+q)
< (Z )\nafiqu;) (Z )\nw£+q+r>
n=1 n=1
00 p/(p+q) oo q/(p+q)
< <Z )\naf{"qw;) (ﬁp Z )\naflwg"'T) ,
n=1

n=1
that is,
00 p/(p+q) 00 p/(p+q)
(Z )\na;zw%w) < KPe/(pta) <Z /\naﬁww;) ) (2.6)
n=1 n=1
Raising both sides of (2.6) to the power (p + q)/p yields (2.5). O

Corollary 2.3. Let p > 1, ¢ > 0, and let a,, Ap, wn, Bn A\n and A, be as in
Theorem 2.1. Suppose that Y >, Apab converges and that there exists k > 0
such that

(ﬁn—‘rl - 5n)An > p + q

ptag—1+ > ;
(ﬂn—l—lﬁn)An K

n € N.

Then

oo o0
Z Anabwl < K Z Apabta, (2.7)
n=1 n=1
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and

oo oo
D @bt < PN "N ab T (2.8)
n=1 n=1

Proof. Inequality (2.7) follows from (2.5) by setting » = 0. Combining (2.3) and
(2.7), we obtain (2.8). O

We now present a multilevel version of Theorem 2.1 in the case that ¢ = 0.

Theorem 2.4. Letp>1, meN, a; >0, 8;; >0, \; >0 forie{l,...,m} and
all j €eN. Forie{l,...,m} and n € N define

Ain

n n
Won = n, Ain =Y Bikj, Aim =Y Biwi 15 win= N
. . wm

J=1 J=1

Suppose that 22021 Anah converge. If there exist k; > 0 such that

(Bin+1 — Bin)Nin
(Bi,n—l—lﬂin))\n

p—1+

then

0o m P o
> Awh,, < (H m) > Anah, (2.9)
n=1

Proof. Applying Theorem 2.1 with ¢ = 0, we conclude that > > ; A,w!, converges,

and
[e.9] o0
P P P
E Anwi, < Ky E AWy, -
n=1 n=1

A similar argument shows that

o oo

Z)\nwfn < Hfz)‘”wgl,n’ ie{l,...,m}.
n=1 n=1

Continuing this way, we obtain (2.9). O

Remark 2.5. Setting f;; = 1,\; = 1,k; = p/(p — 1) for j € N we recover Pach-
patte’s result [7, Theorem 1].
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Theorem 2.6. Let H be a real-valued positive convex function defined on (0, 00)
and letp>1,q¢>0, 5 >0, A\ >0, a; >0 foralli € N. Let Ay, wy, and A,, be as
in Theorem 2.1, and let

n
F,=> BiXiH(a), Pn=-", neN
i=1
Suppose that Y o>y \yHP(a,)®7, converges and that there exists k > 0 such that

(ﬁn+1"ﬁn)An > p‘Fq.

p%,q4,1+, > 2.10
(ﬂn+1ﬁn>An K ( )
Then
> A H M (wy) < KPY A HP () L. (2.11)
n=1 n=1

The constant in (2.11) is the best possible.

Proof. We apply Theorem 2.1 with a; replaced by H(a;). Then A, is replaced by
F,, and w, by ®,. Inequality (2.3) then becomes

o o0
D An®ET < RPN HP () L. (2.12)
n=1 n=1
Since H is convex, we can apply Jensen’s inequality to obtain
Ap = Bi); = Biki
H =H|—)=H | < H(a;) = ®,.
Substituting this in (2.12), we get (2.11).

The case ¢ =0, 8, = 1,n € N and k = p/(p — 1) shows the constant in (2.11)
to be the best possible. ]

The choice H(u) = u in the preceding theorem yields Theorem 2.1. Setting
q = 0, we recover [5, Theorem A]. If g =0, 5; = 1 and k = p/(p — 1), the preceding
theorem reduces to Copson’s result in [1] (see our Theorem 1.2).

The next result generalizes Theorem 2.6 in the same way that Theorem 2.2

generalizes Theorem 2.1. The proof is left to the reader.

Theorem 2.7. Let H be a real-valued positive convex function defined on (0, 00)
and let p > 1, ¢ >0, 8; >0, r >0, \; >0, a; >0 foralli € N. Let A,, w,
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and A, be as in Theorem 2.1, and F,, and ®,, as in Theorem 2.6. Suppose that
Yo A H" (an) @51 converges and that there exists k > 0 such that

(/Bn-l-l _ﬁn)An > p+q+r

P + q— 1 + > 2.13
(ﬁn—&—lﬁn))\n K ( )
Then
Z)\ H ()88 < 2 Ay H (002, 2.14)
n=1

The constant in (2.14) is the best possible.

3 Further inequalities
In this section we obtain extensions of Pachpatte’s results from [7].

Theorem 3.1. Letp > 1, g >0, by > 0 for myn € N and let

1 S . 1 > d . .

Bm":%ZZQZZ% for m,n,i,5 € N. (3.1)
s=1t=1"" i=1 j=1

IfF S S b B converges, then

> 3p p 00 00
Sy e (G0) (I ) C St 62

m=1n=1

Proof. The proof is an adaptation of the proof of [7, Theorem 2], and extends an
idea used by Elliott in [2].
Let L, M € N and define

and

Sup =SS Bt Z - qzww (3.4)

m=1n=1

Thus the left hand side of (3.2) may be written as

Z m~ P~ qup+q. (3.5)
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By a procedure similar to the one used in [7], we obtain

L ptq L 1 m 1
>t () S s

n=1 s=1 =1 j=1
1 L
(=) {0ttt et
n—=
1
:_QﬁzjaLﬁgga (3.6)

This is [7, Equation (24)] with p replaced by p + ¢. From (3.6), using Hoélder’s
inequality with indices p and p/(p — 1), we obtain

ngjn‘l B (%) Z Z ZZ% Whind ™!

= 11]1
py 1/p

SR sl

n=1 = i=1 j=1

L o) "
: {Z {wg;g—l—q/p} } . (3.7)

n=1
Dividing both sides of (3.7) by the last term on the right and raising to the pth

power, we have

L
W< ([ PT9

_< p+q
p+qg—1

n=1

\/\_/

If we define

L M
E -p E —q,,9 P
n m CWhnPmn
m=1
L

p+q ? . —-q P, ,4 /g
= (o) 2o mT T (3.10)
pT4q oyt
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and

mﬂmn - (m - 1)5m—1,n = %Z wa Z 07 (311)

so that mf,,, is an increasing function of m. We note that

Wmn — Wm—1n = — Z Z Z bZ] > O (312)

11J1

1
mn — MPmmn—1 — in > 0. 1
Bun = Bmn—1 m;b 0 (3.13)

From (3.9) and using the inequality
Pt kRt > (k4 1wk, u,v >0,k >1, (3.14)

we deduce that

m n

Z > bij o B0

~awg gP
m~wl,, (
M=

) Wl
=m qwq mn p <p ) qwq (m/@mn - (m - 1>ﬁm—1,n) /851711
m

{1

- (le) (m = m ™ Bt B

< {1—m— (pél) m}m 9wl Br
#(S25) = 1ot (B (0= 15)
- <p%1> m_qwgrm (( - 1) m—1n mﬁfnn) <0 (315)

—-q

by (3.11). Keeping n fixed in (3.15) and letting m = 1,2,..., M and adding the

inequalities we have

< (%) S mTwg, ((m ~ )80 — mﬁgm) <0 (3.16)
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(the sum of negative terms, by (3.11)). Let

n m

TYmn = %Zzbm
Jj=11

=1
so that
NYmn — (n - 1)’7m,n—1 = szn Z 0. (317)
=1

Following similar procedures as used to derive (3.16) from (3.6) with a further

application of Holder’s inequality we arrive at

p p
p p+q _
SML < <p_ 1) (p+q_ 1) E b—a E wmnfymn (318)

m=1

and

Zwmn%ﬂn = (ﬁ)p ZL:WZm {i bm}p- (3.19)

From (3.18) and (3.19) we observe that

2% L M
p Ptgq
Smr < (]:) (m) E E m~ P ImPwl, o7,

n=1m=1
p \*( ptaq
N (p— 1> <m> Z qZW%n%m (3.20)

where

and
mémn - (m - 1)6771—1,71 = bmn > 0. (321)

Repeating the procedure above (but without a further application of Hélder’s in-

equality), we get

M
S mtad,, 3, < ( ) Zm "t W (3.22)
m=1
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From (3.20) and (3.22) we observe that
3p p M
p pP+q _
SML<<p_1> (p—i—q—l) Zm qZWnnW%n
3p p M L
p p+q
- (p - 1) (p +q- 1) Z Z B (323

By letting L, M tend to infinity in (3.23) we get the desired inequality (3.2). The

proof is complete. O

If we set ¢ = 0 in Theorem 3.1, we recover [7, Theorem 2].
The following result extends the preceding theorem in a similar way that The-

orem 2.2 extends Theorem 2.1.

Theorem 3.2. Let p > 1, ¢ > 0, r >0, bypn > 0 for m,n € N and let By, be
given by (3.1). If .00 52 bhiIBr - converges, then

0 3(p+q) ptq ©© o0

p p+q+r
SN, BLT < <—> <—) S S By, (3.24)
m=1n=1 p_l p+q+7“—1 m=1n=1

L M
BIHT Z Z b BPr/(ptagatr—pr/(p+e)

M=
NIE
=

n=1m=1 o n=1m=1
L M
— Z {Z {oapr }p/(p+q) {Bp+q+r}q/(p+q)}
n=1 \m=1
I M p/(pta) ¢ um a/(p+q)
) ()
n=1 m=1 m=1
L M /(p+q)
<Y { { > thBZm}
n=1 m=1




Hardy’s discrete inequality 11

L M q/(p+q)
- {Z > %Bﬁ%’"} - (3.25)

n=1m=1
Then
L M p/(p+q)
{z 3 %Bz;r}
n=1m=1
3p p( L M p/(p+q)
p p+q+r
< | — _— prtapr . 3.26
<) Grs) (S e o2
Raising both sides of (3.26) to the power (p + q)/p yields (3.24). O
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