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Abstract

This paper proves Opial inequalities for generalized fractional derivatives
analogous to inequalities established by the first author using a different defini-
tion of fractional derivative. The inequalities are proved for integrable functions
with a minimal restriction on the order of the derivatives.
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1 Introduction and preliminaries

The original Opial inequality [7] (see also [6, p. 114]) states the following:

Theorem 1.1. If f ∈ C1[0, a] with f(0) = f(a) = 0 and f(x) > 0 on (0, a), then
∫ a

0
|f(x)f ′(x)| dx ≤

a

4

∫ a

0
(f ′(x))2 dx.

The constant a/4 is the best possible.

This result for classical derivatives has been generalized in several directions (see,
for instance, [2, 3]). The present paper is motivated by an earlier paper [1] by Anas-
tassiou. Using a different (nonequivalent) definition of fractional derivative, we obtain
inequalities for integrable rather than continuous functions, while being able to relax
the conditions on the order of fractional derivatives.

We give a brief survey of some facts about fractional derivatives needed in the
sequel; for more details see the monograph [8, Chapter 1].

Let x > 0. By Cm[0, x] we denote the space of all functions on [0, x] which have
continuous derivatives up to order m, and AC[0, x] is the space of all absolutely
continuous functions on [0, x]. By ACm[0, x] we denote the space of all functions
g ∈ Cm[0, x] with g(m−1) ∈ AC[0, x]. For any ν ∈ R we denote by [ν] the integral
part of ν (the integer k satisfying k ≤ ν < k + 1).

∗Thanks to the Department of Mathematics and Statistics of the University of Melbourne for
their support and hospitality.
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By L(0, x) we denote the space of all functions integrable on the interval (0, x),
and by L∞(0, x) the set of all functions measurable and essentially bounded on (0, x).
Clearly, L∞(0, x) ⊂ L(0, x). Let ν > 0. For any f ∈ L(0, x) the Riemann–Liouville
fractional integral of f of order ν is defined by

Iνf (s) =
1

Γ(ν)

∫ s

0
(s − t)ν−1f(t) dt, s ∈ [0, x], (1.1)

and the Riemann–Liouville fractional derivative of f of order ν by

Dνf(s) =
(

d

ds

)m

Im−νf(s) =
1

Γ(m − ν)

(
d

ds

)m ∫ s

0
(s − t)m−ν−1f(t) dt (1.2)

where m = [ν] + 1. In addition, we stipulate

D0f := f =: I0f, I−νf := Dνf if ν > 0, D−νf := Iνf if 0 < ν ≤ 1. (1.3)

If ν is a positive integer, then Dνf = (d/ds)νf . Let us remark that a somewhat
more general definition of the Riemann–Liouville fractional derivative is used in the
literature with an anchor point a other that 0: Let a ∈ R be fixed, s ≥ a, and let
fa(t) = f(a + t) be a translation of f . Then set

Dν
af(s) := Dνfa(s − a).

All our results stated for the fractional derivative defined by (1.2) have an interpre-
tation for the fractional derivative with a general anchor point.

Let ν > 0 and m = [ν] + 1. We define the space Iν(L(0, x)) as the set of all
functions f on [0, x] of the form f = Iνϕ for some ϕ ∈ L(0, x) (see Definition 1.2.3
in [8, p. 43]). According to Theorem 1.2.3 in [8, p. 43], the latter characterization is
equivalent to the condition

Im−νf ∈ ACm[0, x], (1.4)
( d

ds

)j
Im−νf(0) = 0, j = 0, 1, . . . , m − 1. (1.5)

A function f ∈ L(0, x) satisfying (1.4) is said to have an integrable fractional derivative
Dνf (see Definition 1.2.4 in [8, p. 44]). We express these conditions in terms of
fractional derivatives.

Lemma 1.2. Let ν > 0 and m = [ν] + 1. A function f ∈ L(0, x) has an integrable
fractional derivative Dνf if and only if

Dν−kf ∈ C[0, x], k = 1, . . . , m, and Dν−1f ∈ AC[0, x]. (1.6)
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Further, f ∈ Iν(L(0, x)) if and only if f has an integrable fractional derivative Dνf

and satisfies the conditions

Dν−kf(0) = 0 for k = 1, . . . ,m. (1.7)

Proof. Note that

( d

ds

)k
Im−νf =

( d

ds

)k
Ik−(ν−m+k)f = Dν−m+kf

in view of the definition of fractional derivative and the equation [ν − m + k] + 1 = k.
Then (1.6) is equivalent to (1.4) and (1.7) is equivalent to (1.5). (For k = m we use
the stipulation Dν−mf = Im−νf in (1.6).)

We will need the following result on the law of indices for fractional integration
and differentiation using the unified notation (1.3).

Lemma 1.3. (Theorem 1.2.5 [8, p. 46]) The law of indices

IuIvf = Iu+vf (1.8)

is valid in the following cases:

(i) v > 0, u + v > 0 and f ∈ L(0, x);

(ii) v < 0, u > 0 and f ∈ I−v(L(0, x));

(iii) u < 0, u + v < 0 and f ∈ I−u−v(L(0, x)).

Finally we give an integral representation of the fractional derivative Dγf (see
also [5]).

Theorem 1.4. Let ν > γ ≥ 0, let f ∈ L(0, x) have an integrable fractional derivative
Dνf ∈ L∞(0, x), and let Dν−kf(0) = 0 for k = 1, . . . , [ν] + 1. Then

Dγf(s) =
1

Γ(ν − γ)

∫ s

0
(s − t)ν−γ−1Dνf(t) dt, s ∈ [0, x]. (1.9)

Proof. Set u = ν−γ > 0 and v = −ν < 0. According to Lemma 1.2, f ∈ I−v(L(0, x)).
Then case (ii) of Lemma 1.3 guarantees that the law of indices holds for this choice
of u, v, namely

Iν−γDνf = IuIvf = Iu+vf = I−γf = Dγf ;

this is (1.9).
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2 The main results

Our first result is an Opial type inequality involving fractional derivatives. We assume
throughout that x, ν, γ are real numbers, x > 0, ν, γ ≥ 0, and that f ∈ L(0, x). The
standard assumption on f is that f ∈ Iν(L(0, x)); we prefer to spell this out in
the formulation of each theorem by specifying that f has an integrable fractional
derivative Dνf satisfying (1.6).

Theorem 2.1. Let 1/p + 1/q = 1 with p, q > 1, let γ ≥ 0, ν ≥ γ + 1 − 1/p, and
let f ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x) such that
Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s)Dνf(s)| ds ≤ Ω(x) ·

(∫ x

0
|Dνf(s)|q ds

)2/q

, (2.1)

where

Ω(x) =
x(rp+2)/p

21/qΓ(r + 1)((rp + 1)(rp + 2))1/p
, r = ν − γ − 1. (2.2)

Proof. We write Φ(t) = |Dνf(t)| and r = ν − γ − 1. Since 1 − 1/p > 0, we have
ν > γ, and Theorem 1.4 applies. Further, r > −1, and t 7→ (s − t)r ∈ L(0, s) for any
s ∈ [0, x]. Let 0 < s ≤ x. Applying Hölder’s inequality to (1.9), we get

|Dγf(s)| ≤
1

Γ(r + 1)
s(rp+1)/p

(rp + 1)1/p

(∫ s

0
Φ(t)q dt

)1/q

. (2.3)

Write z(s) =
∫ s
0 Φ(t)q dt. Then z′(t) = Φ(t)q almost everywhere in (0, s),

|Dνf(s)| = (z′(s))1/q a.e. in (0, x),

and

|Dγf (s)Dνf(s)| ≤
s(rp+1)/p(z(s)z′(s))1/q

Γ(r + 1)(rp + 1)1/p
a.e. in (0, x).

The function srp+1(z(s)z′(s))1/q is integrable over (0, x) as rp + 1 ≥ 0 and z(s)z′(s)
is measurable and essentially bounded on (0, x). Applying Hölder’s inequality, we
obtain

∫ x

0
srp+1(z(s)z′(s))1/q ds ≤

(∫ x

0
srp+1 ds

)1/p (∫ x

0
z(s)z′(s) ds

)1/q

≤
x(rp+2)/p

(rp + 2)1/p

(z(s))2/q

21/q
.

The result then follows when we observe that |Dγf(s)Dνf(s)| is integrable as Dγf ∈
AC[0, x] and Dνf ∈ L∞(0, x).



Opial inequalities 5

The following result deals with the extreme case of the preceding theorem when
p = 1 and q = ∞.

Theorem 2.2. Let ν > γ ≥ 0, and let f ∈ L(0, x) have an integrable fractional
derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s) Dνf (s)| ds ≤ Ω1(x) · ess sup

s∈[0,x]
|Dνf (s)|2, (2.4)

where

Ω1(x) =
xr+2

Γ(r + 3)
, r = ν − γ − 1.

Proof. A straightforward application of Theorem 1.4.

Theorem 2.1 has the following counterpart for the case 0 < p < 1.

Theorem 2.3. Let 1/p + 1/q = 1 with 0 < p < 1, let ν > γ ≥ 0, and let f ∈ L(0, x)
have an integrable fractional derivative Dνf ∈ L∞(0, x) with (Dνf)−1 ∈ L∞(0, x) such
that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s)Dνf(s)| ds ≥ Ω(x) ·

(∫ x

0
|Dνf(s)|q ds

)2/q

, (2.5)

where Ω(x) is defined by (2.2).

Proof. The proof follows a similar pattern as the proof of Theorem 2.1. Since 0 <

p < 1, we need to apply reverse Hölder’s inequality [6, p. 135]
∫ x

0
|u(s)v(s)| ds ≥

(∫ x

0
|u(s)|p

)1/p (∫ x

0
|v(s)|q

)1/q

valid for any u ∈ Lp(0, x) and v ∈ Lq(0, x). Secondly, the assumption that (Dνf)−1 ∈
L∞(0, x) is needed since q < 0. The details of the proof are omitted.

Under slightly strengthened hypotheses of Theorem 2.1 we obtain the following
inequality involving fractional derivatives of three orders.

Theorem 2.4. Let 1/p + 1/q = 1 with p, q > 1, let γ ≥ 0, ν ≥ γ + 2 − 1/p, and
let f ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x) such that
Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s)Dγ+1f(s)| ds ≤ Ω2(x) ·

(∫ x

0
|Dνf(s)|q ds

)2/q

, (2.6)

where

Ω2(x) =
x2(rp+1)/p

2(Γ(r + 1))2(rp + 1)2/p
, r = ν − γ − 1. (2.7)
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Proof. Write Φ(t) = |Dνf(t)| and r = ν − γ − 1. From Theorem 1.4 and from the
definition of the fractional integral we obtain

|Dγf (x)| ≤ U(x) := Ir+1Φ(x), |Dγ+1f(x)| ≤ IrΦ(x).

Observing that U ′(x) = (Ir+1Φ(x))′ = IrΦ(x) and using Hölder’s inequality, we get
∫ x

0
|Dγf(t) Dγ+1f(t)| dt ≤

∫ x

0
U (t)U ′(t) dt = 1

2U 2(x)

=
1

2(Γ(r + 1))2

(∫ x

0
(x − t)rΦ(t) dt

)2

≤ 1
2(Γ(r + 1))2

(∫ x

0
(x − t)rp dt

)2/p (∫ x

0
Φ(t)q dt

)2/q

=
1

2(Γ(r + 1))2
x2(rp+1)/p

(rp + 1)2/p

(∫ x

0
Φ(t)q dt

)2/q

. ¤

The following result is concerned with the case when p = 1 an q = ∞ in the
preceding theorem. The proof is straightforward, and we omit it.

Theorem 2.5. Let γ ≥ 0, ν > γ+1, and let f ∈ L(0, x) have an integrable fractional
derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s)Dγ+1f(s)| ds ≤ Ω3(x) · ess sup

t∈(0,x)
|Dνf(t)|2, (2.8)

where

Ω3(x) =
x2(ν−γ)

2(Γ(ν − γ + 1))2
. (2.9)

Remark 2.6. We show that inequality (2.8) is sharp, attained for the function f(t) =
tν . From the known properties of the gamma function,

∫ s

0
(s − t)u−1tv−1 dt =

Γ(u)Γ(v)
Γ(u + v)

su+v−1, u, v > 0.

Let 0 ≤ j ≤ [ν] + 1, m = [ν] − j + 1 and α = ν − [ν]. Then 1 − α > 0, ν + 1 > 0, and

Dν−jf(s) =
1

Γ(1 − α)

(
d

ds

)m ∫ s

0
(s − t)(1−α)−1t(ν+1)−1 dt

=
1

Γ(1 − α)
Γ(1 − α)Γ(ν + 1)

Γ(m + j + 1)

(
d

ds

)m

sm+j

=
Γ(ν + 1)

j!
sj.
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Then Dν−jf(0) = 0 for j = 1, . . . , [ν]+1, while Dνf(s) = Γ(ν+1). Using Theorem 1.4,
we obtain

Dγf(s) =
Γ(ν + 1)

Γ(ν − γ + 1)
sν−γ, Dγ+1f(s) =

Γ(ν + 1)
Γ(ν − γ)

sν−γ−1.

Hence
∫ x

0
|Dγf(s)Dγ+1f(s)| ds =

(Γ(ν + 1))2

Γ(ν − γ + 1)Γ(ν − γ)

∫ x

0
s2(ν−γ)−1 ds

=
1
2

(
Γ(ν + 1)

Γ(ν − γ + 1)

)2

x2(ν−γ).

On the other hand, with Ω3(x) given by (2.9) and

ess sup |Dνf(s)|2 = (Γ(ν + 1))2,

the left side of (2.8) is equal to the right side of (2.8) for f (t) = tν .

We give a counterpart of Theorem 2.4 for the case 0 < p < 1. The proof again
depends on the reverse Hölder’s inequality, and is omitted.

Theorem 2.7. Let 1/p + 1/q = 1 with 0 < p < 1, let γ ≥ 0, ν > γ + 1, and let
f ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x) with (Dνf)−1 ∈
L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then

∫ x

0
|Dγf(s)Dγ+1f(s)| ds ≥ Ω2(x) ·

(∫ x

0
|Dνf(s)|q ds

)2/q

, (2.10)

where Ω2(x) is given by (2.7).

We derive yet another useful variant of Opial type inequality.

Theorem 2.8. Let 1/p + 1/q = 1 with p, q > 1, let γ ≥ 0, ν ≥ γ + 1 − 1/p, and
let f ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x) such that
Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then, for any m > 0,

∫ x

0
|Dγf(s)|m ds ≤ Ω4(x) ·

(∫ x

0
|Dνf(s)|q ds

)m/q

, (2.11)

where

Ω4(x) =
x(rm+1+m/p)

(Γ(r + 1))m(rm + 1 + m/p)(rp + 1))m/p
, r = ν − γ − 1. (2.12)

Proof. Inequality (2.3) holds under the hypotheses of the theorem. Raising both sides
of (2.3) to the power of m and integrating from 0 to x, we get the result.
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The extreme case of Theorem 2.8 with p = 1 and q = ∞ follows. The proof is
omitted, as it is again a straightforward application of Theorem 1.4.

Theorem 2.9. Let ν > γ ≥ 0, and let f ∈ L(0, x) have an integrable fractional
derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then, for
any m > 0,

∫ x

0
|Dγf(s)|m ds ≤ Ω5(x) · ess sup

t∈[0,x]
|Dνf(t)|m, (2.13)

where

Ω5(x) =
x(r+1)m+1

(Γ(r))m(rm + 1 + m/p)((r + 1)m + 1)
, r = ν − γ − 1. (2.14)

3 Applications

(i) Uniqueness of solution to fractional initial value problem





Let γi ≥ 0, ν ≥ γi + 1/2, i = 1, . . . , r ∈ N.
Let f ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
such that Dν−jf(0) = αj ∈ R, j = 1, . . . , [ν] + 1.
Furthermore, let
Dνf(t) = F (t, {Dγif(t)}r

i=1) for all t ∈ [0, x].

(3.1)

Here F (t, x1, . . . , xr) is continuous for (x1, . . . , xr) ∈ Rr, bounded for t ∈ [0, x], and
fulfills the Lipschitz condition

|F (t, z1, . . . , zr) − F (t, z′
1, . . . , z

′
r)| ≤

r∑

i=1

qi(t) |zi − z′
i|, (3.2)

where qi(t) ≥ 0 are bounded on [0, x], i = 1, . . . , r. For i = 1, . . . , r and 0 ≤ s ≤ x we
define

∆i(s) :=
sν−γi

2Γ(ν − γi)
√

(ν − γi)(2ν − 2γi − 1)
, ψ(s) =

r∑

i=1

‖qi‖∞∆i(s), (3.3)

where ‖qi‖∞ = supt∈[0,x] |qi(t)|. We shall assume that

ψ(x) :=
r∑

i=1

‖qi‖∞∆i(x) < 1. (3.4)
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Let g ∈ L(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x) such that
Dν−jf(0) = 0, j = 1, . . . , [ν] + 1. Then, by Theorem 1.4, we have

Dγig(s) =
1

Γ(ν − γi)

∫ s

0
(s − t)ν−γi−1Dνg(t) dt, s ∈ [0, x], i = 1, . . . , r. (3.5)

When p = q = 2, from (2.1) we get for i = 1, . . . , r,
∫ x

0
|(Dγig)(w)| |(Dνg)(w)| dw ≤ ∆i(x)

∫ x

0
|(Dνg)(w)|2 dw. (3.6)

Let f1, f2 solve (3.1), that is, let for k = 1, 2,

(Dνfk)(t) = F (t, {(Dγifk)(t)}r
i=1), t ∈ [0, x],

and

Dν−jfk(0) = αj ∈ R, j = 1, . . . [ν] + 1.

If g := f1 − f2, then

Dνf(t) = F (t, {(Dγif1)(t)}r
i=1) − F (t, {(Dγif2)(t)}r

i=1), (3.7)

and

Dν−jg(0) = 0, j = 1, . . . , [ν] + 1.

By (3.2),

|F (t,Dγ1f1(t), . . . ,Dγrf1(t)) − F (t,Dγ1f2(t), . . . , Dγrf2(t))|

≤
r∑

i=1

qi(t)|Dγif1(t) − Dγif2(t)|

=
r∑

i=1

qi(t)|Dγig(t)|

≤
r∑

i=1

‖qi‖∞|Dγig(t)|. (3.8)

Thus

|Dνg(t)|2 = |Dνg(t)| |F (t, {Dγif1(t)}r
i=1) − F (t, {Dγif2(t)}r

i=1)|

≤ |Dνg(t)|
r∑

i=1

‖qi‖∞|Dγig(t)|

=
r∑

i=1

‖qi‖∞|Dγig(t)| |Dνg(t)|.
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Consequently,

∫ x

0
|Dνg(t)|2 dt ≤

r∑

i=1

‖qi‖∞

∫ x

0
|Dγig(t)| |Dνg(t)| dt

(3.6)
≤

r∑

i=1

‖qi‖∞∆i(x)
∫ x

0
|Dνg(t)|2 dt

(3.4)
≤ ψ(x)

∫ x

0
|Dνg(t)|2 dt,

that is,
∫ x

0
|Dνg(t)|2 dt ≤ ψ(x)

∫ x

0
|Dνg(t)|2 dt. (3.9)

If
∫ x
0 |Dνg(t)|2 dt 6= 0, then by (3.9) we obtain ψ(x) ≥ 1, a contradiction to the

assumption ψ(x) < 1. Hence
∫ x
0 |Dνg(t)|2 dt = 0, that is, Dνg(t) = 0 a. e. in [0, x].

But Dν−jg(0) = 0, j = 1, . . . , [ν] + 1. Then from (1.9) for γ = 0 we find g(t) ≡ 0 in
[0, x]. This implies f1 = f2 on [0, x], proving the uniqueness of solution to the initial
value problem (3.1).

(ii) Upper bounds on Dνf , solution f , etc.





Consider the initial value problem for 0 ≤ t ≤ x:
(Dνf)′(t) = F (t, {Dγif(t)}r

i=1,D
νf);

γi ≥ 0, ν ≥ γi + 1/2, i = 1, . . . , r ∈ N;
here f ∈ L(0, x) has an integrable fractional derivative Dνf ∈ L∞(0, x),
we assume that Dν−jf (0) = 0, j = 1, . . . , [ν] + 1 and Dνf(0) = A ∈ R.

(3.10)

Here F is Lebesgue measurable on [0, x] × Rr+1, and fulfills the condition

|F (t, x1, . . . , xr, xr+1)| ≤
r∑

i=1

qi(t)|xi|, (3.11)

where qi(t) ≥ 0 are bounded on [0, x], i = 1, . . . , r. We see that

Dνf(t)(Dνf)′(t) = Dνf(t)F (t, {Dγif(t)}r
i=1,D

νf(t)),

and for 0 ≤ s ≤ x we have
∫ s

0
Dνf(t)(Dνf)′(t) dt =

∫ s

0
Dνf(t)F (t, {Dγif(t)}r

i=1, D
νf(t)) dt.
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Hence

1
2 |Dνf (t)|2

∣∣∣
s

0
≤

∫ s

0
|Dνf(t)||F (t, {Dγif(t)}r

i=1,D
νf(t))| dt

(3.11)
≤

∫ s

0
|Dνf(t)|

(
r∑

i=1

‖qi‖∞|Dγif(t)|

)
dt

=
r∑

i=1

‖qi‖∞

(∫ s

0
|Dγif(t)| |Dνf(t)| dt

)
.

Recall the notation (3.3) for ∆i(s) and ψ(s). Then

|Dνf(s)|2 ≤ A2 + 2
r∑

i=1

‖qi‖∞

(∫ s

0
|Dγif(t)| |Dνf(t)| dt

)

(2.1)
≤ A2 +

(
r∑

i=1

‖qi‖∞∆i(s)

) (∫ s

0
|Dνf(t)|2 dt

)

= A2 + ψ(s)
∫ s

0
|Dνf(t)|2 dt,

that is,

|Dνf(s)|2 ≤ A2 + ψ(s)
∫ s

0
|Dνf(t)|2 dt. (3.12)

Set θ(s) := |Dνf(s)|2 for 0 ≤ s ≤ x and ρ := A2. Then

θ(s) ≤ ρ + ψ(s)
∫ s

0
θ(t) dt,

where ρ ≥ 0, ψ(s) ≥ 0, ψ(0) = 0, θ(s) ≥ 0 for all 0 ≤ s ≤ x. We can apply the
generalized Gronwall lemma [4, Corollary 1.1.2] (with H(x) = x) to obtain

θ(s) ≤ ρ

(
1 + ψ(s) exp(Ψ(s))

∫ s

0
exp(−Ψ(t)) dt

)
, Ψ(t) =

∫ t

0
ψ(u) du. (3.13)

We have shown that

|Dνf(s)| ≤ |A|
(

1 + ψ(s) exp(Ψ(s))
∫ s

0
exp(−Ψ(t)) dt

)1/2

=: K(s) (3.14)

for all 0 ≤ s ≤ x. From (1.9) with γ = 0 we get

|f(s)| ≤
1

Γ(ν)

∫ s

0
(s − t)ν−1|Dνf(t)| dt

for all 0 ≤ s ≤ x. Applying (3.14), we get

|f(s)| ≤ 1
Γ(ν)

∫ s

0
(s − t)ν−1K(t) dt. (3.15)
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Also from (1.9) we have

|Dγif(s)| ≤ 1
Γ(ν − γi)

∫ s

0
(s − t)ν−γi−1|Dνf(t)| dt

for all 0 ≤ s ≤ x, i = 1, . . . , r. Finally, by (3.14) we get

|Dγif(s)| ≤
1

Γ(ν − γi)

∫ s

0
(s − t)ν−γi−1K(t) dt (3.16)

for all 0 ≤ s ≤ x and i = 1, . . . , r.
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