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1 Introduction

This paper continues the investigation started by the present authors in [6, 7]. In
[6], we studied the mapping

[l + tyll — |l
vxyy(t) = f

defined on R\ {0} in order to obtain a refinement of the norm in X as an instrument
of measurement, and obtained refinements of inequalities important in analysis as
a result.

In [7] the mapping

_ e+ 2ty = = + ty]]

Vay(t) = n ,  teR\{0},

was introduced to study the finer points of geometry of the normed linear spaces;
applications included new characterizations of the Birkhoff orthogonality and best

approximants.



2 S. S. DRAGOMIR AND J. J. KOLIHA

Indispensable tools in this process are the lower and upper semi-inner product

in X, defined by

o [ e
(ya x)’L = tli%l, o1 s

and

I o e I
(Y, 2)s = tLH(I)1+ 2t ’

respectively. These limits are well defined for every pair z,y € X, and play a role
in normed spaces similar to that of the inner product in an inner product space.
For reference we list some of the main properties of these products that will be

used in the sequel (see [2, 3, 4, 5]).
@) (z,2), = ||lz||* for all z € X;
(I) (azx, By)p = af(z,y)p if af > 0 and z,y € X;

() [(z, y)pl < [l lyll for all z,y € X;

(IV) (ax +y,z)p = a(z,z)p + (y, x)p if ,y belong to X and « is a real number;
(V) (=z,y)p = —(z,y)q for all z,y € X;

(VD) (z +y, 2)p < [l|l[|2[] + (v, 2)p for all z,y,z € X;

(VII) The mapping (-, ), is continuous and subadditive (superadditive) in the first

variable for p = s (or p = i);
(VIII) We have the inequality

(yvx)i < (y¢ x)s for all T,y € X;

(IX) If the norm ||-|| is induced by an inner product (-, -), then

(yax)l = (yVI) = (y,ﬂf)s for all z,y € X.
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In the present paper we introduce the mappings UL, by (2.1), and start in-
vestigating their monotonicity, boundedness and convexity. These properties are
then applied to height functions, and to obtaining refinements of the Schwarz

inequality, and other inequalities useful in analysis.

2 Properties of the mapping V7

Let z,y be two fixed linearly independent vectors in the normed linear space

(X, |I]l)- We consider the two mappings

(1"7 x + ty)p

P (t) = )
0 P

p € {s,i}, (2.1)

well defined for all ¢ € R, which often arise in analytic and geometric considera-
tions of normed linear spaces employing the lower and upper semi-inner product.
(See, for instance [7], where the authors used W%, to investigate the mapping
Yy (t) = (|lz + 2ty|| — ||= + ty||)/t.) This paper is devoted to a systemic study of
the mapping ‘Il’g;,y, which plays an important role in geometry of normed linear
spaces and the theory of inequalities in analysis.

The following theorem describes the main properties of this mapping.

Theorem 2.1 Let (X, ||||) be a real normed linear space and x,y two linearly

independent vectors in X. Then

(i) The mapping %, is bounded on R with
(W2, ()| < llz|| for all t € R; (2.2)
(ii) We have the inequality
O,y (t) < \If;y (t) <V, () <|z| forallteR (2.3)
and

Ony (8) 2 W5, (20) 2 WG, (28) 2 ||z + 2ty|| — 2[¢] ||y



4 S. S. DRAGOMIR AND J. J. KOLIHA

@.9)s i sy
> (Oyy! | (2.4)
_WYi g <o,
Iyl
where 0z, (1) = 2|2 + ty|| — [l + 2ty]|
(iii) W, is continuous at 0, and we have the limits
lim W (1) = Eo¥)s (2.5)
t=too Y Iyl
and
lim W2 (t)=— ; 2.6
A e 0= = 20

(iv) Wk, is increasing on (—o00,0] and decreasing on [0, +00).

Proof (i) follows from the Schwarz inequality.
(ii) Using the basic properties of the lower and upper semi-inner products as

set out in the Introduction,we have

|z + 2ty|| |22 + 2ty|| > (= + 2ty, 22 + 2ty)s

= (2z + 2ty — x, 2 + 2ty), = |22 + 2ty||* — (z, 22 + 2ty);
which yields
2+ 2ty — |22 + 2ty || > — (2,22 + 2ty); |22 + 2ty[| 7 ;

this is equivalent to

(x,z +ty);

2|z +ty|| — ||z + 2ty|| <
oty = o+ 2] < ST

for all ¢ € R. This proves the first inequality in (2.3). The second inequality is
clear. To obtain the third inequality we apply (II1): (z,x + ty)s < ||z + ty|| ||z||.
The Schwarz inequality is used to prove the first inequality in (2.4):

|12z + 2ty || ||z + 2ty|| > (22 + 2ty,  + 2ty)s
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= (x4 z + 2ty, x4 2ty), = ||z + 2ty||> + (z, 2 + 2ty)s,
hence
2w+ tyll — |z + 2ty || > (x, 2 + 2ty)s ||z + 2ty| ™" = W55, (¢)

for all t € R.
Now suppose that ¢t > 0. Then ||z + 2ty|| — 2[¢| [|y|| = ||x + 2ty| — 2t ||y||, and

by the Schwarz inequality we have
2+ 2ty[| Iyl > (z + 2y, y)s = (,)s + 2t y]1?,

which implies

(z,9)s
lyll

l + 2ty — 2t [|ly|| =

For t < 0 we replace t by —t and y by —y in the preceding argument, and the last
inequality in (2.3) follows.
(iii) We observe that

lim 8. (#) = [l

then by inequality (2.3) the limit lim¢ o Wk, () exists and equals ||z||. Hence
UL, is continuous at 0.

To establish limits (2.5) and (2.6) we observe that

el =yl (w0
b a vl

After substitution o« = t~! for ¢ > 0 and a short calculation we obtain

1
y+ azx| — ||zl y+gaf — llyll
2|z + ty|| — ||z + 2ty|| =2 H == H 21 H =: Fp ().
« §a
Consequently,
(¥, ®)s

Jm 8y () = lim Foy(a) = =y
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(2.5) then follows by applying inequality (2.3). Using this result, we have

y (u) _ (_y7x)5 _ (y7 x)l

lim 5 (t)= lim W7 _

t——o00 ? u—+00

=l

and (2.6) obtains.

(iv) This was already proved in [7] as an intermediate step in the proof of
monotonicity of v, ,(t) = (|| + 2ty|| — ||« + ty||)/t. For the sake of completeness,
we include a simplified proof here.

To take advantage of the properties of the upper and lower semi-inner products

we introduce the mapping

(yv x + ty)p

oL (t) = F—,
e ()= gy

p € {i,s}.
We have
Ul (t) = PP 1 ift>0
n, 0=, () iteso,
yP = @4 1 if 0
agy(u)_ Y, a 1w <0,

where g € {s,i}, ¢ # p. The proof will be completed when we show that ®, ; is
increasing on R.

Suppose that p € {i,s} and ¢t > ¢;. Then, by the Schwarz inequality,
1y + tox [ly + trzll = (y + tow, y + t12)y
for all x,y € X. Using properties of the norm derivatives, we obtain

(y+tox,y +tiz)p = ((t2 —t1)x +y + iz, y + t1z),

= [ly + t1z]|* + (t2 — t1)(z, y + t12),,
and the above inequality yields

ly + toz|| |y + tiz]| > |ly + tiz]|* + (t2 — t1) (2, y + t12),.
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Hence

(2, y +ta)y _ [ly + tox|| — |ly + tiz]|
ly +tizl| — ty —t

Y . (1) =
Let t :=t9 —t; > 0 and let ¢ € {s,i}, ¢ # p. Then

lyll [y +tz| > (y,y + tx)g = (y + tx — tx,y + tx),

= ||y + ta|® + (~ta,y + tr)g =y + to|]* —t(z,y + t2)p,
and
(ly + ta|l = llylDt™" < @ (1)

Consequently,

ly + toxll — [ly + tazl|  |ly + tax + tzf| — |ly + taz|]
to — 11 - t < CI)ZHMJ (t) = q)ly),x (t2).

This proves W, (t1) < U . (t2).

Remark 2.2 The graphs of W%, p € {i, s}, in the case of a normed linear space
are depicted in Fig. 1. They are drawn in a dashed line to suggest that there is
no information about the convexity of W% ., p € {i,s}. The absolute maximum is
||z||, attained at t = 0. The graph has two horizontal asymptotes, (z,y)s/ ||y| as
t — oo and —(z,y);/ ||ly|]| as t — —o0.

Fig. 1 depicts the graph in the case that (z,y)s > 0. Then —(z,y); > —(z,y)s,

but —(z,y); may be positive, negative or zero.

We now turn our attention to the case when X is an inner product space.
While we have no information about the convexity properties of ¥% , in a general
normed linear space, we are able to determine the convexity and concavity of ¥, ,

in an inner product space from its second derivative.
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Proposition 2.3 Let (X, (-,-)) be a real inner product space and x,y two linearly
independent vectors in X. The mapping ¥V, : R — R defined by

2
v (o ol +iey)
o+t

18 twice differentiable on R with

d¥,, (1) _ . (z,y)% = |lz|” |y|I” (2.7)
dt |z + ty||?

and
Py () 2] lyl* = (z,)
d? |z -+ ty||”

Moreover, the mapping ¥, is strictly convex on (—o00,t1) U (t2,00) and strictly

(26 |l2]|* + t(y, x) — |l (2.8)

concave on (t1,t3), where

—(a:,y) Y Am,y by = —($7y) + Am,y

t1 = , = (2.9)
4yl 4yl
and g,y = 8] lyl* + (z,9)* > 0.
Proof For notational convenience we introduce the mapping n, ,(t) = ||z + ty||,
and find that
d (z,9) +tyl*
Mgy (t) = ———————.
dt " Ny (1)
Then
d¥y,, (1) 1 [d dngy(t)
Y 2 2 z,y
= — t - t) — t ,
2 = g I 1m0~ (i )
| : (2.9) + ]
= T,Y)ng () — (|2]|” + tlx, -
2 | et ~ ol o) S
= 31 (.y)n2 , (8) = (] + b)) (2, y) + ¢ ly]2)
nxy(t) L
_, @)’ — [
nd (1) ’

and equation (2.7) is proved. Further,

PV, (1) (@) — [l Jy)?
Z,Y . ) 3 2
dt2 - ng’y(t) (na:,y(t) - 3tnx,y(t)n;:,y(t))
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(@) = 2l ) 3t((y, x) + tlyl*)

= e ™Y T aLw

z,9)% — ||z]]? ||y|?
_ ( 7y) || || Hy” (n2 (t) _ 3t(y,x) _ 3t2 HyHQ)

CRONE
2 Il = (@52 g2 1o :
- @22yl + t(y. ) ~ lal)
n, ()

which proves (2.8).

The quadratic equation
262 |y )|* + t(y, z) — [|=]|* = 0

has two distinct solutions t1, to given in the statement of the proposition. Then

U, (t) > 0ift € (—00, t1)U(t,00) and W, (t) < 0if t € (t1,t5). The proposition

is now proved.

Remark 2.4 The graph of ¥, , in an inner product space is given in Fig. 2, this
time for the case (x,y) < 0. The t-intercept ty is obtained from the equation
|z||> +t(z,y) = 0. In the case of an inner product space, the convexity behaviour
of ¥, is known from Proposition 2.3; in particular, ¢; and ¢ defined by (2.9) are
the inflection points of W, .

The graph of ¥, , for the case of two orthogonal vectors x,y is given in Fig. 3;

then W, , is even and the graph is asymptotic to the t-axis.

3 Applications to height functions

Alsina, Guijarro and Tomas [1] considered the following so-called height functions:

2

hl(a}) _ y+ HyH - (ya;)s( . y),
Izl
2

ha(a) =y + W@ W)
Izl

ha(a) =y + BV Ty

2
[l =yl
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where x,y are two distinct vectors in a real normed linear space X, and applied
them in characterizing inner product spaces in the class of normed spaces. For
their interesting results see paper [1].

We observe that the function hg is related to the mappings introduced in this

paper, namely,
ly — hs(—tz,y)|| = [ ¥, ()| forallt R

For two given linearly independent vectors x,y in a normed linear space

(X, |||]) we define the following objects:

—— _ (W) .
cosy (z,y) 1= ———— where p = s or p = 1,
P lyll =]
Ap(z,y) == |||l l|y[| siny (2, y) where p = s or p = i,
k
A, y) =L (e )| lz = ] where k = 1,2 or 3.

If X is an inner product space, then hy = ho = hg = h, and the following

proposition is true.

Proposition 3.1 Let (X, ||-]|) be an inner product space. Then for all z,y € X
with x # y we have the identity

An(@,y) = 5 Iyl lly — =] sin (y,y — @). (3.1)

Proof A simple calculation in inner product spaces gives

2 2 (yay_x)Q (yay—33)2 2
Az, y)|I” = [lyl|” — 2 5 =y —=|
|y — |l |y — |l
2 2
Ayl lly = 2l = (g, y — x)?
= 5 .
|y — ||

-1

As cos (y,y — ) = (y,y — 2) |ly| " ly — 2| =", we have

2 2 2 2 -
NF:HMIw—xH—lew—ﬂlwﬁww—x)

(2, y 5
ly — ||
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= |lyl*sin® (y.y — @)
which implies
Iz, )l = |yl sin (y,y — ),
and (3.1) is obtained.

The following result reveals the geometric nature of the height function hg in

a normed linear space.

Proposition 3.2 Let (X, ||]|) be a normed linear space. Then, for all z,y € X

with x # y, we have the representation

—_— y —_—
hata) = os, (g — 0o con, @y — o) Ly (a2)
and the inequality
3 — —
AP < 2121yl (| coss (y,y — )] + | coss (z,y — 2)|) < ||l |y]] - (3.3)

Proof Using the properties of the upper and lower semi-inner products we have

in succession

Y, y—x
hﬁ%m=y+L———§@—w
ly — ||
:(L_@w—wkﬁr%@w—mkw
ly — || ly — ||
My =)= (v y — 2)s (y,y—x)s
= 2 y+ 2
ly — || ly — ||
Wy —yy—x)s (y,y — x)s
- 2 2
|y — || ly — ||
_ @y —2)s  (y—a)s
ly — | ly -z

_ wy—a)s o (@y-—2) ]
Iyl ly =2l lly ==l =l lly = [l [ly — ]l
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and the identity (3.2) is obtained.
We have

Az, y) = : L|lhg(z,9)| |z — v
(y,y — )5 (,y —
- 2 y Hy_ ‘
waﬂl |w—

)’H iyl + ‘(‘“" )i

S TR T =yl
HyH Hy l ly — [yl

and the first part of the inequality (3.3) is proved. The second part is obvious.

4 Applications to inequalities

The inequalities obtained in Section 2 can be applied in concrete Banach spaces

to obtain improvements of classical inequalities.

Example 4.1 Theorem 2.1 can be applied to the space L!(Q) of all u-integrable
real valued functions on the measure space (2, A, 1), where A is a o-algebra of
subsets of 2, and p a complete positive measure on A. The norm on L({2) is given

by [|z|| = [q |z| dp. A modification of the argument in [9] gives

(2,9)p = [ < /Q | sE)ed () /Q . ledﬂ) ,

where €(i) = —1 and £(s) = +1, Q(y) = {t € Q : y(t) = 0}, and Qi (y) =
N\Qo(y). If z,y are linearly independent vectors in L(€2) and ¢ > 0, we get

/ S@@W@—/)ﬂWS/‘S@@WW+/ || dp
Qi (y) Qo(y) Q1 (y) Qo(y)
S/ ]w+2ty|du—2t/ ly| dp
Q Q

< / sgn(z + 2ty)r dp — / || du
Q1 (z+2ty) Qo (z+2ty)

< / sgn(x + 2ty)x dp + / || du
Q1 (z+2ty) Qo (z+2ty)

S/2[w+ty|du—/x+2ty]du
Q Q
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< / sgn(z + ty)x dp — / || dp
Q1 (z+ty) Qo (z+ty)

< / sgn(z + ty)zdp + / || dp
Q1 (z+ty) Qo (z+ty)

< / || dp-
Q

If ¢ < 0, the only change in the above inequalities occurs in the first two lines,

which become

—/ Sgn(y)xdu—/ 2| dp < —/ Sgn(y)ﬂﬁdu+/ || dp
Q1 (y) Qo(y) Q1 (y) Qo(y)

S/|x+2ty|d,u+2t/|y\d,u.
Q Q

Example 4.2 Let C(2) be the space of all continuous real valued functions on
the compact metric space 2 equipped with the norm ||z|| = sup {|z(u)| : u € Q}.
Then

(2,9)s = sup {z(w)y(u) : [y(w)| = |lyll}, (4.1)

(#,y)i = inf {x(u)y(u) : [y(u)| = [lyll}- (4.2)

This result can be found in [2, Example 12.2] in the case that € is a compact

subset of R™. The proof in [2] depends on the Riesz representation theorem. We

give an elementary proof of (4.1); (4.2) then follows from (z,y); = —(—z,y)s.
Let z,y be two elements of C(2). The set Q(y) = {u € Q: |y(uw)| = |ly||} is

compact and nonempty. If u € Q(y), then

2 a2 2 2
i @) +ty(u)” — [ly| < lim ly + tz||* — ||yl
t—0+ 2t t—0+ 2t

)

which implies z(u)y(u) < (z,y) for all u € Q(y).
For each t > 0 there is uy € Q with |y + tx| = |y(ut) + tx(u)|. From the

inequality

[yl = tllzll < lly + tll = ly(ue) + t(u)| < y(u)| + ¢ |z
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we conclude that 0 < |ly|| — |y(u¢)| < 2t||z||, and that |y(us)| — |ly]| as ¢ — 0+.
Since 2 is compact, there exists a sequence (t,), t, > 0, t, — 0, such that
wy, = ug, — w (as n — o00) for some w € Q. As |y(w)| = limy,— o0 |y(wn)| = ||yl
we have w € Q(y).

Let 8 be an upper bound for the set {z(u)y(u) : u € Q(y)}. Then

Iz + tayl® = Iwl® _ ((wn) + taz(wn))* = [yl
2t 2ty

2 2
yl\w — 1y
=xwmmwm+§mummp+!<ngt|u
n

< @(wn)y(wn) + gta ]|

The proof of (4.1) is completed when we observe that

. -T"‘tn 2_ 2 .
(@,9)s = lim BEFITZ W gy )y + 2t [12]%)

n—00 Qtn n— o0

= z(w)y(w) < B.

Suppose that z,y are two linearly independent vectors in C'(€2). When we

apply Theorem 2.1 with ¢ > 0, we get

infy,co(y) z(w)y(u) SupuEQ(y)x(u)y(u)
Supveﬂ‘y(vﬂ SUPyen ’y( )‘

IN

Sup |z(v) + 2ty(v)| — 2t sup |y(v)|
vEQ vEQN

)
< Infueoqerary) 2(uw)(2(u) +2ty(u))
sup,eq |2(v) + 2ty (v)|
_ SUWPuco(aary) ©(u)(z(u) + 2ty (u)
Supyeq [2(v) + 2ty (v)]
< Zsup |z(v) + ty(v)| - sup |(v) + 2ty(v)]

< mquQ (aty) T (w) (z(u )+ty( )
T supeqa(v) + ty(v)]
< SPuca(ertiy) T(u)(z(u) + ty(u)
Supyeq |2(v) + ty(v)]
< sup [z (v)].
veN
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If ¢t < 0, the only change in the above inequalities occurs in the first two lines,

which become

_ SUDyen(y) Z(w)y(u) _ _infucop) z(u)y(u)
Supyeo [y(v)| T SUP,eq [Y(v)]
< sup|z(v) + 2ty(v)| + 2tsup |y(v)|.
vEN Ve

Example 4.3 For 1 < p < oo let /7 be the Banach space of all vectors = () jen
with real coordinates such that = Zj’;l |zj|P converges, equipped with the norm
2l = (3272 |z [P)1/P. Since (P is a smooth space, the upper and lower semi-inner
products coincide for any pair z,y € P of nonzero vectors with the semi-inner

product

sty = Iyl |y + 2l = ) Z ()" sgntu

(see [2, Example 12.1]); [-, ], is known to induce the norm of /7.
Let x,y be two linearly independent vectors in . When we apply Theorem

2.1 with t > 0, we obtain the following string of inequalities:

Z;il ly;[P~ Sgn(llg (Z & + 2ty]|p> B 2t(§: ly; ’p) 1/p
(3252 lwsl?) =

P s 2ty; P~ 'sgn(z; + 2ty;)w;
1/q
(Zfil |zj + Qtyj\p)
s 1/p > 1/p
< 2(2 | +tyj|p> - (Z | +2tyj|p)
=1 j=1
_ Xl + byl Tsem(a + tyj)x;

- 00 1/q
<Zj:1 |z + tyj|1’>

< <J§::1 \xj!p)l/p,
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where ¢ is the conjugate index ¢ = p/(p — 1) for p. Suppose that ¢ < 0. Then the

only change in the above inequalities occurs in the first line, which becomes

o o0

i=1 1Y Sgny ZLj 1/p

RR=L (j - (leﬁr?tyg\p) T (P lyr)
(S5 twip) =

Let us consider the case when X is a general inner product space. For any given
pair x,y of linearly independent vectors, Proposition 2.3 describes the convexity
and concavity of the mapping WL . For this situation we are able to obtain a

refinement of the Schwarz inequality.

Proposition 4.4 Let (X, (-,-)) be an inner product space, x,y a pair of linearly
independent vectors in X, and let t1 and t2 be defined by equations (2.9).

(i) Ifte <a<bora<b<ty, andifn = Sgn(%(a—}—b)), then the following

inequalities hold:

(2.9) / )| + t(z, llzI” + t(z,y) .
|z + ty||

_ Dyl f 202l + (e + b) (e, y) 41 |=]* + a(z,y) N |=]* + b, y)
T2 122 + (a + b)y|| 2| |z +ayl |z + by
Iyl | l=1” + a(z.y) | =] + b=, y)
< 21 + <zl lyl]l ; 4.3
5 Iz T agl 125 byl ][ [yl (4.3)
(i) If0<a<b<tyort; <a<b<0, and ifn is as above, then
Iyl [ ll=]* + ¢z, )
z,y) < dt
Y A P
2|j|® + (a +b)(z,y)
< < llz| |y - 4.4
Iy [ o i < el (14)

Proof We note that t; < 0 <ty and that |V, ,(t)| < ||z|| for all t € R.
(i) By (2.4) we have U, ,(t) > (z,y) ||ly| " for all £ > 0, from which we deduce

b
(x,y)g@/ U, () dt if 0<a<b,
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If we choose a,b in the interval [ty, +00), then the function W(t) := U, ,(¢) is

convex on [a, b] and Hermite-Hadamard’s inequality [10, p.10] can be applied to

v

bia/ab\ll(t) st < % [\p(a—;b) N ‘If(a)—zi-\lf(b)} < U(a) + U(b) <lell. (45)

This gives (4.3) with n = 1. The result for a,b € (—o0,t;] follows from the
inequality W(t) > —(z,y) ||ly|| " (valid for ¢t < 0) gleaned from (2.4).

(ii) follows from Hermite-Hadamard’s inequality

1 b a+b
\\ < U
b_a/a (t)dt < < : >

for concave mappings; we omit the details.

Corollary 4.5 If x 1 y with x,y nonzero, then we have the inequality

1 /b dt 1 1 +1[ 1 N 1 ]
b—aJ, |z +tyl |lz+3a+by| 2 [lz+ayll  [z+0byl

2
1[ L1 ]< 1
2 [[lz+ayll  llz+oyll] — |z

IN

IN

if so <a <bora<b< sy, respectively the inequality

1 b gt 1 1
/ S 1 S TR
b—aJ, llz+tyll = ||z+ 3(a+b)y| ~ =

f0<a<b<syors;y <a<b<O0, where

] I

— s SS9 = .
V2l V2|lyl

S1 =
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