[attice Paths and the Constant

Term

Judy-anne Osborn
www.ms.unimelb.edu.au/ ~josborn

Richard Brak

Statistical Mechanics 2005
5 - 6 December
University of Melbourne



T he Paths

The lattice: 72
T he paths: vpejvy...e;vy Where each

- vertex wv; = (x;,y;) € ZQ, with 0 <y, < L,
(for strip height L) and each

- edge e¢; = v; —v;_1 is one of the allowed
steps

((1,1)  an up step
e; = 1 (1,0) an across step
| (1,—1) a down step.

(1 e, is an up step
w(e;) = by, e;is an across step
| Ay; € 1S a down step,
We want

Zi(y', y; weights; L) = CT[Laurent Series]



Examples of sets of Paths

Ballot paths of length 5:

Z£MN(0,1; k; 00) = K2 + 2k + 2

A Dyck path in a strip:

R il i,

Dyck

Z35 (0,0; Kk, w;4) =+ KP4+

A Motzkin-type path in a strip:

Z%Otz(27 1; >\,Sy b’S; 3) — - '_I_A?:)\SA%I)%Z)?Z)Q—I—- .



A history of the Constant Term

Constant Term Method (or Ansatz?)
solves partial difference equations in the
half plane

Richard Brak, John Essam, Aleks
Owczarek (1998)

CT method equivalent to diagonalizing
the Transfer Matrix in the half plane or a
strip

Rational Generating Functions, and now a
Constant Term Theorem ---

" Zi=CT|(p+p ' R(p) (1 —p?)
T

a rational function



Generating Functions ...

Paths in a strip of height L admit a transfer
matrix, of order L 4+ 1, of the form

bp 1 O
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Construct path length generating function:
G@)yy = 2. mt(TE)y’,y
t>0
— (I - CETL)_lly’,y
cof, (I — 2T7,)
det(l — ZIZTL)

We want the coefficient of zt, so divide by
2Tl and then the partition function is a
residue.



Partition function is
cof,, /(I — 2T7,)
rttldet(I — zT7)’

Zi(y',y)= Res

et the combinatorics do the work...
o cof, (I —aTr) =« Py(1/2) PV (1/2)
o det(l —2Ty) = :BL+1PL_|_1(1/x)

via: x17 is the adjacency matrix of a digraph.
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- The determinant is a weighted sum over
non-intersecting cycles.

- For the cofactor, add a path from 3’ to .



Cycles «—— Pavings on a line-graph
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Weighted pavings are counted by orthogonal
polynomials {P,(n)} (Viennot, Flajolet 1980)
satisfying the recurrence relation

Pri1(p) = (= b)) Pp(p) — A\ Pr—1(1),
subject to the normalization

Po(n) =1, Pi(p) = p—bo.

Note, Pk(j)(,u)'s are the same, except with indexes of b's
and \'s increased by j.



T he partition function in x is:

P,(1/2) P (1))

Zi (v, = Res :
) 2! 2P 1(1/)

P,(1/2) P (1/2)
TP 1 (1/x)

, O

Can we evaluate this CT, ... even for the
simplest polynomials?

Froy1(p) = pFi(p) — F_1 (@) (1)

Substituting Ansatz F. = pF into (1) gives a
quadratic in p with two solutions:

pEu? -4

pt+ =

2
PEFL_ 1
Then F.(p) = +p+_p: implies

_ (et ypt =M = (= - )
Fip(p) =
2k+1, /Iu2 _4



Context: unweighted ballot paths (no horizontal steps)...

ljz=p—p+p *
<[
=
k+1 —(k+1)
_ p p
Frp+p ) = —
p—p

Context: unweighted motzkin-type paths ...

ljz=p—p+1+p*

e

Lemma 1. Let f(x) be a rational function,
and let z(p) ;= 1/(ap+ b+ cp~1) be a change
of variables; a,c #= 0. Then

Res[f(z),{x,0}] = Res [f(fv(p))j—i,{p,o} :

Proof. Several methods. Not trivial. L]



gives a very combinatorial answer ...

Theorem 2. Let {P,(u)}r>0 be the family of
orthogonal polynomials generated by the
digraph of a tri-diagonal transfer matrix, Ty,
for a lattice path enumeration problem in a
strip. Let y',y be the starting and ending
heights, respectively, of the paths, and let L
be the height of the strip. Then

Zi(y',y; weights; L) =

(1-p2)(p+ b4 p ) GIB ()P ()

CT _
—pPr41(p)

where P.(p) .= P(p+b+p 1), for

P — O ballot paths; i.e. diagonal of 1}, all O’s,
1 motzkin paths.




One last thing: how to get P’'s with
weights

More combinatorics:

In particular, for the k — w problem,

Py = Fy
—(k—=1)F,_»
—(w =1 Fr_1F,_11
+(k = 1)(w—=1)Fr_3F,_1_1.
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Finally.. the open problem, general & and w.

Theorem

The weight polynomial, 2ok, w; L) for Dyck paths of length 2r, in
a strip of width L with vertex weights « on the line y = 0 and w on
the line y = L is given by

2r L_ —1
ZEr("ﬂ:.W; L} =CT l('ﬂ + .];) (1 o PE} AP Bﬂ
Ir

ACpt — BDp-t
where
A:pz—i;
Ezl—r.ﬁpz
C=p*-&
D=1-#p

k=r-1,&=w-1L



Corollary

m
er(Pc,Lu'; f_) — T y‘: y-: {_1}51+52 &52'1"# L;ﬁihl-p

mz1 pg=05,5=0
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where k = r+51+52—p—q-~l[1!.+2]m; Cn:x: (ni_nx)_ (nf:—l)
andi=r—-1, 0=w-—1.




