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All questions carry the same number of marks. All questions may be

attempted but only marks from the best ten questions will be counted.

1.

(a) Find the absolute value of

(1+ 30)4(4 + 3i)?
Bripl—ip

(b) Give a brief argument to show that, for all complex numbers z:
2| < [Re(2)| + | Im(2)|
where Re(z) and Im(z) denote the real and imaginary parts of z.
(c) Sketch the subset of the plane described by the following:

{z:|z| <2and |z —2| > 1}.

(a) Give careful definitions of an open subset of the complex plane
and of a domain. Give an example of an open subset which is not
a domain.

(b) Sketch the image of the strip S = {z: —1 < Re(z) < 41} under
the exponential map. (That is, sketch the region exp(S)).

Define a limit point of a subset of the complex plane and state carefully
the Bolzano-Weierstrass Theorem concerning limit points of bounded
sets. Indicate briefly why the Theorem shows that a Cauchy convergent
sequence has a limit.

Suppose that f is an entire function and we have, for z = x + 7y with
x and y real,

f(2) = u(z) +iv(y)
for some real valued functions v and v. Show that f must be of the
form f(z) = az + b for some constants a and b.

Calculate the first four terms (that is, up to the power of 23) of the
power series expansion, about 0, of the function

1
X .
eXP 11—z
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6.

10.
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Find a function f which is analytic on the complex plane excluding the
non-positive part of the real axis (that is, on the ‘cut plane’ C\ (—o0, 0])
and which satisfies f(z) = 2* for positive real z. Find f(i) and show

that f(z) = f(2).

(a) Find the disc of convergence of the power series

i 3"(z — 3)"‘

n=0 TL2
(b) If the function
1
(z—1)(z—14)(2+2)
is expanded in a power series about the point z = —¢, what is the

radius of convergence?

2
/ t;xp(z ) 4
, 23(z —4)
where 7y is (a) the circle with centre 3 and radius 2 and (b) the cir-

cle with centre 0 and radius 1 (described in the usual anti-clockwise
direction in both cases).

Evaluate the integral

Find the Laurent expansion about z = 1 of the function

v
-1(z+2)

valid for a domain which includes the point z = 5.

(a) Explain what is meant by an isolated singularity. Give examples
of a removeable singularity, a pole and an essential singularity.

(b) Describe the singularities of

2exp(z) —exp(1/z2)
1—z '
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11.

12.
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Calculate, using the residue theorem,
|25 .
o sin®(z)

where C' is the circle with centre 0 and radius 1 described in the usual
anti-clockwise direction.

Calculate the following integral using contour integration techniques.
(You should indicate where you believe that certain integrals tend to
zero but need not provide a proof.)

o0 dx
/oo (22 +3) (22 +5)
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