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All questions carry the same number of marks. All questions may be
attempted but only marks from the best ten questions will be counted.

1. (a) Find the argument of

(1 + i)3(1 +
√

3i)2

i3(1− i)4
.

(b) One of the following inequalities is true for all complex z and w.
Indicate which one and give values of z and w for which the other
is false.

(i) ||z| − |w|| ≥ |z − w| (ii) ||z| − |w|| ≤ |z − w|

(c) Sketch the subset of the complex plane described by the following:

{z : Re z < 0 and |z − i| < 1}.

2. (a) Explain carefully what is meant by a limit point of a set S. Give
an example, with explanation, of a set S with a limit point which
is not in S.

(b) If z = x+ iy, what is the absolute value of exp(exp(z)) (or equiv-
alently eez

)?

3. (a) State carefully the Heine-Borel Theorem concerning the covering
of closed and bounded sets of C by open sets.

(b) Suppose that O is an open subset of the complex numbers with a
closed and bounded subset C ⊆ O. Show that there are finitely
many discs, with centre in C and which lie entirely in O, so that
every point of C lies in one of these discs.

4. At which points of the complex plane is the function f(z) = z|z| dif-
ferentiable? At which points is it analytic?

5. Show that the Taylor series expansion, about z = 2i, of the function
Log z is given by

Log z = log 2 + iπ/2− i(z − 2i)

2
+

(z − 2i)2

8
− · · · − in(z − 2i)n

n2n
+ . . . .

What is the radius of convergence of the series?
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6. Calculate
(
ii
)i

and i(i
i). In each case, decide whether the answer de-

pends on the particular choices (that is, the choice of principal value)
made when defining Arg or Log?

7. (a) Find the disk of convergence of the power series
∞∑

k=0

(z − 1− i)k

1 + 2k
.

(b) If the function
1

(z − 2)2 cos z

is expanded in a power series about the point z = 0, what is the
radius of convergence?

8. Evaluate the integral ∫
γ

cos(z2)

z3(z − 3)
dz

where γ is (a) the circle with centre 3 and radius 1 and (b) the cir-
cle with centre 0 and radius 2 (described in the usual anti-clockwise
direction in both cases).

9. Find the Laurent expansion about z = 0 of the function

1

(z − 1)(z + 3i)

valid for a domain which includes the point z = 2. Describe the domain
in which this Laurent series expansion is valid.

10. Suppose that f is an analytic function which has no zeroes on the real
line. Let n be an integer. Show that the residue at z = n of the function

g(z) = πf(z) cot πz

is f(n).

11. Calculate, using the residue theorem,∫
C

cos (exp(−z))

z2(z − 2)
dz

where C is the circle with centre 0 and radius 1 described in the usual
anti-clockwise direction.
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12. Calculate the following integral using contour integration techniques.
(You should indicate where you believe that certain integrals tend to
zero but need not provide a proof.)∫ ∞

−∞

x2 dx

(x2 + 1)(x2 + 4)
.
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