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All questions carry the same number of marks.

1. (a) Find the absolute value of

(2 + 2i)7

i29(1− i)21
.

Solution:
The absolute value is∣∣∣∣ (2 + 2i)7

i29(1− i)21

∣∣∣∣ =
|2 + 2i|7

|i|29 |1− i|21 =
(
√

8)7

129(
√

2)21
= 1.

(b) If the real part of z is positive, what can we say about exp(z)?

Solution:
We have ez = ex+iy and so |ez| = ex. If x > 0 then ex > 1. Thus
ez has absolute value greater than 1 (or is in the exterior of the
unit disc). Note that y, and so the argument of ez, is unrestricted.

(c) Describe the set of points z on the complex plane satisfying
|z − 1| =

√
2|z|.

Solution:
Note that this becomes (x−1)2 +y2 = 2x2 +2y2 and so x2 +y2 +
2x = 1. Thus (x + 1)2 + y2 = 2 and so this is a circle with centre
−1 and radius

√
2.

2. (a) Explain carefully what is meant by a limit point of a subset of
the plane. A set S is a non-empty subset of the plane. The set
of all the limit points of S is denoted by T . Show that if T has
limit points then these limit points lie in T .

Solution:
The first sentence is Bookwork. If z is a limit point of T then
any neighbourhood N must contain a point, say w, of T . As w
lies in the open set N , there will be a neighbourhood, say N1 of
w which lies in N (and we can assume that N1 does not contain
z). Because w is in T and so is a limit point of S, N1 must
contain a point u of S (and u #= z). Thus u lies in N and so every
neighbourhood of z contains a point of S other than S itself and
so z is a limit point of S. That is, z ∈ T .
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(b) If {zn : n = 1, 2, 3, . . . } is a sequence of complex numbers con-
verging to a limit z (that is limn→∞ zn = z) and if z #= 0, then
show that there is a natural number N so that n > N implies
that zn #= 0.

Solution:
As limn→∞ zn = z, there is N so that n > N implies that |z−zn| <
|z|/2. Thus, if n > N , |z| − |zn| < |z − zn| < |z|/2 and so
|zn| > |z| − |z|/2 = |z|/2 > 0.

3. Let C1 ⊇ C2 ⊇ C3 ⊇ . . . be a sequence of non-empty subsets of the
plane with each contained in the previous one. Suppose that the Ci

are closed, bounded and non-empty. Show that the Ci have a point in
common. You may, if you wish, use the following steps.

Let Oi be the complement, in the plane, of Ci. If the intersection of
the Ci is empty show that a finite union of the Oi must contain C1.
Explain why this is impossible and so complete the proof.

Solution:
Observe that the complement of the intersection of the Ci is the union
of the complements of the Ci; that is, the union of the Oi. Thus, if the
intersection of the Ci is empty, then the union of the Oi is the whole
plane. Hence, C1 ⊆ C = ∪iOi. But C1 is closed and bounded, and
so, by the Heine-Borel Theorem, compact. Thus there exist i1 < i2 <
· · · < in such that C1 ⊆ Oi1 ∪Oi2 ∪ · · · ∪Oin . But as C1 ⊇ C2 ⊇ . . . we
have O1 ⊆ O2 ⊆ . . . and so C1 ⊆ Oin . But then Cin ⊆ C1 ⊆ C \ Cin

and this is clearly impossible when Cin is non-empty.

4. (a) Find a complex number w so that cos w = 2.

Solution:
Note that cos w = (1/2)(eiw + e−iw) and so, if cos w = 2 then
4 = v + v−1 where v = eiw. Thus v2 − 4v + 1 = 0 and so
v = (1/2)(4±√12) = 2±√3. Thus iw = Log v = Log(2±√3) =
log(2 ±√3) and so one such value is

w = −i log(2 +
√

3).

(b) Show that
|sin z|2 + |cos z|2 = 1
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only when z is real.

Solution:
Note that sin z = sin(x+iy) = sin x cos iy+cos x sin iy = sin x cosh y+
i cos x sinh y. Thus | sin z|2 = sin2 x cosh2 y + cos2 x sinh2 y. Sim-
ilarly, | cos z|2 = cos2 x cosh2 y + sin2 x sinh2 y. Thus | sin z|2 +
| cos z|2 = cosh2 y+sinh2 y = cosh 2y. Hence, if |sin z|2+|cos z|2 =
1 then cosh 2y = 1 and so y = 0. That is, z is real.

Alternatively, sin z = (1/2i) (eiz − e−iz) and so

| sin z|2 =
1

2i

(
eiz − e−iz

)× 1

−2i

(
e−iz̄ − eiz̄

)
=

1

4

(
ei(z−z̄) − ei(z̄+z) − e−i(z+z̄) + e−i(z−z̄)

)
Similarly

| cos z|2 =
1

4

(
ei(z−z̄) + ei(z̄+z) + e−i(z+z̄) + e−i(z−z̄)

)
Thus

| sin z|2+| cos z|2 =
1

2

(
ei(z−z̄) + e−i(z−z̄)

)
=

1

2

(
e2iy + e−2iy

)
= cosh 2y,

and the argument proceeds as before.

5. Suppose that f is an entire function with

f(z) = u(x, y) + iv(x, y)

where z = x + iy and u, v are real valued functions of x and y.

If u(x, y) = v(x, y)2 for all x and y, show, using the Cauchy Riemann
equations, that f is a constant function.

Solution:
Differentiate u = v2 with respect to x and y. This gives ux = 2vvx and
uy = 2vvy. Now use the Cauchy Riemann equations; that is, ux = vy

and uy = −vx. Thus

ux = 2vvx = −2vuy = −2v(2vvy) = −4v2vy = −4v2ux.

Thus ux(1 + 4v2) = 0 and so, as 1 + 4v2 #= 0 (recall that v is real) we
have that ux = 0. Then vy = 0 and so uy = 0. Hence vx = 0. Thus u
and v have partial derivatives equal to 0 and so are constant. Thus f
is constant.
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6. The function f given by f(z) = zz is defined by using the principal
value of the logarithm. At which points of the plane is f(z) analytic?
By calculating derivatives, or otherwise, find the first three terms in
the power series, centered at 1, for f(z).

Solution:
We have f(z) = exp(z Log z). Then f is defined and analytic on the
cut plane C \ (−∞, 0]. Thus f has a power series about z = 1 and it
will have radius of convergence 1.

We have f ′(z) = (Log z + 1)zz and f ′′(z) = (1/z)zz + (Log z + 1)2zz.
Thus f(1) = 1; f ′(1) = 1; f ′′(1) = 2 and so the first three terms of the
series are

f(z) = 1 + (z − 1) + (z − 1)2 + . . . .

7. Calculate the radius of convergence of

(a)
∞∑

n=0

(n!)2

(2n)!
zn (b)

∞∑
n=0

log n zn .

Solution:
(a) We use the ratio formula. The radius of convergence is

lim
n→∞

an

an+1

when this limit exists. In this case, we have

lim
n→∞

(n!)2

(2n)!

((n+1)!)2

(2n+2)!

= lim
n→∞

(2n + 2)(2n + 1)

(n + 1)2

= lim
n→∞

2

(
2− 1

n + 1

)
= 4.

(b) Note that log n < n and the series with an = n has radius of
convergence 1. We can see this latter fact because the ratio test gives
the radius of convergence as limn→∞ n/n + 1 = 1. Thus the radius of
convergence is at least 1. But, if |z| ≥ 1 then the nth term log n|z|n
does not approach 0 with n and so the series cannot be convergent.
Thus the radius of convergence is 1.
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8. Evaluate the integral ∫
C

cos z dz

z(z + 3i)2

where (a) C is the circle with centre 0 and radius 2, and (b) C is the
circle with centre −3i and radius 1.

Solution:
(a) Apply the Cauchy Integral Formula with function
f(z) = cos z/(z + 3i)2. We have∫

C

f(z) dz

z
= 2πif(0) = 2πi

1

(−9)
= −2πi

9
.

(b) Apply the generalised CIF with f(z) = cos z/z. Then

f ′(z) =
(−z(sin z)− cos z)

z2

and so we have

∫
C

f(z) dz

(z + 3i)2
= 2πif ′(−3i) = 2πi×

(
3i sin(−3i)− cos(−3i)

−9

)
=

−2πi

9
× (−3 sinh(−3)− cosh(−3))

=
2πi

9
(3 sinh(−3) + cosh(−3))

=
2πi

9
(−3 sinh(3) + cosh(3)) .

9. Find the Laurent expansion about z = 1 (that is, using powers of
(z − 1)) of the function

1

z(z − i)(z − 1)

valid for a domain which includes the point z = −2. Describe the
domain in which this Laurent series expansion is valid.

Solution:
First, to simplify the problem, set w = z − 1 so that the function is

Page 7 of 5



8 620-221

1/w(w + 1)(w + 1 − i), the centre is w = 0 and the domain should
include w = −3. Use partial fractions to write the function as

i

w

(
1

w + 1
− 1

w + 1− i

)
.

For w = −3, we have that both −w and −w/(1−i) have absolute value
greater than 1 and so we adjust the formula above for f to become

i

w

(
1

w
× 1

1− −1
w

− 1

w
× 1

1− i−1
w

)
=

i

w2

(
1

1− −1
w

− 1

1− i−1
w

)
and this will be valid where | − 1/w| < 1 and |(i− 1)/w| < 1. Now we
can use the geometric series to expand this and obtain:

1

w(w + 1)(w + 1− i)
=

i

w2

( ∞∑
n=0

(−1

w

)n

−
∞∑

n=0

(
i− 1

w

)n
)

=
i

w2

( ∞∑
n=0

((−1)n − (i− 1)n)w−n

)

= i
∞∑

n=2

((−1)n−2 − (i− 1)n−2)w−n.

This is valid for |w| > 1 and |w| > |i− 1| =
√

2; that is, if |w| >
√

2.

Thus the Laurent series in terms of z is

1

z(z − i)(z − 1)
=

∞∑
n=2

i((−1)n−2 − (i− 1)n−2)(z − 1)−n

and this is valid for |z − 1| >
√

2.

10. Let f be an entire function and suppose that, for some real positive
constant M ,

|f(z)| ≤M |z|
for all z.

(a) Set g(z) = f(z)/z, for z #= 0. Show that g has a removeable
singularity at z = 0.
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(b) Deduce that g(z) is a constant function (for z #= 0) and so that
f(z) = Kz for some constant K and all z.

Solution:
(a) Note that |f(0)| ≤M |0| implies that f(0) = 0. Thus

f ′(0) = lim
z→0

f(z)− f(0)

z − 0
= lim

z→0

f(z)

z
= lim

z→0
g(z).

Thus the singularity at z = 0 is removeable. Let h(z) be an entire
function which extends g(z).

(b) Note that h(0) = limz→0 g(z) = f ′(0) and, if z #= 0, then |h(z)| =
|f(z)/z| < M . Thus h(z) is a bounded entire function and so, by
Louisville’s Theorem, is constant. Thus g(z) is also constant—say
g(z) = K when z #= 0. Hence f(z) = Kz for z #= 0 and, as f(0) = 0,
for all z.

11. Calculate, using the residue theorem,∫
C

sin πz

z4 − 1
dz

where C is the circle with centre 0 and radius 2 described in the usual
anti-clockwise direction.

Solution:
The singularities of the integrand are at z = ±1 and z = ±i and so all
are within the given circle. The residue of the integrand at a simple pole
w can be given by sin πw/4w3 and so the residues at the 4 singularities
(all simple poles) are

sin π

4
,

sin(−π)

−4
,

sin πi

4i3
,
sin−πi

−4i3
.

The first two residues are 0 and the second two are both equal to
i sin πi/4. Also sin πi = i sinh π and so the sum of the residues is
− sinh π/2. Thus, by the residue theorem, the integral is equal to
2πi×− sinh π/2 = −πi sinh π.

12. Show the following integral using contour integration techniques. (You
should indicate where you believe that certain integrals tend to zero
but need not provide a proof.)
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∫ ∞

−∞

dx

(x6 + 1)
=

2π

3

Solution:
We use a contour Γ which is a semicircle, centered at the origin and
with base [−R,R] for large R and which is above the real axis.

The singularities of the integrand are at points z where z6 = −1. Thus
|z| = 1 and so we can write z = eit and obtain e6it = −1 = eiπ =
e(2k+1)iπ for any k. Thus t = (2k + 1)π/6 and there are three such
points within the semicircle, at z = eiπ/6, z = e3iπ/6 = i and z = e5iπ/6.
Each such point gives a simple pole.

The residue at one of these poles z can be calculated as 1
6z5 = −z

6 ,
recalling that z6 = −1. Thus the sum of the three residues is

−
(

eiπ/6 + e3iπ/6 + e5iπ/6

6

)
= −(cos π/6 + 0 + cos 5π/6) + i(sin π/6 + 1 + sin 5π/6)

6

= −0 + 2i

6
=
−i

3
.

Thus, by the residue theorem, we have∫
Γ

dz

(z6 + 1)
= 2πi× −i

3
=

2π

3

as long as Γ is big enough to contain all three residues (R > 1).

But ∫
Γ

dz

(z6 + 1)
=

∫ R

−R

dx

(x6 + 1)
+

∫
∆

dz

(z6 + 1)

where ∆ is the curved part of the semicircle. As R →∞, the latter inte-
gral approaches 0 and the middle (real) integral approaches

∫∞
−∞

dx
(x6+1) .

Thus we obtain ∫ ∞

−∞

dx

(x6 + 1)
=

2π

3

as required.
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