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All questions carry the same number of marks.

1. (a) Find the argument of
(1 + i)7

i19(1− i)12
.

(b) Give a geometrical interpretation of the inequality

|z + w| ≤ |z| + |w|
where z and w are complex numbers.

(c) Describe the set of points z on the complex plane satisfying
|z| < |z − 2− 2i|.

2. (a) Explain carefully what is meant by an open subset of the plane.
Give an example, with brief justification, of a subset of the plane
which is neither open nor closed.

(b) Is the set consisting of a single point open or closed or neither?
Give brief reasons.

(c) Give a precise definition of a path in the complex plane. Using
your definition, define a path from 0 to 2+2i which does not pass
through 1 + i.

3. Define carefully what is meant by a compact subset of the plane. Show
carefully that a compact subset of the plane is bounded.

4. For which real a is the function u(x, y) = cos2 x cosh2 y+a sin2 x sinh2 y
the real part of an entire function? For such a, find a possible imaginary
part of the function.

5. Calculate the radius of convergence of

(a)
∞∑

n=0

n + 2

3n
(z − 1)n (b)

∞∑
n=1

log(n)zn.

6. Give an explicit definition of a function (sin z)z which is analytic in
a neighbourhood of z = π/2. What can be said about the radius of
convergence of the Taylor series of the function about z = π/2? What
is the coefficient of (z − π/2) in this Taylor series?
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7. Use the generalised Cauchy Integral formula to evaluate the integral∫
γ

sin z

z2 cos 2z
dz

where γ is the circle {z : |z| = 1/2}.
8. Find the Laurent series about z = 0 of the function

1

(z − 1)(z + 3i)

for a domain which includes the point z = −2. .

9. (a) Give a formal definition for the function z
1
2 and describe where

this function is defined. Show from your definition that(
z

1
2

)2

= z.

The function f is given by

f(z) =
z

1
2 − 1

z − 1
.

(b) f has a singularity at z = 1; what sort of singularity? Give a
careful justification of your answer.

(c) What is the coefficient of the constant term in the Laurent series
for f centered at z = 1?

10. A function f is analytic on the unit disc {z : |z| < 1}. For each
natural number n, we have f(1/n) = 2i/n2. Describe the function f .
Give careful reasons for your answer. Hence give the derivative of f at
z = 1/2.

11. Calculate, using the Residue Theorem,∫
C

z2 + 1

z(4z2 − 1)
dz

where C is the circle with centre 0 and radius 1 described in the usual
anti-clockwise direction.
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12. Show the following using contour integration techniques. (You should
indicate where you believe that certain integrals tend to zero but need
not provide a proof.) ∫ ∞

−∞

dx

(x2 + 4)2
=

π

16
.
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