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Using Generalized Correlation to Effect
Variable Selection in Very High
Dimensional Problems

Peter HALL and Hugh MILLER

Using the traditional linear model to implement variable selection can perform very
effectively in some cases, provided the response to relevant components is approxi-
mately monotone and its gradient changes only slowly. In other circumstances, nonlin-
earity of response can result in significant vector components being overlooked. Even
if good results are obtained by linear model fitting, they can sometimes be bettered by
using a nonlinear approach. These circumstances can arise in practice, with real data,
and they motivate alternative methodologies. We suggest an approach based on ranking
generalized empirical correlations between the response variable and components of the
explanatory vector. This technique is not prediction-based, and can identify variables
that are influential but not explicitly part of a predictive model. We explore the method’s
performance for real and simulated data, and give a theoretical argument demonstrating
its validity. The method can also be used in conjunction with, rather than as an alter-
native to, conventional prediction-based variable selections, by providing a preliminary
“massive dimension reduction” step as a prelude to using alternative techniques (e.g.,
the adaptive lasso) that do not always cope well with very high dimensions. Supple-
mental materials relating to the numerical sections of this paper are available online.

Key Words: Bootstrap; Classification; Errors in variables; Generalized correlation;
Hidden explanatory variables; Instrumental variables; Linear model; Measurement er-
ror; Regression.

1. INTRODUCTION

A variety of linear model-based methods have been proposed for variable selection. In
this approach it is argued that a response variable, Y;, might be expressible as a linear form
in a long p-vector, X;, of explanatory variables, plus error, that is,

Yi=a+piXi1+---+ BpXip +error, (1.1)
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and that variable selection could be effected by choosing many of the coefficients 8; to
be zero. The lasso method, proposed for this purpose by Tibshirani (1996), has proved
particularly popular and effective. See also Chen and Donoho (1998), Zou (2006), Candes
and Tao (2007), and Bickel, Ritov, and Tsybakov (2009), among many other contributions.
Typical applications include those where X;; equals the expression level of the jth gene of
person i, ¥; = 1 if the person has a particular medical condition and Y; = O otherwise, p is
in the thousands or tens of thousands, and 1 <i < n where 7 is in the tens or hundreds.

Many, indeed the majority, of applications of the model (1.1) represent cases where the
response is unlikely to be an actual linear function of X;, for example, where Y; is a zero-
one variable but the fitted response takes values that often lie outside the unit interval.
However, inconsistency of prediction does not necessarily detract from the usefulness of
such methods as devices for determining the components X;; that most influence the value
of Y;. For example, inconsistency is often not a significant problem if the response of Y; to
an influential component X;; is qualitatively linear, in particular if it is monotone and the
gradient does not change rapidly.

In other settings, however, there is a risk that fitting an incorrect linear model will cause
us to overlook some important components altogether. Theoretical examples of this type
are identical to those used to show, by counterexample, that the existence of conventional
correlation does not equate to absence of a relationship. In Section 2, Example 1 will
discuss a practical instance of this difficulty, and Example 2 there will treat another real
dataset where challenges of a different nature arise. More generally, using an ill-fitting
model to solve a variable-selection problem can result in reduced performance.

A little more subtly, even if the linear model is perfectly correct, fitting it can conceal
components that potentially influence linearly the value of Y;. For instance, genes whose
expression levels are strongly linearly associated with Y;, and so would be of biological in-
terest, can be confounded or not uniquely represented. In particular, if X;; = X;3+ X;4 and
Xi» = Xi3+ X5, then the linear models Y; = X;1 — X;p +error and Y; = X;4 — X;5 +error,
and of course infinitely many others, are equally valid. This nonidentifiability issue arises
because the variable-selection problem is posed as one of model fitting, or prediction,
which in our view is not necessarily a good idea. Thus, even nonlinear extensions to
variable-selection methods that focus on prediction, such as the group lasso or group LARS
(Yuan and Lin 2006), may still be inadequate in detecting all influential variables. Exam-
ple 4 in Section 4 will explore this type of behavior in greater detail. Also, Example 3 in
Section 2 explores a real dataset where this masking interferes with variable selection.

These examples, and others that we shall give, argue in favor of methods for variable
selection that focus specifically on that problem, without requiring a restrictive model such
as that at (1.1). In this article we suggest techniques based on ranking generalized em-
pirical correlations between components of X and the response Y. Section 2 discusses
real-data examples which motivate our approach, Section 3 introduces our methodology,
and Section 4 extends the discussion in Section 2 and also presents simulation studies
which explore properties of the methodology. Section 5 provides theory that demonstrates
the methodology’s general properties.

There is a large literature on variable-selection methods relating to the linear model
at (1.1). It includes, but is by no means restricted to, work on the nonnegative garotte (e.g.,
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Breiman 1995; Gao 1998), on soft thresholding (e.g., Donoho et al. 1995), and related
work (e.g., Donoho and Huo 2001; Fan and Li 2001; Donoho and Elad 2003; Tropp 2005;
Donoho 2006a, 2006b).

2. MOTIVATING EXAMPLES

Here we discuss three real datasets which motivate the methodology we shall introduce
in Section 3.

Example 1 (Cardiomyopathy microarray data): These data were used by Segal,
Dahlquist, and Conklin (2003) to evaluate regression-based approaches to microarray
analysis. The aim was to determine which genes were influential for overexpression of
a G protein-coupled receptor, designated Ro1, in mice. The research related to understand-
ing types of human heart disease. The Rol expression level, Y;, was measured for n = 30
specimens, and genetic expression levels, X;, were obtained for p = 6,319 genes.

Our analysis will be based on ranking, over j, the maximum over & of the correlation
between i (X;;) and Y;, where the correlation is computed from all data pairs (X;, ¥;) for
i =1,...,n. Here h is confined to a class H of functions. Taking H to consist entirely of
linear functions gives the (absolute value of the) conventional correlation coefficient, but
using a larger class enables us to explore nonlinear relationships. We shall take H to be
a set of cubic splines. See Example 1 in Section 4 for further technical detail.

This approach leads us to rank two genes, Msa.2877.0 and Msa.1166.0, first and sec-
ond, respectively. The first of these genes was identified by the linear-regression approach
adopted by Segal, Dahlquist, and Conklin (2003), but the second was not. Figure 1 in-
dicates why this is the case, by showing the scatterplots and corresponding cubic-spline
fits. Whereas Msa.2877.0 shows an essentially linear relationship, which is identified by
many existing techniques, Msa.1166.0 exhibits clear nonlinear behavior, where the re-
sponse “flatlines” once the expression reaches a certain threshold. Another factor is the
strong correlation of —0.75 between the two variables. This “masking effect” confounds
standard linear modeling approaches to variable selection, and was discussed in Section 1.
See also Examples 4, 5, and 6 in Section 4.

Example 2 (Acute leukemia microarray data): These data come from a study by
Golub et al. (1999), where the aim was to use microarray evidence to distinguish between
two types of acute leukemia (ALL/AML). There were p = 7,129 genes and n = 38 ob-
servations in the training data (27 ALL and 11 AML). There were also 34 observations in
a separate test dataset with 20 ALL and 14 AML.

Methods based on linear correlation, of which those proposed in this article are a gen-
eralization, are analogous to minimizing the deviance of a normal model with identity link
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Figure 1. Top two variables with cubic-spline fits for Example 1.

under the generalized linear model framework (McCullagh and Nelder 1989). This sug-
gests that binary data could be treated by minimizing the deviance formula for Bernoulli
data with a logistic link for each X;, and using this to rank the values of

n
inf » {-Y; log(eh(X"f)) +log(1 +eh<X"f))}, 2.1
heH i
where each Y; equals zero or 1 and H is a class of functions, for example, the class of
polynomials of a given degree. In the analysis reported later we took H to be the set of all
linear functions. For further detail see Example 2 in Section 4.

There is considerable overlap between the genes we found using this approach, and
those discovered in other studies (Golub et al. 1999; Tibshirani et al. 2002; Hall, Tittering-
ton, and Xue 2007b; Fan and Fan 2008; Fan and Lv 2008). However, we argue that the set
found in the present analysis represents an improvement over choices made by alternative
methods. To address this point, a simple classifier was constructed. For the genes giving
the five largest values of the quantity at (2.1), a classifier was chosen that minimized the
misclassification rate on the training data, weighted so that the two classes had equal au-
thority. These classifiers all had one decision value, above which the classification would
be one class and below which it would be the other. Whichever class had the most “votes”
out of the five would then be the overall predicted class. Although this was a very simple
classifier, it performed perfectly on the training data and had only one misclassification
on the test set. This means the classifier performed at least as well as other approaches
in the literature and, in most cases, used considerably fewer genes. We again stress that
our purpose was not to build a predictive model, but to identify influential variables. If the
latter problem, rather than prediction, is the ultimate aim, and it generally is, then it can be
advantageous to focus on it from the start.

Example 3 (Breast tumor X-ray data): This dataset was used as the training dataset
in the 2008 KDD Cup data mining competition. It consists of 102,294 observations, each
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Table 1. Average number of variables detected under 5% sampling in Example 3.

No. of top 12

effects detected
Group lasso 5.86 (0.08)
Generalized corr. 10.02 (0.08)
Random forest 9.44 (0.10)

corresponding to a potential malignant tumor spot on an X-ray. Each observation has 117
continuous variables identifying different attributes of the spot and a binary response iden-
tifying whether the spot is malignant, which is the case for 623 observations. For conve-
nience here we disregard dependencies caused by spots resulting from the same patient.
See www.kddcup2008.com for further details on the dataset.

This dataset actually forms a “large n, large p” problem and it is possible to build a fairly
accurate classification model using the entire dataset. Suppose, however, that we had access
to only 5% of the data. Then the roughly 30 positive responses would be insufficient to
build a reasonable model, so detecting which variables are most important might be a more
appropriate goal. With this in mind, consider the simulation experiment where we examine
how effectively generalized correlation detects variables compared to a predictive method.
The top 12 variables in the entire dataset were determined using a weighted random forest
model (Breiman 2001). The random forest was chosen to be a reasonably “model-neutral”
method for determining variable importance. We sampled 5% of the data and attempted to
determine the 12 most influential variables using a given approach. Then we compared the
results to the top 12 variables derived from the entire dataset and calculated the number
in common. Table 1 shows the results of 100 simulations for a generalized correlation
approach using (2.1) and the logistic group lasso (Meier, van de Geer, and Biihlmann 2008),
each based on cubic splines with knots at the quartiles. The group lasso is a penalized
regression method that allows for groups of variables, such as a collection of splines, and
so is an appropriate candidate for comparison in the simulation study. The results for the
top variables from a random forest applied to the sample are also included.

Generalized correlation performed better than both the random forest and group lasso
models, the latter picking up less than half the variables on average. These results show that
predictive methods are not necessarily the optimal way to approach the variable-selection
problem, if variable selection is the ultimate aim. In this particular case it is possible to
show that correlations among variables are hindering variable selection for the group lasso
and random forest procedures.

3. METHODOLOGY

3.1 GENERALIZED CORRELATION

Let H denote a vector space of functions, which for simplicity we take to include all
linear functions. By restricting H to just its linear elements we obtain, in (3.1) below,
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the absolute values of conventional correlation coefficients, but more generally we could
take H to be the vector space generated by any given set of functions 4.

Assume that we observe independent and identically distributed pairs (X1, Y1), ...,
(Xy, Yy) of p-vectors X; and scalars Y;. A generalized measure of correlation between Y;
and the jth component X;; of X; is given and estimated by

sup covih(X1;), Y1} sup Y ih(Xij) —hj}(¥; = Y)
ner varfh(Xi)}var(Y)) jpen \/Zi{h(Xij)2 — R} Y (Y — )2

. @G

respectively, where & j= n! > h(X;j). Because each of the factors var(Y;) and ), (¥; —
Y)?, in the denominators at (3.1), do not depend on j, either may be replaced by any con-
stant without affecting our ranking-based methodology. Therefore we shall work instead
with

sup cov{h(X1;), Yl}’ 3 = sup Y h(Xij) —hj}(¥i — ?).

her +/var{h(X1;)} heH \/nzi{h(xijﬂ_i,?}
These measures of association reflect the approach suggested by Grindea and Postel-

nicu (1977). However, a variety of alternative measures could be used. See, for example,

Griffiths (1972), Csorgd and Hall (1982), and Schechtman and Yitzhaki (1987). At first
it might appear that the challenge of computing 12 j in (3.2), for large p, might be oner-

v, = (3.2)

ous, even by modern computing standards. However, the following theorem simplifies the
problem in a wide range of cases.

Theorem 1. Assume H is a finite-dimensional function space including the constant
function, and that there exists h € H that achieves v ; in the definition at (3.2). Then

n
argmin Z{Y,- — h(X,-j)}2 c argmamﬁj.
heH heH

i=1

That is, the maximizer of 1} j is the solution to the least squares problem in 'H.

The proof is not difficult. For the case described in Theorem 1 (e.g., polynomials up
to some degree d), the least squares problem has an explicit analytic solution. This avoids
a potentially cumbersome optimization problem and allows “basis expansions” of X;;.
Global modeling techniques generally preclude basis expansions on the grounds that they
create an even larger dimensionality problem and make it difficult to assess the influence
of the underlying variables.

One implication of Theorem 1 is that the ranks of the /;’s are the same whether we
consider 1/} ; itself or the reduction in the size of squared error,

n n
¢j=>_(Yi —Y)>— inf Y {¥; — h(X;))}*.
: heH “
i=1 i=1

This is particularly useful when some of the components of X; are categorical. In such
a case the correlation (simple or generalized) cannot be easily defined, but ¢; can be mea-
sured by taking & to be the mean response of each category. Restricting H to a space of
constant and linear functions recovers the ranking based on conventional correlations.
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3.2 CORRELATION RANKING

‘We order the estimators I/A/ jat(3.2) as 1};.1 >0 > 1&; , say, and take
P

le"‘ifp (3.3)
to represent an empirical ranking of the component indices of X in order of their impact,
expressed through a generalized coefficient of correlation. In (3.3), the notation j > j’
means formally that I/Af = I/Af 7> and informally that “our empirical assessment, based on
correlation, suggests that the jth coefficient of X has at least as much influence on the
value of Y as does the j'th coefficient.” Using this criterion, the ranking r = 7(jj) of the
Jjth component is defined to be the value of r for which fr =j.

The authority of the ranking at (3.3) can be assessed using bootstrap methods, as fol-
lows. For each j in the range 1 < j < p, compute 1}*, being the bootstrap version of 1/} j
and calculated from a resample (X7, Y[), ..., (X;;, Y,y), drawn by sampling randomly, with
replacement, from the original dataset D = {(X1, Y1), ..., (X», ¥»)}. Compute the corre-
sponding version of the ranking at (2.5), denoted by ff > f;,‘ and calculate too the
corresponding bootstrap version, r*(j) say, of r(j). Given a value «, such as 0.05, 0.10,
or 0.20, compute a nominal (1 — «)-level, two-sided, equal-tailed, percentile-method pre-
diction interval for the ranking, that is, an interval [7_(j), 71 (j)] where

1
PIrt () =F-() I DY~ PUT() = 7+ ()) | DY ~ S

We indicate approximations in these formulas because the discreteness of ranks restricts
the smoothness of the bootstrap distribution.

Display these intervals as lines stacked one beside the other on the same figure, each
plotted on the same scale and bearing a mark showing the respective value of 7(j). Con-
venient orderings for the lines include the one indicated in (3.3), or the ordering in terms
of increasing 71 (j). The second choice generally provides greater insight because it em-
phasizes variables that consistently rank strongly in the bootstrap simulations. Only lines
for relatively low values of 7 or 71 would be depicted; see the next section for examples.
If two prediction intervals (represented by the lines) failed to overlap, this would indicate
empirical evidence that the more highly ranked component did indeed enjoy greater impact
on Y than its competitor, at least in terms of the way we have measured impact.

An important consideration of the approach presented is determining at what level sig-
nificance is drawn, that is, how to decide which variables are influential and which are not.
One proposed criterion is to regard a variable as influential if 74 (j) < % p. This rule as-
sumes that the number of influential variables is considerably less than the total number p;
if all components were genuinely related to Y, then the rule would reject at least half of
them. There are many circumstances, such as genetic microarray data, where this assump-
tion is reasonable. The rationale is if all the variables were independent of Y, then the rank
of each would randomly fluctuate across 1 through p, with an average rank of % p. If the
prediction interval of a variable’s rank does not breach % p for a given significance level,
then it is unlikely to be independent of Y. However, there may be an undesirably high rate
of false positives under this criterion, particularly for small n. A natural way to tune the
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rule to alleviate this problem is to replace % p by some smaller fraction of p. Rather than
trying to predict a suitable level, it is generally easier to plot the results and allow the data
to suggest a suitable level. This principle is further explored in Example 4 of the numerical
work.

3.3 RANKING CONVENTIONAL CORRELATIONS

Because conventional correlation measures the strength of a linear relationship, then,
in many cases, component ranking in terms of conventional correlation gives results not
unlike those obtained by linear model fitting, for example using the lasso. In particular, if
the linear model at (1.1) holds in a form where only a fixed number, g say, of the coeffi-
cients B; are nonzero, and if the coefficients of correlation of ¥; with all other components
of X; are bounded away from =1, then under moment conditions on the components (see
Section 5), the probability that the g special components appear first in a ranking of the
absolute values of conventional correlation coefficients converges to 1 as n and p diverge.

However, linear methods such as the lasso can be challenged when it comes to iden-
tifying, purely empirically, the ¢ special components. The conventional lasso can fail to
correctly choose the components, even if p is kept fixed as n diverges. Component rank-
ing, based on the absolute values of conventional correlation coefficients, can be used for
an initial “massive dimension reduction” step, reducing dimension in one hit from p to
a relatively low value, larger than g, from which dimension can be further reduced to g by
implementation of an existing adaptively penalized form of the lasso.

Another potential advantage of ranking methods based on conventional correlation co-
efficients is that they overcome problems with errors in variables. For example, suppose
that, in a generalization of (1.1),

Y; = g(W;) + error, (3.4)

where g is a potentially nonlinear function, W; denotes the p-vector of actual (but hidden)
explanatory variables, and the error is independent of W;. In errors-in-variables problems
we observe only Y; and X; = W; + §;, where the p-vector §; is a second source of error
with zero mean, independent of W; and of the error in (3.4). There is a large literature
on problems framed in this way, in cases where p is substantially smaller than »; usually,
p = 1. This work can be accessed through the monograph by Carroll et al. (2006). The
effect of the errors §; vanishes entirely from the correlation between X;; and Y;:

cov(Xij, ;) = cov{Wi; + 8;;, g(W;)} = cov{W;;, g(Wi)} = cov(W;j, 7).

In particular, the conventional correlation between X;; and Y; is exactly equal to the
conventional correlation between W;; and Y;. Generalized correlations will not in gen-
eral retain this property; if the distribution of §; were known, then the effect of the error
could be at least partially reduced by “deconvolution,” but this approach is not attractive
when p > n.

Therefore, component ranking in terms of the absolute values of conventional correla-
tions is an effective way of removing the effects of errors in variables, even if, as in (3.4),
the response is a nonlinear function of the hidden explanatory variable. Example 5 in Sec-
tion 4 will address problems of this type.
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4. NUMERICAL PROPERTIES

Example 1 (Continuation of Example 1 from Section 2): We used natural cubic
splines, with three interior knots on the quartiles of the variable’s observed values, be-
cause, unlike quadratic splines, such functions model both nonlinear monotone functions
and multimodal functions. This gives them significant flexibility. To implement the boot-
strap method described in Section 3.2 we used 400 resamples, « = 0.02 and a % p cutoff
for 7. This resulted in the selection of 14 genes, of which two, the genes Msa.2877.0
and Msa.1166.0 discussed in Section 2, were particularly influential. This can be deduced
from the marked jump in the length of the prediction intervals, represented by vertical lines
in Figure 2, between the second and third most highly ranked genes. Examples 5 and 6,
below, will summarize the results of simulation studies motivated by the findings above.

Example 2 (Continuation of Example 2 from Section 2): When H is constrained to
include linear functions of X;;, as was the case in our treatment of this example in Sec-
tion 2, the approach is analogous to ranking the absolute values of conventional correlation
coefficients. Our bootstrap implementation used 200 resamples and o = 0.05. All variables
were standardized to have sample mean zero and sample variance 1. Figure 3 shows the
influential genes using a % p cutoff for 7;. The first two or three genes are seen to stand
out, in terms of influence, and then influence remains approximately constant until genes 9
or 10. From that point there is another noticeable drop in influence, to a point from which

it tails off fairly steadily.

Example 4 (Variable masking): Motivated by an example discussed in the Introduc-
tion, we look at a linear model where variables are highly correlated, and we compare the
variable-selection performance of our method and the lasso (Tibshirani 1996).

500 —

Rank

1000

1500 —

Msa.2877.0 —
Msa.1166.0 —
Msa.26025.0 —
Msa.2400.0 —
Msa.741.0 —
Msa.2134.0 —
Msa.1043.0 —
Msa.5583.0 —
Msa.1332.0 —
Msa.33222.0 —
Msa.15405.0 —
Msa.38948.0 —
Msa.18571.0 —
Msa.1590.0 —

Variables ordered by 7+ for Example 1.
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Figure 3. Top 67 variables by 7 for Example 2.
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First we describe the model generating the data. For 1 < j <5, let {X;;, X; j+s} be
independent pairs of normal random variables with zero means, unit variances, and corre-
lation equal to 0.85. Let

5
6—k
Yi=§ 5 (Xij + Xi jys) + €,
j=1

where ¢; is a normal error with zero mean and standard deviation 5. Thus the pairs make
a decreasing contribution to Y; as j increase. Also, let X;; be an independent standard
normal random variable, for 11 < j < 5,000. Thus, Y; is a linear function of just the first
10 components in a vector of 5,000 N (0, 1) components.

To apply the lasso we used the least angle regression (LARS) implementation (Efron et
al. 2004), and to implement our method we ranked the absolute values of conventional
correlation coefficients. These two approaches were compared by examining the top ten
variables that each suggested. For the correlation-based approach this meant taking the
ten variables with lowest 7, whereas for the lasso it involved gradually relaxing the pe-
nalization condition until just 10 variables were admitted (note that the cross-validated,
lowest-error lasso model under the “one standard error rule” generally admitted fewer than
ten variables). For each set we then counted how many main effects were detected (i.e., for
how many j € [1, 5] did one of {X;;, X; j4+5} appear in the set), as well as how many sur-
rogate effects were detected (the number of j € [1, 5] for which both X;; and X; ;5 were
in the set). Even though the effects were linear, we have also included results for detections
using generalized correlation and group LARS using cubic splines. Group LARS was used
rather than the group lasso, for reasons of computational feasibility, but the two methods

Table 2. Average number of variables detected under simulation.

No. of main No. of surrogate
effects detected effects detected
n =100 lasso 1.76 0.39
corr 1.58 1.11
gLARS 1.06 0.49
georr 0.98 0.49
n =200 lasso 291 0.99
corr 2.57 2.06
gLARS 2.09 1.21
georr 2.25 1.67
n =500 lasso 3.98 2.45
corr 3.54 3.28
gLARS 343 1.95
gcorr 3.23 2.94
n = 1000 lasso 4.32 3.27
corr 4.10 3.87
gLARS 3.91 2.36

georr 3.93 3.66
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generally show comparable performance. The experiment was repeated 100 times and the
average results are presented in Table 2 for various 7.

The main feature of the results is that whereas the lasso and group LARS are better
at detecting weaker main effects compared to conventional and generalized correlation,
respectively, they fail to select the second of each correlated pair of variables. Of course,
this is a consequence of using model fitting as a surrogate for variable selection; adding
a highly correlated random variable does not greatly improve predictive accuracy, but it
nevertheless produces influential variables which, from most practical viewpoints, should
be detected by a highly performing variable selector. Thus the results highlight the risk of
using a prediction-based method as a means of detecting influential variables. Also, some
loss of detection power is observed when moving to nonlinear methods, particularly for
lower sample sizes. However, given that this enables the user to detect genuine nonlinear
patterns should they exist, the loss appears tolerable.

Figure 4 shows typical, randomly chosen results for our bootstrapped ranking approach
for various 7 in this simulation. For this purpose we used 100 bootstrap resamples and took
o = 0.1. Of note is the increased ability with which weaker trends are identified, and the
increased stability in the ranking of genuine variables as n increases. The theoretical basis
for these ideas is covered in Section 4.

As discussed in Section 3.2, there are practical considerations when choosing the level
at which variables are classified as significant. Figure 5 gives the number of variables
admitted when n = 500. It shows four variables appearing very strongly, seen in the flat
section of the curve before 3% of p, and then the number of variables admitted grows

n =100 n =200
0 - e e | ——r 0 fTT T =TT
w0 1] ] ] s00 T||||‘
x 1000 — ~ 1000 <
< <
< <
@ 1500 — T 1500 —
2000 2000
2500 2500
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Figure 4. Top ten variables by 7 for Example 4 with various n.
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Figure 5. Number of variables admitted at various cutoffs for Example 4 with n = 500.

exponentially. The proposed p/2 level admits only a moderate number of variables (70),
but at fractions larger than this the number of variables tends to be unwieldy. Although any
choice of cutoff between 3% and 50% might be considered reasonable, and would largely
be driven by a user’s tolerance of false positives, any presentation should highlight the
relative strength of the top four variables. We emphasize that the final choice for the cutoff
should ideally be based on the dataset itself.

Example 5 (A nonlinear situation):  For this simulation study we took the first compo-
nent to have a nonlinear impact on ¥; and to have contamination of errors-in-variables type:
Xi1=W;+éand Y; = Wi2 — 1+¢;. Here each W; was taken to be uniform on [—2, 2], and
the two error terms, §; and €;, were both normal with zero mean and standard deviation %.
Also, X2, X;3, ..., Xi 5000 were taken to be independent N(0, 1) random variables. The
simulations were run with n = 200, prediction bands for the ranking used o = 0.02, and

500 bootstrap simulations were performed.

In this case, if ranking is based on conventional correlation, then X;; does not appear
influential, due to its nonlinear relationship with Y;. This is true of other linear-based ap-
proaches; for instance, the lasso fails to detect X;. Thus the generalized correlation of (3.2)
was used, where H was a basis of natural cubic splines constructed in the same way as in
Example 1. As Figure 6 demonstrates, under the second criterion, X;; emerges strongly
as the top variable, with only three false positives if we use a cutoff at % p. The natural
cubic-spline fit captures the relationship between X;| and Y;, although the plot in Figure 6
suggests there is some bias at the limits of X;.

Example 6 (A highly nonlinear situation): Here we report the results of simulating
a model with highly nonlinear structure. Let W;y, ..., W;¢ and X;s, ..., X; 5,000 be inde-
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Figure 6. Top variables by 74 for Example 5 and the cubic-spline fit for X .
pendent standard normal random variables, and put

5
Y = ZSin{ %(Wil + O.SWiz)} + > W +0.4eY + 7,
Jj=3
X1 = 2Wi21 + Zi1, Xio =2Wio + Zjp, Xiz = WisWis + Z;i3, and X4 = Wig + Zj4, with
each of the Z;; being normal random variables with mean zero and standard deviation 0.1.
This simulation was run using natural cubic splines for H, as in Example 5, with 500
observations, 500 bootstrap simulations, and used prediction level of o« = 0.02.

The variables with the lowest 99% percentile ranking are plotted in Figure 7. A com-
parison of the lengths of prediction intervals shows immediately that just two variables,
X;3 and X4, appear influential. Two marginal false positives also have a markedly smaller
degree of influence. What is interesting is that X;; and X;, do not appear influential; this is
due to the heavy codependence of X;; and X;; in producing Y;. This highlights a drawback
of measuring the correlation of individual variables; sometimes the combination of sev-
eral variables may be influential, whereas individually they are not. Note that if a variable
Xi5.001 = Wi1 +0.5W;2 + Z;5, with Z;5 normal with mean zero and standard deviation
0.1, were constructed, then this would present as influential in the simulation. Interestingly,
the lasso (weakly) detects X;» but fails to detect X;3, its inconsistency resulting from the
highly nonlinear behavior of the system.

S. THEORETICAL PROPERTIES

We shall state and prove a result describing the sensitivity of the rankings given by the
method described in Section 2. Let & = h; denote the function for which the supremum
in the definition of ¥, in (3.2), is achieved. We take H to be a class of polynomials—
see assumption (5.1)(b) below—and in that case the supremum is achieved at a particular
element of H. Because our methodology is invariant under changes to the scales of Y;
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Figure 7. Top ten variables by 7 for Example 6.

and to the components of X;, then in formulating our assumptions below we may assume
without loss of generality that var{A;(X;;)} = var(Y;) = 1 for each i and j; see (5.1)(c)
below. In all other respects, except where constrained by (5.1)(e), we allow the distribution
of (X;,Y;) to vary with n. We think of p, too, as a function of n, diverging to infinity as
n increases, but diverging at no faster than a polynomial rate; see (5.1)(d). Our main other

assumption is a moment condition, (5.1)(e):

(a) the pairs (X1, Y1), ..., (X,, Y,) are independent and
identically distributed;

(b) M is the class of polynomial functions of degree up to but not

exceeding the positive integer d > 1;
(5.1)

(¢) var{h;(X;;)} =var(Y;) =1, foreachi and j;

(d) fora constant y > 0 and all sufficiently large n, p < const.n”; and

(e) foraconstant C >4d(y + 1), supnmaxjpr|X1j|C < 0o and
sup, E|Y1|€ < oo.

Given constants 0 < ¢ < ¢ < 00, write Z1(c1) and Z,(c;) for the sets of indices j for
which | cov(X;, ¥;)| < c1(n~! logn)l/2 and |cov(X;, ;)| > ca(n~! logn)l/z, respectively.

Theorem 2. Assume (5.1). If, in the definitions of Z1(c1) and I»(c2), the constants
c1 and cp are chosen sufficiently small and sufficiently large, respectively, then, in the
correlation-based ranking at (3.3), with probability converging to 1 as n — 00, all the
indices in I>(c2) are listed before any of the indices in L1 (cy).
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Theorem 2 argues that the sensitivity point for component ranking based on correlation,

1/2

or covariance, is on the scale of (n~! logn)'/<. In particular, components for which the

covariances are at least as large as sufficiently large constant multiples of (n~!logn)'/?,
are very likely to be ranked ahead of covariances which are of smaller order than this.
To appreciate the clarity of the implications of this result, assume for simplicity that H
is the set of linear functions, suppose that exactly g (a fixed number) components of X
are correlated with Y, and have correlation coefficients whose absolute values are bounded
above a positive constant; and that all the other components have correlations with ¥ which
are uniformly of smaller order than (n~! log n)1/2. For example, this would be the case if
all the latter components of X were uncorrelated with Y. Then, with probability converging
to 1 as p increases, all the g correlated components are listed together in the first ¢ places
of the ranking at (3.3), and all the other components are listed together in the last p — g
places.

APPENDIX: PROOF OF THEOREM 2

Using moderate-deviation formulas for probabilities associated with sums of indepen-
dent random variables (see, e.g., Rubin and Sethuraman 1965 and Amosova 1972), it can
be shown that if b > 0 is given, and if sup, max;<, E|X; |€ < oo for some C > 4d (b + 1),
then

P{1¥; — ;> co(n " logn)'/? for some 1 < j < p} = 0(3),

where cq is a constant and § = pn~?(logn)~!/2. Hence, with probability equal to 1 —
0(8), |¥;| < 2co(n~"logn)'/? for all j such that |y;| < co(n~"logn)'/?, and |/;| >
2c0(n~! logn)l/2 for all j for which [v;| > 3co(n~! logn)l/z. It follows that if, in the
definitions of the sets Zi(c;) and Z,(c») of indices, ¢; < cg and ¢y > 3c¢g, then, in the
ranking at (3.3), with probability equal to 1 — O($), all the indices in Z are placed ahead
of all the indices in Z5. Provided p < constn? (as specified in (5.1)(c)), and b > y, we
have § — 0 as p — oo.

SUPPLEMENTAL MATERIALS

Data and Computer Code: The data and computer code used in this article are avail-
able in a single archive. A read me file (read-me.rtf) is included and describes the con-
tents of the archive in details. Note that the data used in Example 3 from the 2008
KDD cup could not be included in this archive for confidentiality reasons. (hall-miller-
supplements.zip, zip archive)

[Received April 2008. Revised January 2009.]
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