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Problem set No 1

1. (a)  Use the Gauss-Jordan elimination method to solve the system


[image: image161..pict]
Clearly state what row operations you use at each step.

(b)  The following augmented matrix was encountered in the process of solving a system of linear equations involving the variables x, y, z. 

[image: image1.wmf]
[image: image2.wmf].

Write down the solution represented by this matrix without using any row operations.  Check, by simple substitution, whether this solution is also a solution of the system


[image: image3.wmf]
2. (a) Use a graphical method to find the maximum and minimum values of P associated with the following linear programming problem:


[image: image4.wmf]

[image: image5.wmf]
     (b)  The daily nutritional requirements for Hungarian rabbits is specified as follows:

· At least 500 calories

· At least 100 grams of sugar

· At least 120 grams of fat

Two products supply these nutrients: RabChop and RabCake, costing $0.60 and $0.70 cents per kg respectively. RabChop contains 200 calories, 25 grams of sugar and 30 grams of fat per kg and RabCake contains 250 calories, 40 grams of sugar and 20 grams of fat per kg. The objective is to satisfy the daily nutritional requirements at minimum cost. How many kgs of each product should be used for this purpose?  

Formulate a mathematical model for this problem.  DO NOT ATTEMPT TO FIND THE NUMERICAL SOLUTION TO THIS PROBLEM.
3.(a)
Solve the following linear programming problem using the Simplex Method. 

 
At each step, circle the pivot element and state any row operations used.
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     (b)
Solve the following linear programming problem

                                                
[image: image8.wmf]
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4. (a)
Find the derivative of each of the following functions:



(i) 
[image: image10.wmf]

(ii) 
[image: image11.wmf]
(b)  An oil tanker is anchored at Melbourne Port. Oil is leaking from the tanker to the sea at the rate of 2 litre per hour and is spreading in a semi-circle form against the tanker's wall. The thickness of the spill is 0.3 cm. Determine the rate (cm/hour) at which the radius of the spill is increasing after 24 hours. After how many hours will the radius of the spill be equal to 10 m?  (Note: 1 litre = 1000 cm3)

5.  (a)  Find 
[image: image12.wmf] by implicit differentiation given that


[image: image13.wmf].

       (b)  Construct the Taylor Polynomial of order 2 about x=0 for the function f given by


[image: image14.wmf].

Use this polynomial to approximate f(x) at x=0.1 and determine a bound for the error associated with this approximation.
6. (a)  A rectangle has its 'base' on the x-axis and its two upper vertices on the parabola 
[image: image15.wmf].  Find the largest possible area of the rectangle.

(b) Consider 
[image: image16.wmf] , 
[image: image17.wmf]. Find a local minimum of f.  Is this the absolute minimum?   Explain.

7.  (a)   Suppose 
[image: image18.wmf]. 

(i)  Write down all the first and second partial derivatives of f(x,y).

(ii)  Evaluate 
[image: image19.wmf].

(b)   Suppose 
[image: image20.wmf].

                         (i)       Calculate 
[image: image21.wmf] and 
[image: image22.wmf] when u=2, v=0.

(ii)      Using your answers from (i), estimate the change in R if (u,v) changes from (2.000,0.000) to (2.003,0.001).

8.  (a)  Show that the function 
[image: image23.wmf] has just one stationary point.  Locate it, and determine whether it is a local maximum, minimum or saddle.

     (b) A large rectangular box is to be made with an open top and a heavy square base, and is to have a volume of 20m3 exactly.  The base material costs $5 per square metre, and the material for the sides costs $1 per square metre. Use a Lagrange multiplier method to find the dimensions of the box of minimum cost.

9.    The length of a vine (L cm) is measured at noon two days after planting, and at noon on each of the three following days.  The observations are recorded in a table:

Day, t
   2
       3
     4
        5

Length, L
 5.60
    11.51
   20.01
     30.92

A relation of the form 
[image: image24.wmf]  is to be fitted to the data.

 (i)   Let 
[image: image25.wmf]. Write down a table of (x, L) values.

(ii)   Write down the normal equations for a and b, for the least squares best fit L = ax + b.

(iii)  Find the values of a and b, quoting your answers to three decimal places.

(iv)   What length of the vine does your answer predict for six days after planting?

10.  A population has been observed to have a natural increase of 1% per annum.  A migration program adds 200,000 annually, so a model for the population P (million)  after t years is:


[image: image26.wmf]
The population now (t=0) is 54.3 million.

(i)  Verify that the general solution of the above differential equation is


[image: image27.wmf],

              where C is a constant.

(ii)   Find the particular solution for which P=54.3 where t=0.

(iii)  Estimate the population after 15 years.

(iv)  When will the population first exceed 100 million?

Solution

1.(a)  Use the Gauss-Jordan elimination method to solve the system


[image: image28.wmf]
Clearly state what row operations you use at each step.

Solution 1(a):


[image: image29.wmf]

[image: image30.wmf]

[image: image31.wmf]

[image: image32.wmf]

[image: image33.wmf]
The solution is then (x,y,z) = (3,4,-2).  Checking:


[image: image34.wmf]
1. (b) The following augmented matrix was encountered in the process of solving a system of linear equations involving the variables x, y, z. 

[image: image146.wmf]
[image: image35.wmf].

Write down the solution represented by this matrix without using any row operations.  Check, by simple substitution, whether this solution is also a solution of the system


[image: image36.wmf]
Solution 1(b):

We can ignore the third row, so the system is now as follows:


[image: image37.wmf]
Thus we have infinitely many solutions (the value of z can be determined arbitrarily).  Substituting this solution in the given system we obtain


[image: image38.wmf]
Thus this solution is OK for the given system.

2. (a) Use a graphical method to find the maximum and minimum values of P associated with the following linear programming problem:


[image: image39.wmf]

[image: image40.wmf]
Solution 2(a): 

We plot the line representing the constraints and then the line representing the objective function for values of that seems to be the optimal (min and max) values.

[image: image147.wmf]
So clearly the minimum value is P = 0 attained at x = (0,0) and the maximum value is attained at the intersection of the two lines representing the functional constraints. This point is therefore the solution of the system:


[image: image41.wmf]
From the second constraint we have 
[image: image42.wmf]. So substituting this in the first constraint yields 
[image: image43.wmf], hence 
[image: image44.wmf] and consequently 
[image: image45.wmf]. Hence the maximum value of P is P = 2(1) + 3 = 5 and is attained at x = (1,3).

Checking the consistency of the results:  OK with the constraints.

2(b). The daily nutritional requirements for young Hungarian rabbits is specified as follows:

7. At least 500 calories

8. At least 100 grams of sugar

9. At least 120 grams of fat

Two products supply these nutrients: RabChop and RabCake, costing $0.60 and $0.70 cents per kg respectively. One kg of RabChop contains 200 calories, 25 grams of sugar and 30 grams of fat  and one kg of RabCake contains 250 calories, 40 grams of sugar and 20 grams of fat. The objective is to satisfy the daily nutritional requirements at minimum cost. How many kgs of each product should be purchased per each young Hungarian rabbit for this purpose?  

Formulate a mathematical model for this problem.  DO NOT ATTEMPT TO FIND THE NUMERICAL SOLUTION TO THIS PROBLEM.
Solution 2b: 

Let
x = quantity of RabChop to be purchased (kg per rabbit per day)

y = quantity of RabCake to be purchased (kg per rabbit per day)

So we wish to minimize P = 0.6x+0.7y subject to the nutritional constraints:

200x + 250y  ( 500  (calories)

25x + 40y  ( 100  (sugar)

30x + 20y  ( 120  (fat)

x,y ( 0.

3.  (a)
Solve the following linear programming problem using the Simplex Method. 

 
At each step, circle the pivot element and state any row operations used.






[image: image46.wmf]





[image: image47.wmf]
Solution 3(a):  (( denotes pivot location)

BV
X1
X2
X3
S1
S2
RHS
Ratio test
Row Operations

S1
1
1(
2
1

12
12


S2
3
1
2

1
25
25
R2 - R1(R2

P
-3
-4
-3


0

R3 + 4R1(R3

BV
X1
X2
X3
S1
S2
RHS
Ratio test
Row Operations

X2
1
1
2
1

12



S2
2
0
0
-1
1
13



P
1
0
5
4

48



Thus, the optimal solution is x=(0,12,0), yielding P=48.  Checking the constraints and objective function: OK.

3(b)
Solve the following linear programming problem

                                                
[image: image48.wmf]

[image: image49.wmf]
Solution 3(b):

We first construct and solve (via good old simplex) the dual of the given problem:


[image: image50.wmf]

[image: image51.wmf]
We observe that the last constraint is superfluous, so we ignore it and that from above, the optimal value of x3 is zero.  The simplex tableau for this standard problem is as follows (pivoting at ():

BV
y1
y2
S1
S2
RHS
Ratio test
Row Operations

S1
1(
-1
1

1
1


S2
1
2

1
4
4
R2 - R1(R2

P
-3
-1


0

R3 + 3R1(R3

BV
y1
y2
S1
S2
RHS
Ratio test
Row Operations

y1
1
-1
1

1
1


s2
0
3(
-1
1
3
4
(1/3)R2 (R2

P
0
-4
3

3

R3 + (4/3)R2(R3

BV
y1
y2
S1
S2
RHS
Ratio test
Row Operations

y1
1
0
2/3
1/3
2



y2
0
1
-1/3
1/3
1



P
0
0
5/3
4/3
7



Thus, the optimal solution to this problem is y = (2,1), P =7.  From this tableau we see that the solution to the dual is x = (5/3,4/3,0). As expected, both yields the same value for the objective function, P = D = 7.

Checking results:  OK.

4.  (a)
Find the derivative of each of the following functions:



(i) 
[image: image52.wmf]

(ii) 
[image: image53.wmf]
Solution 4(a): (i) 
[image: image54.wmf]



[image: image55.wmf]
(ii) : 
[image: image56.wmf]
Let  
[image: image57.wmf] so,


[image: image58.wmf]
4(b). An oil tanker is anchored at Melbourne Port. Oil is leaking from the tanker to the sea at the rate of 2 litre per hour and is spreading in a semi-circle form against the tanker's wall. The thickness of the spill is 0.3 cm. Determine the rate (m/hour) at which the radius of the spill is increasing after 24 hours. After how many hours will the radius of the spill be equal to 10 m ?  (Note: 1 litre = 1000 cm3)

Solution 4(b): View from above the tanker

[image: image148.wmf]
From the description, the volume (cm3) of spilled oil at time t is given by

 

[image: image59.wmf]=2000t

where d is the thickness of the oil layer (d=0.3cm) and r(t) is the radius (cm) of the oil spill at time t (hours). Given that 2 liter of oil is spilled per hour, it follows that 


[image: image60.wmf]
Hence,


[image: image61.wmf]
Thus, for t=24 we have


[image: image62.wmf]= (cm/hour)

From above, r(t)=10 m = 1000 cm, when


[image: image63.wmf]
(Note: a solution via explicit reference to the Chain Rule is also possible)

5.  (a)  Find 
[image: image64.wmf] by implicit differentiation given that


[image: image65.wmf].

Solution 5(a):


[image: image66.wmf]
hence,


[image: image67.wmf]
5(b) Construct the Taylor Polynomial of order 2 about x=0 for the function f given by


[image: image68.wmf].

Use this polynomial to approximate f(x) at x=0.1 and determine a bound for the error associated with this approximation.
Solution 5(b):


[image: image69.wmf]
Thus,


[image: image70.wmf]

[image: image71.wmf]
The error term is

Error(x) = 
[image: image72.wmf]
For some c in the interval (0,x), so for x=0.1 we have


[image: image73.wmf]
for some c in (0,0.1).  The absolute value of the maximum error is therefore bounded from above by the error expression evaluated at c=0, and is equal to 0.0045.

6. (a)  A rectangle has its 'base' on the x-axis and its two upper vertices on the parabola 
[image: image74.wmf].  Find the largest possible area of the rectangle.

(b) Consider 
[image: image75.wmf] , 
[image: image76.wmf]. Find a local minimum of f.  Is this the absolute minimum?   Explain.

Solution 6(a): 
[image: image77.wmf]
[image: image149.wmf]
Let h denote the height of the rectangle and w its half-width.  So the vertices of the upper vertices of the triangle are at (w,h) and (-w,h) and the area is equal to  Area = 2hw. Since the upper vertices of the rectangle are on the parabola, we have 
[image: image78.wmf], hence 
[image: image79.wmf], and therefore we can formally express it in terms of w as follows: 
[image: image80.wmf]. From this it follows that 
[image: image81.wmf]. So on setting A'(w)=0 we obtain 
[image: image82.wmf], yielding two critical points namely 
[image: image83.wmf]. Obviously, we consider only 
[image: image84.wmf]. The value of h corresponding to this value of w is 
[image: image85.wmf]. The corresponding area is then 
[image: image86.wmf].  The A(w) for the two end points (w=0, w=-2) is equal to zero, hence the critical point is an absolute maximum. Hence, the maximum area of the rectangle is 
[image: image87.wmf].

(b) Consider 
[image: image88.wmf] , 
[image: image89.wmf]. Find a local minimum of f.  Is this the absolute minimum? Explain.

Solution 6(b).

From above, 
[image: image90.wmf], hence 
[image: image91.wmf]. The critical points are generated then by 
[image: image92.wmf], yielding one point in the specified region, namely x=2. Since 
[image: image93.wmf], the Second Derivative Test  indicates that x=2 is a local min. Since there is only one critical point in the specified region, this local min is a global min.

[image: image150..pict] 

7. (a) Suppose 
[image: image94.wmf]. 

(b) Write down all the first and second partial derivatives of f(x,y).

(c) Evaluate 
[image: image95.wmf].

(c)  Suppose 
[image: image96.wmf].

10. Calculate 
[image: image97.wmf] and 
[image: image98.wmf] when u=2, v=0.

11. Using your answers from (i) above, estimate the change in R if (u,v) changes from (2.000,0.000) to (2.003,0.000).

Solution 7(a).

(i)


[image: image99.wmf]

[image: image100.wmf]

[image: image101.wmf]

[image: image102.wmf]

[image: image103.wmf]

[image: image104.wmf]
(ii) From (i) , 


[image: image105.wmf]
Solution b(a).

(i)


[image: image106.wmf]

[image: image107.wmf], hence


[image: image108.wmf]

[image: image109.wmf], hence


[image: image110.wmf]
Thus, for 
[image: image111.wmf] we have


[image: image112.wmf].

8.  (a)  Show that the function 
[image: image113.wmf] has just one stationary point.  Locate it, and determine whether it is a local maximum, minimum or saddle.

7. A large rectangular  box is to be made with an open top and a heavy square base, and is to have a volume of 20m2 exactly.  The base material costs $5 per square metre,  and the material for the sides costs $1 per square metre. Use a Lagrange multiplier method to find the dimensions of the box of minimum cost.

Solution 8(a)


[image: image114.wmf]

[image: image115.wmf]
To obtain the stationary points we solve the system 
[image: image116.wmf].  Thus, in this case we obtain the system


[image: image117.wmf]
The (unique) solution is  (x,y)=(7/2,-1). 

From above,


[image: image118.wmf]
hence, 


[image: image119.wmf].

Therefore this point is a saddle point.

Solution 8.(b):

[image: image151..pict]Let x denote the width of the square base and let h denote the height of the box. So the volume of the box is 
[image: image120.wmf] and the cost of the box is 
[image: image121.wmf].

The problem is then:


[image: image122.wmf]
Using the Lagrange multiplier method, we define


[image: image123.wmf]
Hence,


[image: image124.wmf]
The stationary point is then obtain by the system


[image: image125.wmf]
yielding


[image: image126.wmf]
So, substituting the values of and  in the first equation yields


[image: image127.wmf]
Hence, h=20/4=5.  In other words, the dimension of the box is (2,2,5)m.  Checking the volume V =2(2)(5)=20 (OK).

Note:


[image: image128.wmf]
[image: image152..pict]
If we solve this problem 'by substitution', we would use h=20/x2 (from the constraint), and therefore the unconstrained problem will be


[image: image129.wmf]
So setting the first derivative  of the objective function to 0 we obtain


[image: image130.wmf].

Note:


[image: image131.wmf]
[image: image153..pict]
9. The length of a vine (L cm) is measured at noon two days after planting, and at noon on each of the three following days.  The observations are recorded in a table:

Day, t
   2
       3
     4
        5

Length, L
 5.60
    11.51
   20.01
     30.92

A relation of the form 
[image: image132.wmf] is to be fitted to the data.

(i)  Let 
[image: image133.wmf]. Write down a table of (x, L) values.

(ii)   Write down the normal equations for a and b, for the least squares best fit L = ax + b.

(d) Find the values of a and b, quoting your answers to three decimal places.

(e) What length of the vine does your answer predict for six days after planting?

Solution 9:

(i): 

x
   4
       9
     16
        25

L
 5.60
    11.51
   20.01
     30.92

(c) The normal equations are :


[image: image134.wmf]
where n= number of observation (in our case then n=4). Thus, in our specific case we have,

j
   1
       2
     3
       4 
    (

xj
4
9
16
25
54

Lj
5.60
11.51
20.01
30.92
68.04

xj2
16
81
256
625
978

xjLj
22.40
103.59
320.16
773
1219.15

So the normal equations are


[image: image135.wmf]
Solving the first equation for b  we obtain:


[image: image136.wmf]
so substituting this value of b in the second equation yields


[image: image137.wmf]
Thus, b=(68.04-54(1.207269))/4= 0.7118685

In short the optimal values of the parameters of the best fit are (a,b) = 1.207, 0.712).

(iv).  For t=6 we have, x=t2=36, hence L = a(36)+b=1.207(36)+0.712= 44.164 cm..

Note:

The graph L = at2 +b is given below.

[image: image154..pict]
10
A population has been observed to have a natural increase of 1% per annum.  A migration program adds 200,000 annually, so a model for the population P million after t years is:


[image: image138.wmf]
The population now (t=0) is 54.3 million.

(i) Verify that the general solution of the above differential equation is 


[image: image139.wmf],

where C is a constant.

(ii) Find the particular solution for which P=54.3 where t=0.

(iii) Estimate the population after 15 years.

(iv) When will the population first exceed 100 million?

Solution 10:
(i) Verification:


[image: image140.wmf]Hence LHS = RHS. The stipulated general solution is OK.

(ii).  For P=54.3 at t=0 we then have 
[image: image141.wmf].  Thus, the particular solution in this case is 
[image: image142.wmf].

(iii). For t =15, we then have  
[image: image143.wmf] (million).

(iv). For P(t)=100, we need

    
 
[image: image144.wmf]
Hence, this population will be reached in about 47.9 years.

[image: image155..pict]

[image: image145.wmf]
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