620-261: Introduction to Operations research

Solution Sheet

(some --- but not all --- the assignments)

1. Consider the LP problem whose first simplex tableau is as follows:

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	x7
	b

	x5
	1
	2
	3
	3
	1
	1
	0
	0
	8

	x6
	2
	2
	1
	0
	4
	0
	1
	0
	10

	x7
	3
	3
	7
	3
	-2
	0
	0
	1
	12

	Z
	Z
	-8
	-5
	-1
	-8
	0
	0
	0
	0


and whose final simplex tableau is as follows:

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	x7
	R.H.S

	x1
	1
	1
	11/6
	2
	0
	2/3
	-1/6
	0
	11/3

	x4
	2
	0
	-2/3
	-1
	     1
	-1/3
	  1/3
	0
	2/3

	x7
	3
	0
	1/6
	-5
	0
	-8/3
	7/6
	1
	7/3

	Z
	Z
	0
	13/3
	7
	0
	8/3
	4/3
	0
	104/3


1.1
Determine the range of values of c1, c3, and b1 for which the final basis does not change (one range at a time!). (10%)

1.2 
What will be the new basis if you increase the value c3 just a bit above the upper bound found in 1.1. (3%)

1.3
Use the information contained in the final tableau to determine the optimal solution (both optimal y and optimal w) to the dual problem associated with this problem.  (2%).

Solution.

1. Changes in C1:  We add d to  C1 and consider the following modified final tableau:

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	x7
	R.H.S

	x1
	1
	1
	11/6
	2
	0
	2/3
	-1/6
	0
	11/3

	x4
	2
	0
	-2/3
	-1
	     1
	-1/3
	  1/3
	0
	2/3

	x7
	3
	0
	1/6
	-5
	0
	-8/3
	7/6
	1
	7/3

	Z
	Z
	-d
	13/3
	7
	0
	8/3
	4/3
	0
	104/3


We restore the canonical form of the tableau:

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	x7
	R.H.S

	x1
	1
	1
	11/6
	2
	0
	2/3
	-1/6
	0
	11/3

	x4
	2
	0
	-2/3
	-1
	     1
	-1/3
	  1/3
	0
	2/3

	x7
	3
	0
	1/6
	-5
	0
	-8/3
	7/6
	1
	7/3

	Z
	Z
	
	13/3+11d/6
	7+2d
	0
	8/3+2d/3
	4/3-d/6
	0
	104/3 +11d/3


Hence the optimality conditions (opt=max) are (rj >=0):

26 + 11d >= 0  ; 7 + 2d >=0 ; 8 + 2d >= 0; 8 -d >= 0

d >= -26/11 ;  d >= -7/2 ; d >= -4 ; d<= 8.

Hence d must be in the interval [-26/11 , 8].

Changes in C3:

Since x3 is not in the basis,  d<= reduced cost of x3, hence d<= 7.

Changes in b1.  If we change b1 to b1 +d, the new final RHS would be


[image: image1.wmf]
Thus, the non-negativity constraints are:

11 + 2d >= 0 ;  2 - d  >= 0  ;  7 - 8d >=0.

Hence   d >= -11/2 ; d <= 2 ; d <= 7/8,  so that d must be in the interval [-11/2,7/8]. Do it for the b’s.

1.2  If c3 exceeds the upper bound implied above,  its reduced cost will become negative, and the Greedy rule will select it as the new basic variable.  The Ratio Test will then take x1 out of the basis.  Thus the new basis will consist of (x3,x4,x7).

1.3  From the final tableau of the primal we see that the optimal dual is y = (8/3,4/3,0) hence w = by = (8/3,4/3,0)(8,10,12) = 104/3, which agrees with the optimal value of z given in the fimal tableau of the primal. 

2. Formulate the dual problems associated with the following LP problems:

	 LP # 1
	LP # 2
	LP #3

	
[image: image2.wmf]
	   
[image: image3.wmf]
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2. Solution:

The duals are:

LP# 1: Min -yb    s.t      yA >= -c

LP # 2:  max yb  s.t  yA=(c+d), y >=  o

LP # 3:  min y(-1,2,5)    s.t.   -y1 + 3y2 + 4 y3 = 2; -2y1 - 4y2 +2y3 >= 3;  -y1 >= 0; y1,y2 >=0.

3. Write down the generic knapsack problem we used in class and the dynamic programming functional equation associated with it.  Modify this functional equation to handle the case where opt=min and use it to solve the following knapsack problem:




You are expected to determine the optimal value of z as well as the optimal values of x1, x2 and x3.

Solution:

The generic knapsack problem studied in class is as follows:


[image: image5.wmf]
The functional equation is:


[image: image6.wmf]
with f(s):=0.

To cope with opt=min, we simply change max to min in the functional equation.  We shall multiply the volume constraint by 2 to make all the coefficients integers.   The constraint is thus,

2x1 + 4x2 + 3x3 = 6

so that v=(2,4,3) and V=(6,11,10).

Because of the equality constraint, we first set f(0)=0, and f(s) = M, for s< volume of smallest item.  In our case, f(1)=M.  Hence we start with


f(0) =0


f(1)= M

and then we solve the functional equation for s=2,3,4,5,6.

The results are as follows:

f(2) =min {w(j)+f(2-v(j): j=1} = w(1) + f(2-v(1) ) = 6 + f(0)=6, K(2)={1}

f(3) =min {w(j)+f(3-v(j): j=1,3} = min {w(1) + f(3-v(1) ), w(3)+f(3-v(3)}  = min{ 6 + M, 10+0} = 10, K(3)={3}

f(4) =min {w(j)+f(4-v(j): j=1,2,3} = min {w(1) + f(4-v(1), w(2)+f(4-w(2), w(3)+f(4-v(3)}

      = min{ 6 + 6, 11 + 0, 10+M} = 11, K(4)={2}

f(5) =min {w(j)+f(5-v(j): j=1,2,3} = min {w(1) + f(5-v(1)), w(2)+f(5-w(2)), w(3)+f(5-v(3))}

      = min{ 6 + 10, 11 + M, 10+6} = 16, K(5)={1,3}

f(6) =min {w(j)+f(6-v(j): j=1,2,3} = min {w(1) + f(6-v(1)), w(2)+f(6-w(2)), w(3)+f(6-v(3))}

      = min{ 6 + 11, 11 + 6, 10+10} = 17, K(6)={1,2}

Recovery:

x(0) =(0,0,0), s=6, K(6)={1,2}, 6-v1=4

x(1) =(0,1,0), s=4, K(4)={2}, 2-v2=0

x(2) =(1,1,0)

Thus, x*=(1,1,0) and z*=w(1)+w(2)=6 + 11 = 17.

4. State the Weak Duality Theorem for the standard primal-dual pair (3%) and then use it to check the validity of the following assertion: " x=(5,3,1) is a feasible solution for the standard primal problem (max cx  , s.t.  Ax(b, x(0) with, c=(1,2,1) and b=(4,1) and y=(2,1) is a feasible solution for the associated standard dual problem (min yb , s.t. yA(c, y(0) " (2%).

Solution:

First part is in the Lecture Notes. For second part, Z=cx=12, W=by=9,  Z>W,  hence there is a contradiction to the Weak Duality Theorem.  Therefore the assertion is not valid. 

5.  Consider the following initial Simplex tableau (Phase 1 of the Two Phase method):

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	1
	0
	0
	1
	0
	0
	4

	x5
	2
	0
	2
	0
	0
	1
	0
	12

	x6
	3
	3
	2
	-1
	0
	0
	1
	18

	?
	?
	?
	?
	?
	0
	0
	0
	?


Note that x5 and x6 are artificial variables, x4 is a slack variable and x3 is a surplus variable.  Fill in the missing entry represented by ?,in this tableau,  as well as the missing values in the following tableau obtained after a number of pivot operations. Briefly explain how you computed the missing entries.

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	?
	?
	?
	?
	?
	-1/3
	2

	x2
	2
	?
	?
	?
	?
	1/2
	0
	?

	x1
	3
	?
	?
	?
	?
	-1/3
	1/3
	?

	W
	W
	?
	?
	?
	?
	?
	?
	?


Solution:

1. Fill-in the columns of the basic variables in the final tableau: 

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	0
	0
	?
	1
	?
	-1/3
	2

	x2
	2
	0
	1
	?
	0
	1/2
	0
	?

	x1
	3
	1
	0
	?
	0
	-1/3
	1/3
	?

	W
	W
	0
	0
	?
	0
	?
	?
	?


2. Fill-in the column of the surplus variable (x3) which is equal to -column of the corresponding artificial variable.

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	0
	0
	1/3
	1
	?
	-1/3
	2

	x2
	2
	0
	1
	0
	0
	1/2
	0
	?

	x1
	3
	1
	0
	-1/3
	0
	-1/3
	1/3
	?

	W
	W
	0
	0
	?
	0
	?
	?
	?


3. Compute the missing entry in the column of x5 using the RHS value in row 2 of the final tableau:


[image: image7.wmf]
Hence 

            4 + 12? - 6 = 2,

so that ?=1/3.

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	0
	0
	1/3
	1
	1/3
	-1/3
	2

	x2
	2
	0
	1
	0
	0
	1/2
	0
	?

	x1
	3
	1
	0
	-1/3
	0
	-1/3
	1/3
	?

	W
	W
	0
	0
	?
	0
	?
	?
	?


4. Now that we have the full B-1 we can compute the full final right hand side.  


[image: image8.wmf]
Hence,

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	0
	0
	1/3
	1
	1/3
	-1/3
	2

	x2
	2
	0
	1
	0
	0
	1/2
	0
	6

	x1
	3
	1
	0
	-1/3
	0
	-1/3
	1/3
	2

	W
	W
	0
	0
	?
	0
	?
	?
	?


5. We compute the reduced costs using the famous
[image: image9.wmf].  Since we are in Phase 1 and all the artificial variables are out of the basis, cB=(0,0,0), hence r = -c = (0,0,0,0,-1,-1).  For the same reason W=0.

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	0
	0
	1/3
	1
	1/3
	-1/3
	2

	x2
	2
	0
	1
	0
	0
	1/2
	0
	6

	x1
	3
	1
	0
	-1/3
	0
	-1/3
	1/3
	2

	W
	W
	0
	0
	0
	0
	-1
	-1
	0


6. Canonize the initial tableau: 

	B.V.
	Eq. #
	x1
	x2
	x3
	x4
	x5
	x6
	R.H.S

	x4
	1
	1
	0
	0
	1
	0
	0
	4

	x5
	2
	0
	2
	0
	0
	1
	0
	12

	x6
	3
	3
	2
	-1
	0
	0
	1
	18

	W
	W
	3
	4
	-1
	0
	0
	0
	30


6. (An adaptation of problem 13, from Calvert and Voxman, p. 21, 1989): 

 An airline offers four vacation trips as a bonus for four of its employees.  To distribute the impact of providing free space on its flights, only one employee can go to each vacation site.  The employees are asked to rank their vacation preferences from 1 to 4, where 4 represents the most preferred site. The table below gives the employees’ rankings.

	
	Employee 1
	Employee 2
	Employee 3
	Employee 4

	Site 1
	2
	4
	2
	3

	Site 2
	1
	2
	4
	2

	Site 3
	3
	3
	1
	1

	Site 4
	4
	1
	3
	4


Formulate a model for this problem assuming that the airline is interested in maximising the total satisfaction of the four employees that is equal to the sum of the individual rankings.  For example, if Employee 1 goes to Site 1, Employee 2 to Site 2, Employee 3 to site 4 and Employee 4 to site 3 the total satisfaction is equal to 2+2+3+1=8.  Do not compute the optimal solution!

Solution:

1.  Decision Variable:

Let


xj := site visited by Employee j, j=1,2,3,4.

Thus,


xj {Site 1, Site 2, Site 3, Site 4 }.

2.  Objective function:
Let


r(i,j) := ranking of Site i by Employee j (given by the table above).

Then, given a decision vector x = (x1,x2,x3,x4), the total score is:


z = r(x1,1) + r(x2,2) + r(x3,3) + r(x4,4)

Obviously, opt=max.

3.  Constraints:

The decision vectors are permutations of the sites, thus the only constraint is:


{x1,x2,x3,x4} = {Site 1, Site 2, Site 3, Site 4 }.

In short, the problem can be stated as follows:


z* := max z = r(x1,1) + r(x2,2) + r(x3,3) + r(x4,4)

s.t.


{x1,x2,x3,x4} = {Site 1, Site 2, Site 3, Site 4 }.

Comment:
If you are more adventurous, you may consider the following:

Decision variables:

Let





Then clearly xi,j is in B={0,1}.

Objective function:

Let r(i,j) be as above.  then the total score associated with a decision “matrix” x, is





Clearly, opt=max.

Constraints:

Each Employee must be sent to “one” site:





Each site must be visited by a single Employee:





Thus, the problem can be stated as follows:


max  


s.t.










xij in {0,1}











































































































































































































































Page 
 out of  3

_988294306.unknown

_988302829.unknown

_988352419.unknown

_1020166526

_988352730.unknown

_988351826.unknown

_988302717.unknown

_927620411.unknown

_988183850

_988183897

_988183752

_927620409.unknown

_927620410.unknown

_927620406.unknown

_927620408.unknown

_927620405.unknown

_927620404.unknown

