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Words from the Editor

Welcometo this issueof , the magazineof the mathsandstatssociety As
usual,in this issuewe have amusingstories,deepquotes,and mathsjokesthat are
worsethanever.

If you nd theusual problemsoo easywe have alist of unsohed,yeteasy
to understandproblemsfor you to try (in factwe includedone suchproblemin the
last edition, andto everyones disappointmentno onewasableto give a solution).
We arevery gratefulto Dr ChrisOrmerodfor writing aninterestingarticle on cellular
automataAnd nally we have devisedour own lecturebingo,with the hopefulaim of
brighteningup your classes.

This issue,beingonly the secondof the year comesout ratherlate. Onereasonfor
thisis thedif culty to obtainarticles.Sol onceagain urgeyou, thereadersto submit
ary materialsuitablefor sothis magazinemay continueto thrive.

— JamesNan

Words from the President

Let me askyou a question:what do committeescouchesand T-shirts have in com-
mon?

Let mefollow that up with more questions:areyou passionat@boutproactve pro-
crastination?Do you manel at mathematicss not knowing the answerto the rst
guestionsimply eatingyou up inside?If you answered/esto ary of the above, then
pay closeattention.

STOP

Now backtrackto whereyou picked up this issueof the Paradox! Look pastthe
metallicwire rackburstingfull of mathemagicajjoodnessandyou seethe opendoor
just beyond. Walk towardsthe light, and stepinto the MUMS room. This is where
the magichappensthis is wherea thousandnonkeys typing randomwordsspin out
coherenseminarand articles;thisis whereacommunityof studentsnirac-
ulously put togetherthe MUMS PuzzleHunt, the MathsOlympics,regular seminars,

Lignorethisif youfoundit online.



all thewhile not seemingo do ary work; andthis s the only placewhereyou'll nd
outtheanswerto the questionat the start.

But enoughaboutMUMS, you startedreadingthis sectionfor words,andwordsyou
shallhave: Swifter, HigherandStronger Eachyear from the veneratedheightsof the
Michell Theatreseatsmenandwomenfrom all walks of life join asoneto celebrate
(andcerebratejhe pinnacleof humanachiezement:the University MathsOlympics.
Neitherrain nor hail shallstopthis hallowedindoorevent,asmathletesyoungandold
raceto betheteamto solve the mostquestions.So,comeSeptembersignup ateam
of vefor theUMO andexperiencdt rst hand.

— Yi Huang

Puzzle: what is wrong with this argument?

2,3 X
X X
1

1

Adding these up, we get

1 1
—2—1xx2x3 0
N

Unsolved Problems
Problem8 on thelasteditionof reads,
Find 3 waysto write 3 asthesumof 3 3rd powersof integers.

Two of the ways are obvious, namely1® 13 13 and4® 43 5 3, while the
third is moreelusiwe. In fact, it is soelusve thatby nding it, your fameandfortune

would increaseslightly beyondthe $5 offered,for atthetime of writing, this problem
is unsohed.

Theallureof problemsolvingis suchthatdeceptvely easyto understangroblemscan
withstandthe brightestmindsandmostconcertecdefforts. Below is aloosecollection



of problemghatrequirealmostno knowledgeto understandalthoughakindemgarten,
andsometimesaven high school,educationis preferred),but have remaineduncon-
guered Whoknows, maybeoneof themmaylaterbecomeassociatewvith yourname.
TheauthorthanksNorm Do for compilingmuchof thelist.

Mor e Cubes. We know quite a bit aboutwriting integersassumsof powersof other
integers. For example,every positive integer is the sum of 4 squares.In fact, this
generalisesandwe know thatevery positive integeris the sumof at most9 positive
cubes(the number23 actuallyrequires9 cubes).We alsoknow thatif we usesigned
cubesthenwe needa sumof at most5 terms. The openproblemhereis whetherthis
canbeimprovedto 4.

The easiestaseis whenthe numberis a multiple of 6, for thenwe canwrite it asa
sumofdcubesx x 12 x 12 x3 X3 Theothernumbersarenotsoeasy
for instancewe don't evenknow if 33 canbewritten asthesumof 4 cubes.

Incidentally it is notknown if everyintegeris a sumof at most3 signedsquares.

A perfectcuboidis de ned to be a box with all sides,diagonalsandlong diagonals
integers. Of course,thereis a problemwith this, becauseve don't know if sucha
thing exists.

If we drop the long diagonalcondition, thenthe shapeis known asan Euler brick.
It canbe checledthattherearein nitely mary Euler bricks, for wetake a b c to
be a Pythagorearriple, andthen a 4b?> ¢ b 4a? ¢ 4abc givesyoutheside
lengthsof anEulerbrick.

Magic Squares. A magicsquareof ordernis ann n arrayof numberssuchthat
the rows, columnsand diagonalsadd up to the samenumber Often we restrictthe
numberdo 1 2 n?. It is anunsohed problemto determinethe numberof distinct
(excluding thoseobtainedby rotation and re ection) magic squaresof an arbitrary
order It is clearthatthereis 1 magicsquareof order1, andthatthereis no magic
squareof order2. A bit of thoughtrevealsthat thereis only 1 distinct3 3 magic
squarepnceyou've gured outto putthe5in themiddleandl in anadjacensquare.

Eventhenumberof 6 6 squaress notknown, andis estimatedobel 8 10'° using
Monte Carlo simulationandmethoddrom statisticalmechanics.

Polygonal Nets. Shephard conjecturestateghatall corvex polyhedrahave nets that
Is, aself non-overlappingunfolding. Amazingly, this hasnot beenproven.

Interestinglytherearecorvex shapeshat,if youarenotcarefulin theunfolding,yield



overlapping nets'. An exampleis givenbelow.

Theresultis not true for non-comwex polyhedra for example,considera shapemade
by gluing asmallcubeontoalargecube.

Irrationality . Althoughbothp ande areirrational (not expressibleasa fraction)and
actuallytranscendentalt is notknow if p e or £ isirrational. It is alsounknovn
whetherp and e are algebraicallyindependentj.e. whetherthereis a polynomial
relation betweenthemwith ratio?al coefcilents. The EulerMascheroniconstantg,

is de ned to be thelimit of 1 5 = Innasn ¥. Its numericalvalueis

0.577..., incidentallyvery closeto ié It is notknown if this numbeywhichappears
ubiquitouslyin maths,is irrational. Hilbert mentionedhis problemas“unapproach-
able” andin front of which mathematicianstandhelpless.G. H. Hardyis allegedto
have offeredto give up his chairat Oxford to anyonewho canprove its irrationality.

Primes. Apart from the well known GoldbachConjecture(that every even number

2 is the sumof 2 primes)andthe Twin Prime Conjecture(thattherearein nitely
mary pairsof primes2 apart),thereis awholerangeof unsohedproblemsregarding
primenumbers.

A prime p is saidto be a SophieGermainprime if both p and2p 1 are prime.
Historically thesenumbersareimportantin proving casef Fermats Last Theorem
(alasthishasbeensolved). It is notknown if therearein nitely mary SophieGermain
primes.

Letn beanaturalnumber Are therein nitely mary primesof theformn? 1?1 don't
know, andyou probablydon't either Also, we don't know if thereis alwaysa prime
betweem? and n 1 2, aconundrunmknown asLegendres conjecture We do know
thatthereis alwaysa prime betweersuccessie 4th powers.

Are therein nitely mary palindromicprimes?(Clearlyall suchprimesmusthave an
oddnumberof digits, otherwisell dividesit.)

Are therein nitely mary Fibonaccinumberghatarealsoprimes?



A balancegrimeis aprimenumberthatis equalto thearithmeticmeanof thenearest
primesabove andbelow. ($5) Are therein nitely mary?

Is thereary valueof n otherthan1, 2, and4, suchthatn" 1isaprime?
Are therein nitely mary primesof theformn!  1?

n’> n 4lisprimeforintegersO n 39. Are therein nitely mary primesof this
form?

If pisaprime,is2P 1 alwayssquardree?

A repunitprimeis a prime numberthatconsistentirelyof 1'sin its baselOrepresen-
tation. Thesmallesexampleis 11, andthenext smallesis astringof 131's. It is easy
to seethatthelengthof arny repunitprimemustbea prime,for if it hada properfactot
we cantake a repunitof the length of a factor which will divide the “prime”. Cur-
rently the largestrepunitprime has10311's. We don't know how mary suchprimes
thereare.

Gilbreaths conjecturewe list all A o primes take the absolutedifferenceof eachpair
of adjacenterms,which form anew sequenceRepeat.Do all new termsstartwith a
1?

Perfect Numbers. A perfectnumbey suchas28, hasthe propertythatthe sumof all
of its divisorsis twice the number We don't know if any odd perfectnumbersaxist.
We alsodon't know if therearein nitely mary perfectnumbersthoughthisis related
to thenumberof Mersenngrimes(primesof theform 2" 1).

A quasiperfechumbem hassumof divisors2n 1. No suchnumberis known.

Zeta Function. The RiemannZetaHypothesids too dif cult to statehere;remember
we areaiming at the kindemartenlevel. However, the zetafunction restrictedto the
positveintegersisde nedtobez s & ; # For s even,we canevaluatetheright
handsideexactly (usingcomplec integralsor whaterer), andgetrationalmultiplesof
powersof p. Forinstancez 2 %—2. However, all methoddail whens is odd, and
we hardly know arything aboutthe exact forms of thesevalues. It hasbeenproven
thatz 3 isirrational,thoughwe don't know if it is transcendentagr if any otherodd
zetavaluesareirrational.

Geometry. Herearea list of deceptvely simple problems,vaguelyall having some
geometrianeanings.

Is therea pointin the planethatis arationaldistancerom eachof thefour cornersof



aunit square?
Is thereatrianglewith integersides,mediansandarea?

How mary pointscanyou nd onthe(half) parabolay x? x 0, sothatthedistance
betweerary pair of themis rational?

Kabontriangleproblem:How mary disjointtrianglescanbe createdwith n lines?

It is notknown if a singleaperiodic(i.e. canonly tile the planenon-periodically)tile
cancovertheplane.

Canary setof disksof total areal canbe packedinto adisk of area2?

Is therea setSin the planesuchthat every setcongruento S containsexactly one
lattice point (i.e. point with integercoefcients)?

Is therea constantA suchthatary setin the planeof areaA mustcontainthe vertices
of atrianglewith areal?

It is notknown if therearearny necessargndsufcient conditionsfor a Hamiltonian
circuit to exist; a Hamiltoniancircuit on a graphis a loop that visits every vertex
exactly once traveling alongedges.n contrastthereis a simplenecessargondition
for the existenceof an Euleriancircuit, which visits every edge.

Doesevery simple(no selfintersectionclosedcur\e in the planecontainfour points
formingtheverticesof asquare?

It is easyto seethat a semi-circlewith radius1 cancontainary curve of length 1
(if you're allowedto rotateandmove the curve around)- but whatis the areaof the
smallestsimply connectedno holes)setthatcancontainevery curve of length1?

Will allthei A rectanglesfor integerk 0, t togetherinsideal 1 square7t
is aneasytelescopingxerciseto seethattheareasagree.)

Egyptian Fractions. The Egyptianalgorithmcornvertsarationalnumberto a sumof
reciprocalsof positive integers.It is sonamedastheancientEgyptianswyrotefractions
thatway. Incidentally they hadaspeciakymbolfor % andalsoused% and%, although
they arenotreciprocals.

The algorithm takes a rational number looks at the fractional part f, and nds the
biggestreciprocal f (taketheintegerpartof %), andcalculateghedifference Now

repeat.Forinstancel3 1 3 & i This methodcanproducehuge(hun-



dredsof digits) numbersin the denominatoifor innocentlooking fractions. It is an
interestingexerciseto seethatthe algorithmalwaysterminates.

Now, doesthe Egyptianalgorithmalwayssucceedn expressinga fraction with odd
denominatoasa sumof unit fractionswith odddenominator?

Anotheropenproblemis the Erdos-Strausonjecturels it truethatthefraction ‘ﬁ‘ can
bewritten asa sumof threeor fewer distinctunit fractionsforn  2?

Games. The minimum numberof givensto rendera uniquesolutionto the standard
sudokuis unknown; it is probablyl17.

The minimum numberof turns requiredto solve the Rubik's cubefor an arbitrary
startingpositionis not known, althoughit is boundedrom above by 29.

The minimal numberof movesrequiredto ordern diskson four rodsin the Tower of
Hanoiis unknown for generaln, thoughtit is easyto verify thatthe sequencetarts
with1 359 1317 25

Diophantine Equations. Thefollowing areall unsohed problemsaskingfor integer
solutions.

Brown numbersarepairsof integerssuchthatn! 1 n?. Only threesuchnumbers
areknovn: 45 511 7 71. Itisconjecturedhatthesearethe only threesuch
pairs.

A Diophantinen-tupleis a setof n positive integerssuchthatthe productof any two
is onelessthana squardanteger. Doesthereexist a Diophantines-tuple?

Canyou nd Xy z suchthat x y z3 xy2

Miscellaneous.Take ary positive integerof two digits or more,reversethedigits, and
addto the original number Now repeatthe procedurewith the sum. This procedure
quickly producespalindromicnumberdor mostintegers. The palindromicvaluefor
89 is especiallylarge, being 8813200023188.The numbersnot known to produce
palindromesarecalledLychrelnumbers.The rst is 196,for which millions of digits
have beencomputed.

Are thereonly nitely mary perfectsquareswith just two differentnonzerodecimal
digits?

A family of nite setsis saidto be union-closedf the unionof ary two membersof
thefamily is alsoamemberof thefamily. In a nite union-closedamily of setsmust



someelementappeatn atleasthalf of the setsIt is simpleto checkthatif the setis
thepower setof 1 n, thenevery elementappearsn exactly half of thesets.)

Doesevery graphwith minimumdegree3 have a cycle whoselengthis a power of 2?

Themoving sofaproblemasksfor therigid two-dimensionashapda sofa’) of largest
areaA that canbe maneueredthroughan L-shapedplanarregion with legs of unit
width. As a semi-circleof unit radiuscanpassthroughthe corner alower boundfor
thesofaconstantA  § is readilyobtained.Thetruevaluefor A is yetto berevealed.

A considerablybetterlower boundof % b is basedon the shapeabove, consisting
of two quarterunit circleson eithersideof a1 g rectanglefrom which asemicircle
of radius% hasbeenremoved. To seethattheremoved gure is acircle, notethatthe
distancebetweerthe two inner contactpointswith the ‘wall' is x ed,andthe "'wall’

alwayscutsoutaright angle.To seethatthewidth of therectangldas g, weletabeits
width andnotethe areaof therectangleminusthecircleis a a—gﬂ, with a maximum
ata ‘5‘.

The nestedradical constantis \/ 1 2 3 . It is easyto checkthatit con-
verges,but no closed-formexpressions known.

We closewith aproblemthattheaveragepersoncancontributeto. Sierpinskinumbers
areintegersk suchthat2"k 1 is compositeor all n. It is surprisingthatsuchnumbers
exist at all, let alongthatin facttherearein nitely mary of them. It is conjectured
that78557is thesmallesione. Therewere17 candidates$or the smallesthumberand
a computingeffort known as“seventeenor bust” wascarriedout to eliminatethem.
At thetime of writing theonly remainingcandidatesre10223,21181,22699,24737,
55459,and67607.0Oneonly needgo produceann suchthat2"k 1 is primefor one
of theabove k to eliminateit. Of coursesuchn'sarelikely to behuge.



Quotesl

“| take spaceo beabsolute. — Newton
“I hold spaceo besomethingourelyrelatve astimeis.” — Leibniz
¥

“Takingmathematicérom the beginning of theworld to thetime of Newton, whathe
hasdoneis muchthebetterhalf” — Leibniz

Newton calledLeibniz afraud.
¥

“In conclusionl wishto saythatin working atthe problemheredealtwith | have had
the loyal assistancef my friend andcolleagueM. Besso,andthat| amindebtedto
him for severalvaluablesuggestions.— Albert Einstein

“Youhad,by theway, overestimatethemeaningfulnesef my obsenationsagain.. . what
Is certainis thatl wasnotawareof thisconsequencef my commentandcannotgrasp
theargumentevennow.” — MicheleBesso

¥

“No more ction for us: we calculate;but that we may calculate,we hadto make
ction rst.” —Nietzsche

¥

“The advancementnd perfectionof mathematicare intimately connectedwvith the
prosperityof the state. — Napoleon

¥

“| have yetto seeary problem,however complicatedvhich, whenlookedattheright
way, did not becomestill morecomplicated. — Paul Anderson

A question on the British matriculation, 1896: nd the prime factors of
5679431432056743205685679432.




Cellular Automata

1 Intr oduction

CellularautomatgCA), broadlyspeakingaredynamicalsystemghatarediscretein
time, spaceandstate. Cellular automatdeatureubiquitouslyin scienti c modelling.
Thereare CA modelsof cancertissueregrowth, HIV/AIDS, re, trafc, stockmar
kets, uid mechanicssolitons,qubits,beesand mary more obscure(andnot so ob-
scure)topics. Themodellingaspecof cellularautomataseemgo have onecommon
thread;a seeminglyobligatory citation of the work of Wolfram [5]. The sheersim-
plicity of programminga computerto computeCA malkesit afantastiomediumto do
simulationsof complex behaior. In theliterature,CA modelshave beenprogrammed
in everythingfrom machinecodeto Microsoft Excel.

Insteadof the usualprogramminga computerto simulateCA, we intendto demon-
stratehow a CA cansimulatea computer We will split this up into 3 proceeding
sections.82 will introducesomebackgroundmaterial,mainly somede nitions. 83

will introduceConway's Gameof Life alongwith afew building blockswe shalluse
in 84, which will focuson constructingcon gurationsthatwill computethreemain

logical operationsNOT, AND andOR.

2 De nitions and generalboring stuff

Let us give 3 de nitions of a cellular automata. The rst shall be our most basic
de nition, thenwe shallincreaseéhe compleity gradually Eachsuccessie de nition
shall be a subclassof the previously de ned system. We shall also presentsome
examplesof interestingsystemghatall go underthe guiseof CA.

De nition 2.1. A cellularautomatons a dynamicalsystemthatis discretein time,
spaceandstate.

Theprototypicalexampleis whenonetakestheintegers, , andassignsvalueof O or
1(i.e.anelemenf ,) ateachpointon . At atimet, werepresenthesystemstate
by the bi-in nite sequencex!, , . We de ne the stateof the systemin the next time
stept 1,bysomerule. Theprototypicalexamplebeingwheretheruleis suchthatthe
new bi-in nite sequencey, ! , ,isde nedbytheequationd, 1 f x{ | x{ X



wheref : g 2. Givenaninitial condition,thatis aninitial bi-in nite sequence,

X3, % is determinedor all time by f. For our particuIarcase,thereare223 256
choicesof function. For example,f X, ; i, X, ;X ; X, ; mod2isasimple
rule. Thisexampleis calledrule 90in Wolframsclass[3. Theevolution of thissystem
with avery simpleinitial conditioncanbeseenn gure 1.

P
e

_?- -'?7"'- _:-:'E-'?.::E}i}
-:-...-:'::‘5-..-:{?:-.;:.-.
L Aoy, |

Figurel: Rule90with aninitial conditionwhereu®  dpo.

This exampleis classicalin thatthis systemis onethat possessethe following addi-
tional properties:

1. Thesystemis deterministic.
2. Thenumberof stateghatarny pointcanbein is nite.

3. Therulethatde nesthestateof ary pointin thenext time stepdepend®nly on
the stateof thatpointandthe statesof thosepointsaroundit.

It is importantto note that thereare mary examplesof systemsthat are put in the
classof CA thatviolate theseproperties.Someof thesesystemsarevery extensvely
studiedin modelling. In particular a classof CA called box-and-ballsystemsvio-
late the last of thesepropertiesocality, yet it is the focal point of a large body of
researchn mathematicaphysics. However, we will disregard suchexamplesto give
thefollowing moreformal de nition of CA.

De nition 2.2. A cellularautomatas sequenceC; ; ,de nedab5-tuple L SU f G
where

1. L is alattice.
2.S s$4 Sm isanalphabet.

.U u U, issome nite sequencef latticeelements.



4. f:SY  Sisafunction.

5. Cy:L Sissomeinitial con guration.
wherethesequenceés speci edsothatforallv L,G v fCGv U

If that seemsa bit bewildering, let us take the previous examplein this framework.
Latticein this context is justanadditive group,like agrid. Thelatticeis the spaceon

which this cellularautomataexists, thatis L . Thealphabeis the stateghateach
pointin thespacemaybe,thatisS 01 2. TheU de nestheneighbourhood,
thatis whatpointsarearoundanothepoint, hereU 1 0 1.Nowwecanmakethe

correspondencef notationby sayingxl, C; n . We de ne the globaltransitionthat
denesC 1byxt! G in fCGn 1CGnGCGn 1 fxt o).

Now we don't wantto considerall latticesfor avery goodreason.Think aboutchang-
ing asinglepoint'sstate sayCy 0 , where0 is theidentity elementbf thelattice. Since
therule is actinglocally, the only possibleeffect will be ontheelement$C; U , then
C, U U , andfor arbitraryt , theeffect of changingthe stateof Co 0 will only
have aneffectonC; tU . Hencetheeffect of changingCo O will only ever affectthe
setgeneratedby U. Hence,we will assumel is generatedy U, hence,makingit
nitely generatedBeforeyou startrunningfor the hills, almostall examplesyou'll
ever comeacrossarewherelL is oneof the groupswith neighbourhoodappearingn
gure 2.

(@) (b) (c)

Figure 2. The threemostcommongroupswith associatedeighbourhoods(a)
with a Moore neighbourhood(b) ? with a Neumannneighbourhood(c) with a
radialneighbourhood.

2

We nally addonemorede nition of cellularautomatavhichis a minor extensionof
thede nition above. Insteadof a lattice,which is anabeliangroup,we now consider
the casewhereit's just a group, G. We will now refer to the identity elementase
insteadof 0. Becausehe abore agumentworks for any group, we may assumeG



is a nitely generatedyroup, morecover, generatedy U. Without lossof generality
we may assumehat u; U, 1. We canassumehis becauseve cansimply add
elementgo theendof U andextendtheold transitionfunction f : SY S sothatit
hasnorealdependencenary addedvalues.The Cayley graphof a nitely generated
group,G, associatewith ageneratinget, u; ,isthegraph,G, in whicheachelement
of Gisavertex andtwo verticesg: 9> G, haveanedgegoiningthemif g1 gou; for
somei. Because Uu; U; 1 we treatthis asan undirectedgraph. We may endav
G with ametricthatcomesfrom the Cayley graph,G[2]. Now we de ne thedistance
betweerg; andgy, d g1 g2 , to bethe minimum pathdistancefrom verticesg; to g,
on G Thatis, two elementsg; g> G, arefar away if you needto multiply g2 by

mary elementof U beforeyou equalg;.

Now we de ne ametricon S€ by
dCC exp inffdegCg Cg:g G (2.1)

or0if C C, whichin simpletermssaysthattwo con gurationsare closeif they
only disagredar away from e.

De nition 2.3. A cellularautomatons a sequenceC; ; satisfyingG 1 F G
whereG is a nitely generatedyroup, S is a nite alphabetandF is a continuous
endomorphisnof S® thatcommuteswith the groupaction.

Here, the continuity is interpretedin termsof the topologyinducedby (2.1). This
settingis morenaturalfrom atopologicaldynamicalpointof view. Thisgeneralization
wasconsideredn the famousresultof Machi andMignosi who prove what's known
asa Gardenof Edentheorem. Thatis, a mappingis surjectve if andonly if it is
pre-injectve.

3 Conway's Gameof Life and the Zoo

Now thatwe havede nedwhatacellularautomatons, we mayintroduceanimportant

example,namelyConway's. The basicsettingiswhereS 0 1 andthespaceand

neighbourhoodoincideswith (a)in gure 2. Thatis G 2 andU is the sequence
of elements;  u, uy suchthatu, 2 u, 2 2inary order Thefunction,

simply putis

3t 1 ithij anda ., 1Xij u 20r&yy, 1Xij u 3

) 0 otherwise.
(3.1)



Thereasongiven for an alive cell dying whenit hasmorethan3 live neighbourss
overcravding, while the reasorfor a cell dying whenit hasfewer than2 live cellsis
loneliness A deadcell with 3 neighbourcomedo life asif supportedy its surround-

ing cells. We demonstrat¢he rst few evolutionsof amoderatelyrandomsetof initial
conditionsin gure 3.

i

Figure3: Thesearethe rst few statesof arandomsetof initial conditions.

Now thatwe have a systemwe wish to constructa con gurationthatwill be ableto
computethings. To do this we arerequiredto constructoolsthatwe mayputinto our
system.Thatis, wewill nd con gurationsthathave desirablgropertiegshatwe may
exploit to do our calculationsWe will split theseupinto afew cateories:

Gliders: The basicobjectthat we will useto transmitinformation from one point to
anotherwill bethe glider. It is anobjectthatundegoessomeevolution, then
returnsto the samecon gurationwith somesortof shift in position. Theglider

we shall usefor our constructionand the evolution of the glider is shown in
gure 4.

i

Figure4: Thislittle guy is the basicunit for our construction.

Guns: A gunis a objectthatshootsout a glider. Thatis, the con guration undegoes
someevolution andproducesa glider that shootsoff in somedirection. Figure
5 shaws two time statesthe initial time, and 30 time stepslaterin which the
con guration is the same,however, thereis a little glider that will shootoff



diagonallydown andto the left. Needlesgo say theresultingglider doesnot
interferewith otherglidersor theoriginalgun,hencethisgunproducesasteady
streamof gliders.

-. ) 'II: Lom sl

Figure5: Thisis theP30gun,attimet andt 30respecitiely.

It isimportantto notethatwe maypointtwo gunsateachother thatis onedown
andto theleft, andtheotherdown andto theright, thentheresultinggliderswill
destry eachother

Blocker: A Blockeris anobjectthatis ableto withstandattacksfrom a glider gun. That
is, the glider get shottowardsa blocker, and then undegoessomeevolution,
thenreturnsto the con gurationof the blocker. Essentiallyit destrys aglider.
Figure6 shawvs a basicblockersinteractionwith our glider. We will alsoasso-
ciatea variablewith a blocker anda Gun. The truth of this block is indicated
in gure 6 by thelight grey cell. If thecell is alive, thenthat variableis true
andtheblocker diesleaving thegunto emita streamof gliders,whenthecell is
deadtheblocker staysalive to destry the steamof gliders.

Figure6: Thisis stept andt 5 of theinteractionbetweera blocker andaglider. At
timet 5wehave markedthesinglesquarewve will useasinput.

Accepter: The Accepterbasicallyactslik e a blocker, however, onceit is hit by a glider, it
undegoessomeevolutionandendsupin analteredstate.We shallusea simple
2 2boxwhichwill getdestryedby aglider (whenhit in acertainway) along
with a blocker. The outputcanbeinterpretedastrueif the boxis destrgyedor
not. To concatenatéogical expressionsye shallremove the accepteallowing
theglider streamto passthrough.



It shouldbe mentionedthat therearewhole classesof interestingobjectswe do not
requirefor our calculationsandwill not give examplesof, but areworth mentioning
nonethelesbecausehey arefun:

Puffers: Theseobjectsactlik e glidersin thatthey reproduceheir original con guration
with someshift, however, they leave a residueof periodic or stableobjects.
Therearesomemassve puffersavailableto download.

SpaceshipsWell, technically thereis no differencebetweena spaceshi@an a glider, how-
ever, whenglidersgetmassve, it seemsomavhatmoreaptto call suchobjects
spaceships.

Breeders:Sortof like the puffers,however, they leave aresidueof guns.

Thereareafew peoplewho collectcon gurations[g. Variouspeopleengineeobjects
in life to competdor varioustitles, suchasslowestship,fastesglider, smallesiGarden
of Edencon guration. | believe the largestconstructedbjectis Gabriel Nivaschs
4,195by 330,721cell shipwith aninitial populationof 11,967,39%live cells,andis
the only known objectthattravels at 0.378timesthe speedof light (light heremoves
onesquarepertime unit).

OtherinterestingobjectsincludeDeanHickersons massve (approximately1500cell
by 1000cell prime calculatorwhichis essentiallya gunthatproducesaglider attime
PN, for someperiod P, if andonly if N is prime. Also worth mentioningis Paul
Rendells (approximately)1600 cell by 1600 cell Turing machine. Many of these
con gurationswill runon Life32, whichis anifty little programby JohanBontes[].
The site alsohaslinks anda few megs of engineeredon gurationsto play around
with.

4 Constructing logical gates

We will now give somedetailsasto how to constructhreemainlogical gates:AND,

ORandNQT. Thesearethebasicgatesrequiredto do any numericalcalculation.One
can concatenateheseobjectsto build larger objectsand do ary single calculation.
However, we mustsay thiswill only do a setof binary calculationsandthe resulting
constructiordoesnotachieve all thatis necessaryo beuniversal(thatis, to beableto

simulatea Turing machine).

Insteadof drawing all the statesof every cell, we shallusethefollowing notation:



1. GunandGlider stream:

Figure7: Diagramaticaepresentatioonf a glider gunandstreamof gliders.
{?Iockerassociatedvith avariableA:
\ -

Figure8: Diagramatiaepresentationblockerassociateavith avariableA. A generic
blocker associateavith novariablewill have nothingcomingout.

3. An accepter:

Figure9: DiagramaticrepresentatioanaccepterAn accepteoutputis “True” if the
streanreachesheaccepter

Usingthesetools,we have thefollowing diagramghatrepreseneachlogical gate:

NOT A: To build NOT A, we simply have a streanmthatis goingto be blockedonly if A
is true. Soif Aistruein gure 10, thenthe streamof gliderspasseshroughA
stoppingthe otherstreamof glidersfrom reachingthe acceptorotherwiseif A
Is nottruethe streamontheleft will reachtheaccepter

A AND B: Depictedin gure 11 is the streamfrom the left gun passingthroughto the
accepteif Aistrue,andnotbeingblockedby the streamonthefarright if B is
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Figurel0: Thelogical gaterepresentindNOT A

O O
Ny N

A B

Figurell: Thelogical gaterepresentingh AND B.

true.If B is nottrue,thestreamof glidersfrom thegunonthefarright stopsthe
glidersfrom thefar left or hitsablockerif Ais nottrue.

A ORB: The OR gateis the morecomplicatedandrequires4 guns. Theright 3 gunsin
gure 12 andtheir streamsessentiallyrepresentNOT (A OR B), andthenwe
arereally concatenatinghis with the NOT operation.The streamfrom gunon
thefarrightis only blockedif eitherA or B is true. Hence the streamon thefar
left passeso theacceptoif eitherA or B aretrue.

Hencewe have constructedhreebasiclogical gatesandhave shavn thatthe Gameof
Life canatleastdo ary singlebinarycalculationusinga seriesof logical gates.

5 Someadditional food for thought

We have shavn thatyou cando basiccalculationshowever, whatis requiredin order
for somethingto be universalis a fair bit more technical,but it canand hasbeen
done[3 andavailableto downloadfor the Life32 program[1]. Thisis not the only



(O

Figurel2: Thelogical gaterepresentingh OR B.

cellularautomatahatis capableof beingprogrammedo do calculationsput it is the
mostpopular With amuchlargeralphabeit is evenpossibleto geta CA to simulate
a Turing machinein away thateachtime stepof the CA is in correspondenceith a
singletime stepof a Turing machine.
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Quotes?2

“To deprive a mathematiciarof existenceproofswould be like deprving a boxer of
his gloves” — David Hilbert

“For a mathematiciarne did not have enoughimagination,but he hasbecomea poet
andnow heis doing ne.” — David Hilbert, on aformerstudent

“Medicine makes peopleill, mathematicsnake them sadandtheologymakesthem
sinful” —Martin Luther

“If your experimentneedsstatistics,you oughtto have donea betterexperiment. —
ErnestRutherford

“Mathematicscontainamuchthatwill neitherhurtoneif onedoesnotknow it norhelp
oneif onedoesknow it.” —J.B. Mencken (journalistandessayist)

“There are only two kinds of math books. Thoseyou cannotreadbeyond he rst
sentenceand thoseyou cannotreadbeyond the rst page. — C. N. Yang (Nobel
laureaten physics)

“Educationis an admirablething, but it is well to rememberfrom time to time that
nothingworth knowing canbetaught. — OscarWilde

“The perpleity of life arisesfrom therebeingtoo mary interestingthingsin it for us
to beinterestedoroperlyin any of them? — G. K. Chestertor{writer)

“The intellectuals'chief causeof anguishareoneanothers works! — Jacque®arzun
(historian)

“As anadolescent aspiredo lastingfame,| cravedfactualcertainty andl thirstedfor
ameaningfulvision of humanlife — sol becamea scientist.Thisis like becomingan
archbishosoyou canmeetgirls” —M. Cartmill

“Our Fatherwho artin Heaven, give me breadandbeer Listenfor once. — From
Abel's notebook

Solution to puzzle: The rst equation converges if X 1, while the
second converges if X 1.




Maths Jokes

Mathematicpunsarethe rst sineof madness.

¥

(Anothertwist onthe perenniabrimesjoke.)
Chemist:3is aprime,5isaprime... hey let's publish!

Physicist: 3 is aprime,5is aprime, 7 is a prime, % is a prime with renormalisation,

Quantumphysicist: all numbersareboth primeandnon-primeuntil obsened.
Computerscientist:11is aprime,101lis aprime,111lis aprime...

Programmer:3 is a prime, 5 is a prime, 7 is a prime, 9 will be x ed in the next
release..

Unix programmer:3 is a prime, 5 is a prime, 7 is a prime, sggmentationfault, core
dumped.

Minesweeperddict: 3 is red,5 is maroon,7 is black,9 is impossible.
Politician: what'sa number?
Philosopherwhatis ?

Economist:3is aprime,5isaprime,7isaprime,1lisaprime...theprimeratesare
dropping.

Professor3 is a prime. That's aninterestingstatement!’ Il getmy researclstudents
tolook into it.

Poler player:3is aprime,5isaprime,7is aprime,Jis aprime,K is aprime.
¥

Classi cationof mathematicaproblemsaslinear andnonlinearis lik e classi cation
of theUniverseasbananasndnon-bananas.

¥



OneeveningRere Descartesventto relax at a local tavern. The tenderapproached
andsaid,“Ah, goodeveningMonsieurDescartesShalll sene you the usualdrink?”
Descarteseplied,”l think not”, andpromptlyvanished.

(WhatactuallyhappenedbDescartesnaintaineda customof remainingin beduntil 11
a.m. However, afterbeingemployed by the Queenof Swedenhe hadto walk to the
palaceat5 a.m.every morningin thecold for 4 months,anddied of pneumonia.)

¥

Q: How is aPhDstudenin theologylik e the Laplacianoperator?
A: Div grad.

¥

Q: Why is this obvious?

A: Thatdepend®nwhatyour de nition of is' is.

¥

Q: How mary problemswill therebeontheexam?

A: | think youwill have lots of problemson the exam.

¥

Statsjokes:

Are statisticiansiormal?

“Smokingis aleadingcauseof statistics. — FletcherKnebel

“Therearethreekindsof lies: lies, damnedies, andstatistics. — Attributedby Mark
Twainto BenjaminDisraeli.

“I couldprove Godstatistically’ — Geoge Gallup

“If 1 hadonly oneday left to live, | wouldlive it in my statisticsclass:it would seem
somuchlonger’ — Allegedlyfoundin theinsidecover of a statisticsextbook.

“The Bureauof IncompleteStatisticsreportsthatoneout of three’.

¥



A questionwasto nd 1ldx. Onestudent,having olbviously copiedsomeonean-
swered'x cosntant”.

¥

Try thisif youareaskedto prove ary mathematicatheorem:If thiswasnottrue,you
would notaskmeto proveit.”

True Stories

Einsteinonedaytook a wrongturn on the way homeandbecameconfusedandlost.
He wandereddown the streetandfound a police station,andasked whetherhe could
bedirectedto ProfessoEinsteins house.

¥

Oneday Hilbert andhis wife wereentertainingsomepeoplefor dinner Mrs. Hilbert
told theprofessoto go changéhis clothes.Hewentupstairstook off hisjacket,shoes,
etc.,but beinga creatureof habit, hethenbrushechis teeth,gotinto bed,andwentto
sleep.

On anotheroccasion Hilbert forgot to weara necktieto someones dinner He then
mailedatie to the hosts,andinstructedthemto stareat it for threehours.

¥

Erdossaidtherearethreestepsn the mentaldegradationof a mathematician:

1. Firstyouforgetyourtheorems.
2. Next you forgetto zip up.

3. Lastyouforgetto zip down.

Erdosalsode nesatrivial beingassomeonavho doesnt do maths.
¥

Littlewoodwasonceasked what God wasdoing beforethe Creation.He said,“Mil-
lions of wordsmusthave beenwritten onthis; but hewasdoingPureMathematicsand
thoughtit would bea pleasanthangeo do someApplied”



Littlewood alsomadethis commenton Hardy: “all individualsareunique,but some
areuniquerthanothers.

¥

NorbertWienerneededonstantreassurancef his creatvity andplacein the history
of mathematicsA colleagues duty wasto assurenim thathe wasa goodmathemati-
cian.

It wasWiener's customto stick his nger in the groovesof the MIT corridors,close
his eyes, lower his headin thoughtandwalk down a corridor. Professorsveretold
to closetheir classroondoorsor Wienerwould follow the corridorwainscotingio the
classroomandfollow it aroundtheroomuntil it led him backto the corridor.

During World War I, Wienerwasworking to perfectthe antiaircraftgun’'s re control
system. Field performancedatawere fed backto him andhe in turn keptre ning
his equationgo be sentto all Americanships.Japanjn the meantimewasperfecting
their Kamikazetactics:they replacedsingleplaneattacksy coordinatednassattacks.
A few daysbeforeJaparsurrenderedan Americandestryerwasthetargetof suchan
attack.All handsonthe Americanship,having justrecevedWienerslatestequations,
managedo shootdown every one of the attackingplanes. After the war, the entire
crew paidavisit to himin gratefultribute.

¥

Nobel laureateRichard Feynman, a passionatelrummey was asked by a Swedish
eng/clopediapublisherto supplya photographof himself “beatingthe drumto give
a humanapproachto a presentatiorof the dif cult matterthat theoreticalphysics
represents.Feynmanreplied:

“The factthatl beatadrumhasnothingto dowith thefactthatl dotheoreticaphysics.
Theoreticalphysicsis a humanendeaor, one of the higherdevelopmentsof human
beings,andthe perpetuablesireto prove thatpeoplewho do it arehumanby shaving
thatthey do otherthingsthata few otherhumansdo (like playing bongodrums)is
insultingto me. | amhumanenoughto tell youto goto hell”

¥

Feynmanwasoncecelebratedasthe “smartestmanin the world.” His mothers re-
sponse?If that'stheworld'ssmartestman,Godhelpus!”

¥



Feynmans vanhadFeynmandiagramgspaintedall over it anda licenseplatethatsaid
"Quantum’.Whenasledif anyoneever recognisedhediagramshesaid,"Y es.Once
we weredriving in the Midwestandwe pulled into a McDonald's. Someonecame
up to me andasked me why | have Feynmandiagramsall over my van. | replied,
‘Becausd AM Feynman!' Theyoungmanwent, Ahhhhh...™

¥

One day the Indian writer R. K. Laxmanmet the mathematiciarBertrandRussell.
“You Indianshave inventednothing; Russelldeclared.“Absolutelynothing!” Lax-
manwasunderstandablgtunned- until Russellexplainedthathewasspeakingabout
thenumberzero.

¥

The Russianphysicist PeterKapitzaoncegave Paul Dirac an Englishtranslationof
Dostoersky's Crime and PunishmentWhenasked how helikedit, Dirac replied,“it

is nice, but in one of the chapterghe authormadea mistale. He describeghe Sun
rising twice onthesameday”

¥

As aprofessorat Cambridge,). J. Thomsonntroducedaboratorywork to thecurricu-
lum. “We found mary cases, herecalled,“where mencould solve the mostcompli-
catedproblemsaboutlensesyet whengivena lensandaskedto nd theimageof a
candle ame, would notknow onwhich sideof thelensto look for theimage’ “Per-
hapsthe mostinterestingpoint; Thomsonalsoobsened, “wastheir intensesurprise
whenary mathematicalormulagave theright result’

A Mathematical Model for Procrastination



Solutionsto Problemsfrom Last Edition

We hada numberof correctsolutionsto the problemsfrom lastissue.Below arethe
prizewinners.Theprize moneg/ maybe collectedfrom the MUMS room (G24)in the
RichardBerry Building.

NarthaneEpamay collect$3 for solvingquestion3.

JamesZhaomay collect$5 for solvingquestionsl and?2.

JieZhoumay collect$5 for solvingquestionsl and2.

Wonki Noh may collect$8 for solvingquestions3 and5.

FenNiu Lim may collect$12for solvingquestions3, 5 and7 (partial).

Kate Mulcahy maycollect$12for solvingquestions3, 5 and7 (partial).

1. A die is thrown until a 6 is obtained. What s the probability thata 5 is not
obtainedbeforethat?

Solution: eitherthe 6 comesheforethe 5, or the5 comesbeforethe 6; thetwo
eventshave equalprobabilitydueto symmetry Hencethe answetis %

2. A3 3 3cubecanbecutupinto 27 unitcubesWhatis theminimumnumber
of straightcutsrequiredto dothis, if you areallowedto move the piecesaround
in betweercuts?

Solution: we mustseparatehe middle cubefrom therest;this requiresat least
6 cuts. In fact,the obvious 6 cutssufce asthey separatall smallcubes.So6
is theanswer

3. Show thatthe medianf atrianglecanalsoform atriangle,with area%1 thatof
theoriginal one.

Solution: let thetrianglebe denotedABC, andlet A B C bethe midpointsof
BC CA AB respectiely. ConstructD soAD BB. It is now easyto check
thatAD CC andAAD isthetriangleformedby the medians.

Let AC andA D intersectatE. As A B DC is aparallelogramE bisectsB C and
AD,soAE AC 3 4.Buttheratioof areaof AAD andareaof ABC = ratio of
AAE andAAC =ratioof AE andAC, andsois 3 4.

4. Findthevolumeenclosedythegraphsof x y 1y z 1z x 1.



Solution: it is easyto seethat the region boundedby the rst 2 graphsis an
octahedronnow the third prism cutsthe octahedrorfrom the top, creatinga
rhombicdodecahedrofseepicture),which hasmary fascinatingpropertieqit
is foundin the structureof hong/combsandgarnet).

To nd theareawe notethatthepolyhedroristhecorvex hullof 5 3
andall permutationsof 00 1 —thatis, a squareof sidelength 1 with 6
pyramidsof height3 oneachface.Hencethetotalareais1 6 3 1 3 2.

. In anequilateratriangle ABC, pointQ is on BC, andAQ meetghecircumcircle
of thetriangleatP. Provethatl PB 1 PC 1 PQ.

Solution: obserethat BPQ CPQ 60 . By equatingtriangleareaswe
have $PB PQsin60 PC PQsin60  3PB PCsin120 . Thissimpli es to
give theresult.

. Startingwith oneamoebagvery secondt splitsinto either0, 1, 2 or 3 amoebae
with equalprobability Whatis the probability that the populationeventually
diesout?Whatif it canonly splitinto O, 1 or 2 amoebaavith equalprobability?

Solution: let the probability be p, thenafter a splitting, we obsenre that p
71 p p? p®. Solvingfor p, we geteitherlor 2 1. Now thereare
severalmethoddo shov that 2 1is theonly stableequilibriumof therecur
sive procesgstartingatx 7 andapplyf x 1 x x> x3 repeatedly),
andsois theanswer

Whenthe amoebaonly splitsinto 0, 1 or 2, we getp % 1 p p?,andso
p 1,andsothepopulationwill eventuallydie out.

. It is well known that no four distinctinteger squaresanbein arithmeticpro-
gressionjt is obviousthatthreecan.Find away to generatall of them.

Solution:letx? y? 72 bein arithmeticprogressionthen x y 2 zy 2 2,and
we seekall rationalsolutionsof this equation.But thereis a bijection between
all thesesolutionsandpointsof intersectiorbetweerthegraphsof X2 Y2 2
andY pgX 1 1.Henceall answersxyz aregivenby ¢ 2pq

p? p° ® ¢ 2pq p? andtheirintegermultiples.Notethatthisis thesame



asa bca b whereab c forma(notnecessarilprimitive) Pythagorean
triple.
8. Find 3 waysto write 3 asthesumof 3 3rd powersof integers.

Solution: this was a prank, for the problemis unsohed. Seeour article on
Unsolved Problems. Of course,if you do happento nd a solution, you are
welcometo sendit in.

9. Find anexplicit formulafor cosl .

Solution: we didn't receve ary solutionsfor this problem. A relatively simple
expressionfoundby computingcos ¥ 32| is

?(f’/§i€/§i\/\/r254 Vgivéi\/\/w““‘)

Problems

Below are somepuzzlesand problemsfor which cashprizesare avarded. Bearin
mind that anyonewho submitsa clearand elegant solution may claim the indicated
amount(unlesswo solutionsarethesamejn which caseonly the rst submissiomwill
berewarded).Eitheremailthesolutionto theeditor(seensidefront coverfor address)
ordropahardcopy into theMUMS room(G24)in theRichardBerry Building; please
includeyour name.

If you enjoy Problems,then you shouldalso look at the PuzzleCorner
columnwhich appeardn eachissueof the Gazetteof the AustralianMathematical
Society Therearefun problemsto be solved, with the bestsubmissiorreceving a
bookvouchemworth $50.

ThePuzzleCornercanbefoundonlineat http://www.austms.ay.au/Gazette.

1. ($2) Find aquintic polynomialP x if x* P x and x 13P x 1.
2. ($2) Shaw thatn* 4" is aprimeif andonlyif n 1.

3. ($2) Whatshapecanbemadewith either2 of the rst gure andl of thesecond
gure, or 1 of the rst gure and2 of thesecondgure?



. ($4) Show thatfor anintegern,n  3andn? 3 can't bothbeperfectcubes.

. ($4) Given 3 parallellines, construct(usingruler and compasspn equilateral
trianglesuchthateachvertex liesonaline.

. ($4)Find &} o ahtan.

. ($5) For positiveintegersmandn, if © 2, then? 21 & .

. ($7) Find all functionsf : suchthatf m f n fm nforall
m n.

would like to thank Adib Surani, Yi Huang, Sam Chow, Ju-
lia Wang, Tharatorn Supasiti, Norm Do, Kate Mulcahy and Joanna
Cheng for their contributions to this issue.

Maths Lecture Bingo

To play, simplytake outthebingosheebverpageandattendthelectureof yourchoice.
Mark over the squarethat correspond$o an eventthat hasoccurredduring the lec-
ture. The rst oneto form arow/column/maindiagonalor markall four cornersyells
“Bingo!” to win.

Note: all of theabove eventshave actuallyoccurredat onetime or another






