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We introduce a technique using linear programming that may be used to
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optimisation problems on regular graphs. We demonstrate the use of this
technique on heuristics for Minimum Independent-Edge Dominating Set, Min-
imum Connected Dominating Set and Minimum Independent Dominating Set
in cubic graphs. As a result, we show that for an n-vertex connected cubic
graph, the size of a minimum independent-edge dominating set is at most
9n=20 + O(1), the size of a minimum connected dominating set is at most
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most 29n=70 + O(1). We also consider n-vertex connected cubic graphs of
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minimum independent dominating set is at most 3n=8 + O(1).

Key Words: worst-case,analysis, cubic, 3-regular, linear, programming

* This research was carried out whilst the first named author was in the Department
of Mathematics and Statistics, The University of Melbourne, VIC 3010, Australia

1



      

2 W. DUCKWORTH AND N.C. WORMALD

1. INTR ODUCTION

Many NP-hard graph-theoretic optimisation problems remain NP-hard
when the input is restricted to graphs of bounded or regular degree,even
when the maximum degreeof the graph is 3, e.g. Maximum Independent
Set [10, problem GT20] and Minim um Dominating Set [10, problem GT2]
to name but two (see,for example, [1] for recent results on the complexity
and approximabilit y of theseproblems). In this paper we intro ducea tech-
nique that may be used to analyse the worst-caseperformance of greedy
algorithms on cubic graphs. The technique useslinear programming and
may be applied to a variety of graph-theoretic optimisation problems. Suit-
able problems would include those problems where, given a graph, we are
required to ¯nd a subset of the vertices (or edges) involving local con-
ditions on the vertices and (or) edges. These include problems such as
Minim um Vertex Cover [10, problem GT1], Maximum Induced Matching
[5] and Maximum 2-Independent Set [18]. The technique could also be
applied to regular graphs of higher degree,but with dubious bene¯t as the
e®ort required would be much greater.

The technique we describe provides a method of comparing the perfor-
manceof di®erent greedyalgorithms for a particular optimisation problem,
in somecasesdetermining the one with the best worst-caseperformance.
In this way, we can also obtain lower or upper bounds on the cardinalit y
of the sets of vertices (or edges)of interest. Using this technique, it is
simple to modify the analysis in order to investigate the performance of
an algorithm when the input is restricted to (for example) cubic graphs of
bounded girth or cubic graphs with a forbidden subgraph.

Our main concern is to present and analysegreedy algorithms for three
problems concerningdomination in cubic graphs, namely, Minim um Con-
nectedDominating Set (MCDS), Minim um Independent-Edge Dominating
Set (MI-EDS) and Minim um Independent Dominating Set (MIDS). The al-
gorithms are only heuristics for theseproblems: they ¯nd small setswhen
the problem asks for a minimum set. We show that for an n-vertex con-
nected cubic graph, the size of a minimum independent-edge dominating
set (I-EDS) is at most 9n=20 + O(1), the size of a minimum connected
dominating set (CDS) is at most 3n=4 + O(1) and the size of a minimum
independent dominating set (IDS) is at most 29n=70+ O(1).

For MI-EDS (as far as we are aware) no other non-trivial approximation
results were known when restricted to cubic graphs.

Griggs, Kleitman and Shastri [11] showed that an n-vertex connected
cubic graph has a spanning tree with at least d(n=4) + 2e leaves, implying
(by deleting the leaves) that such graphs have a MCDS of size at most
3n=4.
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Recently , Lam, Shiu and Sun [16] showed that for n ¸ 10, the size of a
MIDS of an n-vertex connectedcubic graph is at most 2n=5. Both these
results userather complicated and elaborate arguments, so the extraction
of an algorithm from them can be di±cult. By contrast, our approach is
an attempt to automate the proofs, greatly reducing the proportion of ad
hoc arguments by using simple computer calculations. Note that for an
n-vertex cubic graph, it is simple to verify that the size of an I-EDS is at
least 3n=10, the sizeof a CDS is at least (n ¡ 2)=2 and the sizeof an IDS
is at least n=4.

We note that for cubic graphs of girth at least 4, for all problems con-
sidered in this paper, the analysis gives no improved result than the un-
restricted caseand therefore consider n-vertex connectedcubic graphs of
girth at least 5. For such graphs we show that the sizeof a MI-EDS is at
most 51n=115+ O(1), the sizeof a MCDS is at most 2n=3 + O(1) and the
sizeof a MIDS is at most 3n=8 + O(1).

In the following section we intro duce some notation and provide the
readerwith the relevant problem de¯nitions. Section3 describesthe notion
of analysing the worst-caseperformanceof greedy algorithms using linear
programming. Our algorithms (and their analysis) for MI-EDS, MCDS
and MIDS of cubic graphs are given in Sections 4, 5 and 6 respectively.
We conclude in Section 7 by mentioning some of the other optimisation
problems to which we have applied this technique.

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, when discussingany cubic graph on n vertices,
we assumen to be even and the graph to contain no loops nor multiple
edges. The cubic graphs are assumedto be connected. For disconnected
graphs, for each particular problem under consideration, applying our al-
gorithm for that problem in turn to each connectedcomponent would of
coursecausethe constant terms in our results to be multiplied by the num-
ber of components.

A dominating set of vertices of a graph G = (V; E) is a set V 0 µ V(G)
such that for every vertex v 2 V(G), v 2 V 0 or v is incident with a vertex
of V 0. A dominating set of edgesof a graph G = (V; E) is a set E 0 µ E(G)
such that for every edgee 2 E(G), e 2 E 0 or e sharesa common end-point
with an edgeof E 0.

An independent set of vertices of a graph G = (V; E) is a set V 0 µ V(G)
such that no two vertices of V 0 are connected by an edge of E(G). An
independent set of edgesof a graph G = (V; E) is a set E 0 µ E(G) such
that no two edgesof E 0 sharea common end-point.
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For a graph G and a vertex v 2 V(G), N (v) denotesthe set of neighbours
of v and for a set V 0 µ V(G), (V 0; ¤) denotesall edgesincident with the
vertices of V 0.

We now formally de¯ne the problems that we consider in this paper.

Minim um Indep enden t Dominating Set (MIDS):
An independent dominating set (IDS) of a graph G = (V; E) is a set of

vertices I µ V (G) that is both an independent set and a dominating set.
A MIDS is therefore an IDS of minimum cardinalit y.

Minim um Indep enden t-Edge Dominating Set (MI-EDS):
An independent-edge dominating set (I-EDS) of a graph G = (V; E) is a

set of edgesE µ E(G) that is both an independent set and a dominating
set. A MI-EDS is thereforean I-EDS of minimum cardinalit y. Note that an
I-EDS of G is equivalent to ¯nding an IDS of the line graph of G. MI-EDS
is also referred to as minimum maximal matching [10, Problem GT10].

Minim um Connected Dominating Set (MCDS): A connecteddom-
inating set (CDS) of a graph G = (V; E) is a set of vertices C µ V(G) that
is a dominating set with the additional property that the subgraphinduced
by the verticesof C is connected. A MCDS is therefore a CDS of minimum
cardinalit y.

3. W ORST-CASE ANAL YSIS AND LINEAR PR OGRAMS

In each of the problems that we consider in this paper, we are given a
graph and aim to ¯nd a subsetof the vertices(or edges)of small cardinalit y
that satis¯es local conditions on the verticesand (or) edges.The algorithms
we intro duce in the following sectionsare greedy algorithms basedon se-
lecting verticesof givendegreefrom an ever-shrinking subgraphof the input
graph. After choosing such a vertex, a vertex (or edge) is selectedto be
added to the set we wish to construct. Once this selectionhas beenmade,
edgesand vertices are deleted from the (sub)graph in order to guarantee
that, after the next element is selectedto be added to the set, the set con-
structed thus far satis¯es the given requirements (domination, connectivity
and (or) independence).

We describe the algorithms in terms of a seriesof operations, an opera-
tion being the processof selecting an element to be added to the set and
performing the necessarydeletion of verticesand edges.The ¯rst operation
of each algorithm involvesselectingthe ¯rst element to be addedto the set
and deleting the appropriate vertices and edges. For each subsequent op-
eration (before the completion of the algorithm) we note that there must
always exist a vertex of degreestrictly lessthan 3 sincethe input graph is
assumedto be connected.
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At any stageof a given algorithm, we may characterisethe verticesof the
graph basedon their degree(for MCDS we alsoconsidertheir \colour" and
this will be de¯ned in the relevant section). Let Vi denote such a set and
let Yi denote jVij. Operations performed by a given algorithm will causea
changein the valuesof someof the variables Yi.

As an example,we considerMIDS wherewe are required to ¯nd an IDS,
I , of small cardinalit y. Each operation may be represented by equations
showing the increaseand (or) decreasein the variables Yi and the change
in the size of I . Consider Figure 1 and assumethat vertex 2 has been
selectedto be added to I .

1

3 5

4 6

2

FIG. 1. An example operation

Vertex 2 and its neighbours are deletedalongwith all their incident edges
ensuringthat, after the next selectionof a vertex to beaddedto the IDS, the
set I constructed thus far is indeed independent and dominating. Black
vertices indicate those which are selected to be added to I and dotted
lines indicate edgesthat are deleted. The deletion of these edgesmay
causeadditional vertices to be added to I (vertices that are isolated as a
consequenceof the deletion of these edges)and vertex 5 in the ¯gure is
such a vertex.

For an operation Op, we let ¢ Yi(Op) denote the net changein Yi due to
operation Op. We usem(Op) to denote the increasein the sizeof I due to
operation Op and its value will depend on the individual operation being
performed. We represent an operation by a set of equations. The equations
representing the operation given in Figure 1 are ¢ Y3 = ¡ 4, ¢ Y2 = ¡ 1 and
m(Op) = 2 (since the edgesincident with the vertices 1; : : : ; 5 are deleted,
vertex 6 is changed from a vertex of degree3 to a vertex of degree1 and
the sizeof I increasesby 2 as a result of this operation).

Let t denote the number of di®erent classi¯cations of vertices so that Vi
for 1 · i · t denoteseach of these sets. At the start of an algorithm, all
vertices belong to the sameset, i.e. they are all of degree3 (for MCDS all
vertices are also of the same\colour"). We let Vt denote this set. Initially
Yt = n and Yi = 0 for all 1 · i < t. At the end of the algorithm Yi = 0 for
all 1 · i · t. This implies that the total changein Yt over the execution of
the algorithm is ¡ n (since vertices of Vt are destroyed but never created).
The net change in Yi for 1 · i < t will be zero over the execution of the
algorithm.
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We construct the set of all possible operations performed by a given
algorithm for a given problem by consideringeach possiblesubgraph that
may be encountered. Denote the set of all operations using OPS and for
each operation in this set, there is a set of corresponding equations of the
above form. For operation Op 2 OPS, we user (Op) to denote the number
of times operation Op is performed by an algorithm. Then, the solution to
the linear program LP0 given in Figure 2 givesan upper bound on the size
of the set returned by the algorithm.

MAXIMISE :
X

Op2OPS

m(Op)r (Op)

SUBJECT TO : C t :
X

Op2OPS

¢ Yt(Op)r (Op) = ¡ n

C i :
X

Op2OPS

¢ Yi(Op)r (Op) = 0 1 · i < t:

FIG. 2. The linear program LP0

Note that ¢ Yi(Op) for 1 · i < t can be consideredto be composedof
two parts sincean operation may destroy verticesof Vi and simultaneously
createnew verticesof Vi. We denotethe negation of the number of vertices
of Vi destroyed by operation Op using Y ¡

i (Op) and similarly the number
created by Y +

i (Op), so that, Y +
i (Op) + Y ¡

i (Op) = ¢ Yi(Op).
Before each operation of an algorithm (after the ¯rst) we usea priority

list to construct a set of vertices Si. The sets of vertices in this list are
in decreasingorder of priorit y and sets of lower priorit y are chosen only
when those of higher priorit y are empty. For example the priorit y list for
an algorithm for MIDS is:

² S1: vertices that have at least one neighbour of degree1,
² S2: vertices of degree2 that have two neighbours of degree2,
² S3: vertices of degree3 that have a neighbour of degree2 that has a

neighbour of degree2,
² S4: vertices of degree3 that have a neighbour of degree2.

A vertex is chosenfrom Si (the highestpriorit y non-empty setof vertices)
and then, basedon this selection,an element is selectedto be added to the
set of interest.
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Sincethe input graph is assumedto be connected,the ¯rst operation of
an algorithm is unique in the sensethat it is the only operation where the
minimum degreeof the vertices is 3. Let OPS0 µ OPS denote the set of
operations for which ¢ Y ¡

i = 0 for all 1 · i < t. OPS0 therefore consistsof
all the possible¯rst operations. Due to the priorities of the algorithm, we
may exclude certain operations and we denote the set of operations that
are excluded on the basis of priorit y as OPS1. To analyse the algorithm,
we include only thoseoperations that are permitted (by the priorities of the
algorithm) to occur after the ¯rst operation. Denote this set of operations
by OPS2 = OPS n f OPS0 [ OPS1g. For our MIDS example,considerthe
operations given in Figure 3 and assumethat vertex v hasbeenselectedto
be added to I . The operation in Figure 3(a) is excluded as it is in OPS0.
As the algorithm prioritises the selection of a vertex with a neighbour of
degree1 over that of any other vertex, operations such as that given in
Figure 3(b) are in OPS1 and are also be excluded. When we restrict the
input to cubic graphsof girth at least5, further operationsarealsoexcluded
such as the examplegiven in Figure 3(c).

v v v

(a) (b) (c)
FIG. 3. Excluded operations

In each of our algorithms, a priorit y is given to selectingverticesof degree
1 or 2 (depending on the problem under consideration). For a particular
problem, let Vγ for 1 · ° · t denote the vertex set with highest priorit y.
For a given problem and ° and for any operation, let K denotethe possible
range of valuesfor ¢ Y ¡

γ (note that all such valuesare negative). For each
value of k 2 K add the following constraint CP k

:

X

Y −° ( O p )= k

O p∈O P S 2

Y ¡
γ (Op)r (Op) +

X

Y −° ( O p )=0

Y +
° ( O p )≥k

O p∈O P S 2

Y +
γ (Op)r (Op) +

X

Y −° ( O p ) < 0

¢ Y ° ( O p ) > 0
O p∈O P S 2

¢ Yγ(Op)r (Op) ¸ 0:
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We refer to these as priority constraints. These constraints need to be
satis¯ed by any feasible processsince for each operation that requires k
verticesof Vγ to be present beforeit can be performed(summing over these
givesthe ¯rst term of CP k

) there must havebeenoperations that took place
in order that the required number of vertices of Vγ were generated. These
would be operations that either generatek or more vertices of Vγ without
destroying any (the secondsummation of CP k

) or operations that destroy
vertices of Vγ but create more than they destroy (the third summation of
CP k

).
For any possible initial operation Op, consider the linear program rep-

resenting the remaining operations of the process. This di®ers from LP0

in two ways: the right hand sidesof the constraints Ci will have changed
by O(1) (representing the changesin the variables due to Op) and the op-
erations in f OPS0 [ OPS1g will have been excluded. Denote this linear
program by LP1. Create the linear program LP2 from LP1 by ignoring
the changesto the right hand sides of the constraints due to the initial
operation Op. LP2 is then independent of Op and di®ersfrom LP0 in that
all operations in f OPS0 [ OPS1g are excluded. We now scaleall linear
programs by 1=n (so that the right hand side of the constraint Ct becomes
¡ 1) and, using a linear program solver, solve LP2. Post-optimal analysis
of this solution will indicate the degreeto which the solution to LP1 can
di®er from this.

Lemma 3.1. For any one of the problems under consideration, and for
any valid initial operation, the solutions of LP1 and LP2 differ by at most
c=n for some constant c.

Proof. We analyse the e®ectof each possible operation in OPS0 by
considering how such an operation may a®ect the right hand sidesof the
constraints. (Werefer the readerto [2, 8, 21], for example,for a background
in the theory of linear programming.)

After scaling, we represent the column vector of the right hand sidesof
the constraints of LP2 by

b = [¡ 1; 0; : : : ; 0]T :

Let ¢ bi for 1 · i · t represent the change in the right hand side of
constraint Ci in passing from LP2 to LP1. Thus, ¡ n¢ bi is the change
in Yi due to an initial operation Op. We represent the column vector of
changesto the right hand sidesof the constraints in passingfrom LP2 to
LP1 by

¢ b = [¢ bt; ¢ bt¡ 1; : : : ; ¢ b1; 0; : : : ; 0]T :
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Let · i denote the optimum value of the objective function of the linear
program LPi and let y¤ be an optimum dual solution. If we replace b by
b ¡ ¢ b, we know [21, equation (20) page126] that

· 1 · · 2 ¡ y¤¢ b

and as¢ bi = ci=n for someconstant ci dependingon i , the solutions to LP1

and LP2 di®er by at most c=n for someconstant c.

Apart from giving an upper bound on the size of the set of interest,
often, the solution to the linear program may also be used to construct a
subgraph of a cubic graph for which the given algorithm has a worst case
indicated by the solution to the linear program. From this subgraph we
are able to construct an in¯nite family of cubic graphs for which the given
algorithm has a worst caseindicated by the solution to within a constant
number of vertices of the input graph.

In general,there may be many di®erent combinations of operations that,
for a given problem, give the samenumerical solution. In particular, two
or more sets of operations may have equivalent sets of equations for the
overall changesin the variables. As a consequenceof this, the subgraph
constructed from the solution may not be of the simplest form.

For a given algorithm, additional priorities may be present in order to
decidewhich element is selectedto be addedto the set under construction.
No extra constraints are added to ensure these priorities are adhered to
(although we do exclude certain operations on this basis). Due to these
priorities, the subgraph constructed from the solution may be infeasible
for the given algorithm. Should this occur, we can attempt to simplify
the subgraph indicated by the solution. Replacing operations by other
operations, that have the samesets of equations, may remove the con°ict
of the solution with the non-constrained priorities of the algorithm. By
replacing sets of operations by ones with equivalent sets of equations, it
may also be possibleto reducethe number of operations in the solution.

To form a cubic graph, we take multiple copiesof the subgraphsuggested
by the solution to the linear program and connect adjacent copiesby one
or more edgesto form a chain. This chain of subgraphs may be formed
into a cubic graph by connectinga suitable subgraphto represent the initial
operation of the algorithm (and possiblya component to represent the ¯nal
operation(s) of the algorithm).

Figure 4 represents one of the many possibleways of how these exam-
ple graphs may be formed. The shaded region represents the repeating
subgraph and the black vertex represents the vertex that is selectedto be
added to the set by the initial operation of the algorithm. Each repeated
subgraph in the chain is then processedin turn until the last operation is
performed.
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FIG. 4. Forming a cubic graph

In order to ¯nd families of cubic graphs for which a given algorithm has
a worst-caseperformance indicated by the solution to the corresponding
linear program, to within a constant number of vertices, it su±ces to ¯nd
the corresponding repeating subgraph.

4. INDEPENDENT-EDGE DOMINA TING SETS

Yannakakis and Gavril [23] showed that the sizeof a smallest edgedom-
inating set (EDS) of a graph is the sameas the sizeof a smallest maximal
matching and that the problem of ¯nding a minimum edgedominating set
(MEDS) is NP-hard even when restricted to planar or bipartite graphs of
maximum degree3. In the samepaper they also gave a polynomial time
algorithm that ¯nds a MEDS of trees. Horton and Kilak os [14] showed
that the problem of ¯nding a MEDS remains NP-hard for planar bipar-
tite graphs and planar cubic graphs. They also gave a polynomial time
algorithm that ¯nds a MEDS for various classesof chordal graphs. More
recently , Zito [24], extended these NP-hardness results to include bipar-
tite (ks;3s)-graphs for every integer s > 0 and for k 2 f 1; 2g. It is sim-
ple to verify that, for cubic graphs, the problem of ¯nding a minimum
independent-edge dominating set (MI-EDS) is approximable within 5/3.

Zito [25] showed that for a random n-vertex cubic graph G, the size of
a minimum maximal matching of G, ¯ (G), asymptotically almost surely
satis¯es 0:3158n < ¯ (G) < 0:47653n. This upper bound has since been
improved to 0:35097n [3].

In this section, we present an algorithm that ¯nds a small independent-
edgedominating set (I-EDS) of cubic graphs. We analyse the worst-case
performanceof this algorithm using the linear programming technique out-
lined in Section3 and show that for an n-vertex connectedcubic graph, the
algorithm returns an I-EDS of size at most 9n=20 + O(1). We also show
that there exists in¯nitely many n-vertex cubic graphs that have no I-EDS
of sizelessthan 3n=8. When we restrict the input to be n-vertex connected
cubic graphs of girth at least 5, a modi¯ed algorithm returns an I-EDS of
sizeat most 51n=115+ O(1).
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4.1. Algorithm Edge Greedy
We describe a greedyalgorithm, Edge Greedy, that is basedon selecting

vertices of minimum degreeand ¯nds a small I-EDS, E, of an n-vertex
cubic graph G. In order to guarantee that the I-EDS chosen is indeed
independent and dominating, oncean edgee is chosento be added to the
I-EDS, all edgesincident with the end-points of e are deleted and any
isolated edgescreated due to the deletion of these edgesare added to the
I-EDS.

We categorisethe vertices of the graph at any stageof the algorithm by
their current degreeso that for 1 · i · 3, Vi denotes the set of vertices
of degreei . De¯ne ¿(e) to be the ratio of the increasein the size of the
I-EDS to the number of edgesdeletedwhen an operation is performedafter
selectingthe edgee to be added to the I-EDS. Figure 5 shows an example
of an operation for this algorithm. The edgee hasbeenchosento be added
to the I-EDS and deleted edgesare indicated by dotted lines. The edge
e0 is isolated as a consequenceof deleting theseedgesand is also added to
the I-EDS. The set of equationsassociated with the exampleof Figure 5 is
¢ Y3 = ¡ 4 and m(Op) = 2 (as the edgesincident with the vertices 1, 2, 4
and 5 are deleted, vertices 3 and 6 are changedfrom vertices of degree3 to
vertices of degree2 and the sizeof the I-EDS is increasedby 2 due to this
operation). For this operation ¿(e) = 1=3.

e

e'

1 2

3
4 5

6

FIG. 5. An example operation for Edge Greedy

Recall that for a given set of verticesS, (S; ¤) denotesthe set of all edges
incident with the vertices of S. The algorithm Edge Greedy is given in
Figure 6. The function MinN (T) operates on the given set of vertices T
and returns an edgee for which ¿(e) is the minimum of all edgesincident
with the vertices of T. The function Add Isolates() involves the process
of adding any isolated edgesto the I-EDS and deleting them from G.

4.2. Edge Greedy Analysis
The initial operation of the algorithm selectsthe ¯rst edgeto be added

to the I-EDS and deletes the necessaryedges. Subsequently , edgesare
repeatedly selectedto be addedto the I-EDS basedon the minimum degree
of the verticesavailable. At each iteration, weusea priorit y list to construct
a set of vertices Si and choosean edgee to add to the I-EDS for which
¿(e) is the minimum of all edgesincident with the vertices of Si.
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e = (u; v) Ã MinN (V );
E Ã f eg;
delete (f u; vg; ¤);
Add Isolates() ;
while (f V1 [ V2g 6= ; )
do

S Ã f v j ff N (v) \ V1g 6= ;gg;
if (S = ; ) S Ã f v j ff N (v) [ f vgg µ V2gg;
if (S = ; ) Q Ã f v j ff v 2 V2g ^ ff N (v) \ V2g 6= ;ggg;

S Ã f v j ff v 2 V3g ^ ff N (v) \ Qg 6= ;ggg;
if (S = ; ) S Ã f v j ff v 2 V3g ^ ff N (v) \ V2g 6= ;ggg;
e = (u; v) Ã MinN (S);
E Ã E [ f eg;
delete (f u; vg; ¤);
Add Isolates() ;

od

FIG. 6. Algorithm Edge Greedy

The priorit y list for Edge Greedy is as follows:

² S1: vertices that have at least one neighbour of degree1,
² S2: vertices of degree2 that have two neighbours of degree2,
² S3: vertices of degree3 that have a neighbour of degree2 that has a

neighbour of degree2,
² S4: vertices of degree3 that have a neighbour of degree2.

We now analysethe worst-caseperformanceof Edge Greedy and in this
way prove the following theorem.

Theorem 4.1. Given an n-vertex connected cubic graph, the algorithm
Edge Greedy returns an independent-edge dominating set of size at most
9n=20+ O(1).

Proof. We form the linear program LP2 as outlined in Section 3. From
the set OPS1 of all operations that may occur after the initial operation,
we exclude those that may not be performed due to the priorities of the
algorithm. As we prioritise the selection of a vertex with a neighbour
of degree1 over the selection of a vertex when Y1 = 0, we add priorit y
constraints. For each k such that V ¡

1 (Op) = k, we add the constraint CPk

with ° = 1.
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Using a linear program solver, we solve LP2. The solution is shown in
Table 1 and by Lemma 3.1 this shows that for an n-vertex cubic graph,

algorithm Edge Greedy returns an I-EDS of sizeat most 9n=20+ O(1).

TABLE 1.

A solution to the LP for Edge Greedy

Op1 Op2 Op3 Solution

1
8

1
10

1
10

9
20

The operations Opi (for i 2 f 1; 2; 3g) are shown in Figure 7 and their
corresponding equations may be derived from the table in the ¯gure. For
each operation, the edgee is selectedby the algorithm to be added to the
I-EDS. Edgesaddedto the I-EDS are indicated by heavier lines and deleted
edgesare indicated by dotted lines.

e e e

Op2Op1 Op3

Op ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ m(Op)

Op1 0 ¡ 4 0 0 0 0 2
Op2 ¡ 5 ¡ 1 0 0 3 1 1
Op3 ¡ 5 0 ¡ 1 0 3 0 1

FIG. 7. Operations in the LP solution for Edge Greedy

A subgraph that forms part of a cubic graph that realisesthe solution of
the linear program is shown in Figure 8. For each component, eighteen of
the sixty edgesare chosento be addedto the I-EDS in the numberedorder.
An edgei ¤ denotesthat this edgewas isolated and added to the I-EDS in
the sameoperation that the edgei was chosenfor addition. Connecting a
number of these subgraphsby an edgebetweenadjacent components and
adding a subgraphto represent the ¯rst and last operation of the algorithm
givesa family of cubic graphs for which the algorithm returns an I-EDS of
sizeat most 9n=20+ O(1).
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FIG. 8. Repeating component

Having consideredan upper bound on the size of a MI-EDS of a cubic
graph, we now consider the maximum, over all n-vertex cubic graphs, of
the the sizeof a MI-EDS. The graph of Figure 9 represents a family of cubic
graphs. As each component of eight vertices must contribute at least three
edgesto any I-EDS, this shows that there exists in¯nitely many n-vertex
cubic graphs with no I-EDS of size lessthan 3n=8.

FIG. 9. No I-EDS of size less than 3n=8

4.3. Cubic Graphs with Girth at least 5
When we restrict the input to n-vertex cubic graphs of girth at least 5,

we intro duce more priorities of selection into the algorithm. The sameis
true for girth at least 4, but in that casethe analysisgivesno better result
than the unrestricted case.Algorithm Edge Greedy5 in Figure 10 takesas
input an n-vertex cubic graph of girth at least 5, G, and returns an I-EDS,
E, of G.

Amongst the selectionof a vertex with at least oneneighbour of degree1,
a priorit y is assignedto those with minimum degree. When the minimum
degreeof the graph is 2, priorit y is assignedaccording to the degreesof
the neighbours of the available vertices of degree2. In the algorithm, the
functions MinN (T) and Add Isolates() are the same as those for the
algorithm Edge Greedy.
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e = (u; v) Ã MinN (V );
E Ã f eg;
delete (f u; vg; ¤); Add Isolates() ;
while (f V1 [ V2g 6= ; )
do

S Ã f v j ff v 2 V2g ^ ff N (v) \ V1g 6= ;ggg;
if (S = ; ) S Ã f v j ff v 2 V3g ^ ff N (v) \ V1g 6= ;ggg;
if (S = ; ) S Ã f v j ff N (v) [ f vgg µ V2gg;
if (S = ; ) S Ã f v j ff v 2 V2g ^ ff N (v) \ V2g 6= ;ggg;
if (S = ; ) S Ã f v j ff v 2 V3g ^ ff N (v) \ V2g 6= ;ggg;
e = (u; v) Ã MinN (S); E Ã E [ f eg;
delete (f u; vg; ¤);
Add Isolates() ;

od

FIG. 10. Algorithm Edge Greedy5

The following list describesthe priorit y list of setsof vertices:

² S1: vertices of degree2 that have at least one neighbour of degree1,
² S2: vertices of degree3 that have at least one neighbour of degree1,
² S3: vertices of degree2 that have two neighbours of degree2,
² S4: vertices of degree2 that have one neighbour of degree2,
² S5: vertices of degree3 that have at least one neighbour of degree2.

Once a set of vertices Si is chosen,should there exist two edgese and e0

incident with vertices in Si such that ¿(e) = ¿(e0) and ¿(e) is the minimum
of all edgesincident with the vertices in Si, we select the edgefrom f e;e0g
that deletesthe greatest number of edges(choosing randomly from f e;e0g
in caseof ties).

We now analysethe worst-caseperformanceof Edge Greedy5and in this
way prove the following theorem.

Theorem 4.2. For an n-vertex cubic graph of girth at least 5, algorithm
Edge Greedy5 returns an independent-edge dominating set of size at most
51n=115+ O(1).

Proof. We form the linear program LP2 in the sameway as that for the
algorithm Edge Greedy. We exclude (as before) operations, from the set
OPS1, basedon the priorities assignedto the selectionof the vertices. We
also exclude operations basedon the condition that the input graph has
minimum girth 5.
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Using a linear program solver, we solve LP2. The solution is shown
in Table 2 and by Lemma 3.1 this shows that for an n-vertex cubic graph
of girth at least5, algorithm Edge Greedy5returns an I-EDS of sizeat most

51n=115+ O(1).

TABLE 2.

Edge Greedy5 solution

Op1 Op2 Op3 Op4 Op5 Solution

31
230

1
23

1
23

3
46

1
230

51
115

The operations Opi (for i 2 f 1; 2; 3; 4; 5g) are shown in Figure 11. The
corresponding equations may be derived from Table 3.

ee e

Op1 Op2 Op3

e

Op4 Op5

e

FIG. 11. Operations in the LP solution for Edge Greedy5

TABLE 3.

Equations for the operations in the LP solution for Edge Greedy5

Op ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ m(Op)

Op1 ¡ 5 ¡ 1 0 0 3 1 1
Op2 ¡ 3 ¡ 3 0 0 1 3 1
Op3 ¡ 1 ¡ 3 ¡ 3 0 0 0 3
Op4 ¡ 2 ¡ 2 ¡ 2 0 1 0 2
Op5 ¡ 5 0 ¡ 1 0 3 0 1

5. CONNECTED DOMINA TING SETS

The problem of ¯nding a minimum connecteddominating set (MCDS)
is a well known NP-hard optimisation problem [10] and is polynomially
equivalent to the Maximum Leaf SpanningTreeproblem de¯ned asfollows:
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Maxim um Leaf Spanning Tree (MLST):
A spanningtree of a graph G = (V; E) is a connectedspanningsubgraph

T = (V; E 0) which does not contain a cycle. Vertices of degree1 in T are
called leavesand we are interested in ¯nding a spanning tree with a set of
leavesof large cardinalit y. Note that the internal (i.e. non-leaf) vertices of
T form a connecteddominating set (CDS) of G.

Solis-Oba [22] showed that the MLST problem is approximable with
approximation ratio 2, improving the previous best known approximation
ratio of 3 by Lu and Ravi [17]. Galbiati, Ma±oli and Morzenti [9] showed
that when restricted to cubic graphs, this problem is APX-Complete. It
is simple to verify that, for cubic graphs, MCDS is approximable with
asymptotic approximation ratio 2.

Griggs, Kleitman and Shastri [11] showed that an n-vertex connected
cubic graph hasa spanningtree with at leastd(n=4)+ 2e leaves. The proof is
rather elaborate sinceseveral reduciblecon¯gurations needto beeliminated
before proceedingwith the many tric ky casesin the construction.

Duckworth [4] showed that the size of the smallest CDS of a random
n-vertex cubic graph is asymptotically almost surely lessthan 0:5854n.

In this sectionwepresent a greedyversionof the algorithm intro ducedby
Guha and Khuller [12] that \ grows a tree". We analysethis algorithm using
the linear programming technique and show that an n-vertex connected
cubic graph has a MCDS of size at most 3n=4 + O(1) which gives a new
derivation, to within a constant number of vertices, of the main result
of [11]. When the input is restricted to n-vertex connectedcubic graphs
of girth at least 5, a modi¯ed algorithm returns a CDS of size at most
2n=3 + O(1). We also show that there exist in¯nitely many n-vertex cubic
graphs of girth at least 5 that have no CDS of size lessthan 4n=7.

5.1. Algorithm Build Tree
The idea behind the algorithm of [12] is as follows:

Start out with all vertices marked \white"
Selectan initial vertex v to add to T (colour it \black")
Add all edgesincident with v to T
Colour all neighbours of v \grey"
Whilethere are still \white" vertices

Add a \grey" vertex v to T (colour it \black")
Add all edgesincident with v and a \white" vertex to T
Colour all \white" neighbours of v \grey"

At the end of this algorithm, the set of \black" vertices forms a CDS.
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In our greedyversion of this algorithm, Build Tree, after each operation
we delete any edgesthat connect two \grey" vertices. In doing so, this
ensuresthat all \white" vertices have degree3 and all \grey" vertices have
degree1 or 2. Each \grey" vertex then has one or two \white" neigh-
bours and we assigna priorit y to selecting\grey" vertices of degree2 over
selecting \grey" vertices of degree1. The input graph is assumedto be
connectedand so after the initial operation and before the completion of
the algorithm there always exists a \grey" vertex incident with at least one
\white" vertex.

We distinguish vertices by means of their colour and their number of
\white" neighbours sothat the cardinalities of the setsof verticesin Table4
may characterise the graph at any stageof the algorithm.

TABLE 4.

CDS categories

Set Colour No of white neighbours

V0 grey 1
V1 grey 2
V2 white 0
V3 white 1
V4 white 2
V5 white 3

An example operation for Build Tree is given in Figure 12. Vertex 1
is selected to be added to the CDS and deleted along with its incident
edges.The neighbours of vertex 1 are coloured \grey" and the edges(2,4)
and (3,4) are deleted sinceall their end-points are now \grey". The set of
equations associated with the example operation of Figure 12 is ¢ Y0 = 2,
¢ Y1 = ¡ 2, ¢ Y3 = ¡ 1, ¢ Y5 = ¡ 1 and m(Op) = 1 (since the edgesincident
with the vertices 1 and 4 are deleted, vertices 2 and 3 are changed from
vertices of V3 to vertices of V0, vertex 5 is changed from a vertex of V5 to
a vertex of V3 and this operation adds one vertex to the CDS).

1

2

3 5

4

1

2

3 5

4

FIG. 12. An example operation for Build Tree
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Recall that for a set of vertices S, (S; ¤) denotesall edgesincident with
the vertices of S. Algorithm Build Tree in Figure 13 takes an n-vertex
cubic graph G as input and returns a connecteddominating set C of G.
For each operation we select a \grey" vertex to add to C and vertices are
repeatedly selecteduntil no \white" vertices remain. After each operation
we delete all edgesthat are incident with two \grey" vertices.

Selectv from V(G)
C Ã f vg;
colour N (v) \grey";
delete (v; ¤);
while (f V2 [ V3 [ V4 [ V5g 6= ; )
do

delete all edgesincident with two \grey" vertices;
if (V1 6= ; ) selectv from V1;
else selectv from V0;
C Ã C[ f vg;
colour N (v) \grey";
delete (v; ¤);

od

FIG. 13. Algorithm Build Tree

5.2. Build Tree Analysis
We now analyse the worst-caseperformance of Build Tree and in this

way prove the following theorem.

Theorem 5.1. Given an n-vertex connected cubic graph, the algorithm
Build Tree returns a connected dominating set of size at most 3n=4+ O(1).

Proof. We form the linear program LP2 as outlined in Section 3. As
we prioritise the selectionof a vertex from V1 over the selectionof a vertex
from V0, we add priorit y constraints. For each k such that V ¡

1 (Op) = k,
we add the constraint CPk with ° = 1. Operations are also excluded from
OPS1 basedon this priorit y.

Using a linear program solver, wesolveLP2. The solution to LP2 and the
non-zerovariables in the solution are shown in Table 5 and by Lemma 3.1
this shows that for an n-vertex cubic graph, algorithm Build Treereturns a

CDS of sizeat most 3n=4 + O(1).
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TABLE 5.

Build Tree LP solution

Op1 Op2 Op3 Solution

1
4

1
4

1
4

3
4

The operations Opi (for i 2 f 1; 2; 3g) are shown in Figure 14. For each
operation, the grey vertex v is selectedby the algorithm to be addedto the
CDS. Deletededgesare indicated by dotted lines. The equationsassociated
with theseoperations may be derived from Table 6.

Op1

v

v

Op2

Op3

v

FIG. 14. Operations in the LP solution for Build Tree

The subgraph that forms part of a cubic graph that realisesthe solution
of the linear program is shown in Figure 15. For each component, the

1

2

3

FIG. 15. Repeating component

algorithm addsthree of the four verticesto the CDS in the numberedorder.
Connecting a number of these subgraphsby an edgebetween consecutive
subgraphsand adding a subgraph to represent the initial operation of the
algorithm givesa family of cubic graphs for which the algorithm returns a
CDS of sizeat most 3n=4 + O(1).
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TABLE 6.

Operations in the LP solution for Build Tree

Op ¢ Y5
¡ ¢ Y4

¡ ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y0

¡

Op1 ¡ 1 ¡ 2 0 0 ¡ 1 0
Op2 ¡ 1 0 ¡ 1 0 0 ¡ 2
Op3 ¡ 2 ¡ 1 0 0 0 ¡ 1

Op ¢ Y4
+ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ ¢ Y0
+ m(Op)

Op1 0 1 0 0 2 1
Op2 1 0 0 0 1 1
Op3 2 0 0 1 0 1

The tightnessof this bound was demonstrated in [11] using the example
given in Figure 16.

FIG. 16. No CDS of size less than 3n/4

The graph consistsof multiple copiesof \ K 4 minus an edge". Adjacent
copiesare connectedtogether in a chain by an edgeand the ¯nal copy in
the chain is connectedback to the ¯rst as indicated. Sinceeach component
of four vertices must contribute at least three vertices to any CDS, this
shows that there exist in¯nitely many n-vertex cubic graphs with no CDS
of size lessthan 3n=4.

5.3. Cubic Graphs with Girth at least 5
When we restrict the input to cubic graphs of girth at least 5, we add

more priorities to the selectionof \grey" vertices of degree1 and, in some
instances,add more than one vertex to the CDS per operation. The mod-
i¯ed algorithm, Build Tree5,given in Figure 17.

The algorithm takesas input an n-vertex cubic graph G of girth at least
5 and returns a CDS C of G. As before, the selectionof a \grey" vertex of
degree2 has priorit y over the selectionof a \grey" vertex of degree1.
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Selectv from V(G);
C Ã f vg;
colour N (v) \grey"; delete (v; ¤);
while (f V2 [ V3 [ V4 [ V5g 6= ; )
do

delete all edgesincident with two \grey" vertices;
if (V1 6= ; ) selectv from V1;
else S Ã f v j ff v 2 V1g ^ f N (v) \ V4g 6= ;gg;

if (S = ; ) S Ã f v j ff v 2 V1g ^ f N (v) \ V3g 6= ;gg;
if (S = ; ) S Ã f v j ff v 2 V1g ^ f N (v) \ V2g 6= ;gg;
selectu from S;
if (N (u) 2 V2) v Ã u;
else if (N (u) 2 V4) v Ã N (u);

C Ã C[ f ug;
delete (u; ¤);

else w Ã N (u);
C Ã C[ f ug;
delete (u; ¤);
v Ã f N (w) \ f V2 [ V3 [ V4 [ V5gg;
C Ã C[ f wg
delete (w; ¤);

C Ã C[ f vg; colour N (v) \grey"; delete (v; ¤);
od

FIG. 17. Algorithm Build Tree5

The priorit y list to describe the priorities of selection of a vertex from
V0 is as follows:

² S1: Vertices in V0 that have a neighbour u in V4,

² S2: Vertices in V0 that have a neighbour u in V3,

² S3: Vertices in V0 that have a neighbour u in V2.

In the instance where S3 is the highest priorit y non-empty set, we add the
vertex v to the CDS, colour all neighbours of v \grey" and delete all edges
incident with v. In the instancewhereS1 is the highest priorit y non-empty
set, we add u and v to the CDS, colour the neighbours of u \grey" and
delete all edgesincident with u and v. In the instance where S2 is the
highest priorit y non-empty set we add u, v and the \white" neighbour w
of u to the CDS, colour all neighbours of w \grey" and delete all edges
incident with u, v and w.
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We now analyse the worst-caseperformanceof Build Tree5 and in this
way prove the following theorem.

Theorem 5.2. Given an n-vertex connected cubic graph of girth at least
5, the algorithm Build Tree5 returns a connected dominating set of size at
most 2n/3 + O(1).

Proof. We form the linear program LP2 by excluding operations, from
the set OPS1, basedon the priorit y assignedto the selection of vertices.
We alsoexcludeoperations basedon the condition that the input graph has
minimum girth 5. The solution to LP2 and the non-zero variables in the
solution are shown in Table 7 and by Lemma 3.1 this shows that for an n-
vertex cubic graph of girth at least 5, algorithm Build Tree5returns a CDS

of sizeat most 2n=3 + O(1).

TABLE 7.

Build Tree5 LP solution

Op1 Op2 Op3 Solution

1
24

1
8

1
6

2
3

The equationsassociated with the operations Opi (for i 2 f 1; 2; 3g) may
be derived from Table 8 and the operations are shown in Figure 18. For
each operation, black vertices are added to the CDS and deleted edgesare
indicated by dotted lines.

Op1

Op2

0

0

1

3

3

0

0

5

5

5

5 1

1

5

5 1

1

5

4

4

4

4 3

3

3

3

4

4

4

4

5

5

5

0

4

1

4

3

0

33

3 0

0

Op3

FIG. 18. Operations in the LP solution for Build Tree5



               

24 W. DUCKWORTH AND N.C. WORMALD

TABLE 8.

Operations in the LP solution for Build Tree5

Op ¢ Y5
¡ ¢ Y4

¡ ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y0

¡

Op1 ¡ 3 ¡ 4 ¡ 1 0 0 ¡ 2
Op2 ¡ 7 0 ¡ 1 0 0 ¡ 2
Op3 0 ¡ 2 ¡ 2 0 ¡ 2 ¡ 1

Op ¢ Y4
+ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ ¢ Y0
+ m(Op)

Op1 0 4 0 2 0 3
Op2 4 0 0 2 0 3
Op3 0 2 0 0 3 1

Having consideredan upper bound on the size of a MCDS of a cubic
graph, we now consider the maximum, over all n-vertex cubic graphs, of
the the sizeof a MCDS. The graph of Figure 19 represents a family of cubic
graphs which contain a chain of k repeating components. Each component

FIG. 19. No CDS of size less than 4n/7

has fourteen vertices indicating that the entire graph has n = 14k vertices.
Adjacent components are chained together by an edgeand the last com-
ponent in the chain is connectedback to the ¯rst as indicated. This graph
has girth 5. As each component must contribute at least eight vertices to
any CDS, this shows the existenceof a family of n-vertex cubic graphs of
girth at least 5 with no CDS of size lessthan 4n=7.

6. INDEPENDENT DOMINA TING SETS

The problem of ¯nding a minimum independent dominating (MIDS)
set is one of the core NP-hard optimisation problems in graph theory [10].
Halld¶orsson[13] showed that for generalgraphs,this problem is not approx-
imable within n1¡ ε for any ² > 0. Kann [15] showed that when restricted
to graphs of maximum degreeat least 3, the problem is APX-Complete.
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Lam, Shiu and Sun [16] recently showed that for n ¸ 10, the size of an
independent dominating set (IDS) of an n-vertex connectedcubic graph is
at most 2n=5. They prove this by a lengthy caseanalysis argument and
demonstrate the sharpnessof their bound by giving an exampleof a cubic
graph on ten vertices that has no IDS of size lessthan four.

The algorithm we present is simple to implement and, for an n-vertex
connectedcubic graph, ensuresthat the size of the IDS returned at most
29n=70+ O(1). Wealsoshow that there exist in¯nitely many n-vertex cubic
graphs which have no IDS of size lessthan 3n=8. Restricting the input to
n-vertex connectedcubic graphs of girth at least 5, a modi¯ed algorithm
returns an IDS of sizeat most 3n=8 + O(1).

Reed [20] showed that the size of a minimum dominating set of an n-
vertex connectedcubic graph is at most 3n/8. He also gave an example
of a cubic graph on eight vertices with no dominating set of size lessthan
three, demonstrating the tightnessof this bound.

Molloy and Reed [19] showed that the the size of the smallest domi-
nating set D(G) of a random cubic graph G on n vertices, asymptotically
almost surely satis¯es 0:2636n · jD (G)j · 0:3126n. We [6] tightened these
bounds by showing that the sizeof a MIDS, D, of a random cubic graph,
asymptotically almost surely satis¯es 0:2641n · jD j · 0:2794n.

6.1. Algorithm Min Ratio
We describe a greedy algorithm basedon selectingvertices of minimum

degree that ¯nds a small independent dominating set I of an n-vertex
cubic graph G. In order to guarantee that I is indeed independent and
dominating, once a vertex is chosento be added to I , it is deleted along
with all its neighboursand the edgesincident with each of thoseneighbours.
The only other vertices that are addedto I are thosewhich are isolated by
such an operation of the algorithm.

At any stage of our algorithm we characterise the vertices of the input
graph basedon their current degreeso that Vi for 1 · i · 3 denotesthe
set of vertices of degreei .

For any particular operation performed by the algorithm, a number of
vertices are deleted and a subset of these are added to I . We de¯ne ½(v)
to be the ratio of the increasein sizeof I to the number of vertices deleted
when an operation is performed by selecting vertex v to be added to I .
The algorithm, Min Ratio, is given in Figure 20. The function MinR (T)
operates on the given set of vertices T and returns an element u 2 T for
which ½(u) is the minimum of all vertices in T. Should there exist two
vertices f v; v0g 2 T such that ½(v) = ½(v0) (and ½(v) is the minimum of
all vertices in T) we selectthe vertex from f v; v0g that deletesthe greatest
number of edges(choosing randomly from f v; v0g in case of ties). The
function Add isolates () adds any isolated vertices in V (G) to I .
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v Ã MinR (V );
I Ã f vg;
delete (N (v); ¤);
Add isolates ();
while (f V1 [ V2g 6= ; )
do

S Ã f v j ff N (v) \ V1g 6= ;gg;
if (S = ; )S Ã f v j ff N (v) [ f vgg µ V2gg;
if (S = ; )S Ã fff vg [ N (v)g j ff v 2 V2g ^ ff N (v) \ V2g 6= ;ggg;
if (S = ; )S Ã fff vg [ N (v)g j v 2 V2g;
u Ã MinR (S);
I Ã I [ f ug;
delete (N (u); ¤);
Add isolates ();

od

FIG. 20. Algorithm Min Ratio

After the initial operation of the algorithm, vertices are repeatedly se-
lected to be added to I basedupon the degreesof the vertices available
and the degreesof their neighbours, until no vertices remain.

The priorit y list for this algorithm is as follows:

² S1: vertices that have at least one neighbour of degree1,
² S2: vertices of degree2 whoseneighbours are both of degree2,
² S3: vertices of degree2 and their neighbours (one of which is degree

2),
² S4: vertices of degree2 and all their neighbours.

6.2. Min Ratio Analysis
We now analyse the worst-caseperformance of Min Ratio and in this

way prove the following theorem.

Theorem 6.1. Given an n-vertex connected cubic graph, the algorithm
Min Ratio returns an independent dominating set of size at most 29n/70+
O(1).

Proof. We form the linear program LP2 asoutlined in Section3. As we
prioritise the selectionof a vertex of degree1 over the selectionof a vertex
of degree2, we add priorit y constraints. For each k such that V ¡

1 (Op) = k,
we add the constraint CPk with ° = 1.
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A linear program solver assignsvaluesto variablesrepresenting particular
operations. The solution and the non-zero variables in the solution are
shown in Table 9 and by Lemma 3.1 this shows that for an n-vertex cubic

graph, algorithm Min Ratio returns an IDS of sizeat most 29n=70+ O(1).

TABLE 9.

Min Ratio solution

Op1 Op2 Op3 Solution

2
35

1
14

1
10

29
70

The operations Opi (for i 2 f 1; 2; 3g) are asshown in Figure 21 and their
associated equations may be derived from Table 10

Op1
v v v

Op2 Op3

FIG. 21. Operations performed in the worst case

TABLE 10.

Operations performed in the worst case

Op ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ m(Op)

Op1 ¡ 3 ¡ 2 ¡ 1 0 0 0 3
Op2 ¡ 6 0 ¡ 2 0 3 0 2
Op3 ¡ 4 ¡ 1 0 0 0 2 1

For each operation, the black vertex v is selectedby the algorithm to
be added to the IDS. In each case,vertices may be isolated and theseare
alsocolouredblack to indicate their addition to the IDS. Deleted edgesare
indicated by dotted lines.

The subgraph that forms part of a cubic graph that realisesthe solution
of the linear program is shown in Figure 22. For each component, the
algorithm selects29 of the 70 vertices to be added to I in the numbered
order.
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FIG. 22. Repeating component

A vertex labeledi ¤ indicates that this vertex wasisolated after the vertex
labeled i was added to I and was subsequently added to I . Connecting
a number of thesesubgraphsby an edgebetweenconsecutive components
and adding a subgraph to represent the ¯rst and last operations of the
algorithm gives a family of cubic graphs for which the algorithm returns
an IDS of sizeat most 29n=70+ O(1).

Having consideredan upper bound on the size of a MIDS of a cubic
graph, we now consider the maximum, over all n-vertex cubic graphs, of
the the sizeof a MIDS. The graph of Figure 23 represents a family of cubic
graphs which contain a chain of k repeating components. Each component
has eight vertices indicating that the entire graph has n = 8k vertices. A
component is connectedto the next component in the chain by one edge
and the ¯nal component in the chain is connected back to the ¯rst as
indicated. As each component must contribute at least three vertices to
any IDS, this shows the existenceof a family of n-vertex cubic graphswith
no IDS of size lessthan 3n=8.

FIG. 23. No independent dominating set of size less than 3n/8
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6.3. Cubic graphs with Girth at least 5
Restricting the input to n-vertex cubic graphs of girth at least 5, we

apply a modi¯ed algorithm, Min Deg Onethat is basedon selectingvertices
of minimum degree,using operations that generate the fewest vertices of
degree1 and combining this with selecting vertices that give a minimal
ratio. The algorithm Min Deg One is shown in Figure 24.

v Ã MinR (V ); I Ã f vg;
delete (N (v); ¤);
Add isolates ();
while (f V1 [ V2g 6= ; )
do

if (V1 6= ; ) S Ã f v j ff v 2 V3g ^ ff N (v) \ V1g 6= ;ggg;
if (S = ; ) S Ã f v j ff v 2 V2g ^ ff N (v) \ V1g 6= ;ggg;
if (S = ; ) S Ã f V1g;
u Ã MinR (S);

else S Ã f v j ff N (v) [ f vgg µ V2gg;
if (S = ; ) S Ã f v j ff v 2 V3g ^ f N (v) µ V2ggg;
if (S = ; ) S Ã f v j ff v 2 V2g ^ f N (v) 6µV3ggg;
if (S = ; ) S Ã f v j ff v 2 V3g ^ f N (v) 6µV3ggg;
u Ã MinDeg (S);

I Ã I [ f ug;
delete (N (u); ¤);
Add isolates ();

od

FIG. 24. Algorithm Min Deg One

The functions MinR (T) and Add isolates () remain the sameas those
for the algorithm Min Ratio. The function MinDeg (T) operates on the
given set of verticesT and returns an element u 2 T for which the addition
of u to I generatesthe fewest vertices of degree1 of all the vertices in T.

At each iteration we usea priorit y list to selecta set of vertices Si. The
priorit y list is as follows:

² S1: vertices of degree3 that have at least one neighbour of degree1,
² S2: vertices of degree2 that have at least one neighbour of degree1,
² S3: vertices of degree1,
² S4: vertices of degree2 that have two neighbours of degree2,
² S5: vertices of degree3 that have three neighbours of degree2,
² S6: vertices of degree2 that have one neighbour of degree2,
² S7: vertices of degree3 that have one neighbour of degree2.



             

30 W. DUCKWORTH AND N.C. WORMALD

If the minimum degreeis 1, the algorithm selectsMinR (Si) to add to I .
Otherwise the algorithm selectsMinDeg (Si) to add to I .

We now analysethe worst-caseperformanceof Min Deg One and in this
way prove the following theorem.

Theorem 6.2. For an n-vertex cubic graph of girth at least 5, algorithm
Min Deg One returns an independent dominating set of size at most 3n/8+
O(1).

Proof. The linear program LP2 is formed in the sameway as that for
Min Ratio. Due to the restriction in girth for the input, this linear program
has approximately one third the number of variables.

Using a linear program solver, we solve LP2. The solution is of the form
shown in Table 11 and by Lemma 3.1 this shows that for an n-vertex cubic
graph of girth at least 5, algorithm Min Deg One returns an IDS of sizeat

most 3n=8 + O(1).

TABLE 11.

Min Deg One solution

Op1 Op2 Op3 Op4 Op5 Op6 Solution

1
70

1
70

1
28

3
56

1
42

1
14

3
8

The operations Opi (for i 2 f 1; 2; 3; 4; 5; 6g) represent the operations
shown in Figure 25 and their associated equations may be derived from
Table 12.

Op1 Op2 Op3

Op4 Op5 Op6

FIG. 25. Operations performed in the worst case



           

LINEAR PROGRAMMING, GREEDY ALGORITHMS, CUBIC GRAPHS 31

TABLE 12.

Operations performed in the worst case

Op ¢ Y3
¡ ¢ Y2

¡ ¢ Y1
¡ ¢ Y3

+ ¢ Y2
+ ¢ Y1

+ m(Op)

Op1 0 ¡ 2 ¡ 2 0 0 0 2
Op2 ¡ 5 0 ¡ 3 0 2 0 3
Op3 ¡ 6 ¡ 3 0 0 3 2 1
Op4 ¡ 8 ¡ 1 0 0 5 0 1
Op5 ¡ 3 ¡ 1 ¡ 3 0 1 0 3
Op6 ¡ 3 ¡ 3 ¡ 2 0 0 3 2

Having consideredan upper bound on the size of a MIDS of a cubic
graph of girth at least 5, we now consider the maximum, over all n-vertex
cubic graphs of girth at least 5, of the the size of a MIDS. The graph of
Figure 26 represents a family of cubic graphs which contain a chain of k
repeating components. Each component has eighteen vertices indicating

v v v v

FIG. 26. No IDS of size less than n/3

that the entire graph has n = 18k vertices. Components are connectedby
a cycle of k edgespassingthrough the vertex labeled v in each component
as indicated. This graph has girth 5. As each component must contribute
at least six vertices to any IDS, this shows the existence of a family of
n-vertex cubic graphs of girth at least 5 with no IDS of sizelessthan n=3.

7. REMARKS

We [7] used our linear programming technique to ¯nd a large induced
matching of a (2; 3)-regular bipartite graph as a meansof approximating
the sparsest2-spannerproblem on 4-connectedplanar triangulations.

The technique has also beenused to ¯nd a large induced matching of a
cubic graph but a simpler analysismay be usedto achieve the sameresult.
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The technique was usedin [5] to ¯nd families of cubic graphs for which an
algorithm has its worst caseperformance.

We have also usedthis technique to ¯nd a large 2-independent set and a
small vertex cover of a cubic graph. In both cases,while a result is achieved,
the sameresult is relatively easily achieved by meansof a simpler analysis.
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