
         

Modelsof randomregulargraphs

N. C. Wormald

Summary This is a survey of results on properties of random regular graphs, to-
gether with an exposition of someof the main methods of obtaining these results.
Related results on asymptotic enumeration are also presented, as well as various
generalisationsto random graphs with given degreesequence.A major feature in
this area is the small subgraph conditioning method. When applicable, this estab-
lishesa relationship betweenrandom regular graphs with uniform distribution, and
non-uniform models of random regular graphs in which the probabilit y of a graph
G is weighted according to the number of subgraphsG has of a certain type. Infor-
mation can be obtained in this way on the probabilit y of existenceof various types
of spanning subgraphs, such as Hamilton cycles and decompositions into perfect
matchings. Uniformly distributed labelled random regular graphs receive most of
the attention, but also included are several non-uniform models which comeabout
in a natural way. Someof these appear as spin-o®s from the small subgraph con-
ditioning method, and somearise from algorithms which use simple approaches to
generating random regular graphs. A quite separate role played by algorithms is
in the derivation of random graph properties by analysing the performance of an
appropriate greedyalgorithm on a random regular graph. Many open problemsand
conjecturesare given.

1 Intro duction

Random graphs ¯rst appeared in clever probabilistic proofs by Erd}os of
the existenceof graphs with special properties such as arbitrarily large girth
and chromatic number. Thesehad not at that time beenfound constructively.
Much later, the study of random regular graphs took o®, beginning with the
works of Benderand Can̄ eld [5], Bollob¶as [10] and Wormald [118, 117]. This
hassincebeenfuelled in part by applications in other areassuch ascomputer
science.An interestingapplication occursin biogeography, whererandomnon-
negative integer matriceswith given row and column sumsare of interest. See
Wilson [113], for example.

This paper is a survey of that part of random graph theory in which the
degreesof verticesare restricted. Such work concentrates on regular graphsas
the most interesting examples,and the results on regular graphsoften extend
easily to more general degreesequences.A d-regular graph is one with all
verticesof degreed. For d = 3 theseare often called cubic graphs.

The asymptotic enumeration of objects of a given type frequently goes
hand in hand with the problem of generating the sameobjects uniformly at
random, and with ¯nding someof the limiting probabilities in the resulting
probability space(seeJerrum and Sinclair [58]). However, the two problems
are not equivalent.
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The distinction betweenthe approachesof exact and asymptotic enumera-
tion is important. Probably the ¯rst result on short cyclesin random regular
graphsof degreeat least 3 was the determination of the expected number of
triangles in random cubic graphs [114]. This was done by using recurrence
relations, and the asymptotic result 4

3 was obtained. However, this method of
exact enumeration followed by asymptotic analysishasnot beenable to reach
any further for the type of problemsthat we are concernedwith here. For in-
stance,for the numbersof 2- and 3-connectedcubicgraphstherearerecurrence
relations [116], but no asymptotic formulae have beenobtained from these. A
moredirect probabilistic approach, with an initially asymptotic viewpoint, can
do much more and leadsto asymptotic enumeration results in any case. For
instance,many of the results in the book on random graphsby Bollob¶as [16]
can be translated this way. In spite of this, exact and asymptotic enumeration
turns out to be usedrather heavily for someproblemshere, albeit indirectly
(for example,considerthe proofs in Section4.1).

Resultson random regular graphscan of coursebe usedto show that there
exist graphswith particular combinations of properties; for instanced-regular
graphswhich ared-connected,havearbitrarily largegirth, areHamiltonian and
have no non-trivial automorphisms. There are other ways of getting regular
graphs with interesting properties in a constructive way, someof them quite
sophisticated(surveyed by Chung [26]), and thesesupply graphswith someof
the properties that canbe found in random graphs. A notable exceptionis the
diameter, where the best known constructionsare only within a factor c > 1
of that of a random d-regular graph.

However, the study of random regular graphs is recently blossoming,and
some pretty results are newly emerging, such as the almost sure property
that the edgescan be partitioned into disjoint Hamilton cycles (when the
degreeis even). This survey attempts to cover all the results, and show some
relationshipsbetweenold and new.

1.1 Overview and notation

Early in this article we encounter the uniform model of random d-regular
graphs and various properties of it, in Section 2, and then uniform models
similar to regulargraphs(such asbipartite) in Section3. Extensionsto random
non-regular graphswith given degreesequenceare in the main mentioned at
the endof the appropriatesubsection.For somepropertiesthe methodsextend
easily in this way (short cycles,connectivity) but for others they seemnot to
at all. For example,it is known that a large random 3-regulargraph is almost
surely Hamiltonian, and so is a random 4-regular graph. However, present
methods seemnot to be strong enough to show that a large random graph
with say half of its vertices of degree3 and half of degree4 is almost surely
Hamiltonian.

In all this, we postpone detailed discussionof a general method called
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the small subgraph conditioning method until Section 4, becauseit requires
considerabledevelopment and has interesting rami¯ cations for models with
non-uniform distribution. It is enough for now to know that this gives in-
formation on the distribution of random variables which count certain large
subgraphsin the uniform model of random regular graphs. The problem of
generating random regular graphs is consideredin Section 5. We then visit
someother modelswith non-uniform distributions, and somemodelswhich do
not producegraphswith given degreesequencebut are somehow similar. The
¯ nal farewell is with comments on unsolved problems.

Almost all of the modelsdiscussedhereassumethat the graphsconcerned
have labelled vertices. Random unlabelled regular graphscan be accessedvia
the labelled model by studying the order of the automorphism group of the
graphs(seeSection2.7).

For a non-negative integer j and real x, [x]j denotesx(x ¡ 1) ¢¢¢(x ¡ j + 1).
We usethe notation P, E and Var for probability, expectation and variance,
sometimessubscriptedasin PG to specify that the probability measureis asin
the probability spaceG. We say that an event Hn occursa.a.s.(asymptotically
almost surely) if PHn ! 1 as n ! 1 , with any obviously necessaryparity
restriction on n.

2 Uniform model for random regular graphs

We use Gn;d to denote the uniform probability spaceof d-regular graphs
on the n vertices f 1; 2; : : : ; ng (where dn is even). So sampling from Gn;d is
equivalent to taking such a graph uniformly at random (u.a.r.). We usejGj to
denotethe number of elements of a uniform spaceG.

Another probabilistic spacecan be dē ned as follows. Supposethat dn is
even, and for non-trivialit y take d ¸ 1. Considera set of dn points partitioned
into n cells v1; v2; : : : ; vn of d points each. A perfect matching of the points
into 1

2dn pairs is called a pairing . A pairing P corresponds to a multigraph
(with loopspermitted) G(P) in which the cellsareregardedasverticesand the
pairs asedges:a pair (x; y) in P correspondsto an edge(vi ; vj ) of G(P) where
x 2 vi and y 2 vj . Sinceeach graph (which we assumeis simple; i.e. has no
loopsor multiple edges)correspondsto precisely(d!)n pairings,a regulargraph
can be chosenu.a.r. by choosing a pairing u.a.r. and rejecting the result if it
has loops or multiple edges. Non-simple graphs are not produced uniformly
at random since each for each loop the number of corresponding pairings is
divided by 2, and for each k-tuple edgeit is divided by k!. This is the pairing
model of random regular graphs,given in this form ¯rst by Bollob¶as, but see
Section2.1 for a description of pre-existing models. We denotethe (uniform)
probability spaceof pairings by Pn;d . We can assumethat the points are the
elements of f 1; : : : ; ng £ f 1; : : : ; dg, so that G(P) is induced by a projection.

The pairing model gives a basis for proving properties of graphs in Gn;d ,
by doing computations in Pn;d , and conditioning on the event that the cor-
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responding multigraph has no loops or multiple edges. We call this event
\ Simple", and note that it is a function of n and d. Knowledgeof the value
of PPn;d (Simple) permits the following simple exploitation of the connection
betweenPn;d and Gn;d .

Lemma 2.1 Let H be an event (set of graphs) in Gn;d and H 0 the set of
pairings in Pn;d that correspond to graphsin H . Then

PGn;d (H ) =
PPn;d (H 0)
P(Simple)

:

Pro of This comesimmediately from the uniformit y of the two models, and
the fact that each graph corresponds to the samenumber of pairings.

A pairing can be selectedu.a.r. in many di®erent ways. In particular, the
points in the pairs can be chosensequentially . At any stage, the ¯rst point
in the next random pair chosencan be selectedusing any rule whatsoever,
as long as the secondpoint in that pair is chosenu.a.r. from the remaining
points. For example, one can insist that the next point chosenis the next
one available in any pre-specī ed ordering of the points, or comesfrom a cell
containing oneof the points in the previouspair chosen(if any points such are
still unpaired). We usethis idea several times in this article and so give it a
name: the independence property of the pairing model.

In addition, the pairing model providesa simple mechanism for enumerat-
ing d-regular graphsasymptotically. Sincethe number of pairings, or perfect
matchings, of t points is

f (t) =
t!

(t=2)!2t=2
; (1)

the number of d-regular graphson n vertices is precisely

jGn;d j =
(dn)!P(Simple)

(dn=2)!2dn=2(d!)n
: (2)

Thus, an asymptotic formula for jGn;d j can be found by estimating P(Simple).
The pairing model for random graphs with given degreesequenceis an

immediate extensionof the regular case:for a degreesequenced1; : : : ; dn , the
cell vi contains di points, and a perfect matching of all the points is selected
u.a.r. Restricting to no loops or multiple edgesproducesu.a.r. graphs with
degreesequenced = (d1; : : : ; dn ). This uniform model of graphswe denoteby
Gn;d . In all asymptotic statements about this model we assumed is restricted
to sequenceswith even sum.

We next discussmodels for related combinatorial con̄ gurations, and then
outline results on properties of Gn;d .
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2.1 History of uniform models

The pairing model was ¯rst given in its simple explicit form by Bollob¶as
(beginning with [9]) and called the con¯guration model. (We prefer not to
refer to pairings as con̄ gurations sincethe latter hasa broad meaningwhich
is useful in many contexts, for examplein Section4.2.) A little earlier, Bender
and Can̄ eld [5] useda model in their enumeration of graphswith givendegrees
which is implicitly a generalisationof the pairing model (seeSection4 of that
paper). The di®erenceis that they useinvolutions in placeof perfectmatchings
of points, becausethey study 0-1 matriceswith given row sums,which are the
adjacencymatricesof graphswith given degrees,and asa result the entries of
the matrix on the main diagonal must be treated di®erently. (An entry 1 in
the main diagonaldoesnot correspond to a loop in the pairing model, sincea
loop usesup two points.) In addition, their analysiswasmademoregeneralby
allowing the possibility to specify a limited number of edgesto be forbidden.

Even earlier, B¶ek¶essy et al. [4] studied random 0-1 matrices with given
row and column sumsby using essentially a more generalmodel, in which the
points in the cells are arranged into classesof arbitrary specī ed sizesand
permuted at random. The argument in [4] gave asymptotically the number of
such con̄ gurations in which no two points in the samecell are of the same
class. In the general case,this gives a model of random bicoloured graphs
with given vertex degrees.On the other hand, in the special casethat every
colour classhascardinality 2, this is very similar to the pairing model, the only
di®erencebeing that the edgesof the graph are labelled. The results in [4] give
the number of pairingswhich induceno loopsin the multigraph. Independently
of [5], the author's PhD thesis [115] studied random regular graphs from the
point of view of unlabelling the edgesin the model of multigraphs arising
from [4], which then becomesthe pairing model. However, this model was
studied only indirectly in [115] becauseenumeration results on multigraphs
with loopsweresought. Onceachieved, thesewerebuilt on to ¯nd the numbers
of simple graphs (with given degreesequence),as well as properties of such
random graphs. The methods used for all thesevariations of the model are
equivalent to thoserequired to study the pairing model.

2.2 Related enumeration results

Of courseresults on probabilities in a uniform model are inextricably as-
sociated with enumeration results. Most computations in this paper aim for
asymptotic results: unlessotherwisespecī ed, all limits refer to n ! 1 with
n restricted to even integersif d is odd.

Of major interest is an asymptotic formula for the number jGn;d j of labelled
d-regular graphs, which by (2) amounts to estimating P(Simple). Read [91]
gave an exact formula for jGn;d j which is unfortunately too complicatedto be
easily amenableto asymptotic evaluation for generald. For d = 3 however,
his analysis leadsto the asymptotic expression (6n)!

288n (3n)!e2 , which is equivalent
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to (3) for d = 3. In addition, any number of terms in an asymptotic series
expansionfor the number of cubic graphs can be obtained from his result.
However, the ineleganceof his derivation dissuadedhim from applying it to
larger d.

Benderand Can̄ eld's asymptotic formula for jGn;d j can be stated as

P(Simple) » exp
µ

1 ¡ d2

4

¶
for ¯xed d; (3)

wherehereand elsewherein this paper a(n) » b(n) meansa(n) = (1+ o(1))b(n)
as n ! 1 (with dn even, of course). Thus evaluating (2) using Stirling's
formula givesthe following.

Theorem 2.2 (Bender and Can̄ eld [5]) For ¯xed d

jGn;d j »
p

2e(1¡ d2 )=4

µ
ddnd

ed(d!)2

¶ 1
2 n

: (4)

This was found independently in [115], and then Bollob¶as [9, 10] gave the
pairing model proof and showed that the formula applied for d = d(n) ·p

2logn ¡ 1. A versionof this proof of (3) is in the next section.
From (3) it follows that P(Simple) is bounded below for ¯xed d, a fact

which combined with Lemma 2.1 immediately yields the following. First, for
an event H in Pn;d , dē ne G(H ) to be the event in Gn;d containing precisely
all simple graphsof the form G(P) for someP 2 H .

Corollary 2.3 Let d ¸ 1 be ¯xed, and let H be an event which is a.a.s.true
in Pn;d . Then G(H ) is a.a.s.true in Gn;d .

McKay [72] used switchings (as described in Section 2.4) to extend the
range of d in (3) to d = o(n1=3). McKay and Wormald [81] then useda new
sort of switching to ¯nd the formula for d = o(

p
n):

P(Simple) = exp
µ

1 ¡ d2

4
¡

d3

12n
+ O

µ
d2

n

¶ ¶
: (5)

Corollary 2.4 (McKay and Wormald [81]) For d = o(
p

n) the number of
d-regular graphson n vertices is

(dn)!
( 1

2dn)!2dn=2(d!)n
exp

µ
1 ¡ d2

4
¡

d3

12n
+ O

µ
d2

n

¶ ¶
:

McKay and Wormald alsoobtained a formula for d ¼ cn [80] which may have
consequencesfor quite denserandom regular graphs:

jGn;d j »
p

2
¡
2¼n¸ d+1 (1 ¡ ¸ )n¡ d

¢¡ n=2
exp

µ
¡ 1 + 10̧ ¡ 10̧ 2

12̧ (1 ¡ ¸ )

¶
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where ¸ = d=(n ¡ 1), provided d = d(n) is an integer-valued function such
that, for n su±ciently large, dn is even and minf d;n ¡ d ¡ 1g > cn=logn for
somec > 2

3 .
The formulae mentioned in this sectionhave their counterparts for graphs

with given degreesequences,the most widely applicablebeing in [81] and [80].
These formulae allowed McKay and Wormald [82] to create a useful model
of the degreesequenceof a random graph in G(n; p). Sinceit has proved so
useful, the Bender{Can¯eld formula for boundeddegreesdi is included here:

jGn;d j »
(2m)!e¡ ¸ ¡ ¸ 2

m!2m
Q n

i =1 di !
(6)

where2m =
P

di and ¸ = 1
2m

P ¡ di
2

¢
.

2.3 Short cycle distribution

The number of short cyclesin randomregulargraphsof small degreehasan
asymptotically Poissondistribution, as is the usual rule with the sum of many
nearly independent rare events. (This e®ectis called the \P oissonparadigm"
by Alon and Spencer[3].) The usualmethod of proving this usesan asymptotic
versionof the fact that a Poissonvariable is determinedby its moments. This
method is presented here,saving a much more powerful (in the caseof regular
graphs) switching method for Section2.4.

Wesay that a setof variablesX i = X (n)
i , for i in somē nite setI , dē ned on

a sequenceof probability spacesindexedby n, are asymptotically independent
Poisson with means¸ i if their joint distribution tends to that of independent
Poissonvariableswhosemeansare ¯xed numbers ¸ i . To be precise,

lim
n! 1

P

Ã
^

i 2 I

f X i = r i g

!

!
Y

i 2 I

e¡ ¸ i
¸ r i

i

r i !
(7)

for every ¯xed setof non-negative integersr i , i 2 I . (Recall that n is restricted
to evennumbersin all limits if d is odd.) Throughout this section,we useZ(¸ )
to denotea Poissonrandom variable with expectation ¸ .

Theorem 2.5 (Bollob¶as [10], Wormald [115, 118]) For d ¯xed, let X i = X i;n

(i ¸ 3) be the number of cycles of length i in a graph in Gn;d . For ¯xed
k ¸ 3, X 3; : : : ; X k are asymptotically independent Poissonrandom variables
with means¸ i = (d¡ 1) i

2i .

This was derived in [10] using the pairing model, and independently in [115,
118] essentially from (6).

Theorem2.5 plays a major role in the resultson Hamiltonicit y and related
properties(seeSection4.2). As mentioned above,wealsoneedto calculatelim-
iting probabilities in the pairing model conditional on the event Simple. For
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this, a crucial step is the determination of P(Simple) asymptotically. Since
loops and multiple edgesare cycles of length 1 and 2, the short cycle dis-
tribution in the multigraphs corresponding to pairings provides a convenient
commongeneralisationof P(Simple) and the distribution in Gn;d . This leads
to the following result, which was ¯rst derived in full by Bollob¶as.

Theorem 2.6 (Bollob¶as [10]) For d ¯xed, let X i = X i;n (i ¸ 1) be the num-
ber of cyclesof length i in the random multigraph coming from a pairing in
Pn;d . For k ¸ 1, X 1; : : : ; X k are asymptotically independent Poissonrandom
variableswith means¸ i = (d¡ 1) i

2i .

A Corollary of this is (3), obtained by consideringthe event X 1 = X 2 = 0.
Before proceedingfurther, the reader deserves an explanation as to why

small connectedsubgraphsother than cycles are not examined here. It is
becauseunless they are trees or unicyclic, they do not exist (a.a.s., unless
d is permitted to grow as a function of n, in which casethe analysis gets
more di±cult; seeSection 2.4). The following result has been explicitly or
implicitly given sincethe ¯rst examinationsof random regular graphs,and is
easily proved by estimating the expected number of subgraphsof the given
type in Pn;d .

Lemma 2.7 For ¯xed d and any ¯xed graph F with moreedgesthan vertices,
G 2 Gn;d a.a.s.contains no subgraphisomorphic to F .

Thus, the neighbourhood of a randomvertex in a hugerandomd-regulargraph
looks just like part of an in¯nite tree. It follows from the lemmathat a.a.s.no
two cyclesof boundedlength are joined by a path of boundedlength.

Pro of of Theorems 2.5 and 2.6 The plan is quite simple, following the
method of moments. In this, the joint factorial moments of X 1;n ; : : : ; X k;n

are shown to tend in the limit to those of the independent Poissonvariables
Z(¸ 1); : : : ; Z (¸ k). That is, for every sequenceof ¯xed non-negative integers
r1; : : : ; r k ,

lim
n! 1

E

Ã
kY

i =1

[X i;n ]r i

!

!
kY

i =1

¸ r i
i : (8)

Theorem 2.6 follows from this by a well-known result (seeLemma 2.8). The-
orem 2.5 comesfrom Theorem2.6 by Lemma 2.1.

To compute the left hand side of (8), for each 1 · i · k distinguish the
pairs of points corresponding to an ordered set of r i cyclesof length i . The
requiredvalue is the number of pairings with such distinguishedpairs, divided
by the total number f (dn) of pairings. Letting s = r1 + 2r2 + ¢¢¢+ kr k , the
number of ways to choosethe s distinguishedpairs in the correct con̄ guration
for the desiredcyclesis asymptotic to

(d(d ¡ 1)n)s

Q k
i =1 (2i )r i r i !
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if exactly s di®erent verticesare involved in the pairs, and is O(ns¡ 1) otherwise
(since the vertices can be chosenin this many ways, and given the vertices,
the distinguishedpairs can form only a ¯nite number of con̄ gurations). The
cyclesof each length can be orderedin

Q k
i =1 r i ! ways, and the pairing can then

be completedin
f (dn ¡ 2s) » f (dn)=(dn)s

ways, by (1). Multiplying these together gives the right side of (8), as re-
quired.

That proof required the following multiv ariate generalisation of Brun's
sieve, which is an implication of the Bonferroni inequalities (see[3] for exam-
ple). This generalisationis well known in probability theory (seeChung [27])
and is given without explicit proof in [16]. We show herehow it follows from
Brun's sieve in a quite elementary way. This proof mimics the structure of
the proof of Theorem 2.5 given in [118]. It is included especially becauseit
usesalterations of probability measure,which will appearagain in Section4.1.
Without lossof generality wecouldassumethat the X i;n areindicator variables
for random events.

Lemma 2.8 Let ¸ 1; : : : ; ¸ k be someset of ¯xed non-negative reals, and let
X 1;n ; : : : ; X k;n be non-negative integer random variables dē ned on the same
spaceGn for each n. If (8) holds for each ¯xed set of non-negative integers
r1; : : : ; r k , then the variables X 1;n ; : : : ; X k;n are asymptotically independent
Poissonwith means¸ i .

Pro of This is by induction on k; for k = 1 it is Brun's sieve, soassumek > 1.
We take two cases:¯rstly ¸ k = 0. Then (8) with r1 = ¢¢¢= r k¡ 1 = 0 and

r k = 1 givesEX k ! 0, and so (7) holds whenever r k 6= 0. On the other hand,
it holds for r k = 0 by the inductive hypotheses.

Sonow assumȩ k > 0. Let G0
n denotethe probability spaceobtained from

Gn by weighting the probability measureaccordingto [X k;n ]r k . Let P0 and E0

denoteprobability and expectation in G0
n , whereasP and E refer to Gn . Then

for any event R and variable X in Gn ,

P0(R) =
E([X k;n ]r k j R)P(R)

E[X k;n ]r k

; E0(X ) =
E(X [X k;n ]r k )

E[X k;n ]r k

: (9)

Thus from (8)

E0
k¡ 1Y

i =1

[X i;n ]r i !
Q k

i =1 ¸ r i
i

¸ r k
k

=
k¡ 1Y

i =1

¸ r i
i :

So by the inductive hypothesis, X 1; : : : ; X k¡ 1 are asymptotically Poissonin
G0

n with means¸ i . The sameis true in Gn . So if R is the event that X 1 =
r1; : : : ; X k¡ 1 = r k¡ 1, we have P0(R) ! ¦ =

Q k¡ 1
i =1 P(Z(¸ i ) = r i ), and also

P(R) ! ¦ . Hencefrom the left equation in (9),

E([X k;n ]r k j R) ¡ E[X k;n ]r k ! 0:
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But from (8) E[X k;n ]r k ! ¸ r k
k , and so

E([X k;n ]r k j R) ! ¸ r k
k :

That is, in the probability spaceobtainedfrom Gn by conditioning on the event
R = Rn , the factorial moments of X k;n tend to thoseof Z (¸ k). Henceanother
application of Brun's sieve implies that X k;n is asymptotically Poissonwith
mean¸ k in this conditional space.Now

P(X 1 = r1; : : : ; X k = r k) = P(X k = r k j R)P(R)

! P(Z (¸ k) = r k)
k¡ 1Y

i =1

P(Z(¸ i ) = r i )

as required.

Resultson the short cycledistribution for G 2 Gn;d which generalisethose
given above wereobtained in [10] and [118].

2.4 The switching metho d: subgraphs, eigenvalues and spanning trees

The switching method enablesus to prove results about subgraphsof G 2
Gn;d when d, or the size of the subgraph, grows much more quickly than is
permitted in the proofs of Theorems2.5 and 2.6 given above. It often applies
for d = o(nc) wherec is some\reasonable" number like 1

2 .
We dē ne a simple switching in a pairing P to be the replacement of two

pairs f p1; p2g; f p3; p4g by f p1; p3g; f p2; p4g or f p1; p4g; f p3; p2g. This induces
a switching of two edgesof the corresponding graph, and early switching re-
sults analysedthis operation directly on graphswithout referenceto pairings.
McKay [69] introducedswitchingsto the randomregular graph sceneto obtain
generalupper and lower bounds on the probability of a subgraphoccurring.
In [68] he used the method to obtain bounds on the probabilities of cycles
of various (unbounded) lengths occurring in G 2 Gn;d . It follows that such G
a.a.s.satis̄ esa certain condition which, asMcKay showed in [67], implies that
the distribution of eigenvaluesof G tends towards a ¯xed function, which he
determined. The argument exploits a connectionbetweenthe eigenvaluesand
the cycle distribution via the number of closedwalks of length k (noting that
this is the trace of the kth power of the adjacencymatrix, which is of course
the sum of the kth powersof the eigenvalues). The sameconnectionwasused
by Broder and Shamir [24] to obtain an asymptotic almost sureupper bound
on the second-largesteigenvalue in absolutevalue, for d even. This bound was
decreasedby Friedman [39] to 2

p
2d ¡ 1+ 2logd+ c0 holding with probability

1 ¡ O(n¡ c), wherec0 dependson c.
In [70] McKay usedanothereigenvalueconnection,the matrix tree theorem,

in a similar way to show that if a sequenceof regular graphs Gi on ni ! 1
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verticessatis̄ es a certain asymptotic condition on numbersof cyclesthen the
number of spanningtrees in Gi is (cd + o(1))n i where

cd =
(d ¡ 1)d¡ 1

(d2 ¡ 2d)
1
2 d¡ 1

:

The required condition is shown, using the switching results, to be true a.a.s.
for G 2 Gn;d , implying that the nth root of the number of spanning trees
in G is a.a.s.asymptotic to cd (by which we mean it is a.a.s. in the interval
(cd ¡ ²; cd + ²) for all ² > 0). McKay alsoproved a variety of strongerversions
and other variations of thesestatements.

The main power of switchings is the abilit y to obtain accurateestimatesof
very small probabilities. As an example,we illustrate with a useof the more
modern switchings introduced in [79] and [81] which turn out to give results
more easily and stronger than using simple switchings as in McKay [71, 72].
The following result is part of the proof of (5) (giving an asymptotic formula
for jGn;d j) for d = o(n1=3) in [79].

Lemma 2.9 (McKay and Wormald [79]) Let Sa;b denote the set of pairings
P 2 Pn;d such that G(P) haspreciselya loops,bdoubleedges,and no edgesof
multiplicit y greater than 2, nor double loops. Then for 1 · a < d + ! (n) and
b < d2 + ! (n), where ! (n) ! 1 arbitrarily slowly, jSa;bj=jSa¡ 1;bj = d¡ 1

2a (1 +
O( d+ ! (n)

n )) .

Pro of Denote a pair of points f pi ; pj g by pi pj . Given any pairing in Sa;b,
choosea pair p1p2 which projects onto a loop, choosetwo other pairs p3p4 and
p5p6, and replaceall three pairs by the pairs p1p3, p2p5 and p4p6 to producea
pairing P0. This switching operation can be written asthe composition of two
simple switchings.

Wecount how many ways this canbedonesothat P0 landsin Sa¡ 1;b. There
are 2a ways to choosep1 and p2 (as an orderedpair), and roughly dn ways to
chooseeach of p3 and p5, which determine p4 and p6. After this there is only
oneway to perform the switching described. However, somechoicesof p3 and
p5 lead to unwanted multiple edgescreatedby the switching (O(d3n) choices
do this) or to triple edges(O(bdn) do this) or unwanted loops(O(adn) do this)
or destroy loops or double edgesunintentionally (O(adn + bdn) do this). So
the number of P0 in Sa¡ 1;b corresponding to P is

2ad2n2

µ
1 ¡ O

µ
d2 + a + b

dn

¶ ¶
: (10)

On the other hand, in how many ways canP0 2 Sa¡ 1;b beproduced?To reverse
the procedure,choosep1 and p2 in the samecell (in d(d¡ 1)n ways), and choose
p4 to be any other point (in dn ¡ 2 ways). Then p3, p5 and p6 are determined,
in that order, asthe points paired in P0 with the three chosenpoints. Call this
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choice\bad" if it doesnot determinethe reverseof the procedureasdescribed.
There are only a few causesof badness,but counting asbeforeshows that the
number of bad choicescannot exceedO(d3an+ d2bn+ d4n). Hencethe number
of P in Sa;b corresponding to P0 is

d2(d ¡ 1)n2

µ
1 ¡ O

µ
d2 + da+ b

dn

¶ ¶
;

and the result follows on division of (10) by this expression.

This lemma can be used to obtain the asymptotic probability that a = 0,
conditional upon a given value of b, by estimating jSa;bj=jS0;bj (in the form
of a telescopingproduct of the ratios in the lemma) and summing over all
a which contribute signī cantly. (Large values of a can be ruled out by a
simple expectation argument.) This gives the reciprocal of the desiredprob-
abilit y for d = o(n1=3). For d in this range, the restrictions in the hypotheses
of the lemma are easily justi ¯ ed in almost all pairings by expectation argu-
ments. To complete an estimation of P(Simple), we can use other types of
switchings for estimation of jS0;bj=jS0;0j, and combining the two, we can esti-
mate jSa;bj=jS0;0j for all the signī cant terms. Summingover a and b givesan
estimate of jPn;d j=jS0;0j, which givesthe estimate of 1=P(Simple).

The superiority of the switching usedin this proof over a simple switching
(switch a loop-inducingpair with any other pair) is that the number of ways to
reversethe procedureis almost independent of P. For the singleswitching, the
number of valid ways to reversethe procedure,given P0, dependsheavily on
the number of triangles in P0. McKay [72] arguedabout the averagenumber
of reversals,in order to reach d = o(n1=3); similar averagingarguments in [81]
for the \mo dern" switchings gave (5) (reaching d = o(

p
n)). Possibly this

averagingcan be pushedfurther, but at the expenseof a lot of work, and the
next step would only be n3=5.

Further usesof switchings are mentioned in Sections2.5, 2.6, 2.7, 2.8, 3.2
and 5. Switchings alsowork ¯ne on graphsin the model Gn;d . In addition, an
argument using one simple switching implies that many variables dē ned on
random regular graphs are sharply concentrated (Theorem 2.19). A general
descriptionof the switching argument and an application to G(n; p) canalsobe
found in [123]. There the switchings give a relationship betweenprobabilities
of events rather than cardinalities of sets,but they still taste of counting.

2.5 Longer cycles

Theorem 2.5 implies an asymptotic formula for the probability that G 2
Gn;d hasgirth k when k and d are ¯xed (seeTheorem2.12). By the switching
method we can show that this asymptotic formula also applieswhen k ! 1 ,
simultaneously with d ! 1 . This is done for k closeto 1

2 logd n by McKay
et al. [83]. The results on distribution of short cyclescan alsobe extendedin
this way to cyclesof unboundedlength.
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Garmo [50] usedthe small subgraphconditioning method to examinelong
cycles. He showed that provided k = k(n) ! 1 faster than clogn but k =
o(n), the number of k-cyclesin G 2 Gn;d is concentrated near its expectation,
and he found its limiting distribution on the appropriate scale. If k=n ! q,
0 < q < 1, the number is not so concentrated, the variance is a non-zero
constant times the square of the expectation, and the limiting distribution
was found.

2.6 Connectivit y and diameter

For ¯xed d ¸ 3, G 2 Gn;d is d-connecteda.a.s.,aswasshown independently
by Bollob¶as [11] and by Wormald [117] (originally in [115]). This result can
readily beextendedusingswitchings(Section2.4) to d growing rather modestly
with n. The following extensionseemsto be the strongestin this sensewhich
has appearedin print, but the upper bound was just what was neededat the
time and by no meansrepresents the limit imposedby the method.

Theorem 2.10 (ÃLuczak [63]) For 3 · d(n) · n0:02, G 2 Gn;d is d-connected
a.a.s.

This is proved below in the more restricted range 3 · d(n) · 3logn, which
is about as far as one can easily go without switchings or somethingsimilar.
The proof below actually gives the bound O(n2¡ d) on the probability that
G 2 Gn;d is not d-connectedfor d ¯xed. It is easy to seethat this bound
cannot be improved for ¯xed d (apart from the value of the constant implicit
in the O). In [117] and [63], non-regularversionsof this theorem were given.
(SeeTheorem2.16below.)

Curiously, larger valuesof d seemto be more di±cult to handle, but we
can con̄ dently conjecture that the samebasic result holds even for d of the
order of n.

Conjecture 2.11 For 3 · d = d(n) < n ¡ 3, G 2 Gn;d is d-connecteda.a.s.

This conjecture is trivially true also for d = n ¡ 1 and n ¡ 2. The exclusion
of n ¡ 3 is necessary, since the complement of G is then a 2-regular graph
which has non-zeroprobability of having a 4-cycle. Deleting the other n ¡ 4
vertices from G gives a disconnectedgraph. To prove the conjecture for d
bigger than n0:02 would not be too hard using switchings; somethinglike

p
n

should be possible. However, to reach past d = n1¡ ² for arbitrarily small ²
would probably require a really new idea. On the other hand, for d very close
to n, it would becomeeasyto verify by analysingthe complement.

For d = 2 the story is di®erent: a random graph in Gn;2 is a.a.s.discon-
nected. In fact, it is connectedif andonly if it is Hamiltonian, the probability of
which is easyto compute asymptotically. The number of Hamiltonian graphs
is n!

2n , and dividing by jGn;2j (say from Theorem2.2) gives

P(G 2 Gn;2 is Hamiltonian) » 1
2e3=4p

¼n¡ 1=2 ¼ 1:876n¡ 1=2: (11)
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The cyclic connectivity of regulargraphs,especially 3-regular,hasalsobeen
of considerableinterest. A set S of verticesor edgesin a connectedgraph G
is cycle-separating if at least two components of G ¡ S contain cycles. G is
cyclically k-vertex-connected (cyclically k-edge-connected) if it has no cycle-
separatingvertex (respectively, edge)set of cardinality lessthan k. For d ¸ 3,
a larged-regular graph with a j -cycle immediately hascycle-separatingvertex
and edgesetsof cardinality (d¡ 2)j . By Theorem2.5, the probability that the
shortest cycle has length j tends to a non-zeroconstant. This shortest cycle
length, or girth, is asymptotically the determiningfactor for cyclic connectivity,
as shown in [117].

Theorem 2.12 Let d ¸ 3 and k ¸ 3 be ¯xed. The probabilities that G 2 Gn;d

is

(i) cyclically k-vertex-connected

(ii) cyclically k-edge-connected

(iii) of girth at least k=(d ¡ 2)

are all asymptotic to

Y

3· i < k=(d¡ 2)

exp
µ

¡ (d ¡ 1)i

2i

¶

as n ! 1 .

Theorem2.5 determinesthis limiting probability from (iii).
Theorems2.10and 2.12are both proved by showing that deleting a small

subsetof the verticesof G 2 Gn;d a.a.s.doesnot producetwo reasonablylarge
components. This usesa simple expectation argument (and, essentially and
surreptitiously, Markov's inequality, which can be found in many probability
texts such as Grimmett and Stirzaker [53]). It can employ either the formula
for the number of graphswith given degreesequence(as in [117]), or calcula-
tions directly in the pairing model and then making useof Lemma 2.1 (as by
Bollob¶as [11] and [16, Thm VI I.32], although the proof in the latter is over-
simpli¯ ed: the analysis is false for large valuesof the variable a). Use of the
pairing model approach is demonstratedin the proofs given below.

A notion closelyrelated to the usual proofs of the connectivity results (for
exampleLemma2.14below) is the isoperimetric number of a graphG, which is
the minimum value of the ratio j@Uj=jUj over all U µ V(G), jUj · jV (G)j=2.
Here @U is the set of edgeswith exactly one endpoint in U. Bollob¶as [17]
gave an asymptotically almost sure lower bound on this number for G 2 Gn;d .
It follows that the number is a.a.s. between 1

2d ¡ ²(d) and 1
2d + ²(d) where

²(d) ! 0 as d ! 1 .
The diameter, diam(G), of a graphG is the maximum, over all u; v 2 V(G),

of the distance from u to v. For a d-regular graph G this clearly satis̄ es
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jV(G)j · 1 +
P diam(G)¡ 1

i =0 d(d ¡ 1)i . Graphs realising this bound are called
Moore graphs and are extremely rare. Roughly speaking, given n and d the
inequality gives a lower bound on the diameter of roughly logd¡ 1 n. Using
methods somewhatrelated to those usedfor connectivity, Bollob¶as and de la
Vega[21] showed the following.

Theorem 2.13 The diameterdiam(G) of G 2 Gn;d a.a.s.satis̄ es1+blogd¡ 1 nc

+
j
logd¡ 1

³
(d¡ 2)

6d logn
´ k

· diam(G) · 1 +
§
logd¡ 1((2 + ²)dn logn)

¨
:

Another result involving distancewas obtained by Bollob¶as [13], on the prob-
abilit y that for G 2 Gn;d , each vertex v is determineduniquely by the sequence
n1(v); : : : ; nk(v) whereni (v) is the number of verticesof distancei from v, and
k is a function of n. This event implies that the automorphism group of G is
trivial.

We turn now to the proofs of Theorems2.10and 2.12. Theseare included
not only becausethe latter has not been proved directly using the pairing
model before, but also as an exampleof using the independenceproperty of
the pairing model. This is in the following lemma. First a technical dē nition:
let us dē ne an (s; j )-separating set of a graph G to be a set S µ V(G) with
jSj = s such that G ¡ S hasa component with exactly j vertices.

Lemma 2.14 Let d and s be arbitrary. For P 2 Pn;d ,

P(G(P) hasan (s; j )-separatingset) < 32+ s=d

µ
j + s

n

¶ j ( 1
2 d¡ 1)

n
1
2 s(j + s)

3
2 s

for all j < 2
3n ¡ s.

Pro of Let X denote the expected number of (s; j )-separatingsets. To show
P(X ¸ 1) ! 0 it is enough, by Markov's inequality, to show EX ! 0. If
such a set S exists, let F be a component of G ¡ S with jV(F )j = j and let
T = S \ N (F ). Put t = jTj. The j cellsof P corresponding to V(F ) and the
t cells for T can be chosenin at most

¡ n
j

¢
nt ways.

Sinceeach vertex in T hasdegreeat least1 in the subgraphof G inducedby
F [ T, the number r of edgeswith at leastoneend in F satis̄ es r ¸ (j d+ t)=2.
Givenr and the cellsin V(F )[ T, what is the probability that a randompairing
hasr pairs of the required type? By the independenceproperty of the pairing
model, such pairs can be selectedby repeatedly selectingthe pair containing
the next unpaired point in a cell in V(F ). The probability of succeedingin
the i th step of this random process,conditional upon succeedingin all earlier
steps,is (j + t )d¡ 2i +1

nd¡ 2i +1 . So the probability of selectingr such pairs is at most

rY

i =1

j + t ¡ (2i ¡ 1)=d
n ¡ (2i ¡ 1)=d

·
µ

[j + t]2r =d

[n]2r =d

¶ 1
2 d

(12)
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wherewe dē ne [j ]i + ² for i 2 Z and 0 < ² < 1 to be [j ]i (j ¡ i )² . Thus

EX ·
sX

t=0

X

r

µ
[j + t]2r =d

[n]2r =d

¶ 1
2 d µ

n
j

¶
nt < 3

sX

t=0

µ
[j + s]j + t=d

[n]j + t=d

¶ 1
2 d [n]j

j !
nt (13)

since j + t · j + s < 2
3n and 2r=d ¸ j + t=d. The sum over t · s can be

conveniently boundedby 3 times the term with t = s. We have

[j + s]j + s=d

[n]j + s=d
< min

µ
(j + s)sj !

[n]j (n ¡ j ¡ s=d)s=d
;
(j + s) j + s=d

nj + s=d

¶
:

Apply the ¯rst term in the minimum to onefactor in (13) alongwith n¡ j ¡ s
d >

1
3n, and usethe secondterm on the other factors, to obtain the lemma.

In the caseof graphs,which by dē nition have no loopsor multiple edges,
the result of Lemma 2.14can be improved for small j as follows.

Lemma 2.15 Let d = d(n) < n1=3. For P 2 Pn;d ,

P(G(P) 2 Gn;d and hasan (s; j )-separatingset) < 2
µ

j + s
n

¶ j (d¡ 1
2 j + 1

2 )

nj + s:

Pro of Firstly, we can assumej < 2d and s < d2 since otherwise there is
nothing to prove. If G is a graph, the lack of loopsand multiple edgespermits
replacement of the inequality r ¸ (j d + t)=2 in the proof of Lemma 2.14 by
r ¸ j d ¡

¡ j
2

¢
. Repeating the ¯rst part of that argument, and bounding (12)

by (j + t)
1
2 d=n

1
2 d, shows that the worst caseis t = s and r = (j d + t)=2. The

sum over t and r can be boundedby say twice this largest term, which gives
the lemma.

Pro of of Theorem 2.10 For n ¸ d+ 1, a graph with n verticeswhich is not
d-connectedcontains a (d ¡ 1; j )-separatingset for some1 · j · 1

2n. For d-
regular graphs, j = 1 can be excludedimmediately. For 2 · j · d the bound
in Lemma 2.15 is O(n2¡ d(d + 1)2d¡ 1), with the worst casealways occurring
at j = 2, as well as j = 3 in the cased = 3, the other casescontributing
negligibly. For j > d we usethe bound in Lemma 2.14, which is at most

27(j + d) j ( 1
2 d¡ 1)+ 3

2 d

nj ( 1
2 d¡ 1)¡ 1

2 (d¡ 1)
: (14)

This is O(n2¡ d) for j = d + 1 and j = d + 2 (worst cased = 3), O(n1¡ d)
for j = d + 3, and much smaller for j = 1

2n. For the values in between, the
secondderivative with respect to j of the logarithm of (14) has the samesign
as j (d ¡ 2) + d(2d ¡ 7), which is positive for j ¸ 3. Hence it is a convex
function of j , and the sum of (14) over d + 3 · j · 1

2n is O(n2¡ d). So for
P 2 Pn;d , the probability that G(P) is a graph which is not d-connectedis
O(n2¡ d(d + 1)2d¡ 1).

The theorem now follows by Lemma 2.1 and the estimate for P(Simple)
in (5).
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Pro of of Theorem 2.12 A cyclically k-edge-connectedd-regular graph with
su±ciently many verticesmust havegirth at leastk=(d¡ 2). On the other hand,
let G bed-regular,of girth at leastk=(d¡ 2), and with a cycle-separatingvertex
set S such that jSj = s < k. Then G ¡ S hastwo components with cyclesand
henceone of them has j vertices for k=(d ¡ 2) · j · 1

2n: Sinces and d are
bounded,the upper bound in Lemma 2.14 is

O(1)(j + s) j ( 1
2 d¡ 1)+ 3

2 s

n
1
2 j (d¡ 2)¡ 1

2 s
:

Sincej (d¡ 2) ¸ s+ 1, this is O(n¡ 1
2 ) for j near its lower bound, and analysisas

for (14) shows the sumover all relevant j is O(n¡ 1
2 ). Hencefor P 2 Pn;d , G(P)

a.a.s.either has girth lessthan k=(d ¡ 2) or is cyclically k-vertex-connected
and hence(for n large enough) also cyclically k-edge-connected.It follows
by Lemma 2.1, (3) and Theorem 2.5 that the probability that G 2 Gn;d is
cyclically k-vertex-connected,cyclically k-edge-connected,or of girth at least
k=(d ¡ 2), all tend to the samenon-zeroconstant as n ! 1 .

Note The proof of Theorem2.12is easilyadapted to permit d and k to grow
slowly with n, using the result mentioned in Section2.5 to estimate the prob-
abilit y of having large girth. However, even for d ¯xed, it is only easyto reach
k = o(loglogn). To go past this point would require more careful estimation
of the probability of having a cycle-separatingset in the conditional spaceof
large girth, which would appear to be even more di± cult than extending the
rangeof d in Theorem 2.10. Again, the switching method would presumably
be required here.

We closethis subsectionwith mention of a similar result for Gn;d .

Theorem 2.16 ([117]) Fix 3 · d · D, and for each n let d = d(n) =
(d1; : : : ; dn ) 2 [d; : : : ; D ]n with

P
di even. The probability that G 2 Gn;d is

not d-connectedis O(n2¡ d).

ÃLuczak's theorem in [63] shows that this is also valid with the upper bound
d · n0:02, but with the bound O(n2¡ d) weakened to o(1). Theorem 2.16 is
the degree-restrictedcounterpart of the result of Erd}os and R¶enyi [36] that a
random graph with n verticesand 1

2n logn+ O(n) edgesa.a.s.hasconnectivity
equalto its minimum degree.Without degreerestrictions, a much higher edge
density is required beforehigher connectivity occurs, but for both models of
random graphs the basice®ect is the same: verticesof degreelessthan d are
a.a.s.the only obstruction to d-connectedness.

In [63], ÃLuczak also considersrandom graphs with given degreesequence
wherethe minimum entry is 2, obtaining results on the number and nature of
the components. Molloy and Reed[85] gave a nice extensionof theseresults,
to determineasymptotically necessaryand su±cient conditions on the degree
sequenced (with minimum degree2) for a random graph in Gn;d to have a.a.s.
a giant component.
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2.7 Automo rphisms and unlabelled graphs

What is the number Un;d of unlabelled d-regular graphson n vertices?Let
S be any set of unlabelled graphson n vertices,and S0 the set of all labelled
versionsof graphsin S. A simpleapplication of the Frobenius{Burnside lemma
gives

jSj =
1
n!

X

¾2 Sn

j¯x (¾)j (15)

whereSn denotesthe group of permutations of the label set f 1; 2; : : : ; ng and
¯x (¾) denotesthe set of graphsin S0 ¯xed by ¾. (SeeHarary and Palmer [54]
for a variety of applications of this principle to the enumeration of unlabelled
graphs.) With id denoting the identit y permutation, j¯x (id)j = jGn;d j and so

X

¾2 Sn nf idg

j¯x (¾)j = o(jGn;d j) (16)

is equivalent to
Un;d » jGn;d j=n!: (17)

Rewrite ¯x (¾) =
P

G2 S0 x(G; ¾), where x(G; ¾) is 1 if G 2 ¯x (¾) and 0
otherwise. Reversingthe order of summation in (15) then gives

jSj =
1
n!

X

G2 S0

Á(G);

whereÁ(G) denotesthe number of ¾2 Sn which ¯x G.
Hence(16), via (17), is equivalent to

E(Á(G)) ! 1 for G 2 Gn;d : (18)

Bollob¶as [14] showed that this condition holds for ¯xed d ¸ 3. In a more
generalinvestigationof McKay and Wormald, this wasextendedto the follow-
ing result.

Theorem 2.17 ([78 ]) Let ² > 0 and 3 · d = d(n) = O(n
1
2 ¡ ² ). Then

E(Á(G)) ! 1 for G 2 Gn;d .

This and Corollary 2.4 imply the following.

Corollary 2.18 For ² > 0 and 3 · d = d(n) = O(n
1
2 ¡ ² ),

Un;d =
(dn)!

(dn=2)!2dn=2(d!)nn!
exp

µ
1 ¡ d2

4
¡

d3

12n
+ o(1)

¶
:

Versionsof Theorem 2.17are invariably proved by going back to (16) and
noting that if ¾ 2 Sn n f idg, then for any graph in ¯x (¾), the arrangement
of edgesincident with verticesmoved by ¾is severely restricted. The various
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possiblesubgraphsinducedby theseedgeshave a low probability of occurring
in G 2 Gn;d , and the sum of this probability over all such subgraphsand ¾is
o(1). Bounding j¯x (¾)j is achieved by classifyingG 2 ¯x (¾) accordingto the
numbers of edgesjoining vertices in cyclesof ¾ of given small lengths. This
leads to optimisation over several variables. A proof is given for bounded d
in [120] which is signī cantly simpler than the others becauseof the way in
which it handlesthesevariables.

Computations to bound the probability of subgraphsoccurring canbedone
directly in the pairing model as in [14] and [120] for ¯xed d, but for d growing
signī cantly with n as in [78] the switching method (Section 2.4) is required.
No doubt Theorem 2.17 is still valid with the upper bound on d increasedto
d · n ¡ 4, but a proof of this seemsout of reach at present.

The resultsof McKay and Wormald [78] actually treat the model Gn;d with
varying degrees,and results are obtained like Theorem 2.17, but the upper
bound on degreesdependson how many verticesof low degreeare permitted.

2.8 Packing, covering and colouring

The independenceproperty of the pairing model has been used heavily
in packing and covering problems(including colouring, which is equivalent to
coveringwith independent sets). Somealgorithms (say, for ¯nding independent
sets)canbeanalysedby generatingthe pairsof the pairing in the order in which
they areexaminedby the algorithm, aslong asthe algorithm is \greedy" in the
sensethat it doesnot have to know too much about the part of the pairing not
yet generated. An upper or lower bound can then be obtained a.a.s.on the
graph parameter of interest, by determining the behaviour of the algorithm
a.a.s. Several results along these lines have been obtained by showing that
the parameterof interest a.a.s.closelytracks a function given as the solution
of di®erential equations throughout the generation process. Convergenceis
proved using supermartingale inequalities. This is referred to below as the
di®erential equation method. It is described in [122], but see[124] for a much
more comprehensive and up to date exposition.

Quite apart from this, there is a generalconcentration result using mar-
tingales which applies to many random regular graph parameterswhich are
large. A generalstatement of the result seemsto be lacking so far (though a
particular casewas referred to by Frieze and Suen [45]), and so we give the
following. We write P » P0 to denotethat two pairings P and P0 di®er by a
simple switching.

Theorem 2.19 If X n is a randomvariabledē ned on Pn;d such that jX n (P) ¡
X n (P0)j · c whenever P » P0, then

P(jX n ¡ EX n j ¸ t) · 2exp
µ

¡ t2

dnc2

¶

for all t > 0.



          

20 N. C. Wormald

Pro of Hold n ¯xed and write X = X n . Generatean element P of Pn;d by
choosing the pairs consecutively. After each pair is completed, canonically
choosethe next point to be paired by someconvention (such as the lowest-
numberedunpairedpoint) andchooseits materandomly. Let P0 beany pairing
with the order of pairs specī ed accordingto the order of generation,let P0(m)
denotethe set of the ¯rst m pairs in P0, and dē ne

Ym (P0) = E(X (P) j P0(m) µ P)

for P 2 Pn;d . Then Y0(P); Y1(P); : : : ; Ydn=2(P) is a martingale (in fact a mar-
tingale constructed this way is called a Doob martingale; seeMcDiarmid [65]
for example), and we have Y0(P)= EX and Ydn=2(P) = X (P). The theorem
now follows from Hoe®ding's inequality (also called Azuma's; see[65]), once
we show that jYm+1 (P) ¡ Ym (P)j < c for all m; that is, the martingale has
di®erencesboundedby c.

For given P0, let i denotethe canonicalnext point after the pairs in P0(m)
are chosen,and let Sj denote those pairings in Pn;d containing all of P0(m)
as well as the pair f i; j g. Then for any j and k which occur in no pairs in
P0(m), each P 2 Sj corresponds to a unique P0 2 Sk by the simple switching
f f i; j g; f k; lgg $ f f i; kg; f j ; lgg, where l is determinedas the mate of k in P.
This givesa bijection betweenSj and Sk . By assumptionjX (P0) ¡ X (P)j · c,
and the requiredboundon the di®erencesnow followsbecausePn;d is a uniform
space.

One way of deriving results on Gn;d using Theorem 2.19 is to considerYn

dē ned on Gn;d such that Y(G(P)) = X (P) for all P 2 Simple where X n

satis̄ es the hypothesesof the theorem. Then

P(jYn ¡ EYn j ¸ t) ·
2
p

exp
µ

¡ t2

dnc2

¶

in Gn;d , where p is the probability (in Pn;d ) of Simple. This gives concentra-
tion of X n and normally implies that EX n is well approximated by EYn (but
P(Simple) and the rangeof valuesof Yn can a®ect quanti ¯ cation of this).

2.8.1 Independent sets, dominating sets and star forests An indepen-
dent set or stable set in a graph G is a set of vertices no two of which are
adjacent, and the independence number ®(G) of G is the cardinality of a max-
imum independent set in G. A dominating set is a set S of verticessuch that
every vertex not in S has at least one neighbour in S, and the dominating
number ®0(G) of G is the cardinality of a minimum dominating set in G.

Sincea simple switching in a pairing P can change®(G(P)) by at most 1,
Theorem2.19and Corollary 2.3 imply that ®(G)=jV(G)j (called the indepen-
dence ratio) is concentrated when d is ¯xed. For instance, it is a.a.s.within
logn=

p
n of its expectedvalue for G 2 Gn;d . A similar statement holds for the
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dominating number. In spite of this, no argument has been forthcoming to
show that the expectedvalue of ®(G)=n tends to someconstant for G 2 Gn;d

asn ! 1 . This (and a similar result for ®0(G)=n) would imply the following.

Conjecture 2.20 For ¯xed d, there are constants ¯ (d) and ¯ 0(d) such that
for all ² > 0, j®(G) ¡ n¯ (d)j < ²n and j®0(G) ¡ n¯ 0(d)j < ²n a.a.s.for G 2 Gn;d .

What bounds are known on ®(G)=n? Bollob¶as [12] used the expected
number of independent setsof a given sizeto give an upper bound on ®(G)=n
a.a.s. for G 2 Gn;d , the upper bound being given in terms of the solution of
an equation and being strictly lessthan 2 log d

d for all d. It can be checked that
this bound is asymptotic to

°1(d) =
2n
d

(logd ¡ loglogd + 1 ¡ log2) (19)

as d ! 1 . By sharpening the method, McKay [73] improved theseslightly
to functions °2(d), a.a.s. for G of su±ciently large (but ¯xed) girth. In view
of the concentration mentioned above and Theorem2.5, °2(d) + ² applies, for
any ² > 0, with no girth restriction. (Beware of McKay's sign error in the
terms 1 ¡ log2 in his expressionfor °1(d) dē ned above.) The dē nition of
°2 is complicatedbut numerical computations give ®(G)=n < °2(3) < 0:4554
a.a.s.for G 2 Gn;3, and similarly °2(4) < 0:4164and °2(5) < 0:3845. McKay
expresseddisappointment in the small improvement he obtained over °1(d) as
d ! 1 , but as we mention below this was inevitable because°1(d) is quite
sharp to order o(n=d) in this asymptotic sense.

Lower boundswereobtainedby several authors; the best (at least for small
d) comesfrom analysing what is called in [124] the degree-greedyalgorithm:
choosevertices to put in the growing independent set randomly; the ¯rst, v1,
is chosen uniformly at random, and in general after adding a vertex vi to
the set, deletevi and its neighbours from the graph and randomly choosethe
next vertex vi +1 (uniformly) from those verticesnow of minimal degree.The
analysisusesthe di®erential equation method. This was done ¯rst by Frieze
and Suen [45] for d = 3, and independently for arbitrary d ¸ 3 in [122]. It
givesasymptotically almost surelower bounds¯ 1(d) on ®(G)=n. For example,
¯ 1(3) = 6log 3

2 ¡ 2 = 0:4328, ¯ 1(4) = 0:3901 and ¯ 1(5) = 0:3566. These
constants are computednumerically for d ¸ 4 by solving systemsof ¯rst order
nonlinear di®erential equations, and the asymptotic behaviour for large d is
unknown. Further valuesarein [122] and [124]. The bestknown simpleformula
for a lower bound when d ¸ 4 is 1

2 ¡ 1
2

¡
1

d¡ 1

¢2=(d¡ 2)
from [122]. However, this

is far from ¯ 1(d) for d small, and approaches only 1
2°1(d) for large d. It is

obtained from the simpler algorithm which randomly greedily choosesvertices
for the independent set regardlessof their neighbours, analysedagain by the
di®erential equation method. Weaker lower bounds were obtained earlier by
Bollob¶as[12] through lower boundson the independent set sizeof all d-regular
triangle-freegraphs,and arguing that deleting all verticesin short cyclesa.a.s.
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decreasesthe independent set size only marginally. Interestingly, the non-
deterministic boundsusedhereareobtainedby analysingthe greedyalgorithm
on triangle-freegraphsof givenaveragedegree.That line of reasoningwasalso
improved by Shearer[105] but with only an iterativ e formula for arbitrary d
which seemsalways to be lessthan ¯ 1(d).

Friezeand ÃLuczak[44] proved that functions °1(d)+ o(n=d) for d ! 1 , d <
n1=3 ¡ ², provide upper and lower boundsa.a.s.on ®(G), G 2 Gn;d . However,
this result implies nothing for small d. They usedan argument partitioning
the pairing into large pieceswhich are then analysedalmost separately, and
part of the proof relieson the results of McKay and Wormald [79] which were
obtained using switchings.

The dominating number seemsto have beenwell studied only in Gn;3. Mol-
loy and Reed[86] showed that the obvious lower bound 1

4n on ®0(G) can be
improved slightly to ®0(G) > 0:2636n a.a.s.by simply computing the expected
number of dominating setsof that size. On the other hand they gavethe almost
sureupper bound 0:3126n by analysinga greedyalgorithm which walks along
a Hamilton cycle. The analysisusesthe di®erential equationmethod and relies
on Theorem4.5which implies that whenproving events a.a.s.,onecanassume
G 2 Gn;3 is a randomHamilton cycleplus a randommatching. This is easierto
analysethan the algorithm corresponding to the degree-greedyalgorithm for
independent sets;Duckworth and Wormald [34] applied the di®erential equa-
tion method to such an algorithm and improved the upper bound to 0:2746n.
To summarise,0:2636< ®0(G)=n < 0:2746a.a.s.for G 2 Gn;3.

As a slight variation of the last result, by analysingalmost the samealgo-
rithm, it is shown in [34] that G 2 Gn;3 a.a.s.hasa forest of stars containing at
least 0:7178n edges.The obvious upper bound is 0:75n, which can be reduced
to 0:7390n using the usual argument of computing the expected number of
star packings with a given number of edges.

2.8.2 Chromatic number Friezeand ÃLuczak[44] alsogavefunctionsasymp-
totic to d

2 log d for d ! 1 which a.a.s. are upper and lower bounds on the
chromatic number Â(G) for G 2 Gn;d . Like their bounds on independent set
size, these give no restriction for small d. A related result by Bollob¶as and
Clark [18] considersa generalisedversionof chromatic number.

The chromatic number of G is at least n=®(G), and so almost sure lower
bounds for small d are given by the almost sure upper boundson ®(G) men-
tioned in Section 2.8.1. Better lower bounds come from consideringthe ex-
pectednumber of k-colourings. For instance,counting bicolouredgraphsshows
that for ¯xed d ¸ 3, G 2 Gn;d a.a.s.cannot be 2-coloured. For r ¸ 3, Molloy
and Reed[84] performedcalculations of the expected number of r -colourings
of G 2 Gn;d which show that its nth root is at most r ( r ¡ 1

r )d=2 + o(1) (for ¯xed
r and d). Hence,for instance,a.a.s.Â(G) ¸ 4 for G 2 Gn;d when d ¸ 6.

Brooks' Theorem (see Diestel [33] for example) gives the upper bound
Â(G) · d a.a.s. Non-trivial asymptotically almost sure upper bounds for
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small d seemto be harder to obtain. Borodin and Kostochka [23], Catlin [25]
and Lawrence[62] all showed that for K 4-freegraphsG, Â(G) · 3

4(¢( G) + 2).
Henceby Lemma 2.7, Â(G) · 3

4(d + 2) a.a.s. for G 2 Gn;d . For triangle-free
graphs G there is the bound Â(G) · 2

3¢( G) + 2, which has beenattributed
to Kostochka, and by Theorem2.5 implies Â(G) · 2

3d + 2 with probability at
least e¡ (d¡ 1)3=6 ¡ o(1) for G 2 Gn;d .

Theseresultsstill leave open the questionof whethera random4-regularor
5-regulargraph is a.a.s.3-colourable.An answer to this would be a signī cant
breakthrough.

Knowledgeof the edge-chromatic number Â0(G) is in a much more satis-
factory state. It is shown below (Corollary 4.16) that G 2 Gn;d a.a.s. has a
partition of the edgeset into perfect matchings if n is even. HenceÂ0(G) = d
a.a.s.for n even, and clearly for n odd it must attain the upper bound d + 1
of Vizing's theorem.

2.8.3 Linear arboricit y The linear arboricity of a graph is the minimum
number of edge-disjoint linear forests(i.e. forestsin which each component is a
path) which cover the edgesof the graph. The linear arboricity conjecture[1] is
that every d-regular graph has linear arboricity preciselyequal to the obvious
lower bound of d1

2(d + 1)e. Alon [2] proved using the Lov¶asz Local Lemma
that all regular graphs with su±ciently large girth satisfy this. Basedon his
approach, McDiarmid and Reedproved that a random d-regular graph a.a.s.
satis̄ es the conjecture.

Theorem 2.21 (McDiarmid and Reed[66]) For ¯xed d, the linear arboricity
of a random d-regular graph is a.a.s.d1

2(d + 1)e.

This theoremis proved easily from the more recent results on the structure of
random regular graphs, as shown in Section 4.3. It is also shown there that
the paths in all but oneof the factors can be forced to be Hamilton paths.

2.9 Perfect matchings and Hamilton cycles

The aim of this sectionis to whet the appetite with someof the results on
the existenceof certain typesof spanningsubgraphsof random regular graphs.
The method of proof of the strongest results in this direction is presented
in Section 4, along with many extensionsof these results which assert the
existenceof factorisationsof regulargraphsinto subgraphsof prescribed types.

Every d-regular (d ¡ 1)-edge-connectedgraph of even order has a perfect
matching (see,for example,Berge[8]). HenceTheorem2.10hasan interesting
consequence.

Corollary 2.22 (Bollob¶as [16]) For ¯xed d ¸ 3, G 2 Gn;d a.a.s.has a perfect
matching if dn is even.
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This fails for d = 2 since in that caseG 2 Gn;d a.a.s.has an odd cycle, and
henceno perfectmatching. Oneway to seethis is to observe from Theorem2.5
that, for ¯xed k ¸ 2, the probability that G 2 Gn;2 hasno odd cycle of length
lessthan 2k is exp(¡

Q k
i =2

1
4i ¡ 2) + o(1), which is exp(¡ 1

4 logk) + o(1) ! 0 as
k ! 1 . (Here k goes \slowly" to 1 while n goes \quickly".) Alternativ ely,
this probability can be computedusing generatingfunction methods and then
evaluated asymptotically (seeWilf [112, Section5.3] for simlar examples). In
Pn;2 there is the following exact expression,which is asymptotic to Cn¡ 1=4 for
a constant C. It then follows from Lemma2.1 that the probability is alsoo(1)
for G 2 Gn;d .

Lemma 2.23 For P 2 Pn;2, the probability that G(P) has no odd cyclesis
precisely

b1
2 ncY

i =1

4i ¡ 2
4i ¡ 1

:

Pro of By the independenceproperty of the pairing model, the randompairing
P 2 Pn;2 can be generatedin such a way that the next point paired is always
a point in a cell which already contains a paired point (if such a cell exists).
Then G(P) is generatedby tracing along paths, not starting a new path until
the old onebecomesa cycle. Let Fi denotethe event that the i 'th pair chosen
completesa cyclein G(P) with the earlierpairs. In order to createno odd cycle,
the requirement is that F2i ¡ 1 must be falsefor each 1 · i · 1

2n. (Conditioning
on F2i ¡ 1 being falsefor all i · j , if F2j holds then the cycle createdwill have
even length and if F2j +1 holds the cyclewill have odd length.) Givenall earlier
choicesof pairs, the conditional probability of Fi is (2n ¡ 4i + 3)¡ 1 regardless
of the earlier choices. The product of (1 ¡ (2n ¡ 4i + 3)¡ 1) over 1 · i · 1

2n
givesthe stated probability.

The expected number and variance of the number of perfect matchings
werecomputedasymptotically by Bollob¶as and McKay.

Theorem 2.24 (Bollob¶as and McKay[20]) For 3 · d = d(n) · (logn)1=3,
let M n denote the number of perfect matchings in G 2 Gn;d . Then with n
restricted to even integers,

EM n »
p

2e1=4

µ
(d ¡ 1)d¡ 1

dd¡ 2

¶ 1
2 n

;
EM 2

n

(EM n )2
! e¡ 1

4 (2d¡ 1)=(d¡ 1)2

r
d ¡ 1
d ¡ 2

:

This result on the ¯rst moment is readily derived in the pairing model by
counting how many ways one can ¯rst choose a perfect matching of the n
vertices,then lay down a set of pairs in P which createthe chosenmatching in
G(P), and then completethesepairs to a full pairing. After this, divide by the
total number of pairings. To obtain the result in Gn;d onecan condition these
counts on having no loopsor multiple edges,using for instancethe method of
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moments as in Section2.3. (Lemma 4.4 below performs this task in general.)
The secondmoment EM 2

n is calculatedin a similar fashionby laying down the
pairs corresponding to an ordered pair of perfect matchings, which is much
more complicated than the ¯rst moment calculation due to an extra variable
denoting the number of edgesin commonbetweenthe two perfect matchings.

Since the variance is VarM n = EM 2
n ¡ (EM n )2, it tends to a non-zero

constant multiple of (EM n )2. This givessomeinformation on the distribution
of M n via Chebyshev'sinequality

P(jX ¡ EX j ¸ t) ·
¾2

t2
;

valid for any real-valued random variable X with variance ¾2 and for any
t > 0. Putting t < EX givesan upper bound on P(X = 0), which is loosely
called the second moment method. This is not sharp enoughin this caseto
imply Corollary 2.22. However, the elaborate re¯nement of the secondmoment
method presented in Section4 is su±cient to obtain not only Corollary 2.22,
but alsothe full asymptotic shape of the distribution of the number of perfect
matchings.

Ever sincethe earliest results on random regular graphs, the natural con-
jecture on Hamiltonicit y was (by Bollob¶as [11], for example) that G 2 Gn;d is
a.a.s.Hamiltonian for all ¯xed d ¸ 3. For d = 2 this is false,by (11) for exam-
ple. The secondmoment method implies that asymptotically at leasta certain
percentage of large random 3-regulargraphsare Hamiltonian, which was ¯rst
shown by Robinsonand Wormald in [98]. In fact, it was shown there that by
restricting to graphs with no triangles, a higher proportion (2 ¡ 3e¡ 13=12) is
obtained,which canbeshown by bijective typemethods to bevalid back in the
unrestricted spaceGn;3. This idea evolved into the small subgraphcondition-
ing method for estimating the distribution of the number of large subgraphs.
The results in the following theorem were derived for d = 3 in [98], stated in
general in [100] without being used, and then derived and usedby Frieze et
al. [42].

Theorem 2.25 For ¯xed d ¸ 3, let Hn denotethe number of Hamilton cycles
in G 2 Gn;d . Then with dn restricted to even integers,

EHn » e

r
¼
2n

µ
(d ¡ 2)d¡ 2(d ¡ 1)2

dd¡ 2

¶ 1
2 n

;
EH 2

n

(EHn )2
!

d
(d ¡ 2)e2=(d¡ 1)

:

The calculations are similar to those for Theorem 2.24 but derivation of the
secondmoment in particular is considerablymore di±cult. Again, two copies
of the subgraph in question (this time a Hamilton cycle) are laid down and
the rest of the cubic graph is completed. (All calculationscan be madein the
pairing model or directly in the graph model.) The number of ways of doing
the laying down is computedasa function of the structure of the graph which



        

26 N. C. Wormald

is the intersection of the two Hamilton cycles. Two variables are required:
the number of paths in this intersection and the number of isolated vertices.
The resulting expressionis summed over these two variables and evaluated
asymptotically. (In the cased = 3 the number of isolated verticesmust be 0,
and so that caseis much simpler than for generald.)

Further sharpening of the small subgraph conditioning method, as de-
scribed in Section4, producedthe following.

Theorem 2.26 (Robinson and Wormald [99, 100]) For ¯xed d ¸ 3, G 2 Gn;d

is a.a.s.Hamiltonian.

This wasproved¯rst for larged only, usingan entirely di®erent method, by
Fennerand Frieze[38] (d ¸ 796) and independently by Bollob¶as[15] (d ¸ 107).
The method usedwasdeveloped by Fennerand Frieze[37] for a model of non-
regular graphs. It combines the technique which P¶osa [90] and Koml¶os and
Szemer¶edi [61] successfullyapplied to determinethe threshold for Hamiltonic-
it y for G 2 G(n; p) and a colouring argument by which the random graph is
split into semi-randompiecesof di®erent colours. (This resembles the parti-
tioning argument mentioned in Section2.8.1regardingindependencenumber.)
Neither of these works was attempting to achieve a sharpest possibleresult
from this method. Frieze [41] later made improvements to cover all d ¸ 85,
giving a polynomial time constructive proof, beforethe appearanceof [99] and
[100] settled the matter for all d ¸ 3.

Theorem2.26hasnow beenimprovedin variousways to givemuch stronger
results. It is now known that for d ¸ 3, G 2 Gn;d is a.a.s. decomposable
into edge-disjoint Hamilton cycles(plus a matching if d is odd). In addition,
Hamilton cyclesare in a certain sensedensein random regular graphs: for
d ¸ 3 there is a.a.s.a Hamilton cycle containing a randomly selectedset of
o(

p
n) edgesof G 2 Gn;d . Theseresults and others are discussedmore fully in

Section4.3.
By putting vertices of degree2 in each selectededge,the last-mentioned

result translates to a result about random graphs with all vertices of degree
3 except for a small number of degree2. This is possibly the only non-trivial
result known on the existenceof perfect matchings or Hamilton cyclesin G 2
Gn;d , and yet the following is certain to be true.

Conjecture 2.27 Restricting d = d(n) to those sequenceswith elements di

in the range3 · di · D for some¯xed d and D, G 2 Gn;d is a.a.s.Hamiltonian.

It would be very interesting to prove this even for d = 3 and D = 4; probably
all the di±culties for this are encountered in the special casewhere half the
verticesare of degree3 and half of degree4 (mentioned in Section1.1).
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3 Other uniform models

3.1 Unlabelled regular graphs

How does one select an unlabelled graph uniformly at random? As in
Section2.7, let S be a set of unlabelled graphson n verticesand let S0 be the
set of all labelled versionsof them. By applying (15) to each singleton subset
of S, it follows that an unlabelled graph can be selecteduniformly at random
from S by selectinga labelled G 2 S0 with weight proportional to jÁ(G)j, and
then ignoring the labelson the vertices. From Theorem2.17it follows that for
3 · d = o(n

1
2 ¡ ² ), a structural property is a.a.s.true of G 2 Gn;d if and only if

it is a.a.s.true of a random unlabelled d-regular graph n-vertex graph.

3.2 Random bipartite graphs

For a model of random bipartite regular graphswe assumethat n is even
and that the verticesof onecolour are labelled 1; 2; : : : ; 1

2n, asare the vertices
of the other colour. The natural pairing model for d-regular bipartite graphsis
obvious: the cellscontaining points arethe sameasfor ordinary graphs,but the
randomperfectmatching is equivalent to a bijection betweenthe points in cells
of onecolour and thosein cellsof the other colour. As a result, calculationsare
usually even easierthan in the graph case.O'Neil [89] found that the number
of bicolouredd-regular graphson n vertices(n even) is asymptotic to

( 1
2dn)!e¡ 1

2 (d¡ 1)2

(d!)n
(20)

for 3 · d < (logn)
1
4¡ ² with ² > 0, and the sameresult (at least for d ¯xed)

was found in [4] using a model equivalent to the pairing model. O'Neil also
obtained a few results on random bipartite graphs.

More recently McKay [71] extended(20) to higher d using switchings, and
then McKay and Wang [76] extended to d = o(

p
n) using the new type of

switchings exemplī ed by the proof of Lemma 2.9.
For simplicity when we refer to the model of random bipartite regular

graphs we mean the model described above, which is actually uniform on
bicoloured graphs. It is not uniform on bipartite d-regular labelled graphs
becausethe number of 2-colouringsof a bipartite graph G is 2k wherek is the
number of components of G. To deal with graphs which are not bicoloured
but are rather bipartite, one notes (seebelow) that, at least for d ¸ 3, the
bicolouredgraphsare a.a.s.connected.This implies that the bipartite graphs
(takenasGn;d restricted to bipartite graphs)aresimilarly a.a.s.connected.For
d = 2 the situation is a bit more complicatedbut results can be obtained by
exact enumeration and we do not pursuethis here. So, in this article, random
regular bipartite graphshave the uniform bicoloureddistribution.

The distribution of short cyclescan be derived just as for graphs. The
expected number of cycles of length i is asymptotically (d¡ 1) i

i for all even
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i ¸ 4, and the numbers of cyclesof given boundedlengths are asymptotically
independent Poisson.This was all derived in [115].

Ellingham [35] showed the analoguesof Theorems2.10 (for d bounded)
and 2.12on connectivity of random regular bipartite graphs. The main result
on the expectednumber of automorphismsof a random regular graph, Theo-
rem 2.17, alsoappliesin the bipartite caseasshown by the very generalresults
of McKay and Wormald [78, Note beforeCorollary 3.5].

The expectation andvarianceof the number of perfectmatchingsin random
d-regular bipartite graphsweregiven asymptotically in [89] and [20] (for quite
smalld). For Hamilton cyclesthesequantities weregivenin [98], wherethe case
d = 3 of the following result was proved simply from Chebyshev'sinequality.

Theorem 3.1 (Robinson and Wormald [100]) For ¯xed d ¸ 3, a random d-
regular bipartite graph is a.a.s.Hamiltonian.

Godsil and McKay [51] obtainedasymptoticsfor the number of k £ n Latin
rectanglesfor k = o(n6=7). As part of the argument they ¯nd an asymptotic
formula for the number of perfect matchings (respecting the bipartition) in
a random edge-colouredbicoloured k-regular graph whoseedgeshave been
colouredsuch that each colour classis a perfect matching. This is equivalent
to the bicoloured analogueof the random graph model kGn;1 dē ned in Sec-
tion 4.3. Their derivation usesan integral formula to convert the problem into
oneabout short cycles,and from hereswitchingsareused(necessarily, for such
a large k).

3.3 Directed graphs

Let DGn;d denotethe uniform model of randomd-regulardigraphs(in which
each vertex has in- and out-degreed).

Cooper [28] showed for D 2 DGn;2 that D is a.a.s. strongly 2-connected
and [29] that a.a.s.every pair of verticeslies on a commondirected cycle. For
graphs,2-connectednessimplies such a property, but not so for digraphs.

For d = 2 the expected number of directed Hamilton cyclesgoes to 0, so
digraphs in DGn;d are a.a.s. not Hamiltonian. For larger d the situation is
di®erent.

Theorem 3.2 (Cooper et al. [31]) For d ¸ 3 a random digraph in DGn;d a.a.s.
hasa directed Hamilton cycle.

The proof of this employs the ideasfrom Section4.3, and is outlined near the
end of that section. A di®erent but related proof was given by Jansonusing
the small subgraphconditioning method directly (seeTheorem4.12).

The d-regular bipartite graph corresponding to a d-regular digraph has a
perfect matching by Hall's theorem(see[22] for example),and soall d-regular
digraphs have an edgedecomposition into 1-regular factors.
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3.4 Multigraphs

Nothing much hasbeendonewith uniformly distributed multigraphs. The
asymptotic number with a given degreesequence(with an upper bound on
the degrees)is found in [118], with loops permitted as well as multiple edges.
Benderand Can̄ eld [5] have a similar result, but they e®ectively count a loop
ascontributing degree1 to a vertex. Theseresultsshouldbepossibleto extend
to higher degrees.

Of coursemany results on the uniform model can be deducedfrom the
pairing model, which is not uniform but is close. This can be quanti ¯ed as
follows (here multigraphs permit loopsas well).

Theorem 3.3 (Janson [56]) For d ¯xed, an event is true a.a.s. for G(P),
P 2 Pn;d , if and only if it is true a.a.s.for d-regular multigraphs chosenu.a.r.

This doesnot follow from Theorem2.6, becausemultigraphs with many mul-
tiple edgeshave a reducedprobability of arising asG(P). HenceTheorem2.6
leaves open the possibility that a random d-regular multigraph a.a.s. has at
least say logn multiple edges. Somefurther analysisof the appropriate mo-
ments was required to prove this theorem.

3.5 Hypergraphs

There are someresults on uniformly distributed d-regular, r -uniform hy-
pergraphswith d and r ¯xed, asn ! 1 (subject to dn being a multiple of r ).
For many of the results on random regular graphs,similar techniqueswill suf-
¯ ce. For instance,Bollob¶as [10] stated an asymptotic formula for the number
of r -uniform d-regular hypergraphs,and Cooper et al. [32] applied the small
subgraphconditioning method to show that for ¯xed positive integersr and s,

lim P(Gn;r ;s hasa perfect matching ) =
½

0 s > ¾r

1 s < ¾r

where

¾r =
logr

(r ¡ 1) log
¡

r
r ¡ 1

¢ + 1:

3.6 Tournaments

In 1974Spencer[106] usedan argument akin to switchings to prove prop-
ertiesof subgraphsof randomregular tournaments. This gave the logarithm of
the number of n-vertex regular tournaments asymptotically. This result was
supersededby McKay [74], who found an asymptotic formula for the num-
ber itself using saddle-point techniques. This method, also used for asymp-
totic enumeration of tournaments with given scoresequenceby McKay and
Wang [77], is useful for studying random regular tournaments. In this way
Gao et al. [46] obtained someresults on subgraphsof random tournaments
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with a given scoresequence,and have shown that the expected number of
automorphismstends to 1.

4 The small subgraph conditioning metho d, contiguit y,
and superposition models

When it was¯ nally shown in [99] and [100] that almost all d-regulargraphs
areHamiltonian for d ¸ 3 (Theorem2.26), the central work involvedtwo appli-
cations of essentially the samegeneralmethod. The method hassinceproved
useful for gaining information on a variety of spanningsubgraphs,as well as
other large subgraphs,of random regular graphs. The strongestconsequences
are given in Section4.3.

The way in which the method works canbedescribedasfollows. (A precise
development of how to useit comesin the following subsections.)The random
variable Y = Yn of interest (for instance, the number of Hamilton cycles in
G 2 Gn;d ) has a variancewhich is of a sizecomparablewith the squareof its
expectation (as in, for example,Theorems2.24and 2.25). Thus, Chebyshev's
inequality is not strong enough to show that a.a.s. Y > 0. However, the
explanation for the large variancelies in the fact that the distribution of Y is
a®ectedby the presenceof certain small but not too commonsubgraphsin the
randomgraph|usually the short cyclesof given lengths. (By not too common,
we mean the expected number is bounded.) It turns out (in the caseswhere
the method works) that conditioning on the small subgraphcounts (up to some
preselectedsizeof small subgraphs)a®ectsEY, altering it by someconstant
factor. However, luckily and yet mysteriously, such conditioning reducesthe
varianceof Y, to the point that conditioning on the numbersof enoughsmall
subgraphsreducesthe varianceto any desiredsmall fraction of (EY)2.

Perhaps this is not a total mystery. For instance, one can imagine that
the number of ways in which a Hamilton cycle or perfect matching can \go
through" a short cycle depends on the length of the short cycle. Probably
the main mystery is not that conditioning on the small cycle counts a®ects
EY, but that the variancecan be madeso small by conditioning on the small
subgraphcounts. The computations which are performed in carrying out the
small subgraphconditioning method demonstratethis as a fact but leave the
userwith no underlying explanation of the e®ect. Thesecomputationscan be
described as follows. The set of all regular graphscan be divided into groups
according to the small subgraph counts. The variance VarY of Y can be
written asthe expectedvalueof the variancewithin a group, plus the variance
of the group mean. The calculationsshow that the latter consumesalmost all
of the varianceof Y, sothe variancewithin any group is small. Onededuction
which can be made from this is that Y > 0 a.a.s. This explains the basic
argument usedin [99], whereY counts Hamilton cycles,to show that G 2 Gn;3

is a.a.s.Hamiltonian.
Moreover, the asymptotic distribution of Y is determined from the distri-
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bution of the group meansand the sizesof the groups. The fact that the
group meansof the most commongroupsare closeto each other implies that
the valueof Y doesnot vary too much in the random graphs(except for a rare
event). For instance,taking Y asthe number of perfectmatchings in G 2 Gn;d ,
this shows that the number of perfect matchings in such a random graph usu-
ally varies by only a constant factor. This was used in [100] to deducethat
adding a random perfect matching to an edge-disjoint random (d ¡ 1)-regular
graph producesa random d-regular graph with somethingcloseto the uniform
distribution. This relationship is called contiguit y of the two models|p erfect
matching plus (d ¡ 1)-regular on the one hand, and d-regular on the other
hand|as dē ned precisely below. Hence, if random (d ¡ 1)-regular graphs
are a.a.s.Hamiltonian, so are random d-regular graphs,and so Theorem 2.26
follows by induction on d from the cased = 3. This is the secondmajor use
of the small subgraphconditioning method, and it leadsnaturally to the es-
tablishment of relationships between various non-uniform models of random
regular graphswhich are called heresuperposition models.

4.1 Contiguit y of models

Oneof the most important conclusionsfrom the small subgraphcondition-
ing method is well described in terms of altered probabilistic models. Suppose
that Y is a non-negative integer random variable dē ned on a spaceG with
EY 6= 0. We dē ne1 a new model G(Y ) with the sameunderlying set as G by
weighting the probability of each element G by Y(G). That is, the probability
of G in G(Y ) equalsthe probability in G multiplied by Y(G)=EY. Thus the
probability of an event H in G(Y ) is EG(Y ^ 1H )=EGY, where 1H is the indi-
cator function of H and ^ denotesthe conjuction of events. We have already
encountered this idea in the proof of Lemma 2.8 with Y = [X k;n ]r k .

It is a very interesting property of two di®erent random graph models if
all events true a.a.s. in one model are true a.a.s. in the other. To make this
precise, suppose that (Gn )n¸ 1 and ( bGn )n¸ 1 are two sequencesof probability
spacessuch that Gn and bGn di®eronly in the probabilities. We say that these
sequencesare contiguous2 if a sequenceof events An is a.a.s.true in Gn if and
only if it is a.a.s.true in bGn , in which casewe write

Gn ¼ bGn :

Contiguit y is clearly an equivalencerelation on thesesequencesof spaces.

1This de¯nition is for discrete probabilistic spaces,a context which can be assumedfor
this article. The method of this section holds in continuous spacesas well, by de¯ning
dQ=dP = Y=EGY where P and Q are the probabilit y measuresin G and G(Y ) respectively,
and the ¾-algebra is the samefor both spaces.

2Formally, two sequencesPn and Qn of probabilit y measuresare contiguous if Pn and
Qn are de¯ned on the samemeasurablespace(Gn ; Fn ) for each n, and for every sequenceof
measurablesets An , limn !1 Pn (An ) = 0 i® limn !1 Qn (An ) = 0. Here I have de¯ned the
(sequencesof) spacesto be contiguous if the probabilities are.
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The original approach in [99] and [100] is su±ciently strong for all the
applications of the small subgraphconditioning method which have occurred
to date and waspresented in generalby Molloy et al. [87, Theorem1]. However
Janson [56] was able to streamline the procedure by adjusting the method
of proof so as to eliminate several of the conditions required in [87]. This
simpli¯cation hasmadelittle di®erencein applicationsof the method: it turns
out that the extra conditions have beentrivially satis̄ ed in every application
so far. However, the simpli¯cation is dē nitely advantageous.

Theorem 4.1 ([56 ], see also [87]) Let ¸ i > 0 and ±i ¸ ¡ 1, i = 1; 2; : : :, be
real numbers and supposethat for each n there are random variables X i =
X i (n), i = 1; 2; : : : ; and Y = Y(n) dē ned on the same probability space
G = G(n) such that X i is non-negative integer valued, Y is non-negative and
EY > 0 (for n su±ciently large). Supposefurthermore that

(a) For each k ¸ 1 X i , i = 1; 2; : : : ; k are asymptotically independent Poisson
random variableswith EX i ! ¸ i ;

(b)

E(Y[X 1]j 1 ¢¢¢[X k ]j k )
EY

!
kY

i =1

(¸ i (1 + ±i )) j i

for every ¯nite sequencej 1; : : : ; j k of non-negative integers;

(c)
P

i ¸ i ±2
i < 1 ;

(d)
EY 2

n

(EYn )2
· exp

Ã
X

i

¸ i ±2
i

!

+ o(1) as n ! 1 :

Then

P(Yn > 0) = exp

Ã

¡
X

±i = ¡ 1

¸ i

!

+ o(1);

and, provided
P

±i = ¡ 1 ¸ i < 1 ,

G
(Y )

¼ G

whereG is the probability spaceobtained from G by conditioning on the eventV
±i = ¡ 1(X i = 0).

The proof of this theorem is basedon the ideasin the discussionat the start
of Section4. The role of condition (b) is to deduceby the method of moments
the joint distribution of the X i in G(Y ) , which then gives the expected value
of Yn conditioned on X 1; : : : ; X k . For the proof the factor (1 + ±i ) neednot be
interpreted. It is an adjustment to the expectedvalue of X i in the spaceG(Y ) ,
so that ±i = ¡ 1 only if conditioning on the event X i > 0 in G suppressesthe
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value of Y asymptotically. Condition (d) has beenat other times stated with
\ = " instead of \ · ", but \ · " implies \ = " anyway (seeJanson[56, Theorem
1, Note 4]), basically becausevarianceis always non-negative.

The hypothesesof the theoremarenormally veri¯ed in much the sameway
on each occasion.Most of the times this method hasbeenusedso far, the X i

are short cycle counts and so (a) is simply Theorem 2.5 or Theorem 2.6. In
all other cases,the method of moments hassu±ced for verifying (a). Part (d)
is veri¯ed like Theorems2.24or 2.25, and (b) is usually like a combination of
the two, harder than (a) but easierthan (d).

It follows immediately from contiguit y that the value of Y in G is usually
\close" to its expectedvalue.

Corollary 4.2 If the conditions of the theorem are satis̄ ed then

lim
² ! 0+

½
lim

n! 1
Pn

µ
² <

Yn

EYn
<

1
²

¶ ¾
= 1

wherePn denotesprobability in G.

From the arguments in [99] and [100] it wasclear that whenthe hypotheses
of the theoremaresatis̄ ed, the distribution of Y is determinedasymptotically.
Jansonmadethis explicit.

Theorem 4.3 (Janson[56]) With the samehypothesesas Theorem4.1,

Y
EY

d! W =
1Y

i =1

(1 + ±i )Z i e¡ ¸ i ±i as n ! 1 ;

where the variables Z i are independent Poissonvariables with EZ i = ¸ i for
i ¸ 1. Moreover, this convergenceand the convergenceof the X i to the Z i

expressedin Theorem4.1 (a) all hold jointly.

Thus in each casewhere contiguit y is proved using Theorem 4.1, we can if
so desireddeducethe asymptotic distribution of the appropriate variable im-
mediately by Theorem 4.3. Moreover, the joint convergencementioned here
meansthat the Z i are linked to the X i . Thus the distribution of Y conditioned
on any valuesof a ¯ nite number of X i is also determined asymptotically, for
examplethe distribution of Y conditionedon X i = k is asymptotically that of
W conditionedon Z i = k. This makesthe contiguit y assertionof Theorem4.1
easyto verify in view of the proof of [87, Corollary 1].

One more result is often usefulwhen the X i are short cyclecounts in Pn;d .
It is readily proved by applying Lemma 2.8 to the spaceG(Y ) .

Lemma 4.4 (Janson [56]) If the conditions of Theorem 4.1 hold and Y 0(n)
has the distribution of Y(n) conditioned on X 1(n) = X 2(n) = 0 then

EY 0(n)
EY(n)

! exp(¡ ¸ 1±1 ¡ ¸ 2±2);
E(Y 0(n)2)
(EY 0(n))2

! exp(¡ ¸ 1±1 ¡ ¸ 2±2)
E(Y(n)2)
(EY(n))2

:
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We mention one application of contiguit y immediately. Janson showed
in [56] that G(P), for P 2 Pn;d , is contiguous to a uniformly chosenrandom
regular multigraph (with loopspermitted). Theorem3.3 follows directly from
this.

4.2 Applications to regular spanning subgraphs and long cycles

In order to discussin somedetail how to verify the hypothesesof The-
orem 4.1, we consider the result of the arguments in [99], expressedin the
languageof contiguit y as follows.

Theorem 4.5 Let Hn denote the number of Hamilton cycles in G 2 Gn;3.
Then G(H n )

n;3 ¼ Gn;3.

Pro of The ¯rst and secondmoments of Hn are given by Theorem 2.25 with
d = 3. However, although the ¯nal result will be in Gn;3, it is a little simpler to
work with Theorem4.1whereG(n) = Pn;3. In this caseY = Y(n) is dē ned as
the number of Hamilton cyclesin the multigraph corresponding to P 2 Pn;3.
We have

EY 2

(EY)2
! 3: (21)

(In Pn;d for d ¸ 3 the limit is d
d¡ 2 , as shown in [42].) This secondmoment

calculation is the most di±cult part of this whole proof, and is virtually the
sameas the calculation required for Gn;d .

Let X i = X i (n) denote the number of cyclesof length i in G(P) for P 2
Pn;3. The condition of Theorem4.1 (a) follows from Theorem2.6 with

¸ i =
2i ¡ 1

i
(22)

(i ¸ 1). Working towards Theorem 4.1 (b), we next show that for any ¯xed
i ¸ 1

E(YX i )
EY

! ¸ i (1 + ±i ) (23)

where

±i =
(¡ 1)i ¡ 1

2i
:

Let D be some¯xed set of pairs of points corresponding to a Hamilton
cycle in pairings in Pn;3. By symmetry all copiesof D are equivalent and so
in Pn;3

E(YX i )
EY

= E(X i j D µ P):

If C is the set of pairs corresponding to an i -cycle (in which casewe also call
C itself an i -cycle), we classify C according to the con̄ guration of paths in
G(D \ C). We can assumethat there must be at least one such path as all
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pairs in C cannot be in D provided n > i . Give these paths a consistent
orientation along C (which multiplies counts by 2) and distinguish one path
as ¯rst (which multiplies counts by the number of paths and inducesa linear
ordering of paths around C). Thus

E(YX i )
EY

=
X

Q

1
2jQj

E(X i (Q) j D µ P) (24)

whereQ denotesthe sequenceof lengthsof paths, jQj is the number of paths in
Q and X i (Q) is the number of i -cyclesin P consistent with such a con̄ guration
Q. Fix on such a Q with k paths. There are asymptotically (2n)k ways to
choose the starting points of the paths on D together with their directions
along D. Almost all such points are well spacedfor n large, and once they
are chosenthe pairs in C, if it is to correspond to an i -cycle yielding Q, are
determined. The probability that thesepairs all occur in P 2 Pn;3 conditional
upon D µ P is asymptotically n¡ k . HenceE(X i (Q) j D µ P) ! 2jQj and
so (24) becomes

E(YX i )
EY

!
X

k¸ 1

2k

2k
j f Q : jQj = kgj: (25)

The ordinary generatingfunction for the number of con̄ gurations Q with
x marking the total number of verticesinvolved and y marking the number of
paths is g(x;y )

1¡ g(x;y ) whereg(x; y) is the generatingfunction for onepath; that is,
yx2

1¡ x . Thus, with squarebrackets denoting extraction of coe±cients,

E(YX i )
EY

!
X

k¸ 1

2k

2k
[x i yk ]

yx2

1 ¡ x ¡ yx2

= [x i ]
X

k¸ 1

1
2k

[yk¡ 1]
2x2

1 ¡ x ¡ 2yx2

= [x i ]
1
2

Z 1

0

2x2

1 ¡ x ¡ 2yx2
dy

= ¡ [x i ]1
2 log(1 ¡ x ¡ 2x2) + 1

2 log(1 ¡ x);

and (23) follows. To obtain the condition of Theorem 4.1 (b), one observes
that this argument works in generalfor higher moments and givesthe required
result.

Noting
P

i ¸ 1 ¸ i ±2
i = log3 and recalling (21), we seethat the hypothesesof

Theorem 4.1 are satis̄ ed. As ±i = ¡ 1 only for i = 1, Pn;3 is the restriction
of Pn;3 to pairings P with X 1 = 0, i.e. for which G(P) has no loops. The

conclusionis that P
(Y )
n;3 ¼ Pn;3. The theorem now follows using the dē nition

of contiguit y by restricting to X 2 > 0, since in Pn;3 the probability of this
event tends to a non-zeroconstant.
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Notes (i) An alternative way of proceedingfrom (25) to (23), which in some
applicationsleadsto signī cantly simplercomputations(seeJanson[56]),
is the following. Each intersection D \ C corresponds to a sequence
in f 0; 1gi determined by walking along C in a given direction from an
arbitrary starting edge (which multiplies counts by 2i ) and writing 0
for an edgenot in D \ C and 1 for an edgein D \ C. Each 0 must
be followed by 1 and contributes a factor 2 (by an argument analogous
to (25)). Regarding0 and1 astwo statesin a Markov chain (or something
similar), and imposing the condition that the ¯nal state is equal to the
initial state (since the ¯rst edgemust be returned to) we seethat the
sum over sequencesis Tr(A i ) where

A =
µ

0 2
1 1

¶
:

As the sequenceof all 1's is impossible,it follows that E(YX i )=EY !
1
2i (Tr(A i ) ¡ 1). Then by noting that A has eigenvalues 2 and ¡ 1, we
obtain Tr(A i ) = 2i + (¡ 1)i and then (23) as required.

(ii) Working the proof in Gn;3 insteadof Pn;3 merelyrequireseliminating loops
and multiple edgesin a coupleof places,which can always be doneusing
the method of moments. Alternativ ely, as in [99, 100], one can appeal
directly to the enumeration results of Bender and Can̄ eld [5] to count
the ways of adding edgesto an existing graph without creating multiple
edges,sincetheir main theoremallows arbitrary forbidden edgesas long
as a boundednumber are incident with a vertex.

From the proof of Theorem4.5 and Theorem4.3 we obtain the following.

Corollary 4.6 (Janson[56]) Let Hn denotethe number of Hamilton cyclesin
G 2 Gn;3. Then

Hn

EHn

d! W =
1Y

i =3

(1 + ±i )Z i e¡ ¸ i ±i as n ! 1 ;

where ¸ i = 2i ¡ 1

i , ±i = (¡ 1) i ¡ 1
2i , and Z i are independent Poissonvariableswith

EZ i = ¸ i for i ¸ 3.

Pro of Theseare the ¸ i and ±i obtained in the proof of Theorem4.5, so The-
orem 4.3 gives the claimed result for G(P), P 2 Pn;3 but with i ¸ 1. By the
joint convergenceof the variables, restricting to Gn;3 (i.e. X 1 = X 2 = 0) is
asymptotically equivalent to restricting to Z1 = Z2 = 0.

Similar arguments, using [42] for the variancecalculation, give the follow-
ing.
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Theorem 4.7 (Frieze et al. [42], Janson[56]) Let Hn denote the number of
Hamilton cyclesin G 2 Gn;d . Then G(H n )

n;d ¼ Gn;d for d ¸ 3.

To obtain a result generalisingCorollary 4.6, one only needsto note the
values¸ i = (d¡ 1) i

2i , ±i = (¡ 1) i ¡ 1
(d¡ 1) i and that X i is again the number of i -cycles(so

the product in the dē nition of W is again over i ¸ 3 for distribution in Gn;d ).
This was doneby Janson[56].

Pro of of Theorem 2.26 This now follows immediately by the dē nition of
contiguit y, sincethe event f Hn > 0g has probability 1 in G(H n )

n;d , so it is true
a.a.s.in Gn;d .

The proof of Theorem 2.26 in [100] was di®erent. It involved proving the
analogousproperty of perfectmatchingsgivenin Theorem4.8, and then argued
using contiguit y inductively as developed in Section4.3. In the caseof n odd
and d even this result could not be useddirectly, but instead another result
wasprovedwhich related to the distribution of the number of matchingswhich
missjust onevertex. (However, Janson[56] wasthe ¯rst to state the contiguit y
result for perfect matchings explicitly.) Other results on the distribution of
numbers of spanningregular subgraphsin Gn;d have beenobtained using the
samemethod, with the conclusionssummarisedin the next theorem.

A k-factor of a graph is a k-regular spanningsubgraph. (A perfect match-
ing is the edgeset of a 1-factor.) A 1-factorisation of a d-regular graph is a
set of d edge-disjoint 1-factors, equivalent to a partition of the edgeset into
perfect matchings. For enumeration purposes,we assumethesematchings are
ordered. (For d = 3 the number of 1-factorisationsis then equal to the num-
ber of orderedpairs of disjoint 1-factors, called double 1-factors in [87].) For
n even, let M n (dē ned in Gn;d ) denote the number of perfect matchings and
let Tn (dē ned in Gn;3) denote the number of 1-factorisationsof G. For all n
let Dn denotethe number of 2-factors in G 2 Gn;d (D comesfrom dwa, which
is Polish for 2), and let Bn denotethe number of orderedpairs of edge-disjoint
Hamilton cyclesin G 2 Gn;4 (a good namefor theseis Hamilton bicycles;hence
the letter B). The following result on M n essentially appearsin [100] and was
givenexplicitly by Janson[56], that on Tn wasobtained independently by Jan-
son [56] and by Molloy et al. [87], that on Dn is by Robalewska [95], and the
oneon Bn is by Kim and Wormald [60].

Theorem 4.8 Restricting to n even, G(M n )
n;d ¼ Gn;d for all d ¸ 3, and G(Tn )

n;3 ¼

Gn;3. With no restrictions on n, G(D n )
n;d ¼ Gn;d for n ¸ 4 and G(B n )

n;4 ¼ Gn;4.

Proving theseresults is like proving Theorem4.7, but the calculationsare
much easierin the caseof M n , somewhateasierfor Tn and Dn . The result for 2-
factors (Dn ) whend = 4 wasconjecturedin [56]. (More precisely, the stronger
multigraph version was conjectured for G(P) where P 2 Pn;d restricted to
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looplessmultigraphs, which no doubt follows in the sameway. As noted in
Section2, this spaceof multigraphs is not uniform.) For edge-disjoint Hamilton
cycles(Bn ) the samemethod wasagainused,but a really newideawasrequired
to compute the variance,including a proof of Theorem4.11below. In fact, it
wasa conjecturein [100] that a random 4-regulargraph a.a.s.decomposesinto
two edge-disjoint Hamilton cycles,and the related contiguit y result was later
conjecturedby Janson[56]. (Actually , the multigraph versionwasconjectured,
which also follows from the results in [60].)

In each of theseapplications, the X i are the short cycle counts as before,
and so ¸ i = (d¡ 1) i

2i as in (22). Other relevant values (all in the graph space
Gn;d ) are given in the following table. Hamilton cycles(Hn ) are included for
comparison.

Yn EYn » EY 2
n =(EYn )2 ! ±i

Hn e
p ¼

2n

³
(d¡ 2)d¡ 2 (d¡ 1)2

dd¡ 2

´ 1
2 n

d
(d¡ 2)e2=( d¡ 1)

(¡ 1) i ¡ 1
(d¡ 1) i

M n

p
2e1=4

³
(d¡ 1)d¡ 1

dd¡ 2

´ 1
2 n

e¡ 1
4 (2d¡ 1)=(d¡ 1)2

q
d¡ 1
d¡ 2

(¡ 1) i

(d¡ 1) i

Tn 2
p

e( 4
3)n=2 4e¡ 5=4 (¡ 1) i

2i ¡ 1

Dn e1=4
p

2
³

(d¡ 1)(d¡ 2)( d¡ 2) =2

d( d¡ 2) =2

´ n
e¡ 1

4 (2d¡ 1)=(d¡ 1)2
q

d¡ 1
d¡ 2

(¡ 1) i

(d¡ 1) i

Bn e7=4 ¼p
8n

( 3
2)n e¡ 55=36

p
24 ¡ 2+( ¡ 1) i

3i

Theorem2.24is usedfor the secondmoment of M n . The valuesof the ¯rst
two moments of M n and Tn for G(P), P 2 Pn;d (and hencethe corresponding
contiguit y resultsfor this multigraph space)aregivenin [56]; in all applications
examinedso far theseare obtained by omitting the powers of e, since these
and only thesefactors arise when sieving to remove loops and multiple edges
(seeLemma 4.4). Similarly, the contiguit y relating to Bn for G(P), P 2 Pn;d

restricted to looplessmultigraphs, follows from the results in [60]. For general
d, Janson also derives the value ±i = (¡ 1) i

(d¡ 1) i ¡ 1 relevant to 1-factorisations of
d-regular graphs, but it seemsto be too di±cult to obtain the variance for
generald.

In all cases,the limiting distribution of Yn is given immediately from The-
orem 4.3 (and this is donein [56] for M n and Tn , and in [95] for Dn ).

The obvious corollary of the result for Tn is that G 2 Gn;3 a.a.s. has a
1-factorisation for even n, but this already follows from Theorem 2.26 with
d = 3. The result for M n givesanother proof of Corollary 2.22. The result for
Dn shows that G 2 Gn;4 a.a.s.has a 2-factor, but this event has probability 1
anyway by Petersen'stheorem (see[33] for example). So the only new result
we obtain of this type is with Bn .
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Corollary 4.9 A random 4-regular graph a.a.s. decomposesinto two edge-
disjoint Hamilton cycles.

The surprising equality of the valuesin the last two columnsof the table
for M n and Dn has the following consequence.

Corollary 4.10 (Robalewska [95]) For even n,

M n

EM n
and

Dn

EDn

have the samelimit distribution in Gn;d (d ¸ 3).

Moreover, from the joint convergencegiven by Theorem4.1 and the fact that
the X i are the samevariables in each of these two cases,it follows that M n

and Dn are far from independent: they are asymptotically linked, and we can
write

M n

EM n
»

Dn

EDn
a.a.s.

in Gn;d .
Computing the varianceof Bn in Gn;4 required the following result, which

interestingly relatesto the modelsof random regular graphsin Section4.3.

Theorem 4.11 (Kim and Wormald [60]) Let n be even. Given four indepen-
dent random matchings M i , i = 0; : : : ; 3, of n vertices, the probability that
M i [ M i +1 induces a Hamilton cycle for each i (with subscripts mod 4) is
asymptotic to p4

H as n ! 1 , where pH »
p ¼

2n is the probability that two
independent random matchings of n vertices induce a Hamilton cycle.

There are recent extensionsof Theorem 4.5 in other directions. Robinson
and Wormald [101] establishedthe analogueof this theorem in which o(

p
n)

edgesof G 2 Gn;3 are chosenu.a.r., and the variable Hn counts only Hamilton
cycleswhich passthrough theseedges.A corollary is that if that number of
edgesof G 2 Gn;3 are chosenat random, then a.a.s.there is a Hamilton cycle
passingthrough them all. The limiting distribution of the probability wasalso
found, if c

p
n edgesare chosen. This is an interesting example in that the

variables X i in the use of Theorem 4.1 are not just the short cyclescounts,
but alsothe counts of short paths joining distinguishededges.A similar result
is by Janson and Wormald [57] that if the edgesof G 2 Gn;d are randomly
colouredin n colours, 1

2d of each colour, then a.a.s.there is a Hamilton cycle
using preciselyoneof each colour (provided d ¸ 8).

Moving away from regular spanningsubgraphs,in [98] the expectation and
varianceof the number of decompositions of G 2 Gn;3 into a tree and a cycle
were computed asymptotically. (The length of cycle is necessarily1

2n + 1.)
Janson[55] computedthe joint distribution with short cyclesand veri¯ed that
the small subgraphconditioning method performsasexpected;that is, almost
all cubic graphshave such a decomposition. The di±cult part is as usual the
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variance,coveredin [98], but the short cyclepart of the calculation is perhaps
more complicatedthan all the other examplesdoneso far.

Finally, asan exampleof useof this method with non-spanningsubgraphs,
there are the results of Garmo mentioned in Section2.5.

Several results have appearedon the random regular bipartite model. The
calculations for Hamilton cycles in bipartite graphs for the cased = 3 are
given in [98], in which casethe simple application of Chebyshev's inequality
to the expectation and variance is enoughto deducethat the probability of
Hamiltonicit y tends to 1. The sameis true of the generalcased ¸ 4 (but this
doesnot seemto havebeenpublished). The bipartite analogueof Theorem2.26
wasproved in [100] not by proving the bipartite analogueof Theorem4.7, but
it did involve verifying the bipartite analogueof the statement in Theorem4.8
about M n . The variance of Hn in the bipartite caserequires a function to
be maximised virtually the sameas that encountered for Gn;d in [42]. This
calculation is almost the sameas in the general graph case,and no doubt
calculations for Dn also follow a similar pattern in bipartite graphs. The
bipartite analoguefor Tn (1-factorisations)of the statement in Theorem4.8 is
veri¯ed in [87].

Let Hn denote the number of (directed) Hamilton cyclesin a digraph in
DGn;d (dē ned in Section3.3). Janson[56] usedthe small subgraphcondition-
ing method to obtain the following.

Theorem 4.12 (Janson[56]) DG(H n )
n;d ¼ DGn;d for all d ¸ 3.

Theorem3.2 is a corollary of this.
Although the results discussedin this sectionare strong in someways, the

method is extremely di±cult to extend to examination of Gn;d in general,and
no good resultsin this direction seemto beknown. It is not known for instance
if Conjecture 2.27hasany chanceof being proved by contiguit y.

4.3 The superposition arithmetic of contiguit y classes

Originating from the argument in [100], the notion of the union of two ran-
dom regulargraphson the samevertex set is very usefulfor proving asymptotic
properties of Gn;d . If G and bG are two probability spacesof random graphsor
multigraphs on the samevertex set, we dē ne their sum G+ bG to denotethe
spacewhoseelements are dē ned by the random multigraph G [ bG (called
the superposition of G and bG) where G 2 G and bG 2 bG are generatedinde-
pendently. Similarly, dē ne the graph-restricted sum of G and bG, denotedby
G© bG, to be the spacewhich is the restriction of G+ bG to simple graphs(i.e.
with no multiple edges|w e have no causeto use this operation when loops
are present). This is dē ned only if G+ bG contains at least onesimple graph.
In order to ensurethat all our probability spacescan be sensiblyrelated, we
assumewhen using theseoperations that the underlying setsare extendedto
cover all graphs(or multigraphs, asthe casemay be) on that vertex set. Thus
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any n-vertex graph which cannot be formed by the operation in question is
included in the space,but with probability 0. We looselycall models dē ned
by sumssuperposition models.

The two sum operations+ and © are clearly commutativ e and associative.
We dē ne

kG = G© ¢¢¢© G;

with k terms on the right. (The analogousproduct of k by G using + instead
of © is not so interesting for our purposeshere.)

It is alsostraightforward to derive the following result.

Lemma 4.13 (Janson[56]) Supposethat Gn ¼ G0
n and bGn ¼ bG0

n whereall four
spacesGn , G0

n , bGn and bG0
n are of graphson n vertices. Then

Gn + bGn ¼ G0
n + bG0

n :

Janson[56] discussedcontiguit y of multigraph modelsdē ned by both the
sum + and the graph-restricted sum ©, but in that paper the emphasisis
on the sum. Results for the graph-restricted sum can be obtained using the
multigraph results, and it is desirable to put this on a systematic base. A
crucial property required of the graph models in order for this idea to work is
that the probability that a simple graph is createdin the sum spacemust be
boundedaway from 0 (which incidentally ensuresthat the graph-restrictedsum
is dē ned). To ensurethis, we usethe property of every natural model, that it
is label-independent, by which we meanthat the probability of any multigraph
is the sameas that of any particular relabelled versionof that multigraph.

Lemma 4.14 Supposethat Gn ¼ G0
n and bGn ¼ bG0

n where all four spacesGn ,
G0

n , bGn and bG0
n are label-independent and all graphsin the spaceshavebounded

degree(and n vertices). Then

Gn © bGn ¼ G0
n © bG0

n :

Pro of Let An be any sequenceof events which is a.a.s.true in Gn © bGn . We
can regard An asan event in Gn + bGn also(after all, it is just a set of graphs).
Let Bn be the event that G 2 Gn + bGn has a multiple edge. Then An _ Bn is
a.a.s.true in Gn + bGn (where _ denotesthe union of events) and hencealso in
G0

n + bG0
n by Lemma 4.13. It then follows that An is a.a.s.true in G0

n © bG0
n once

we show that the probability of the complement of Bn in G0
n + bG0

n is bounded
below by a positive constant.

For this it su±ces to treat each pair of graphs G1 2 G0
n and G2 2 G0

n
separately, and considera random relabelling of each. We can usethe method
of moments. It is easilyveri¯ed that the expectednumber ¸ of edgesin common
betweentwo such randomrelabellingsis exactly half the product of the average
degreesof vertices in G1 and G2. The other moments are calculated and
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satisfy the relation (8) in Section2.3 (with k = 1). Hence(by Brun's sieve or
Lemma 2.8) the probability that the superposition of the relabelled copiesof
G1 and G2 createsno multiple edgesis asymptotically e¡ ¸ , which is bounded
below in view of the upper bound on vertex degrees.

The reverseargument, from G0
n © bG0

n to Gn © bGn , is identical.

For bicoloured graphs the analogueof Lemma 4.14 holds if the dē nition
of label-independenceis specī ed to include only those relabellings which re-
arrangethe labels within each of the two label sets.

If Y = Y(n) is the number of spanning k-regular subgraphsof G 2 Gn;d

which lie in some specī ed set Sn , then G 2 G(Y )
n;d has the distribution of

F (n) [ F 0(n) where the ordered pairs (F (n); F 0(n)) are sampled uniformly
such that F (n) 2 Sn , F 0(n) is a (d ¡ k)-regular graph on the samevertex set,
and F (n) and F 0(n) areedge-disjoint. Thus G(Y )

n;d = Un ©Gn;d¡ k whereUn is the
uniform spaceon Sn . Similarly, if Y is the number of decompositions of the
edgeset of G 2 Gn;d into j spanningk-regular subgraphsof G 2 Gn;d each of
which lie in a uniform spaceUn (so j k = d) then G(Y )

n;d = j Un . So, for example,

G(Tn )
n;3 = 3Gn;1 for n even. We can now restate Theorems4.7 and 4.8 in the

following form. Let H n denotea uniformly random Hamilton cycle (n even),
on the samen vertices as G 2 Gn;d for all d. The only item in the following
not explicitly covered already is (iv) for d = 3, which is equivalent to (ii) for
d = 3.

Theorem 4.15

(i) Gn;d¡ 2 © H n ¼ Gn;d for d ¸ 3.

(ii) Gn;d¡ 1 © Gn;1 ¼ Gn;d for d ¸ 3 and n even.

(iii) 3Gn;1 ¼ Gn;3 (n even).

(iv) Gn;d¡ 2 © Gn;2 ¼ Gn;d for d ¸ 3.

(v) 2H n ¼ Gn;4.

Wenext examineimplications of this theorem,taking an interestingspecial
case¯rst. From (ii) (usedrepeatedly), and (iii), and Lemma 4.14,

Gn;d ¼ dGn;1 (26)

for n even and d ¸ 3. Sinceevery element of dGn;1 has a 1-factorisation, this
implies the following.

Corollary 4.16 (Robinsonand Wormald [100]) For d ¸ 3, G 2 Gn;d a.a.s.has
a 1-factorisation when n is even.
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Another way to say this is that the edge-chromatic number of thesegraphsis
a.a.s.equal to d when n is even, which is best possiblesinceit must be d + 1
by Vizing's theorem when n is odd.

The main problem with d = 2 is that Gn;1 © Gn;1 6¼ Gn;2, since,as seenin
Section2.9, G 2 Gn;2 a.a.s.has an odd cycle, but G 2 2Gn;1 clearly doesnot.
Similarly, Gn;1 © Gn;1 6¼ H n 6¼ Gn;2, but thesethree form the only exceptions
in the rather pleasant arithmetic of contiguit y classesof regular graph models.
Earlier, weaker versionsof this result [56, 87] appeared at the times when
various parts of Theorem4.15wereproved.

Corollary 4.17 Let d ¸ 3, and supposed = 2j +
P d¡ 1

i =1 ik i with all terms
non-negative. Then

Gn;d ¼ j H n © k1Gn;1 © ¢¢¢© kd¡ 1Gn;d¡ 1;

with n restricted to even integersif ki 6= 0 for any odd i .

Pro of Lemma 4.14 is usedabundantly throughout. From (i), (iv) and (v),

Gn;d ¼ j H n © kGn;2 © Gn;d¡ 2j ¡ 2k (27)

for any k · 1
2d ¡ 2j . If ki = 0 for all odd i , take k = 1

2d ¡ 2j and combine
the copiesof Gn;2 into the desiredspacesGn;i using the sameresult in reverse
(with j = 0) for each space. If not, we can assumen is even, use (27) with
k = k2 and (26) to get

Gn;d ¼ j H n © k2Gn;2 © (d ¡ 2j ¡ 2k2)Gn;1

(unlessd ¡ 2j ¡ 2k2 = 2). Then recombine the copiesof Gn;1 into all the other
terms required using (26) in reversefor each term Gn;i , i ¸ 3. The required k1

copiesof Gn;1 will be surplus. The only caseleft is d¡ 2j ¡ 2k2 = 2 and k1 = 2,
whenceeither j > 0 or k2 > 0. From above we have Gn;d ¼ j H n © (k2 + 1)Gn;2,
and any two of thesespacescan be recombined to give Gn;4. This can then
be split as desiredsinceGn;4 ¼ Gn;3 © Gn;1 ¼ Gn;2 © 2Gn;1 by (ii) (twice) and
Gn;3 ¼ H n © Gn;1 by (i).

A completeHamiltonian decomposition of a d-regular graph is a partition
of its edgeset into the edgesof d

2 Hamilton cycles(for d even), or d¡ 1
2 Hamilton

cyclesand a perfect matching (for d odd).

Corollary 4.18 (Kim and Wormald [60]) For ¯xed d ¸ 3, G 2 Gn;d a.a.s.has
a completeHamiltonian decomposition.

One restatement of Corollary 4.9 is that a random 4-regular graph a.a.s.
hasfour 1-factorssuch that a certain pairwiseunion givestwo Hamilton cycles.
The following strengthening of this has not even beenproved yet for d = 3.
A perfect 1-factorisation of a d-regular graph is an edge-decomposition into
d pairwise disjoint perfect matchings such that the union of any two of them
givesa Hamilton cycle.
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Conjecture 4.19 For d ¸ 3, G 2 Gn;d a.a.s. has a perfect 1-factorisation
when n is even.

I also conjecture the contiguit y version of this; i.e. that GYn
n;d ¼ GYn

n;d whereYn

is the number of perfect 1-factorisationsof G.
There is strong evidencefor this conjecturefrom the results in [60], where

it is shown that imposingHamiltonicit y conditions on pairs of perfect match-
ings does not asymptotically alter the probability of such conditions holding
betweenother pairs (at least, not for a small number of pairs). If this is true
in generalthen the expected number of perfect 1-factorisationswill be large.
I believe that Theorem4.11extendsas follows.

Conjecture 4.20 Let n be even. The probability that d ¸ 4 random match-
ingsof n verticescreatea perfect1-factorisationof a d-regular graph is asymp-
totic to ( ¼

2n )d(d¡ 1)=4 as n ! 1 .

The cased = 3 is not conjectured here, becauseit is proved in [60], which
meansthat the expectednumber of perfect 1-factorisationsin G 2 Pn;3 or Gn;3

is known. The variance,as usual, is much harder to compute. The expected
number of 1-factorisationsof G 2 Gn;d grows exponentially with n, so by the
contiguit y expressedin (26) it is a.a.s.exponentially large. It seemsunlikely
that noneof these1-factorisationsis perfect, even if Conjecture4.20is in error
by a large factor. This supports Conjecture 4.19.

Corollary 4.18 is quite a strong statement about the structure of G 2
Gn;d and enablesquick proof of someresults already known. For even d it
immediately shows that G 2 Gn;d is a.a.s.d-edge-connected,giving the edge
connectivity versionof Theorem2.10for d ¯xed. Herearesomeother examples.

Pro of of Theorem 2.21 Take the decomposition in Corollary 4.18, and re-
moveoneedgefrom each Hamilton cycle. Sincethereareonly b1

2dc such cycles,
for n su± ciently large we can easily arrange that the removed edgesform a
matching (d even) or form a linear forest with the perfect matching in the
decomposition (d odd). The Hamilton paths form the other linear forests, to
obtain linear arboricity b1

2dc + 1 = d1
2(d + 1)e.

This proof alsoshows that the conclusionof Theorem2.21canbe considerably
strengthened:all but oneof the forestsin this proof are Hamilton paths, and
the other hasmaximum path length 1 (even d) or 3 (odd d).

The model H n ©Gn;1 hasalreadybeenstudied for its diameter,but without
the convenienceof contiguit y. A weaker version of the following result was
obtained by Bollob¶as and Chung [19], with lower bound log2 n ¡ 10 and upper
bound log2 n + log2 logn + 10.

Corollary 4.21 A Hamilton cycleplusa randommatching a.a.s.givesa graph
with diameter betweenlog2 n + log2 logn ¡ 4 and log2 n + log2 logn + 4.

Pro of This comesimmediately from Theorems4.5 and 2.13with d = 3.
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Bollob¶as and Chung [19] alsoinvestigatedthe diameterof a ¯xed regulargraph
plus a randommatching in order to show that it is possibleto ¯nd largeregular
graphs with small diameter using randomisation for only a small part of the
graph.

Janson[56] conjecturedthat the modelof random2-regulargraphsobtained
by taking a random permutation digraph and ignoring the directions of edges
¯ts in with the arithmetic of models just like the models H n and Gn;d (again
requiring d ¸ 3). However, no results in this direction have beenforthcoming,
probably becauseof the lack of a suitable framework for combining this model
with Gn;d . We conjecture that the model obtained from Gn;2 by restricting
to graphs with even cycles ¯ts in the sameway. (This is not the sameas
2Gn;1|the probabilities are di®erent.)

The theory of the superposition arithmetic of contiguit y classeshas pro-
gressedfurther for random regular graph models than for related models. For
bipartite graphs, Theorem 3.1 is proved in [100] in the sameway as Theo-
rem 2.26by treating 1-factorsin random (d ¡ 1)-regular bipartite graphs,and
examination of the argument will verify the analogueof Theorem 4.15 (ii) in
the bipartite case. The proof of Theorem 3.2 in [31] also usescontiguit y in
just the sameway: the bipartite regular graph related to a regular digraph is
contiguous to the graph-restricted sum of a perfect matching and a bipartite
(d¡ 1)-regular graph. The result is proved ¯rst for d = 3 working with the two
random parts of this decomposition, and the results for larger d again follow
by contiguit y.

Someof the other necessarybaseresults in this area are missing (seethe
comments on this near the end of Section 4.2). But this is due mainly to
the fact that they are almost the sameas the corresponding graph case. For
directedgraphmodels,evenmoreresultsaremissing,but this is dueto real dif-
¯ culties. Permutation digraphs, or 1-regular digraphs (with loops permitted)
are equivalent to matchings in the bipartite graphscorresponding to d-regular
digraphs, so contiguit y is known for these. On the other hand, in view of
Corollary 4.18and Theorem4.12we have the following.

Conjecture 4.22 A random digraph in DGn;d a.a.s. has d edge-disjoint di-
rected Hamilton cycles.

We alsoof courseconjecturethe contiguit y versionof this. From Theorem4.12
this would imply contiguit y of sumsof directed Hamilton cycles.

5 The generation problem

The di± culty of samplingfrom Gn;d , i.e. of generatingregulargraphsu.a.r.,
and the related problem for Gn;d , are part of the motivation for the \ algorith-
mic" models given in Section6. Those models do not have uniform, or even
well understood, distributions. In this sectionwe focus on uniform and near-
uniform distribution.
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5.1 Uniform generation for d large

Generatingan element of Gn;d is easyin the following sense:just generate
an element P of Pn;d and use G(P) if it has no loops or multiple edges. If
it is not suitable, repeat. This is implicit in the presentation of the pairing
model by Bollob¶as [10], and in the model usedby Benderand Can̄ eld in [5].
It was discussedexplicitly in [119], along with a non-probabilistic algorithm
for generating3-regulargraphs(which is much more complicated).

The di±cult y of this simpleprocedureis the number of repetitions required
beforesuccess.The expectednumber is exactly 1=P(Simple), which from (3)
and (5) is prohibitiv ely large for even quite small d, say d = 8. What can we
do for larger d?

McKay and Wormald [79] usedthe modern versionof switchings to give an
algorithm for generatinga random d-regular graph for d = O(n1=3) in which
the expected time per graph is polynomial (O(n2d4) in a version that would
be implementable, or O(nd3) in a version that quali¯ esas the programmer's
nightmare). The idea is to generatea random pairing in the pairing model,
wherethosepairingscorresponding to multigraphs with givennumbersof loops
and multiple edgesare all equally likely, and then usea random switching to
get to a random pairing with fewer loopsand multiple edges.An accept/reject
procedureis usedto make sure the resulting random pairing is uniformly dis-
tributed with those parameters. Iterating this procedureeventually reaches
pairings P such that G(P) is a simple d-regular graph uniformly distributed.
The \old" switchings do not help with this problem even for d = n² , and the
idea dē nitely cannot be extended in any easyway to get an algorithm for
degreen1=3+ ² with polynomial expectedtime per graph generated.

Earlier Tinhofer [109] consideredchoosingedgesconsecutively, each choice
a uniform choice from somerestricted set, so that a regular graph hopefully
results. This is combined with an accept/reject procedure to produce the
uniform distribution, which is basedon a posteriori computation of the prob-
abilit y p(G) of the generatedgraph. The probability of acceptanceis the ratio
of p(G) to an upper bound on p(G0) for all G0. Unfortunately basicallynothing
is known about such upper bounds, with the result that such algorithms do
not seemto be of practical usefor uniform generation,exceptperhapsfor very
small graphs.

The description of how to generatea random unlabelled graph given in
Section 3.1 was applied directly in [121] to generating random unlabelled d-
regular graphs. The expected time complexity per graph is linear in n for
d-regular graphs on n vertices if d is ¯xed. Achieving this requires judicious
useof accept/rejectprocedures,aswell asthe simpli¯cation givenin [120] of the
multidimensional optimisation problem involved in Theorem 2.17. However,
in an uncommontwist, the algorithm is not at all practicable for d = 3 and
4 unlessn is quite large, say n ¸ 200. This is becausesymmetriesare more
commonfor smaller n than for larger n.
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For random graphsin Gn;d , the result in [79] appliesto degreesequencesfor
which the maximum degreeis O(m1=4), wherem is the sumof the degrees.The
result is a polynomial time algorithm for uniform generation. Those in [109]
apply to any degreesequence(but tell us little).

5.2 Near-unifo rm generation

When uniform generation is di±cult, it is worth looking at near-uniform
generation. If the approximation to uniform can be madeto a given accuracy,
then probabilities can be obtained experimentally to the sameaccuracy.

Jerrum and Sinclair [58] gave a fully polynomial almost uniform generator
for d-regular graphs on n vertices; that is, a generationalgorithm which, for
² > 0, runs in time polynomial in n and log(1=²), such that all graphs are
generatedwith probabilities varying by a factor of at most 1 + ². This result
is remarkable in that it appliesfor all d. The analysisrequired to prove it uses
sophisticatedeigenvalue techniques for estimating the rate of convergenceof
a Markov chain to the stationary distribution. Unfortunately the polynomial
doesnot have very low order so this algorithm seemsto be of little practical
signī cance.

ÃLuczak and Wormald [64] studied a generalisedform of the random pro-
cessesdescribed below in Section 6 which suggestedthe algorithm studied
by Stegerand Wormald [107]. This seemsto be a very practical algorithm
(time O(nd2) expected per graph for small d, and good practical results for
all d · 1

2n, which su± cesby complementation). Although it does not give
the uniform distribution, for d < nc where c is a small positive constant, it
producesall graphs with asymptotically the sameprobability. That is, for
such d there are upper and lower bounds on the probabilities of a graph on
n verticesbeing generatedwhich are asymptotically equal as n ! 1 . Unfor-
tunately, there are indications that this algorithm doesnot give such a close
approximation to uniform distribution when d getspast n1=3.

This algorithm has useful properties even though it is equivalent to the
quite naive idea of generating (non-uniformly) at random an element of the
pairing model onepair at a time, at each step selectingonly from thosepairs
which will not createloopsor multiple edgeswith thosealreadyselected.This
processoccasionallygetsstuck, with unpairedpoints remainingand not legally
able to be paired, but experimental evidencestrongly supports the following
conjecture,with the value of the constant approximately 1

3 .

Conjecture 5.1 Let f (n; d) denote the probability that this procedure ter-
minates with a regular graph. Then f (n; d) is bounded below by a constant
for all d · 1

2n.

Jerrum et al. [59] showed that the algorithm in [58] appliesto a very wide
classof degreesequences.The proof relies on showing that if the degreesdo
not vary by too much, the number of graphsdoesnot changesradically with
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small perturbations of the degrees(maintaining the samenumber of vertices).
This incidentally givesan explanation of the di±cult y of enumerating graphs
or generatingrandom graphswith given degreeswhen the degreesvary wildly.

6 Algorithmically de¯ned models

As explainedin Section5, it canbedi±cult to e±ciently generatemembers
of Gn;d uniformly at random. There are no good practical schemesfor large d,
and the stateof a®airsfor Gn;d is evenworse. It is substantially thesedi±culties
which motivate the \algorithmic " modelsgiven here,but asidefrom this they
are often alsoof intrinsic interest due to their simplicity.

Tinhofer's scheme (seeSection 5.1) is basedon selectionof edgesby re-
peating a uniform selectionfrom a restricted set. Wilson [113] usesa similar
approach (ignoring questionsof distribution). A simple form of such an al-
gorithm is the following. Given d and n, start with n isolated vertices and
repeatedly add edgesjoining verticesof degreestrictly lessthan d. Each time,
the edgeaddedis chosenuniformly at random from all un¯ lled positions. This
is the degree restricted graph processwith parameterd, or d-processfor short.
The d-processstops when no more edgescan be added, i.e. when the graph
induced by the verticesof degreelessthan d is a clique.

This processwas consideredby Erd}os, who asked for the asymptotic dis-
tribution of the number of verticesof degreelessthan d in the ¯ nal graph (d
¯xed, n ! 1 ). This questionwas settled in [102] using the di®erential equa-
tion method together with someother arguments. It was shown that a.a.s.
the ¯ nal graph is regular if dn is even, and almost regular, with onevertex of
degreed ¡ 1 and the rest of degreed, otherwise.

The ¯ nal graph of the d-process,conditioned on it being d-regular, givesa
model of d-regulargraphswhich wedenotehereby Gdeg

n;d . Usingthe fact that the
numbers of verticesof given degreefollow closeto the solutions of di®erential
equations,Ruci¶nski and Wormald [103] alsodeterminedthe limiting distribu-
tion of the numbers of short cyclesin G 2 Gdeg

n;2 . Theseare asymptotically in-
dependent Poisson,but the expectednumber of cyclesof length i involvesan i -
dimensionalintegral. For i = 3 this simpli¯ esto 1

2

R1
0

(log(1+ x)) 2 dx
xex = 0:1887: : :,

which is a little di®erent from the expectednumber 1
6 of 3-cyclesin the uniform

model Gn;2. More recently, the sameauthors [104] showed that G 2 Gdeg
n;d is

a.a.s.connectedfor d ¸ 3, and the following is conjecturedthere.

Conjecture 6.1 For G 2 Gdeg
n;3 , P(G is disconnected) » cn¡ 2 wherec ¼ 0:25.

The corresponding statement in Gn;3 holds with c = 2
27.

If we do not condition on the ¯nal graph of the d-processbeing regular,
the probability of disconnectednessseems,from simulation results, to be much
higher than this. Nevertheless,the following seemsquite plausible.

Conjecture 6.2 Let d ¸ 3 be ¯xed. For G 2 Gdeg
n;d , G is a.a.s.d-connected.
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Telcs and Wormald [108], using a delicate application of the di®erential
equation method, found the probability that G 2 Gdeg

n;2 is a single Hamilton

cycle is asymptotic to
q

¼e¿

2n ¼ 1:819n¡ 1=2 where¿ =
R1

0
(log(1+ x)) 2 dx

xex , and also

determinedthe expectednumber of cyclesin G 2 Gdeg
n;2 quite accurately. These

valuesare alsocloseto thosein the uniform model Gn;2 (see(11) for example).
Although the evidenceis not very strong, the following is suspiciouslyhard to
disprove.

Conjecture 6.3 For ¯xed d ¸ 1 and dn even, Gn;d ¼ Gdeg
n;d .

Motivated by [109] and [113], in which the aim wasto conveniently generate
random graphswith given degrees,Robalewska [96] studied a random process
by which stars are added to ¯ll the required vertex degrees.We considerthe
regular casehere,and take d ¯xed. Beginningwith n isolatedvertices,at each
step chooseu.a.r. a vertex v of minimum degree,and chooseu.a.r. d ¡ d(v)
other verticesof degreestrictly lessthan d. Edgesare added from v to these
vertices, then the step is repeated. As with the d-process,stop when the
required edgesdo not exist or the graph is d-regular. This is called the star
d-process. Multiple edgesare impossibleby the degree-̄lling nature of the
process.

In the cased = 2 the short cycle distribution of the ¯ nal graph was ob-
tained in [96], as well as the asymptotic probability of Hamiltonicit y and the
distribution of the number of cycles. It wasalsoshown that the ¯ nal graph is
a.a.s.2-regular. The latter result was extendedto d-regular for ¯xed d, pro-
vided dn is even, in [97]. The methodsaresimilar to thoseusedfor d-processes.
Again, we can considerrestricting to thoseprocessesin which the ¯ nal graph
to d-regular, to obtain a probability spacewhich we call hereGstardeg

n;d .

Conjecture 6.4 For ¯xed d ¸ 1 and dn even, Gn;d ¼ Gstardeg
n;d .

7 A wider perspective

There are several interesting random graph models which involve either
special regular graphsor in somesensenear-regulargraphs. After mentioning
somecubic examples,we look at results on planar graphs and near-regular
graphsin a bit more detail.

McKay et al. [75] found the asymptotic number of claw-free cubic graphs.
Togetherwith the result in [101], their result implies that almost all of these
graphsare Hamiltonian.

Garmo [48, 49] dē ned random railways to be random cubic multigraphs
with oneof the three half-edgesat each vertex distinguished,and studiesspe-
cial connectivity properties of these (properties dē ned with respect to the
distinguishedhalf-edges).
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7.1 Random regular planar graphs

For enumeration purposes,planar graphs are normally studied embedded
in the sphereand with a rooting which consistsof distinguishing an edgeand
a vertex incident with that edge. For 3-connectedgraphs the enumeration
is equivalent to labelled planar graphs (just multiply the number of rooted
graphsby n!

4n to get the corresponding number of labelled planar graphs).
Many enumeration results and several on random planar graphswere ob-

tained in this way, for instanceTutte [110] showed that a random 3-connected
planar graph a.a.s.hasno automorphisms.Then a moregeneraltheory of ran-
dom planar graphsbeganwith the paper of Richmond et al. [92] showing that
a random 3-connectedcubic planar graph hasexponentially small probability
of being Hamiltonian. Richmond and Wormald [93] extended this result to
more classesof planar maps. Thesepapers also give results on the frequency
of subgraphsin such graphs.

Up to this point, resultswerequite dependent on generatingfunction anal-
ysis, but Bender et al. [6] freed the topic from generatingfunctions to a large
extent (although their argument to show this usesa modi¯ cation of the gener-
ating function singularity arguments in [92, 93]). Building on this, Richmond
and Wormald [94] showed that many classesof planar maps are almost all
asymmetric, thus including a simpler proof of the result of Tutte mentioned
above (amongstother things).

Benderet al. [7], returning to generatingfunction methods, showed that in
almost all 3-connectedcubic planar graphswith n edges,the largest cyclically
4-edge-connectedcubic component has about n=2 edges. Seealso Gao and
Wormald [47] for more generalresults.

7.2 Non-regular models

Somerandom graph models cannot easily be specialisedto models of reg-
ular graphs, and yet have features in common, in particular vertices of low
degreebut with a guaranteed lower bound on the degrees.Here is only a brief
mention of someof the results of this type.

Several authors have consideredthe random graph coming from a random
digraph in which k arcs are chosenout of each vertex at random, and then
the orientations are suppressedand multiple edgesare coalesced.Fennerand
Frieze [37] showed for k ¸ 23 that this is a.a.s.Hamiltonian. The big open
problemin this areais whether this is true for all k ¸ 3. For k = 2 the opposite
is true, as sketched in an exercisein Bollob¶as [16, SectionVI I I.5], becauseof
the asymptotically almost sure occurrenceof small subgraphscalled spiders
which kill Hamilton cycles. The result for k ¸ 23 has beenfar supersededby
the recent result of Cooper and Frieze [30] that a random 3-in, 3-out digraph
(in which from each vertex three arcs are randomly chosenin and three out)
is a.a.s.Hamiltonian.

An early result of Walkup [111], subsequently used by others, is that a
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random d-out directed bicolouredgraph with n verticesin each part (in which
from each vertex d arcs are randomly chosenout) a.a.s. contains a perfect
matching provided d ¸ 2 (and a.a.s.doesnot if d = 1). Frieze[40] later showed
that the superposition of two random1-out-regulardigraphsa.a.s.hasa perfect
matching (n even). Also in the spirit of the modelsin Section4, Friezeet al. [43]
showed that the superposition of ¯v e random trees is a.a.s.Hamiltonian. The
big open problem in this direction is whether three is enough.

Recently a model of random regular graphswith edgefaults hasbeenstud-
ied. Here the edgesof G 2 Gn;d are randomly deleted independently with
probability p each. For example,Goerdt [52] looked at the giant component,
and Nikoletseasand Spirakis [88] obtained concentration resultson the second
eigenvalue of the adjacencymatrix of the giant component.

7.3 Further unsolved problems

Besidesthe various conjecturessprinkled through this paper, there is one
issuewhich benē ts from emphasising.Largevaluesof d are in generala prob-
lem. For many of the results mentioned in this article, the obvious conjecture
is that the result holds for much higher valuesof d (such as Conjecture 2.11).
Can the generatingfunction method in [80] help here?It certainly doespermit
computation of the probability of setsof edgesbeing present, to someextent.
For another example, can one in this way show that for d » 1

2n, G 2 Gn;d

a.a.s.hasno non-trivial automorphisms?At least it would be good to extend
Theorem 2.17 past d = o(n1=2). Also can a practical near-uniform generation
algorithm be found for very large d (say d ¼

p
n or d = cn)? In addition,

further resultson random tournaments (Section3.6) would be interesting, but
this su®ers for one thing from a problem similar to the caseof Gn;d with large
d: high edgedensity restricts switchings.

For someof thesequestions,asymptotic enumeration of jGn;d j in the rangep
n < d < cn=logn may help. This is still wide open, and hasstrong implica-

tions for the model of the degreesequenceof a random graph in G(n; p) which
is given in [82].
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