Modelsof randomregulargraphs
N. C. Wormald

Summary This is a survey of results on properties of random regular graphs, to-
gether with an exposition of someof the main methods of obtaining theseresults.
Related results on asymptotic enumeration are also preseried, as well as various
generalisationsto random graphs with given degreesequence.A major feature in
this areais the small subgraph conditioning method. When applicable, this estab-
lishesa relationship betweenrandom regular graphs with uniform distribution, and
non-uniform models of random regular graphs in which the probability of a graph
G is weighted accordingto the number of subgraphsG has of a certain type. Infor-
mation can be obtained in this way on the probability of existenceof various types
of spanning subgraphs, such as Hamilton cycles and decompositions into perfect
matchings. Uniformly distributed labelled random regular graphs receive most of
the attention, but alsoincluded are seweral non-uniform models which come about
in a natural way. Some of these appear as spin-o®sfrom the small subgraph con-
ditioning method, and somearise from algorithms which use simple approadesto
generating random regular graphs. A quite separaterole played by algorithms is
in the derivation of random graph properties by analysing the performance of an
appropriate greedyalgorithm on a random regular graph. Many open problemsand
conjecturesare given.

1 Intro duction

Random graphs rst appearedin clewver probabilistic proofs by Erdps of
the existenceof graphswith special properties sud as arbitrarily large girth
and chromatic number. Thesehad not at that time beenfound constructively.
Much later, the study of random regular graphstook o®, beginning with the
works of Benderand Can eld [5], Bollob$s [10] and Wormald [118 117. This
has sincebeenfuelled in part by applicationsin other areassud as computer
science.An interesting application occursin biogeograply, whererandom non-
negative integer matriceswith givenrow and column sumsare of interest. See
Wilson [113, for example.

This paper is a survey of that part of random graph theory in which the
degreeof verticesare restricted. Suc work concertrates on regular graphsas
the most interesting examples,and the results on regular graphs often extend
easily to more generaldegreesequences.A d-regular graph is one with all
verticesof degreed. For d = 3 theseare often called cubic graphs.

The asymptotic enumeration of objects of a given type frequertly goes
hand in hand with the problem of generatingthe sameobjects uniformly at
random, and with nding someof the limiting probabilities in the resulting
probability space(seeJerrum and Sinclair [58]). Howeer, the two problems
are not equivalert.
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The distinction betweenthe approatesof exactand asymptotic enumera-
tion is important. Probably the rst result on short cyclesin random regular
graphs of degreeat least 3 was the determination of the expected number of
triangles in random cubic graphs[114. This was done by using recurrence
relations, and the asymptotic result g was obtained. Howewer, this method of
exact enumeration followed by asymptotic analysishasnot beenable to reach
any further for the type of problemsthat we are concernedwith here. For in-
stance,for the numbersof 2- and 3-connectedccubic graphsthere arerecurrence
relations [114, but no asymptotic formulae have beenobtained from these. A
moredirect probabilistic approad, with aninitially asymptotic viewpoint, can
do much more and leadsto asymptotic enumeration results in any case. For
instance, many of the resultsin the book on random graphsby Bollob$s [16]
canbe translated this way. In spite of this, exactand asymptotic enumeration
turns out to be usedrather heavily for someproblemshere, albeit indirectly
(for example,considerthe proofsin Section4.1).

Resultson random regular graphscan of coursebe usedto show that there
exist graphswith particular conbinations of properties; for instanced-regular
graphswhich ared-connected have arbitrarily largegirth, are Hamiltonian and
have no non-trivial automorphisms. There are other ways of getting regular
graphswith interesting properties in a constructive way, someof them quite
sophisticated(surveyed by Chung [26]), and thesesupply graphswith someof
the propertiesthat canbe found in random graphs. A notable exceptionis the
diameter, wherethe best known constructionsare only within a factor c> 1
of that of a random d-regular graph.

Howewer, the study of random regular graphsis recerily blossoming,and
some pretty results are newly emerging, suc as the almost sure property
that the edgescan be partitioned into disjoint Hamilton cycles (when the
degreeis even). This survey attempts to cover all the results, and shov some
relationships betweenold and new.

1.1 Overview and notation

Early in this article we encourter the uniform model of random d-regular
graphs and various properties of it, in Section 2, and then uniform models
similar to regulargraphs(suc asbipartite) in Section3. Extensionsto random
non-regular graphswith given degreesequenceare in the main mertioned at
the end of the appropriate subsection.For somepropertiesthe methods extend
easilyin this way (short cycles,connectivity) but for othersthey seemnot to
at all. For example,it is known that a large random 3-regulargraph is almost
surely Hamiltonian, and so is a random 4-regular graph. Howewer, presen
methods seemnot to be strong enoughto shaw that a large random graph
with say half of its vertices of degree3 and half of degree4 is almost surely
Hamiltonian.

In all this, we postpone detailed discussionof a general method called
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the small subgraph conditioning method until Section 4, becauseit requires
considerabledewelopmert and has interesting rami cations for models with
non-uniform distribution. It is enoughfor now to know that this givesin-
formation on the distribution of random variables which court certain large
subgraphsin the uniform model of random regular graphs. The problem of
generatingrandom regular graphsis consideredin Section5. We then visit
someother modelswith non-uniform distributions, and somemodelswhich do
not produce graphswith given degreesequencdut are somehaev similar. The
“nal farewell is with commerns on unsolwed problems.

Almost all of the modelsdiscussechere assumethat the graphsconcerned
have labelled vertices. Random unlabelled regular graphs can be accessedia
the labelled model by studying the order of the automorphism group of the
graphs(seeSection2.7).

For a non-negati\e integerj andrealx, [X]; denotesx(xj 1)¢¢¢(x j + 1).
We usethe notation P, E and Var for probability, expectation and variance,
sometimessubscriptedasin P to specify that the probability measureis asin
the probability spaceG. We say that an evert H, occursa.a.s.(asymptotically
almost surely) if PH, ! lasn! 1, with any obviously necessaryparity
restriction on n.

2 Uniform model for random regular graphs

We use G,4 to denote the uniform probability spaceof d-regular graphs
on the n verticesf1;2;:::;ng (where dn is even). Sosampling from G4 is
equivalent to taking sud a graph uniformly at random (u.a.r.). We usejGj to
denotethe number of elemerts of a uniform spaceG.

Another probabilistic spacecan be de ned as follows. Supposethat dn is
ewven, and for non-trivialit y taked , 1. Considera setof dn points partitioned

into 1dn pairs is called a pairing. A pairing P correspndsto a multigraph
(with loopspermitted) G(P) in which the cellsare regardedasverticesand the
pairs asedges:a pair (X;y) in P correspndsto an edge(v;;v;) of G(P) where
X 2 vi andy 2 v;. Sinceeah graph (which we assumeis simple; i.e. has no
loopsor multiple edges)orrespndsto precisely(d)" pairings, aregulargraph
can be chosenu.a.r. by choosinga pairing u.a.r. and rejecting the result if it
has loops or multiple edges. Non-simple graphs are not produced uniformly
at random since ead for eat loop the number of correspnding pairings is
divided by 2, and for eat k-tuple edgeit is divided by k!. This is the pairing
model of random regular graphs, given in this form rst by Bollob$s, but see
Section 2.1 for a description of pre-existing models. We denotethe (uniform)
probability spaceof pairings by P,.4. We can assumethat the points are the

The pairing model gives a basisfor proving properties of graphsin G,g4,
by doing computations in P4, and conditioning on the ewent that the cor-
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responding multigraph has no loops or multiple edges. We call this evert
\ Simple’, and note that it is a function of n and d. Knowledge of the value
of Pp,, (Simple) permits the following simple exploitation of the connection
betweenP,.4 and G, 4.

Lemma 2.1 Let H be an ewernt (set of graphs) in G,q and H° the set of
pairings in P4 that correspnd to graphsin H. Then

— PPn;d (H() .
Pas ()= Bisimpie)
Pro of This comesimmediately from the uniformity of the two models, and
the fact that ead graph correspndsto the samenumber of pairings. =

A pairing can be selectedu.a.r. in many di®erem ways. In particular, the
points in the pairs can be chosensequetially. At any stage,the rst point
in the next random pair chosencan be selectedusing any rule whatsoeer,
as long as the secondpoint in that pair is chosenu.a.r. from the remaining
points. For example, one can insist that the next point chosenis the next
one available in any pre-specied ordering of the points, or comesfrom a cell
cortaining oneof the points in the previouspair chosen(if any points sud are
still unpaired). We usethis idea se\eral times in this article and sogive it a
name: the independene property of the pairing model.

In addition, the pairing model provides a simple medanismfor enumerat-
ing d-regular graphs asymptotically. Sincethe number of pairings, or perfect
matchings, of t points is

t!

fit)= —==; 1
O = oz (1)
the number of d-regular graphson n verticesis precisely
. dn)!P (Simple
1Gha) = (dn)!P (Simple) . 2)

(dn=2)129=2(cliyn”

Thus, an asymptotic formula for jG,.qj canbe found by estimating P (Simple).
The pairing model for random graphs with given degreesequences an

cell v; cortains d; points, and a perfect matching of all the points is selected
u.a.r. Restricting to no loops or multiple edgesproducesu.a.r. graphs with

G4 In all asymptotic statemerts about this model we assumed is restricted
to sequencesvith even sum.

We next discussmodels for related conmbinatorial con gurations, and then
outline results on properties of G,.g.
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2.1 History of uniform models

The pairing model was rst given in its simple explicit form by Bollob$s
(beginning with [9]) and called the con guration model. (We prefer not to
refer to pairings as con gurations sincethe latter hasa broad meaningwhich
is usefulin many cortexts, for examplein Section4.2) A little earlier, Bender
and Can eld [5] useda modelin their enumeration of graphswith givendegrees
which is implicitly a generalisationof the pairing model (seeSection4 of that
paper). The di®erencas that they useinvolutions in placeof perfectmatchings
of points, becausehey study 0-1 matriceswith givenrow sums,which are the
adjacencymatrices of graphswith given degreesand asa result the entries of
the matrix on the main diagonal must be treated di®eretly. (An eriry 1in
the main diagonaldoesnot correspnd to a loop in the pairing model, sincea
loop usesup two points.) In addition, their analysiswas mademore generalby
allowing the possibility to specify a limited number of edgesto be forbidden.

Even earlier, Bk#ssy et al. [4] studied random 0-1 matrices with given
row and column sumsby using essetially a more generalmodel, in which the
points in the cells are arranged into classesof arbitrary specied sizesand
permuted at random. The argumert in [4] gave asymptotically the number of
sud congurations in which no two points in the samecell are of the same
class. In the general case,this gives a model of random bicoloured graphs
with given vertex degrees.On the other hand, in the special casethat every
colour classhascardinality 2, this is very similar to the pairing model, the only
di®erencéeingthat the edgesof the graph arelabelled. The resultsin [4] give
the number of pairingswhich induceno loopsin the multigraph. Independerily
of [5], the author's PhD thesis[115 studied random regular graphsfrom the
point of view of unlabelling the edgesin the model of multigraphs arising
from [4], which then becomesthe pairing model. Howeer, this model was
studied only indirectly in [119 becauseerumeration results on multigraphs
with loopsweresough. Onceadieved, thesewerebuilt onto nd the numbers
of simple graphs (with given degreesequence)as well as properties of sut
random graphs. The methods usedfor all thesevariations of the model are
equivalent to thoserequiredto study the pairing model.

2.2 Related enumeration results

Of courseresults on probabilities in a uniform model are inextricably as-
scciated with enumeration results. Most computations in this paper aim for
asymptotic results: unlessotherwisespeci ed, all limits referto n! 1 with
n restricted to even integersif d is odd.

Of major interestis an asymptotic formula for the number jG,.q4j of labelled
d-regular graphs, which by (2) amourts to estimating P(Simple). Read [9]]
gave an exact formula for jG,.4j which is unfortunately too complicatedto be
easily amenableto asymptotic evaluation for generald. For d = 3 howe\er,

his analysisleadsto the asymptotic expression%, which is equivalert
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to (3) for d = 3. In addition, any number of terms in an asymptotic series
expansionfor the number of cubic graphs can be obtained from his result.
Howewer, the ineleganceof his derivation dissuadedhim from applying it to
larger d.
Benderand Can eld's asymptotic formula for jG,4j can be stated as
Hoo LT

P (Simple) » exp Li

for xed d; 3)

wherehereand elsewheren this papera(n) » b(n) meansa(n) = (1+ o(1))b(n)
asn! 1 (with dn ewen, of course). Thus evaluating (2) using Stirling's
formula givesthe following.

Theorem 2.2 (Benderand Caneld [5]) For xed d

Hogoa T
d’n : (@)
ed(dh?

1
zn

Graj » 26l

This was found independertly in [113, and then Bollob§s [9, 101 gave the
airing model proof and showved that the formula applied for d = d(n) -
2logn i 1. A versionof this proof of (3) is in the next section.

From (3) it follows that P (Simple) is bounded below for xed d, a fact
which combined with Lemma 2.1 immediately yields the following. First, for
anewernt H in Pnq4, dene G(H) to be the ewert in G,4 cortaining precisely
all simple graphsof the form G(P) for someP 2 H.

Corollary 2.3 Letd, 1be xed, andlet H be an evert which is a.a.s.true
in Phq. Then G(H) is a.a.s.true in G,4.

McKay [72] used switchings (as described in Section 2.4) to extend the
rangeof d in (3) to d = o(n*™®). McKay and Wormald [8]] then useda new
sort of switching to nd the formula for d = o(" n):

U

. 2 3 CPalhl
P (Simple) = exp li & d d

i Oy )

Corollary 2.4 (McKay and Wormald [81]) For d = o(p n) the number of
d-regular graphson n verticesis

(dn)! _

(3dn)t2dn=2(d)n 4 12n n

McKay and Wormald also obtained a formula for d ¥ cn [80] which may have
consequencebr quite denserandom regular graphs:

a&i n=2 Hi 1+ 10 j 10,2ﬂ
ex

P_i :
H .' 1 d+1 . nij
iGual » 2 2/, (L1 ) )
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where, = d<nj 1), provided d = d(n) is an integer-valued function sud
that, for n sutciently large, dn is evenand minfd;nj dj 1g> cn=logn for
somec > £.

The formulae mertioned in this sectionhave their courterparts for graphs
with given degreesequenceshe most widely applicablebeingin [81] and [80].
These formulae allowed McKay and Wormald [82] to create a useful model
of the degreesequenceof a random graph in G(n; p). Sinceit has proved so
useful,the Bende{Can eld formula for boundeddegreed; is included here:

. (2m I‘Si i
JGh;dJ » (I m) n (6)
P , Pig¢
where2m = di and, = 5- 5 -

2.3 Short cycle distribution

The number of short cyclesin random regular graphsof small degreehasan
asymptotically Poissondistribution, asis the usualrule with the sum of many
nearly independen rare events. (This e®ectis called the \P oissonparadigm’
by Alon and Spencer[3].) The usualmethod of proving this usesan asymptotic
versionof the fact that a Poissonvariable is determinedby its momerts. This
method is presened here,saving a much more powerful (in the caseof regular
graphs) switching method for Section2.4.

Wesay that asetofvariablesX; = X", fori in somenite setl, dened on
a sequenceof probability spacesndexedby n, are asymptotially independent
Poissonwith means, ; if their joint distribution tendsto that of independen
Poissonvariableswhosemeansare xed numbers ;. To be precise,

A !
N Y -ri
Iin} P fXi=rg ! gzl (7)
n! .

i21 i21

for every xed setof non-negatiwe integersr;, i 2 |. (Recallthat n is restricted
to evennumbersin all limits if dis odd.) Throughout this section,weuseZ(, )
to denotea Poissonrandom variable with expectation | .

Theorem 2.5 (Bollob$s [10], Wormald [115 11§) For d xed, let X; = Xjn
(i , 3) be the number of cyclesof length i in a graph in G,4. For xed
k, 3, Xs;::1; Xy are asymptotically independert Poissonrandom variables
with means, ; = (@2,
This was derived in [10] using the pairing model, and independerily in [115
118 essetially from (6).

Theorem2.5 plays a major role in the results on Hamiltonicity and related
properties(seeSection4.2). As mertioned above, we alsoneedto calculatelim-
iting probabilities in the pairing model conditional on the evert Simple For
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this, a crucial step is the determination of P(Simple) asymptotically. Since
loops and multiple edgesare cycles of length 1 and 2, the short cycle dis-
tribution in the multigraphs correspnding to pairings provides a corveniert
common generalisationof P (Simple) and the distribution in G,4. This leads
to the following result, which was rst derived in full by Bollob§s.

Theorem 2.6 (Bollob$s [10]) For d xed, let X; = Xj, (i, 1) be the num-
ber of cyclesof length i in the random multigraph coming from a pairing in

N CEN

variableswith means, ; >

A Corollary of this is (3), obtained by consideringthe evert X; = X, = 0.

Before proceedingfurther, the reader desenes an explanation as to why
small connectedsubgraphsother than cyclesare not examined here. It is
becauseunlessthey are trees or unicyclic, they do not exist (a.a.s., unless
d is permitted to grow as a function of n, in which casethe analysis gets
more ditcult; seeSection2.4). The following result has been explicitly or
implicitly given sincethe rst examinationsof random regular graphs, and is
easily proved by estimating the expected number of subgraphsof the given
typein Ppng.

Lemma 2.7 For xed dandany xed graphF with moreedgeshan vertices,
G 2 G,4 a.a.s.cortains no subgraphisomorphicto F. =

Thus, the neighbourhood of a randomvertex in a hugerandomd-regular graph
looksjust like part of anin nite tree. It follows from the lemmathat a.a.s.no
two cyclesof boundedlength are joined by a path of boundedlength.

Pro of of Theorems 2.5 and 2.6 The plan is quite simple, following the
method of momerts. In this, the joint factorial momers of Xq.,;:::; Xk

Y A I
YK YK
imE Xl ! L (8)
n' 1
i=1 i=1
Theorem 2.6 follows from this by a well-known result (seeLemma 2.8). The-
orem 2.5 comesfrom Theorem2.6 by Lemma 2.1
To compute the left hand side of (8), for eadh 1 - i - k distinguish the
pairs of points correspnding to an ordered set of r; cyclesof length i. The
requiredvalue is the number of pairings with suc distinguishedpairs, divided
by the total number f (dn) of pairings. Letting s = ry + 2r, + ¢¢¢+ kry, the
number of ways to choosethe s distinguishedpairs in the correct con guration

for the desiredcyclesis asymptotic to
d(dj 1)n)°
K @)
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if exactly s di®erem verticesareinvolvedin the pairs, andis O(nsi !) otherwise
(since the vertices can be chosenin this many ways, and given the vertices,

the distinguished pairs can form only eb nite number of con gurations). The
cyclesof ead length canbe orderedin :‘=1 ri! ways, and the pairing canthen
be completedin

f(dnj 2s) » f(dn)=(dn)®

ways, by (1). Multiplying these together gives the right side of (8), asre-
quired. =

That proof required the following multivariate generalisation of Brun's
siewe, which is an implication of the Bonferroni inequalities (see[3] for exam-
ple). This generalisationis well known in probability theory (seeChung [27])
and is given without explicit proof in [16]. We show here how it follows from
Brun's siewe in a quite elemetary way. This proof mimics the structure of
the proof of Theorem 2.5 given in [11§. It is included especially becauseit
usesalterations of probability measure which will appearagainin Section4.1
Without lossof generality we could assumehat the X;., areindicator variables
for random events.

X1n: i1 Xken be non-negatiwe integer random variables de ned on the same
spaceG, for ead n. If (8) holds for eadh xed set of non-negatiwe integers
ry;::5rg, then the variables X1.n;:::; X¢.n are asymptotically independert

Poissonwith means, ;.

Pro of This is by induction onk; for k = 1it is Brun's siewe, soassumek > 1.

We take two cases: rstly , « = 0. Then (8) with r; = ¢¢¢=ry, ; = 0 and
r« = 1giveseXy ! 0, and so(7) holdswhenewerr, 6 0. On the other hand,
it holdsfor ry = 0 by the inductive hypotheses.

Sonow assume, ¢ > 0. Let G denotethe probability spaceobtained from
G, by weighing the probability measureaccordingto [Xy.]r,. Let P®and E°
denote probability and expectation in G, whereasP and E referto G,. Then
for any evert R and variable X in G,,

E([Xk;n]rk J R)P(R). E(X [Xk;n]rk).

PAR) = ; EXX) = 9
0( ) E[Xk;n]rk O( ) E[Xk;n]rk ( )

Thus from (8)

K 1 Qu n w1

EC [inl ! —S-= L

i=1 > K i=1
So by the inductive hypothesis, X1;:::; X; 1 are asymptotically Poissonin
G with means, ;. The sameis true in G,. S@if R is the event that X; =
r;i X1 = fg1, Wwehave PYR) 1 1 = X IP(Z(,i) = r;), and also
P(R)! | . Hencefrom the left equationin (9),

E([Xk;n]rk J R) i E[Xk;n]rk Lo
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But from (8) E[Xn]r, ! . 1¥, and so
E([Xk;n]rk J R) ! 5 rkk:

That is, in the probability spaceobtained from G, by conditioning on the evert
R = R;, the factorial momeris of Xy., tend to thoseof Z(, ). Henceanother
application of Brun's siewe implies that Xy., is asymptotically Poissonwith
mean,  in this conditional space.Now

PXi=r5:5Xk=1) = PXyx=rejR)P(R)
Ml
b PEZGk=r)  PEGi)=n1)

i=1

asrequired. m

Resultson the short cycle distribution for G 2 G,.q which generalisethose
given above were obtained in [10] and [11§.

2.4 The switching method: subgraphs, eigenvalues and spanning trees

The switching method enablesus to prove results about subgraphsof G 2
G..q When d, or the size of the subgraph, grows much more quickly than is
permitted in the proofs of Theorems2.5 and 2.6 given above. It often applies
for d = o(n°) wherec is some\reasonablé’ number like 3.

We de ne a simple switching in a pairing P to be the replacemen of two
pairs fpi; p20; f ps; Pag by fp1; Psg; fp2; pag or fpi; pag; fps; p2g. This induces
a switching of two edgesof the correspnding graph, and early switching re-
sults analysedthis operation directly on graphswithout referenceto pairings.
McKay [69] intro ducedswitchingsto the random regular graph sceneto obtain
generalupper and lower bounds on the probability of a subgraph occurring.
In [68 he usedthe method to obtain bounds on the probabilities of cycles
of various (unbounded) lengths occurring in G 2 G,4. It follows that sud G
a.a.s.satis esa certain condition which, asMcKay shavedin [67], implies that
the distribution of eigervaluesof G tends towards a xed function, which he
determined. The argumert exploits a connectionbetweenthe eigervaluesand
the cycle distribution via the number of closedwalks of length k (noting that
this is the trace of the kth power of the adjacencymatrix, which is of course
the sum of the kth powers of the eigervalues). The sameconnectionwas used
by Broder and Shamir [24] to obtain an asymptotic almost sure upper bound
on the second-largeseigervaluedn absolutevalue, for d even. This bound was
decreasedy Friedman[39 to 2 2dj 1+ 2logd+ c®holding with probability
1i O(ni ), wherec® dependson c.

In [70] McKay usedanothereigervalue connection,the matrix treetheorem,
in a similar way to show that if a sequenceof regular graphsG; onn; ! 1
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verticessatis es a certain asymptotic condition on numbers of cyclesthen the
number of spanningtreesin G; is (¢g + 0(1))" where

(di 1%t
(R 2d)rdi v
The required condition is shovn, using the switching results, to be true a.a.s.
for G 2 G,q4, implying that the nth root of the number of spanning trees
in G is a.a.s.asymptotic to ¢q (by which we meanit is a.a.s.in the interval
(cgi %3¢yt 2) forall 2> 0). McKay alsoproved a variety of strongerversions
and other variations of thesestatemerts.

The main power of switchingsis the ability to obtain accurateestimatesof
very small probabilities. As an example,we illustrate with a useof the more
modern switchings introducedin [79 and [81] which turn out to give results
more easily and stronger than using simple switchings asin McKay [71, 72].
The following result is part of the proof of (5) (giving an asymptotic formula
for jG,qj) for d = o(n*3) in [79.

Lemma 2.9 (McKay and Wormald [79)) Let S, denote the set of pairings
P 2 Pnq sud that G(P) haspreciselya loops, b double edgesand no edgesof
multiplicit y greaterthan 2, nor doubleloops. Thenfor1- a< d+ ! (n) and
b< d?+ ! (n), where! (n) ! 1 arbitrarily slowly, jSapj=jSa; 10) = %(1+
O(=5™).-

Pro of Denote a pair of points fp;;pg by pip;. Given any pairing in Sy,
choosea pair p;p, which projects onto a loop, choosetwo other pairs psps and
PsPs, and replaceall three pairs by the pairs pips, p2ps and psps to producea
pairing P° This switching operation can be written asthe composition of two
simple switchings.

We court how many ways this canbe donesothat P°landsin S, 1. There
are 2a ways to choosep; and p, (as an orderedpair), and roughly dn ways to
chooseead of p; and ps, which determine p, and ps. After this there is only
oneway to perform the switching described. However, somechoicesof p; and
ps lead to unwanted multiple edgescreated by the switching (O(d®n) choices
do this) or to triple edgeqO(bdn) do this) or unwanted loops(O(adn) do this)
or destroy loops or double edgesunintentionally (O(adn+ bdn) do this). So
the number of P%in S,, 1., correspnding to P is

W M (Al
d>+a+b
2ad’n? 1 — 1
adn i O an (20)
On the other hand, in how many wayscanP°2 S, 1., be produced? To reverse
the procedure,choosep; and p, in the samecell (in d(dj 1)n ways), and choose
ps to be any other point (in dnj 2 ways). Then ps, ps and ps are determined,
in that order, asthe points pairedin P°with the three chosenpoints. Call this
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choice\bad" if it doesnot determinethe reverseof the procedureasdescribed.
There are only a few causesof badnessput courting asbeforeshows that the
number of bad choicescannot exceedO(d*an+ d?bn+ d*n). Hencethe number
of P in S, correspnding to P%is
M M (Al
d®>+ da+ b
2 f1 2 1; .

d*(di 1)n" 1; O —an

and the result follows on division of (10) by this expression. =

This lemma can be usedto obtain the asymptotic probability that a = 0,
conditional upon a given value of b, by estimating jSa.pj=So.) (in the form
of a telescopingproduct of the ratios in the lemma) and summing over all
a which cortribute signi cartly. (Large values of a can be ruled out by a
simple expectation argumert.) This givesthe reciprocal of the desiredprob-
ability for d = o(n*=%). For d in this range, the restrictions in the hypotheses
of the lemma are easily justi ed in almost all pairings by expectation argu-
merts. To complete an estimation of P (Simple), we can use other types of
switchings for estimation of jSy.nj=5Sp.0j, and combining the two, we can esti-
mate jS,.pj5 So:0) for all the signi cart terms. Summingover a and b givesan
estimate of jPn.qj5So.0j, Which givesthe estimate of 1=P (Simple).

The superiority of the switching usedin this proof over a simple switching
(switch aloop-inducing pair with any other pair) is that the number of ways to
reversethe procedureis almostindependert of P. For the singleswitching, the
number of valid ways to reversethe procedure,given P° dependsheavily on
the number of triangles in P°. McKay [72] argued about the averagenumber
of reversals,in order to read d = o(n*™3); similar averag'wgargumerts in [8]]
for the \modern" switchings gave (5) (reaching d = o(' n)). Possibly this
averagingcan be pushedfurther, but at the expenseof a lot of work, and the
next step would only be n3=.

Further usesof switchings are mertioned in Sections2.5, 2.6, 2.7, 2.8, 3.2
and 5. Switchings alsowork ne on graphsin the model G,.4. In addition, an
argumert using one simple switching implies that many variablesde ned on
random regular graphs are sharply concertrated (Theorem 2.19. A general
description of the switching argumen and an application to G(n; p) canalsobe
found in [123. There the switchings give a relationship between probabilities
of everts rather than cardinalities of sets, but they still taste of courting.

2.5 Longer cycles

Theorem 2.5 implies an asymptotic formula for the probability that G 2
Gh.¢ hasgirth k whenk and d are xed (seeTheorem2.12. By the switching
method we can show that this asymptotic formula also applieswhenk ! 1 ,
simultaneously with d ! 1 . This is done for k closeto 3logyn by McKay
et al. [83]. The results on distribution of short cyclescan also be extendedin
this way to cyclesof unboundedlength.
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Garmo [50] usedthe small subgraphconditioning method to examinelong
cycles. He showved that provided k = k(n) ! 1 fasterthan clogn but k =
o(n), the number of k-cyclesin G 2 G,4 is concertrated near its expectation,
and he found its limiting distribution on the appropriate scale. If k=n! q,
0 < q < 1, the number is not so concenrated, the variance is a non-zero
constart times the square of the expectation, and the limiting distribution
was found.

2.6 Connectivity and diameter

For xed d, 3, G 2 G,q is d-connecteda.a.s.,aswasshovn independerily
by Bollob$s [11] and by Wormald [117 (originally in [113). This result can
readily be extendedusingswitchings(Section2.4) to d growing rather modestly
with n. The following extensionseemso be the strongestin this sensewhich
has appearedin print, but the upper bound was just what was neededat the
time and by no meansrepreses the limit imposedby the method.

Theorem 2.10 (Buczak[63]) For 3- d(n) - n%%2 G 2 G,q is d-connected
a.a.s.

This is proved below in the more restricted range3 - d(n) - 3logn, which
is about asfar as one can easily go without switchings or something similar.
The proof below actually givesthe bound O(n% %) on the probability that
G 2 G,q is not d-connectedfor d xed. It is easyto seethat this bound
cannot be improved for xed d (apart from the value of the constart implicit
in the O). In [117 and [63], non-regular versionsof this theorem were given.
(SeeTheorem2.16 below.)

Curiously, larger valuesof d seemto be more ditcult to handle, but we
can condently conjecturethat the samebasic result holds even for d of the
order of n.

Conjecture 2.11 For3:- d=d(n)< nj 3, G2 Gy is d-connecteda.a.s.

This conjectureis trivially true alsoford=nj 1andnj 2 The exclusion
of nj 3 is necessarysincethe complemen of G is then a 2-regular graph
which has non-zeroprobability of having a 4-cycle. Deleting the other nj 4
vertices from G gives a disconnectedgraph. To prove the conjecture fOIS d
bigger than n%%2 would not be too hard using switchings; somethinglike = n
should be possible. However, to read past d = nli * for arbitrarily small 2
would probably require a really newidea. On the other hand, for d very close
to n, it would becomeeasyto verify by analysingthe complemer.

For d = 2 the story is di®erert: a random graph in G,., is a.a.s.discon-
nected. In fact, it is connectedf and only if it is Hamiltonian, the probability of
which is easyto compute asymptotically. The number of Hamiltonian graphs
IS % and dividing by jG;.,j (say from Theorem2.2) gives

P(G 2 G, is Hamiltonian) » %e“p Yni 21, 1:87en 72 (11)
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The cyclic connectivity of regulargraphs,especially 3-regular,hasalsobeen
of considerableinterest. A set S of verticesor edgesin a connectedgraph G
is cycle-seprating if at least two componerts of Gj S cortain cycles. G is
cyclically k-vertex-onnected (cyclically k-edge-onnected) if it has no cycle-
separatingvertex (respectively, edge)set of cardinality lessthan k. Ford , 3,
a large d-regular graph with a j -cycleimmediately hascycle-separatingvertex
and edgesetsof cardinality (dj 2)j. By Theorem2.5, the probability that the
shortest cycle has length j tendsto a non-zeroconstart. This shortest cycle
length, or girth, is asymptotically the determining factor for cyclic connectivity,
asshaown in [117.

Theorem 2.12 Letd, 3andk, 3be xed. The probabilitiesthat G 2 G4
IS

(i) cyclically k-vertex-connected
(i) cyclically k-edge-connected
(i) of girth at leastk=(dj 2)
are all asymptotic to
v ey’

exp >
3 i<k=(dj 2)

asn! 1.

Theorem 2.5 determinesthis limiting probability from (iii).

Theorems2.10and 2.12 are both proved by shaving that deleting a small
subsetof the verticesof G 2 G,4 a.a.s.doesnot producetwo reasonablylarge
componerts. This usesa simple expectation argument (and, essetially and
surreptitiously, Markov's inequality, which can be found in many probability
texts sudh as Grimmett and Stirzaker [53]). It can employ either the formula
for the number of graphswith given degreesequencgasin [117), or calcula-
tions directly in the pairing model and then making useof Lemma 2.1 (as by
Bollob$s [11] and [16, Thm VI11.32], although the proof in the latter is over-
simpli ed: the analysisis falsefor large valuesof the variable a). Use of the
pairing model approad is demonstratedin the proofs given below.

A notion closelyrelated to the usual proofs of the connectivity results (for
exampleLemma2.14below) is the isoperimetric numker of agraph G, which is
the minimum value of the ratio j@Jj5Uj over all U p V(G), jUj - jV(G)j=2.
Here @ is the set of edgeswith exactly one endpoint in U. Bollob§s [17]
gave an asymptotically almost sure lower bound on this number for G 2 G,4.
It follows that the number is a.a.s.between 3d i 2(d) and 3d + 2(d) where
2(d)! Oasd! 1.

The diameter, diam(G), of agraph G is the maximum, overall u;v 2 V(G),
of the distance from u to v. For a d-regular graph G this clearly satises
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iV(G) - 1+ P dam(@)ild(d; 1). Graphs realising this bound are called
Moore graphs and are extremely rare. Roughly speaking, given n and d the
inequality gives a lower bound on the diameter of roughly log,, ; n. Using
methods somewhatrelated to those usedfor connectivity, Bollob§s and de la

Vega[2]] shaved the following.

Tl]eorem3 2.13 Thed|i<ameterdiam(G) of G 2 G,4 a.a.s.satis esl+blogy , NC
+ logy ; Y2logn - diam(G) - 1+ logy ;((2+ 2)dnlogn) :

Another result involving distancewas obtained by Bollob§s [13], on the prob-
ability that for G 2 G,4, eat vertex v is determineduniquely by the sequence

k is a function of n. This evert implies that the automorphism group of G is
trivial.

We turn now to the proofs of Theorems2.10and 2.12 Theseare included
not only becausethe latter has not been proved directly using the pairing
model before, but also as an example of using the independenceproperty of
the pairing model. This is in the following lemma. First a technical de nition:
let us de ne an (s;j)-semrating set of a graph G to bea setS u V(G) with
jSj = ssud that Gj S hasa componert with exactly j vertices.

Lemma 2.14 Let d and s be arbitrary. For P 2 P4,
2+s=duj + S‘"j(%di b

1 3
nzs(j + s)2°
- (+9)

P(G(P) hasan (s;]j)-separatingsef) < 3

forallj < 2nj s.

Pro of Let X denotethe expected number of (s;])-separatingsets. To show
P(X , 1)! O0it is enough,by Markov's inequality, to shov EX ! 0. If
sudh a set S exists, let F be a componert of Gj S with jV(F)j = j and let
T =S\ N(F). Putt=|Tj. Thej celllsaof P correspndingto V(F) and the
t cellsfor T canbe chosenin at most J” n' ways.

Sinceead vertexin T hasdegreeat least1 in the subgraphof G inducedby
F[ T, the numberr of edgeswith at leastoneendin F satisesr , (jd+t)=2.
Givenr andthe cellsin V(F)[ T, what is the probability that arandom pairing
hasr pairs of the requiredtype? By the independenceproperty of the pairing
model, sud pairs can be selectedby repeatedly selectingthe pair cortaining
the next unpaired point in a cell in V(F). The probability of succeedingn
the ith step of this random process,conditional upon succeedingn all earlier
steps,is % Sothe probability of selectingr sud pairs is at most

Yot @ Dzd Pt

ni (2ii 1)=d [N]2r=d

(12)

i=1



16 N. C. Wormald

wherewedene [ji+- fori 2 Zand0< 2< 1to bel[jJi(j i i)°’. Thus
Mo Mg 1 Mo [
TG A g 0 T S ) g
o [N]2r=d J o [Nli+t=a J!

EX -

sincej +t- j+s< %n and 2r=d, j + t=d. The sumovert - s canbe
corveniertly boundedby 3 times the term with t = s. We have

, . . . |
i+ Shesa_ b G sy
————— < min —— P .

[N]; + s= [P(ni ji s=d ni
Apply the rst term in the minimum to onefactor in (13) alongwith nj jj 3>
in, and usethe secondterm on the other factors, to obtain the lemma. =

In the caseof graphs, which by de nition have no loops or multiple edges,
the result of Lemma2.14 can be improved for smallj asfollows.

Lemma 2.15 Letd= d(n) < n*3. For P 2 P4,

. Tig tivt
uj + S (i 1+ 2) j+s.

P(G(P) 2 G,4 and hasan (s;])-separatingset) < 2

n

n
Pro of Firstly, we can assumej < 2d and s < d? since otherwise there is
nothing to prove. If G is a graph, the lack of loopsand multiple edgespermits
replacem(le((bof the inequality r , (jd+ t)=2 in the proof of Lemma 2.14 by
r, jdi L. Repeatingthe rst part of that argumert, and bounding (12)
by (j + t)29=nz%, shaws that the worst caseist = sandr = (jd+ t)=2. The
sumovert and r can be boundedby say twice this largestterm, which gives
the lemma. =

Pro of of Theorem 2.10 Forn, d+ 1, agraphwith n verticeswhich is not
d-connectedcortains a (dj 1;j)-separatingset for somel- j - In. For d-
regular graphs,j = 1 canbe excludedimmediately. For 2 - j - d the bound
in Lemma 2.15is O(n? 9(d + 1)%i 1), with the worst casealways occurring
atj = 2, aswell asj = 3 in the cased = 3, the other casescortributing
negligibly. For j > d we usethe boundin Lemma2.14 which is at most

27( + d)i(zdi D 3d
n (3di i 3(di 1)

This is O(n% 9) forj = d+ 1 andj = d+ 2 (worst cased = 3), O(nli 9)
for j = d+ 3, and much smallerfor j = in. For the valuesin between, the
secondderivative with respectto j of the logarithm of (14) hasthe samesign
asj(dj 2)+ d(2di 7), which is positive for j , 3. Henceit is a corvex
function of j, and the sum of (14) overd+ 3 - j - inis O(n% 9). Sofor
P 2 Pn4, the probability that G(P) is a graph which is not d-connectedis
O(nzi d(d + 1)2di 1)_

The theorem now follows by Lemma 2.1 and the estimate for P (Simple)
in(5). =

(14)
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Pro of of Theorem 2.12 A cyclically k-edge-connected-regular graph with
sutciently many verticesmust have girth at leastk=(d; 2). On the other hand,
let G bed-regular, of girth at leastk=(dj 2), andwith acycle-separatingvertex
setS sudh that jSj = s< k. Then G S hastwo componerts with cyclesand
henceone of them hasj verticesfor k=(dj 2) - j - 3n: Sinces and d are
bounded, the upper bound in Lemma2.14is

O(1)(j + 5) G4 D" 2.
nzi(di 2)i 3s '

Sincej (dj 2), s+ 1, thisisO(ni %) forj nearits lower bound, and analysisas
for (14) shavsthe sumover all relevant j is O(ni %). Hencefor P 2 P4, G(P)
a.a.s.either has girth lessthan k=(dj 2) or is cyclically k-vertex-connected
and hence (for n large enough) also cyclically k-edge-connected.It follows
by Lemma 2.1, (3) and Theorem 2.5 that the probability that G 2 G4 Is
cyclically k-vertex-connected,cyclically k-edge-connectedor of girth at least
k=(dj 2), all tend to the samenon-zeroconstart asn! 1. =

Note The proof of Theorem2.12is easilyadaptedto permit d and k to grow
slovly with n, usingthe result mertioned in Section2.5to estimate the prob-
ability of having large girth. Howeer, evenfor d xed, it is only easyto reach
k = o(loglogn). To go past this point would require more careful estimation
of the probability of having a cycle-separatingset in the conditional spaceof
large girth, which would appear to be even more di+ cult than extending the
range of d in Theorem 2.1Q Again, the switching method would presumably
be required here.

We closethis subsectionwith mertion of a similar result for G,.4.

Theorem 2.16 ([117) Fix 3 P d- D, and for eath n let d = d(n) =
(dy;:::;dy) 2 [d;:::; D] with d, even. The probability that G 2 G4 is
not d-connectedis O(n% 9).

Buczak's theorem in [63 shaws that this is also valid with the upper bound
d - n%%2 put with the bound O(n% %) weakenedto o(1). Theorem 2.16is
the degree-restrictedcourterpart of the result of Erdps and R&nyi [36] that a
random graphwith n verticesand 3nlogn+ O(n) edgesa.a.s.hasconnectivity
equalto its minimum degree.Without degreerestrictions, a much higher edge
density is required before higher connectivity occurs, but for both models of
random graphsthe basic e®Rectis the same: vertices of degreelessthan d are
a.a.s.the only obstruction to d-connectedness.

In [63], Buczak also considersrandom graphs with given degreesequence
wherethe minimum enry is 2, obtaining results on the number and nature of
the componerts. Molloy and Reed[85 gave a nice extensionof theseresults,
to determine asymptotically necessaryand sutcient conditions on the degree
sequencel (with minimum degree2) for arandomgraphin G,.4 to havea.a.s.
a giant componert.
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2.7 Automo rphisms and unlabelled graphs

What is the number U,.4 of unlabelled d-regular graphson n vertices? Let
S be any set of unlabelled graphson n vertices, and S° the set of all labelled
versionsof graphsin S. A simpleapplication of the FrobeniugBurnside lemma
gives LX |
o I x( (15)
Y2 Sn

iSj=

where S, denotesthe group of permutations of the label setf1;2;:::;ng and
X (%) denotesthe set of graphsin S° xed by % (SeeHarary and Palmer [54]
for a variety of applications of this principle to the enrumeration of unlabelled
graphs.) With id denoting the identity permutation, j x (id)j = jG,.qj and so
X
I x (M) = o(jGuaj) (16)

Y2 Spnfidg

is equivalert to
5 Ung » JGgj=n!: (a7)
Rewrite X(¥) =  4,50X(G;¥), wherex(G;%) is1if G 2 x(¥) and O
otherwise. Rewersingthe order of summationin (15 then gives

1 X
isj= —  AG);
" G2so
where A(G) denotesthe number of %42 S, which x G.
Hence(16), via (17), is equivalert to

E(AG)! 1 for G2 Gg: (18)

Bollob$s [14] shaved that this condition holds for xed d, 3. In a more
generalinvestigation of McKay and Wormald, this was extendedto the follow-
ing result.

Theorem 2.17 ([78]) Let 2 > 0Oand 3 - d = d(n) = O(nzi*). Then
E(AG)) ! 1for G2 Gy.

This and Corollary 2.4 imply the following.
Corollary 2.18 For2> O0and3- d= d(n) = O(nzi ?),
U
B (dn)! 1) &> o
Una = Gnzzyaz@ymni P~z 1 1 T oD

T

Versionsof Theorem 2.17 are invariably proved by going badck to (16) and
noting that if %2 S, nfidg, then for any graph in x (%), the arrangemen
of edgesincident with verticesmoved by %ais seerely restricted. The various
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possiblesubgraphsinduced by theseedgeshave a low probability of occurring
in G 2 G,4, and the sum of this probability over all sucd subgraphsand ¥is
0o(1). Bounding j x (%)j is achieved by classifyingG 2 x (%) accordingto the
numbers of edgesjoining verticesin cyclesof ¥ of given small lengths. This
leadsto optimisation over seweral variables. A proof is given for boundedd
in [12Q which is signi cantly simpler than the others becauseof the way in
which it handlesthesevariables.

Computationsto bound the probability of subgraphsoccurring canbe done
directly in the pairing model asin [14] and [12( for xed d, but for d growing
signi cantly with n asin [7§ the switching method (Section 2.4) is required.
No doubt Theorem2.17is still valid with the upper bound on d increasedto
d- nj 4, but aproof of this seemsout of reat at presen.

The results of McKay and Wormald [78] actually treat the model G,.4 with
varying degrees,and results are obtained like Theorem 2.17, but the upper
bound on degreesdependson how many verticesof low degreeare permitted.

2.8 Packing, covering and colouring

The independenceproperty of the pairing model has been used heavily
in padking and covering problems(including colouring, which is equivalert to
coveringwith independert sets). Somealgorithms (say, for nding independert
sets)canbeanalysedby generatingthe pairs of the pairing in the orderin which
they are examinedby the algorithm, aslong asthe algorithm is\greedy" in the
sensdhat it doesnot have to know too much about the part of the pairing not
yet generated. An upper or lower bound can then be obtained a.a.s.on the
graph parameter of interest, by determining the behaviour of the algorithm
a.a.s. Seeral results along these lines have been obtained by shawing that
the parameter of interest a.a.s.closelytracks a function given asthe solution
of di®eretial equationsthroughout the generation process. Convergenceis
proved using supermartingale inequalities. This is referred to belon as the
di®etential equation methal. It is descrikedin [123, but see[124 for a much
more comprehensie and up to date exposition.

Quite apart from this, there is a generalconcetration result using mar-
tingales which appliesto many random regular graph parameterswhich are
large. A generalstatemert of the result seemso be lacking sofar (though a
particular casewas referredto by Frieze and Suen[49)), and so we give the
following. We write P » P°to denotethat two pairings P and P° di®er by a
simple switching.

Theorem 2.19 If X,, isarandomvariablede ned on P4 suc that jX,(P)j
Xn(P%j - cwheneer P » P° then
H e 1
P(GXni EXnj, t)- 2exp anc@

forallt > 0.
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Pro of Hold n xed and write X = X,. Generatean elemen P of P4 by
choosing the pairs consecutiely. After ead pair is completed, canonically
choosethe next point to be paired by someconvertion (such as the lowest-
numberedunpaired point) and chooseits materandomly. Let Py be any pairing
with the order of pairs speci ed accordingto the order of generation,let Po(m)
denotethe setof the rst m pairsin Py, and de ne

Ym(Po) = E(X(P) ] Po(m) 1 P)

tingale constructedthis way is called a Doob martingale; seeMcDiarmid [65]
for example), and we have Yo(P)=EX and Yg=2(P) = X (P). The theorem
now follows from Hoe®ding's inequality (also called Azuma's; see[65]), once
we show that jYh+1 (P) i Ym(P)j < c for all m; that is, the martingale has
di®erencesboundedby c.

For given Py, let i denotethe canonicalnext point after the pairsin Py(m)
are chosen,and let S§; denote those pairings in P4 cortaining all of Po(m)
as well asthe pair fi;jg. Then for any ] and k which occur in no pairs in
Po(m), eadh P 2 S correspndsto a unique P°2 S, by the simple switching
ffi;jg;fk;lgg$ ffi; kg;fj;lgg, wherel is determinedasthe mate of k in P.
This givesa bijection betweenS; and S¢. By assumptionjX (P9 X (P)j - ¢,
and the requiredbound on the di®erencesow follows becauseP,,.4 is a uniform
space. =

One way of deriving results on G, using Theorem 2.19is to considerY,
dened on G,4 sud that Y(G(P)) = X(P) for all P 2 Simple where X,
satis es the hypothesesof the theorem. Then

PGY, i EYaj. 1) Zex el
J nl n] 5 p p dncz

in G..q, wherep is the probability (in P,.4) of Simple This givesconcertra-
tion of X,, and normally implies that EX, is well approximated by EY, (but
P (Simple) and the range of valuesof Y,, can a®ect quarti cation of this).

2.8.1 Independent sets, dominating sets and star forests An indepen-
dent set or stable set in a graph G is a set of vertices no two of which are
adjacen, and the independene numker ®G) of G is the cardinality of a max-
imum independen setin G. A dominating setis a set S of verticessud that
every vertex not in S has at least one neighbour in S, and the dominating
numbker ®G) of G is the cardinality of a minimum dominating setin G.
Sincea simple switching in a pairing P can change® G(P)) by at most 1,
Theorem2.19and Corollary 2.3 imply that ®& G)=V (G)j (called the indepen-
dencelgatio) is concettrated whend is xed. For instance, it is a.a.s.within
logn=""n of its expectedvaluefor G 2 G,4. A similar statemert holds for the
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dominating number. In spite of this, no argumeri has been forthcoming to
show that the expectedvalue of ®& G)=n tends to someconstart for G 2 G4
asn! 1 . This (and a similar result for G)=n) would imply the following.

Conjecture 2.20 For xed d, there are constarts ~ (d) and ~{d) sud that
forall2> 0, j®G)j n (d)j < 2nandj@(G) n Yd)j < 2n a.a.s.for G 2 G,q.

What bounds are known on ®G)=n? Bollob$s [12] used the expected
number of independent setsof a given sizeto give an upper bound on ®G)=n
a.a.s.for G 2 G,q4, the upper bound being given in terms of the solution of
an equation and being strictly lessthan 2%¢ for all d. It can be cheded that
this bound is asymptotic to

°1(d) = %n(logdi loglogd+ 1 log2) (19

asd! 1 . By sharpening the method, McKay [73] improved these slightly
to functions °,(d), a.a.s.for G of sutciently large (but xed) girth. In view
of the concertration mertioned above and Theorem 2.5, °,(d) + 2 applies, for
any 2 > 0, with no girth restriction. (Beware of McKay's sign error in the
terms 1 log2 in his expressionfor °1(d) de ned above.) The de nition of
°, is complicated but numerical computations give & G)=n < °,(3) < 0:4554
a.a.s.for G 2 G,.3, and similarly °,(4) < 0:4164and °,(5) < 0:3845 McKay
expressedlisappointment in the small improvemern he obtained over °1(d) as
d! 1, but aswe mention below this was inevitable because®,(d) is quite
sharpto order o(n=d) in this asymptotic sense.

Lower boundswere obtained by se\eral authors; the best (at leastfor small
d) comesfrom analysingwhat is called in [124 the degree-greedyalgorithm:
chooseverticesto put in the growing independert set randomly; the rst, v,
is chosenuniformly at random, and in general after adding a vertex v; to
the set, deletev; and its neighbours from the graph and randomly choosethe
next vertex vi+1 (uniformly) from those verticesnow of minimal degree. The
analysisusesthe di®eremial equation method. This was done rst by Frieze
and Suen[45] for d = 3, and independerily for arbitrary d , 3in [122. It
givesasymptotically almost surelower bounds ;(d) on & G)=n. For example,
“1(3) = 6log2 i 2 = 04328 "1(4) = 0:3901and "4(5) = 0:3566 These
constarts are computednumerically for d, 4 by solving systemsof rst order
nonlinear di®eretial equations, and the asymptotic behaviour for large d is
unknown. Further valuesarein [124 and[124. The bestknown simpleformula
for a lower bound whend , 4is 3 3 ! a1 242 from [123. However, this
is far from ~4(d) for d small, and approadesonly 1°;(d) for large d. It is
obtained from the simpler algorithm which randomly greedily choosesvertices
for the independernt set regardlessof their neighbours, analysedagain by the
di®eremial equation method. Wealer lower bounds were obtained earlier by
Bollob§s[12] through lower boundson the independen setsizeof all d-regular
triangle-freegraphs,and arguing that deleting all verticesin short cyclesa.a.s.
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decreasedhe independen set size only marginally. Interestingly, the non-
deterministic boundsusedhereare obtained by analysingthe greedyalgorithm
on triangle-freegraphsof given averagedegree.That line of reasoningwasalso
improved by Shearer[103 but with only an iterativ e formula for arbitrary d
which seemsalways to be lessthan —1(d).

Friezeand Buczak[44] provedthat functions®;(d)+ o(n=d) ford! 1 ,d<
n'= 2, provide upper and lower boundsa.a.s.on ®&G), G 2 G,4. Howeer,
this result implies nothing for small d. They usedan argumert partitioning
the pairing into large pieceswhich are then analysedalmost separately and
part of the proof relieson the results of McKay and Wormald [79] which were
obtained using switchings.

The dominating number seemdo have beenwell studied only in G,.3. Mol-
loy and Reed[86] shaved that the obvious lower bound in on @(G) can be
improved slightly to ®(G) > 0:2636 a.a.s.by simply computing the expected
number of dominating setsof that size. On the other handthey gave the almost
sureupper bound 0:31261 by analysinga greedyalgorithm which walks along
a Hamilton cycle. The analysisusesthe di®erertial equationmethod and relies
on Theorem4.5which implies that when proving everts a.a.s.,onecanassume
G 2 G,.3 isarandomHamilton cycleplus a random matching. This is easierto
analysethan the algorithm correspnding to the degree-greedylgorithm for
independen sets; Duckworth and Wormald [34] applied the di®erertial equa-
tion method to sud an algorithm and improved the upper bound to 0:2746n.
To summarise,0:2636< ®(G)=n< 0:2746a.a.s.for G 2 G, 3.

As a slight variation of the last result, by analysingalmost the samealgo-
rithm, it is shovn in [34] that G 2 G,.;3 a.a.s.hasa forest of stars cortaining at
least0:717& edges.The obvious upper bound is 0:75n, which can be reduced
to 0:739(h using the usual argumert of computing the expected number of
star padckings with a given number of edges.

2.8.2 Chromatic number Friezeand Buczak[44] alsogave functions asymp-
totic to ﬁ for d! 1 which a.a.s.are upper and lower bounds on the
chromatic number A(G) for G 2 G,4. Like their bounds on independen set
size, these give no restriction for small d. A related result by Bollob$is and
Clark [18] considersa generalisedversion of chromatic number.

The chromatic number of G is at least n=®(G), and so almost sure lower
boundsfor small d are given by the almost sure upper boundson ®& G) men-
tioned in Section2.8.1 Better lower bounds comefrom consideringthe ex-
pectednumber of k-colourings. For instance,courting bicolouredgraphsshavs
that for xed d, 3, G 2 G,4 a.a.s.cannot be 2-coloured. For r | 3, Molloy
and Reed[84] performed calculations of the expected number of r-colourings
of G 2 Gyg which shaw that its nth root is at mostr("-+)% + o(1) (for xed
r and d). Hence,for instance,a.a.s.A(G) , 4for G2 G,4q whend, 6.

Brooks' Theorem (see Diestel [33] for example) gives the upper bound
A(G) - d a.a.s. Non-trivial asymptotically almost sure upper bounds for
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small d seemto be harder to obtain. Borodin and Kostochka [23], Catlin [25]
and Lawrence[62] all shoved that for K ,-free graphsG, A(G) - %(d:( G) + 2).
Henceby Lemma 2.7, A(G) - %(d + 2) a.a.s.for G 2 G,4. For triangle-free
graphs G there is the bound A(G) - §¢( G) + 2, which has beenattributed
to Kostochka, and by Theorem2.5implies A(G) - d+ 2 with probability at
leaste @i D°=6; o(1) for G 2 Gg.

Theseresultsstill leave openthe questionof whethera random 4-regularor
5-regulargraphis a.a.s.3-colourable. An answer to this would be a signi cant
breakthrough.

Knowledge of the edge-tiromatic number A{G) is in a much more satis-
factory state. It is shovn belon (Corollary 4.16 that G 2 G,4 a.a.s.hasa
partition of the edgesetinto perfect matchingsif n is even. HenceA{G) = d
a.a.s.for n even, and clearly for n odd it must attain the upper boundd+ 1
of Vizing's theorem.

2.8.3 Linear arboricity The linear arboricity of a graph is the minimum
number of edge-disjoin linear forests(i.e. forestsin which eatc componert is a
path) which cover the edgesof the graph. The linear arboricity conjecture[1] is
that every d-regular graph haslinear arboricity preciselyequalto the obvious
lower bound of d(d + 1)e. Alon [2] proved using the Lov§sz Local Lemma
that all regular graphswith sutciently large girth satisfy this. Basedon his
approad, McDiarmid and Reedproved that a random d-regular graph a.a.s.
satis es the conjecture.

Theorem 2.21 (McDiarmid and Reed[66]) For xed d, the linear arboricity
of a random d-regular graph is a.a.s.d;(d + 1)e.

This theoremis proved easily from the more recert results on the structure of
random regular graphs, as shavn in Section4.3. It is also showvn there that
the paths in all but one of the factors can be forcedto be Hamilton paths.

2.9 Perfect matchings and Hamilton cycles

The aim of this sectionis to whet the appetite with someof the resultson
the existenceof certain typesof spanningsubgraphsof random regular graphs.
The method of proof of the strongest results in this direction is presered
in Section 4, along with many extensionsof these results which assert the
existenceof factorisationsof regular graphsinto subgraphsof prescribedtypes.

Every d-regular (dj 1)-edge-connectedjraph of even order has a perfect
matching (see,for example,Berge[8]). HenceTheorem2.10hasan interesting
consequence.

Corollary 2.22 (Bollob§s[16]) For xed d, 3, G2 G,4 a.a.s.hasa perfect
matching if dn is even.
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This fails for d = 2 sincein that caseG 2 G,4 a.a.s.hasan odd cycle, and
henceno perfectmatching. Oneway to seethis is to obsene from Theorem2.5
that, for xed k , 2, tae probability that G 2 G,., hasno odd cycle of length
lessthan 2k is exp(i i, a3) + 0(1), which is exp(i 7logk) + o(1) ! Oas
k! 1. (Herek goes\slowly" to 1 while n goes\quickly".) Alternativ ely,
this probability can be computedusing generatingfunction methods and then
evaluated asymptotically (seeWilf [112 Section5.3]for simlar examples).In
P..2 there is the following exact expressionwhich is asymptotic to Cni ¥ for
aconstart C. It then follows from LemmaZ2.1that the probability is alsoo(1)

for G2 Gyg.

Lemma 2.23 For P 2 P,.,, the probability that G(P) has no odd cyclesis
precisely

Pro of By the independenceproperty of the pairing model, the random pairing
P 2 P,.» canbe generatedin sud a way that the next point paired is always
a point in a cell which already contains a paired point (if sud a cell exists).
Then G(P) is generatedby tracing along paths, not starting a new path until
the old onebecomesa cycle. Let F; denotethe evert that the i'th pair chosen
completesacyclein G(P) with the earlierpairs. In orderto createno odd cycle,
the requiremer is that Fy; ; must be falseforeah 1 i - %n. (Conditioning
on Fy; 1 beingfalsefor all i - j, if F5; holdsthen the cycle createdwill have
ewvenlength andif F, .1 holdsthe cyclewill have odd length.) Givenall earlier
choicesof pairs, the conditional probability of F; is (2nj 4i + 3)i  regardless
of the earlier choices. The product of (1 (2nj 4i+ 3)iY) overl- i- in
givesthe stated probability. =

The expected number and variance of the number of perfect matchings
were computed asymptotically by Bollob$s and McKay.

Theorem 2.24 (Bollob$s and McKay[20]) For 3 - d = d(n) - (logn)¥=,
let M, denote the number of perfect matchingsin G 2 G,4. Then with n
restricted to even integers,

P My e EM2 " a1
EM,» 2 di )77 o iedin=@i 2 Gi L

n_ |

ddi 2 " (EM,)? di 2

This result on the rst momert is readily derived in the pairing model by
courting how many ways one can rst choosea perfect matching of the n
vertices,then lay down a setof pairsin P which createthe chosenmatching in
G(P), and then completethesepairsto a full pairing. After this, divide by the
total number of pairings. To obtain the result in G,.4 one can condition these
courts on having no loops or multiple edges,usingfor instancethe method of
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momerts asin Section2.3. (Lemma 4.4 below performsthis task in general.)
The secondmomert EM 2 is calculatedin a similar fashionby laying down the
pairs correspnding to an ordered pair of perfect matchings, which is much
more complicatedthan the rst momert calculation due to an extra variable
denoting the number of edgesin commonbetweenthe two perfect matchings.

Sincethe varianceis VarM,, = EM?2 | (EM,)? it tendsto a non-zero
constart multiple of (EM,)2. This givessomeinformation on the distribution
of M,, via Chebyshev'snequality

3

PGX i EXJ, 1)
valid for any real-valued random variable X with variance %% and for any
t > 0. Putting t < EX givesan upper bound on P(X = 0), which is loosely
called the second moment methal. This is not sharp enoughin this caseto
imply Corollary 2.22 However, the elaborate re nement of the secondmomert
method preserted in Section4 is sutcient to obtain not only Corollary 2.22
but alsothe full asymptotic shape of the distribution of the number of perfect
matchings.

Ever sincethe earliestresults on random regular graphs, the natural con-
jecture on Hamiltonicity was (by Bollobs [11], for example)that G 2 G4 IS
a.a.s.Hamiltonian for all xed d, 3. For d = 2 this is false,by (11) for exam-
ple. The secondmomert method implies that asymptotically at leasta certain
perceriage of large random 3-regular graphs are Hamiltonian, which was rst
showvn by Robinsonand Wormald in [98]. In fact, it was shown there that by
restricting to graphs with no triangles, a higher proportion (2 3¢ *1?) is
obtained, which canbe shawvn by bijective type methodsto bevalid bad in the
unrestricted spaceG,.;. This idea ewlved into the small subgraphcondition-
ing method for estimating the distribution of the number of large subgraphs.
The results in the following theorem were derived for d = 3 in [98], stated in
generalin [10Q without being used, and then derived and used by Frieze et

al. [42].

Theorem 2.25 For xed d, 3, let H,, denotethe number of Hamilton cycles
in G 2 G,4. Then with dn restricted to even integers,

r ___ 1
. M 202 02 EMZ d
"”® 7n i 2 ' (EH.? (di 2@

The calculations are similar to those for Theorem 2.24 but derivation of the
secondmomern in particular is considerablymore ditcult. Again, two copies
of the subgraphin question (this time a Hamilton cycle) are laid down and
the rest of the cubic graph is completed. (All calculationscan be madein the
pairing model or directly in the graph model.) The number of ways of doing
the laying down is computedas a function of the structure of the graph which
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is the intersection of the two Hamilton cycles. Two variables are required:
the number of paths in this intersection and the number of isolated vertices.
The resulting expressionis summed over these two variables and evaluated
asymptotically. (In the cased = 3 the number of isolated vertices must be 0O,
and sothat caseis much simpler than for generald.)

Further sharpening of the small subgraph conditioning method, as de-
scribed in Section4, producedthe following.

Theorem 2.26 (Robinsonand Wormald [99, 10Q) For xed d, 3, G2 Gq
is a.a.s.Hamiltonian.

This wasproved rst for larged only, usingan ertirely di®erert method, by
Fennerand Frieze[38] (d , 796 and independerily by Bollob§s[15] (d, 10).
The method usedwas deweloped by Fennerand Frieze[37] for a model of non-
regular graphs. It combines the technique which Pfsa [90] and Komls and
Szemetidi [61] successfullyapplied to determinethe threshold for Hamiltonic-
ity for G 2 G(n; p) and a colouring argumert by which the random graph is
split into semi-randompiecesof di®erert colours. (This resenbles the parti-
tioning argumen mertioned in Section2.8.1regardingindependencenumber.)
Neither of these works was attempting to acdhieve a sharpest possibleresult
from this method. Frieze[4]1] later made improvemeris to cover all d , 85
giving a polynomial time constructive proof, beforethe appearanceof [99 and
[10Q settled the matter for all d, 3.

Theorem2.26hasnow beenimprovedin variousways to give much stronger
results. It is now known that ford , 3, G 2 G,q4 is a.a.s.decommsable
into edge-disjoin Hamilton cycles(plus a matching if d is odd). In addition,
Hamilton cyclesare in a certain sensedensein random regular graphs: for
d . 3thereis a.a.s.a Hamilton cycle cortaining a randomly selectedset of
o(" n) edgesof G 2 G,q. Theseresults and others are discussednore fully in
Section4.3.

By putting vertices of degree2 in eadh selectededge,the last-mertioned
result translates to a result about random graphswith all vertices of degree
3 exceptfor a small number of degree2. This is possibly the only non-trivial
result known on the existenceof perfect matchings or Hamilton cyclesin G 2
G4, and yet the following is certain to be true.

Conjecture 2.27 Restricting d = d(n) to those sequencesvith elemerts d;
intherange3 - d; - D forsome xed dandD, G 2 G, 4 is a.a.s.Hamiltonian.

It would be very interesting to prove this evenfor d= 3 and D = 4; probably
all the ditculties for this are encourered in the special casewhere half the
verticesare of degree3 and half of degree4 (mentioned in Section1.1).
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3 Other uniform models

3.1 Unlabelled regular graphs

How does one selectan unlabelled graph uniformly at random? As in
Section2.7, let S be a set of unlabelled graphson n verticesand let S° be the
set of all labelled versionsof them. By applying (15) to ead singleton subset
of S, it follows that an unlabelled graph can be selecteduniformly at random
from S by selectinga labelled G 2 S°with weight proportional to jA(G)j, and
then ignoring the labelson the vertices. From Theorem2.17it followsthat for
3- d= o(n%i “), a structural property is a.a.s.true of G 2 G,q4 if and only if
it is a.a.s.true of a random unlabelled d-regular graph n-vertex graph.

3.2 Random bipartite graphs

For a model of random bipartite regular graphswe assumethat n is even
and that the verticesof onecolour are labelled 1; 2;:: :; in, asare the vertices
of the other colour. The natural pairing model for d-regular bipartite graphsis
obvious: the cellscontaining points arethe sameasfor ordinary graphs,but the
random perfectmatching is equivalent to a bijection betweenthe points in cells
of onecolour and thosein cellsof the other colour. As a result, calculationsare
usually even easierthan in the graph case.O'Neil [89 found that the number
of bicoloured d-regular graphson n vertices (n even) is asymptotic to

(1dn)le 2(di 1
(ann

(20)

for 3. d < (log n)%ti * with 2 > 0, and the sameresult (at least for d “xed)
was found in [4] using a model equivalert to the pairing model. O'Neil also
obtained a few results on random bipartite graphs.

More recernly McKay [71] extended(20) to higiperd using switchings, and
then McKay and Wang [76] extendedto d = o n) using the new type of
switchings exemplied by the proof of Lemma2.9.

For simplicity when we refer to the model of random bipartite regular
graphs we mean the model descriked above, which is actually uniform on
bicoloured graphs. It is not uniform on bipartite d-regular labelled graphs
becausethe number of 2-colouringsof a bipartite graph G is 2¢ wherek is the
number of componerts of G. To deal with graphs which are not bicoloured
but are rather bipartite, one notes (seebelow) that, at leastfor d , 3, the
bicoloured graphsare a.a.s.connected. This implies that the bipartite graphs
(takenasG,q restricted to bipartite graphs)are similarly a.a.s.connected.For
d = 2 the situation is a bit more complicated but results can be obtained by
exact erumeration and we do not pursuethis here. So,in this article, random
regular bipartite graphshave the uniform bicoloured distribution.

The distribution of short cyclescan be derived just as for graphs. The
expected number of cycles of length i is asymptotically 2" for all even
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i, 4, and the numbers of cyclesof given boundedlengths are asymptotically
independent Poisson. This was all derivedin [115.

Ellingham [35 showed the analoguesof Theorems?2.10 (for d bounded)
and 2.12on connectivity of random regular bipartite graphs. The main result
on the expected number of automorphismsof a random regular graph, Theo-
rem 2.17, alsoappliesin the bipartite caseasshown by the very generalresults
of McKay and Wormald [78, Note before Corollary 3.5]

The expectation and varianceof the number of perfectmatchingsin random
d-regular bipartite graphswere given asymptotically in [89 and [20] (for quite
smalld). For Hamilton cyclesthesequartities weregivenin [98], wherethe case
d = 3 of the following result was proved simply from Chebyshev'sinequality.

Theorem 3.1 (Robinson and Wormald [10q) For xed d , 3, a random d-
regular bipartite graph is a.a.s.Hamiltonian.

Godsil and McKay [5]] obtained asymptoticsfor the number of K£ n Latin
rectanglesfor k = o(n%7). As part of the argumen they 'nd an asymptotic
formula for the number of perfect matchings (respecting the bipartition) in
a random edge-colouredbicoloured k-regular graph whose edgeshave been
colouredsud that ead colour classis a perfect matching. This is equivalernt
to the bicoloured analogueof the random graph model kG,.; de nedin Sec-
tion 4.3. Their derivation usesan integral formula to corvert the probleminto
oneabout short cycles,and from hereswitchings are used(necessarilyfor sudc
a large k).

3.3 Directed graphs

Let DG;.q denotethe uniform model of randomd-regulardigraphs(in which
ead vertex hasin- and out-degreed).

Cooper [28] shaved for D 2 DG,.; that D is a.a.s.strongly 2-connected
and [29 that a.a.s.ewery pair of verticeslies on a commondirected cycle. For
graphs, 2-connectednesgnplies sut a property, but not sofor digraphs.

For d = 2 the expected number of directed Hamilton cyclesgoesto 0, so
digraphsin DG,y are a.a.s.not Hamiltonian. For larger d the situation is
di®eren.

Theorem 3.2 (Cooperetal.[31]) Ford, 3arandomdigraphin DG,q4 a.a.s.
hasa directed Hamilton cycle.

The proof of this employs the ideasfrom Section4.3, and is outlined near the
end of that section. A di®eren but related proof was given by Jansonusing
the small subgraphconditioning method directly (seeTheorem4.12.

The d-regular bipartite graph correspnding to a d-regular digraph has a
perfect matching by Hall's theorem (see[22] for example),and soall d-regular
digraphs have an edgedecomposition into 1-regular factors.
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3.4 Multigraphs

Nothing much hasbeendonewith uniformly distributed multigraphs. The
asymptotic number with a given degreesequencegwith an upper bound on
the degrees)is found in [11§, with loops permitted aswell as multiple edges.
Benderand Can eld [5] have a similar result, but they e®Rectiwely court a loop
ascorributing degreel to a vertex. Theseresultsshouldbe possibleto extend
to higher degrees.

Of coursemany results on the uniform model can be deducedfrom the
pairing model, which is not uniform but is close. This can be quarti ed as
follows (here multigraphs permit loops as well).

Theorem 3.3 (Janson [5€]) For d xed, an ewent is true a.a.s.for G(P),
P 2 Png, if and only if it is true a.a.s.for d-regular multigraphs chosenu.a.r.

This doesnot follow from Theorem 2.6, becausemultigraphs with many mul-
tiple edgeshave a reducedprobability of arisingas G(P). HenceTheorem 2.6
leaves open the possibility that a random d-regular multigraph a.a.s. has at
least say logn multiple edges. Somefurther analysisof the appropriate mo-
merts was required to prove this theorem.

3.5 Hypergraphs

There are someresults on uniformly distributed d-regular, r-uniform hy-
pergraphswith d andr xed, asn! 1 (subjectto dn beinga multiple of r).
For many of the results on random regular graphs, similar techniqueswill suf-
- ce. For instance, Bollob$s [10] stated an asymptotic formula for the number
of r-uniform d-regular hypergraphs,and Cooper et al. [32] applied the small
subgraphconditioning method to show that for xed positive integersr and s,

Yo
3
lim P(Gy.s hasa perfect matching ) = Cl) :Z 3;:

where |
ogr ¢+ 1

Y% = . 7
(ri 1log h

3.6 Tournaments

In 1974 Spencer[104 usedan argumert akin to switchingsto prove prop-
erties of subgraphsof randomregular tournamerts. This gave the logarithm of
the number of n-vertex regular tournamens asymptotically. This result was
supersededby McKay [74], who found an asymptotic formula for the num-
ber itself using saddle-mint techniques. This method, also used for asymp-
totic enumeration of tournamerts with given scoresequenceby McKay and
Wang [77)], is useful for studying random regular tournamens. In this way
Gao et al. [46 obtained someresults on subgraphsof random tournamens
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with a given score sequenceand have shovn that the expected number of
automorphismstendsto 1.

4 The small subgraph conditioning method, contiguity,
and superposition models

Whenit was nally shovn in [99] and [10Q that almostall d-regular graphs
areHamiltonian ford , 3 (Theorem2.26), the certral work involvedtwo appli-
cations of essetially the samegeneralmethod. The method has sinceproved
useful for gaining information on a variety of spanningsubgraphs,as well as
other large subgraphs,of random regular graphs. The strongestconsequences
are givenin Section4.3.

The way in which the method works canbe described asfollows. (A precise
dewvelopmen of how to useit comesin the following subsections.)The random
variable Y = Y, of interest (for instance, the number of Hamilton cyclesin
G 2 G,4) hasa variancewhich is of a sizecomparablewith the squareof its
expectation (asin, for example, Theorems2.24and 2.25. Thus, Chebyshev's
inequality is not strong enoughto show that a.a.s.Y > 0. Howewr, the
explanation for the large variancelies in the fact that the distribution of Y is
a®ectedby the presenceof certain small but not too commonsubgraphsin the
randomgraph|usually the short cyclesof givenlengths. (By not too common,
we meanthe expected number is bounded.) It turns out (in the caseswhere
the method works) that conditioning on the small subgraphcourts (up to some
preselectedsize of small subgraphs)a®ectsEY, altering it by someconstart
factor. Howewer, luckily and yet mysteriously, suc conditioning reducesthe
varianceof Y, to the point that conditioning on the numbers of enoughsmall
subgraphsreducesthe varianceto any desiredsmall fraction of (EY)?2.

Perhapsthis is not a total mystery. For instance, one can imagine that
the number of ways in which a Hamilton cycle or perfect matching can \go
through" a short cycle depends on the length of the short cycle. Probably
the main mystery is not that conditioning on the small cycle courts a®ects
EY, but that the variancecan be madeso small by conditioning on the small
subgraphcourts. The computations which are performedin carrying out the
small subgraphconditioning method demonstratethis as a fact but leave the
userwith no underlying explanation of the e®ect. Thesecomputations can be
descriked asfollows. The set of all regular graphs can be divided into groups
according to the small subgraph courts. The variance VarY of Y can be
written asthe expectedvalue of the variancewithin a group, plus the variance
of the group mean. The calculationsshow that the latter consumesalmost all
of the varianceof Y, sothe variancewithin any group is small. One deduction
which can be made from this is that Y > 0 a.a.s. This explains the basic
argumert usedin [99], whereY courts Hamilton cycles,to show that G 2 G,.3
is a.a.s.Hamiltonian.

Moreover, the asymptotic distribution of Y is determinedfrom the distri-
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bution of the group meansand the sizesof the groups. The fact that the
group meansof the most commongroupsare closeto eat other implies that
the value of Y doesnot vary too much in the random graphs(exceptfor arare
ewvert). Forinstance,taking Y asthe number of perfectmatchingsin G 2 G, 4,
this shows that the number of perfect matchingsin sud a random graph usu-
ally varies by only a constart factor. This was usedin [10Q to deducethat
adding a random perfect matching to an edge-disjoitn random (dj 1)-regular
graph producesa random d-regular graph with somethingcloseto the uniform
distribution. This relationship is called cortiguity of the two modelgp erfect
matching plus (dj 1)-regular on the one hand, and d-regular on the other
handlas de ned precisely belov. Hence,if random (dj 1)-regular graphs
are a.a.s.Hamiltonian, so are random d-regular graphs, and so Theorem 2.26
follows by induction on d from the cased = 3. This is the secondmajor use
of the small subgraph conditioning method, and it leadsnaturally to the es-
tablishmen of relationships between various non-uniform models of random
regular graphswhich are called here superposition models.

4.1 Contiguity of models

One of the most important conclusionsfrom the small subgraphcondition-
ing method is well descriked in terms of altered probabilistic models. Suppose
that Y is a non-negatiwe integer random variable de ned on a spaceG with
EY 6 0. We de ne' a new model GY) with the sameunderlying set as G by
weighting the probability of ead elemen G by Y (G). That is, the probability
of G in GY) equalsthe probability in G multiplied by Y (G)=EY. Thus the
probability of an evert H in GY) is Eg(Y » 14)=EgY, where 14 is the indi-
cator function of H and ~ denotesthe conjuction of everts. We have already
encourtered this ideain the proof of LemmaZ2.8 with Y = [Xy.n], -

It is a very interesting property of two di®eren random graph models if
all events true a.a.s.in one model are true a.a.s.in the other. To make this
precise, supposethat (G,), 1 and (@h)n, 1 are two sequencef probability
spacessud that G, and 6, di®eronly in the probabilities. We sa that these
sequencesre contiguous’ if a sequenceof everts A, is a.a.s.true in G, if and
only if it is a.a.s.true in @,, in which casewe write

G %G,

Contiguity is clearly an equivalencerelation on thesesequence®sf spaces.

1This de nition is for discrete probabilistic spaces,a context which can be assumedfor
this article. The method of this section holds in cortinuous spacesas well, by de ning
dQ=dP = Y=EgY where P and Q are the probability measuresin G and G¥) respectively,
and the ¥:algebrais the samefor both spaces.

2Formally, two sequences”, and Q, of probability measuresare cortiguous if P, and
Qn are de ned on the samemeasurablespace(G,; F,,) for eac n, and for every sequenceof
measurablesetsAp, limp; Ph(Ap) = 0i®limy; Qn(An) = 0. Here |l have de ned the
(sequencef) spacesto be cortiguous if the probabilities are.
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The original approad in [99 and [10Q is sutciently strong for all the
applications of the small subgraph conditioning method which have occurred
to date and waspreserted in generalby Molloy et al. [87, Theorem1]. Howewer
Janson [56] was able to streamline the procedure by adjusting the method
of proof so as to eliminate seweral of the conditions required in [87]. This
simpli cation hasmadelittle di®erencen applications of the method: it turns
out that the extra conditions have beentrivially satised in every application
sofar. Howewer, the simpli cation is de nitely advantageous.

Theorem 4.1 ([56], seealso [87]) Let,i>0and% , j1,i=12::: be
real numbers and supposethat for eat n there are random variables X; =

Xi(n), i = 1,2;:::; and Y = Y(n) dened on the same probability space
G = G(n) sudh that X; is non-negatiw integer valued, Y is non-negative and
EY > O (for n sutciently large). Supposefurthermore that

(@) Foreah k , 1X;,i=1;2;:::;k areasymptotically independert Poisson
random variableswith EX; !

(b)

s 1

E(Y [X1], Ce{X];,) |

Y .
EY i@+ K)"

i=1

P
© .#<1;

A !
EY2 X
(d) (EY:)Z . exp | ,i¥ +01) asn! 1:
Then A I
X
P(Yn> 0)=exp i it o(1);
=il
and, provided ,_.,,i<1,
[CAUEYYE

Whereé is the probability spaceobtained from G by conditioning on the event
4= 1(Xi = O)

The proof of this theoremis basedon the ideasin the discussionat the start
of Section4. The role of condition (b) is to deduceby the method of momerts
the joint distribution of the X; in GY), which then givesthe expected value

interpreted. It is an adjustmert to the expectedvalue of X; in the spaceGY),
sothat £ = j 1 only if conditioning on the evert X; > 0 in G suppresseshe
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value of Y asymptotically. Condition (d) hasbeenat other times stated with
\="insteadof \- ", but \- " implies\=" anyway (seeJanson[56, Theorem
1, Note 4]), basically becausevarianceis always non-negatiwe.

The hypothesesof the theoremare normally veri ed in much the sameway
on ead occasion.Most of the times this method hasbeenusedsofar, the X;
are short cycle courts and so (a) is simply Theorem 2.5 or Theorem 2.6. In
all other casesthe method of momerts hassutced for verifying (a). Part (d)
is veri ed like Theorems2.24or 2.25 and (b) is usually like a combination of
the two, harder than (a) but easierthan (d).

It follows immediately from cortiguity that the value of Y in G is usually
\close" to its expectedvalue.

Corollary 4.2 If the conditions of the theorem are satis ed then
Ya U 1%

. . Y, 1
lim lmP, 2< -1 <> =1

2] QO+ n! 1 EYn 2

where P, denotesprobability in G.

From the argumernts in [99) and [10Q it wasclearthat whenthe hypotheses
of the theoremare satis ed, the distribution of Y is determinedasymptotically.
Jansonmadethis explicit.

Theorem 4.3 (Janson[56]) With the samehypothesesas Theorem4.1,

L'dW=\1(1++)Zie"iﬁ asn! 1;

EY - - ' ’
where the variables Z; are independen Poissonvariableswith EZ; = _; for
i , 1. Moreover, this corvergenceand the convergenceof the X; to the Z;
expressedn Theorem4.1 (a) all hold jointly.

Thus in eat casewhere cortiguity is proved using Theorem 4.1, we can if
so desireddeducethe asymptotic distribution of the appropriate variable im-
mediately by Theorem 4.3, Moreover, the joint cornvergencemertioned here
meansthat the Z; arelinkedto the X;. Thusthe distribution of Y conditioned
on any valuesof a nite number of X; is also determined asymptotically, for
examplethe distribution of Y conditionedon X; = k is asymptotically that of
W conditionedon Z; = k. This makesthe cortiguity assertionof Theorem4.1
easyto verify in view of the proof of [87, Corollary 1].

One moreresult is often usefulwhenthe X; are short cycle courts in Py.q.
It is readily proved by applying Lemma 2.8 to the spaceG'Y).

Lemma 4.4 (Janson[56) If the conditions of Theorem 4.1 hold and Y {n)
hasthe distribution of Y (n) conditionedon X 1(n) = X,(n) = 0 then

EYqn) E(Y(n)?) |, E(Y(n)?).
EY(n) (EY{n))> " (EY(n)?

exp(i ,1hi ,2%); exp(i ,1hi ,2%)
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We mention one application of cortiguity immediately. Janson showved
in [56] that G(P), for P 2 P4, is cortiguous to a uniformly chosenrandom
regular multigraph (with loopspermitted). Theorem 3.3 follows directly from
this.

4.2 Applications to regular spanning subgraphs and long cycles

In order to discussin somedetail how to verify the hypothesesof The-
orem 4.1, we considerthe result of the argumerts in [99], expressedin the
languageof cortiguity as follows.

Theorem 4.5 Let H, denote the number of Hamilton cyclesin G 2 G;s.
Then Gy % G, 3.

Pro of The rst and secondmomerts of H, are given by Theorem 2.25 with
d = 3. Howeer, although the nal result will bein G, 3, it is alittle simplerto
work with Theorem4.1whereG(n) = Py.3. In this caseY = Y (n) isde ned as
the number of Hamilton cyclesin the multigraph correspndingto P 2 P.3.
We have

EY?
(EY)? ! (21)
(In Ppg for d , 3the limit is d.i2 as showvn in [42.) This secondmomen

calculation is the most ditcult part of this whole proof, and is virtually the
sameas the calculation required for G, 4.

Let X; = X;(n) denotethe number of cyclesof length i in G(P) for P 2
Pn:3. The condition of Theorem4.1 (a) follows from Theorem 2.6 with

5 |

%1 (22)

(i, 1). Working towards Theorem 4.1 (b), we next show that for any xed
i, 1

5

E(YXi)

=y Lt ®) (23)
where ( 1)i L
_ i 1
S I

Let D be some xed set of pairs of points correspnding to a Hamilton
cyclein pairingsin P,.3. By symmetry all copiesof D are equivalert and so
in Pn;g

B < E(xijD Py
If C is the setof pairs correspnding to an i-cycle (in which casewe also call
C itself an i-cycle), we classify C accordingto the conguration of paths in
G(D \ C). We can assumethat there must be at least one sud path as all
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pairs in C cannot be in D provided n > i. Give these paths a consisten
orientation along C (which multiplies courts by 2) and distinguish one path
as rst (which multiplies courts by the number of paths and inducesa linear
ordering of paths around C). Thus

E(vyX) X 1 _ . .
2 . ZJ-QjE(Xu(Q)JDH P) (24)

whereQ denotesthe sequenc®f lengthsof paths, jQj is the number of pathsin
Q and X;(Q) isthe number of i-cyclesin P consister with suc a con guration
Q. Fix on sud a Q with k paths. There are asymptotically (2n)¢ ways to
choosethe starting points of the paths on D together with their directions
along D. Almost all such points are well spacedfor n large, and oncethey
are chosenthe pairsin C, if it is to correspnd to an i-cycleyielding Q, are
determined. The probability that thesepairs all occurin P 2 P,.; conditional
upon D p P is asymptotically ni K. HenceE(X;(Q) jD u P)! 2% and

so(24) becomes «
E(Y X)) 2
By o 11QIQI = kg (25)

k, 1

The ordinary generatingfunction for the number of con gurations Q with
X marking the total number of verticesinvolved and y marking the number of

paths is 1?8‘(?(’;;) whereg(x; y) is the generatingfunction for one path; that is,

{%. Thus, with squarebradkets denoting extraction of coetcients,

E(Y X)) | X 2—kXiyk] yx?
EY ' 1 2k 1i xj yx?2
X oq 2x2
= [X] E[yk' 1]ﬁ
‘1 i Xi 2yx
Z, 2
= [Xi]} 2%

2 o5 1i xj 2yxZdy
i[xi]%log(li X i 2x2)+ %Iog(li X);

and (23 follows. To obtain the condition of Theorem 4.1 (b), one obsenes
that this argumert worksin generalfor higher momerts and givesthe required
result.

Noting ; ,, i+ = log3 and recalling (21), we seethat the hypothesesof
Theorem4.1 are satised. As = j 1 only for i = 1, P, is the restriction
of P,.3 to pairings P with X; = O, i.e. for which G(P) has no loops. The
conclusionis that 5&2 Y4 P 3. The theoremnow follows using the de nition
of cortiguity by restricting to X, > 0, sincein P,.3 the probability of this
ewert tendsto a non-zeroconstart. =
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Notes (i) An alternative way of proceedingfrom (25) to (23), which in some
applicationsleadsto signi cantly simplercomputations(seeJanson[56]),
is the following. Ead intersection D \ C correspnds to a sequence
in f0;1g" determined by walking along C in a given direction from an
arbitrary starting edge (which multiplies courts by 2i) and writing O
for an edgenot in D\ C and 1 for an edgein D\ C. Eac 0 must
be followed by 1 and cortributes a factor 2 (by an argumert analogous
to (25). Regarding0and 1 astwo statesin a Markov chain (or something
similar), and imposingthe condition that the nal state is equalto the
initial state (since the rst edgemust be returned to) we seethat the
sum over sequencess Tr(A') where

A_“o 2"
11

As the sequenceof all 1's is impossible,it follows that E(Y X;)=EY !
2—1i(Tr(A') i 1). Then by noting that A has eigervalues2 and j 1, we
obtain Tr(A') = 2 + (j 1)' and then (23) asrequired.

(i) Working the proof in G, .3 insteadof P,.3 merelyrequireseliminating loops
and multiple edgesin a coupleof places,which can always be doneusing
the method of momens. Alternativ ely, asin [99, 100, one can appeal
directly to the enumeration results of Benderand Can eld [5] to court
the ways of adding edgesto an existing graph without creating multiple
edgessincetheir main theoremallows arbitrary forbidden edgesaslong
asa boundednumber are incident with a vertex.

From the proof of Theorem4.5 and Theorem 4.3 we obtain the following.

Corollary 4.6 (Jansor]56]) Let H,, denotethe number of Hamilton cyclesin
G 2 G,3. Then

Hn |d — ¥ Ziq it .
FwW= (1+%)7e-'F asn! 1;
EH, .
i=3
where | = Z'I—l + = G 12)ii‘ ! and Z; are independen Poissonvariableswith
EZ = S fOI’i) 3.

Pro of Thesearethe ,; and ; obtainedin the proof of Theorem4.5, so The-
orem 4.3 givesthe claimed result for G(P), P 2 P.3 but with i , 1. By the
joint corvergenceof the variables, restricting to G,.; (i.e. X1 = X, = 0) is
asymptotically equivalert to restrictingto Z; = Z,=0. =

Similar argumerts, using [42] for the variance calculation, give the follow-
ing.
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Theorem 4.7 (Friezeet al. [42], Janson[56]) Let H, denotethe number of
Hamilton cyclesin G 2 G,4. Then Glg'fd”) Y4 Gyq ford, 3.

To obtain a result generalisingCorollary 4.6, one only needsto note the

values, | = W 4 = (}d?ili)il and that X; is againthe number of i-cycles(so
the product in the de nition of W is againoveri , 3 for distribution in G,q).

This was done by Janson[56].

Pro of of Theorem 2.26 This now follows immediately by the de nition of
cortiguity, sincethe evert fH,, > 0g has probability 1 in (;'j”), soit is true
a.a.s.in G4. =

The proof of Theorem 2.26in [100 was di®eren. It involved proving the
analogousproperty of perfectmatchingsgivenin Theorem4.8 andthen argued
using cortiguity inductively as deweloped in Section4.3. In the caseof n odd
and d even this result could not be useddirectly, but instead another result
was proved which related to the distribution of the number of matchingswhich
missjust onevertex. (Howewer, Janson[56] wasthe rst to state the cortiguity
result for perfect matchings explicitly.) Other results on the distribution of
numbers of spanning regular subgraphsin G,y have beenobtained using the
samemethod, with the conclusionssummarisedin the next theorem.

A k-factor of a graph is a k-regular spanningsubgraph. (A perfect match-
ing is the edgeset of a 1-factor.) A 1-factorisation of a d-regular graph is a
set of d edge-disjoin 1-factors, equivalert to a partition of the edgeset into
perfect matchings. For enrumeration purposes,we assumethesematchings are
ordered. (For d = 3 the number of 1-factorisationsis then equalto the num-
ber of ordered pairs of disjoint 1-factors, called double 1-factorsin [87].) For
n ewen, let M, (de nedin G,q4) denotethe number of perfect matchings and
let T, (de nedin G,3) denotethe number of 1-factorisationsof G. For all n
let D, denotethe number of 2-factorsin G 2 G,4 (D comesfrom dwa, which
is Polish for 2), and let B, denotethe number of orderedpairs of edge-disjoir
Hamilton cyclesin G 2 G,., (a good namefor theseis Hamilton bicycles;hence
the letter B). The following result on M, essetially appearsin [10J and was
givenexplicitly by Janson[56], that on T,, wasobtainedindependerly by Jan-
son [56] and by Molloy et al. [87], that on D, is by Robalewsla [95], and the
oneon B, is by Kim and Wormald [60].

Theorem 4.8 Restricting to n even, Gy") % Gyq forall d, 3, and G5’ ¥
Gna. With no restrictions on n, Gy ¥4 Gya for n, 4 and Gy %4 Gya.

Proving theseresultsis like proving Theorem4.7, but the calculationsare
much easienn the caseof M ,, somewhateasierfor T,, and D,,. The result for 2-
factors (D) whend = 4 wasconjecturedin [56]. (More precisely the stronger
multigraph version was conjectured for G(P) where P 2 P4 restricted to
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looplessmultigraphs, which no doubt follows in the sameway. As noted in
Section2, this spaceof multigraphs is not uniform.) For edge-disjoinh Hamilton
cycles(B,) the samemethod wasagainused,but areally newideawasrequired
to compute the variance,including a proof of Theorem4.11below. In fact, it
wasa conjecturein [10Q that a random 4-regulargraph a.a.s.decommsesinto
two edge-disjoin Hamilton cycles,and the related cortiguity result was later
conjecturedby Janson[56]. (Actually, the multigraph versionwasconjectured,
which alsofollows from the resultsin [60].)

In ead of theseapplications, the X; are the short cycle courts as before,
andso ., = % asin (22. Other relevant values(all in the graph space
G.q) are given in the following table. Hamilton cycles(H,) are included for
comparison.

Y, EY, » EY2(EY,)?! +
3 . _
H ep w7 (di 2% 2(di 12 2 d (D1
n 2n ddi 2 (di 2)e2=(di 1) (di 1)!
3
Py @uoir 2" Clod bma 02 T | G
M, G e #@di D *  dig (<d|i 1))i
p = = i = i i
Tn 2" g(4)2 4g > S

S

_p— ; D oy(di =2 N Sl CAN—(A: 2| . Y
4 2 (dj 1)(dj 2) 2(2dj 1)=(dj 1 d (1)
Dn el Id(d|.—2)=2 e a(2di D(di 1) a:_ (dli 1)

[any

N

— 1 . _ p— . . i
B, e7—4%(g)n @i 55=36" 24 i 2+éi| 1)

Theorem2.24is usedfor the secondmomert of M,,. The valuesof the rst
two momerns of M, and T, for G(P), P 2 P, (and hencethe correspnding
cortiguit y resultsfor this multigraph space)aregivenin [56]; in all applications
examinedso far these are obtained by omitting the powers of e, sincethese
and only thesefactors arise when sievingto remove loops and multiple edges
(seeLemma4.4). Similarly, the cortiguity relating to B, for G(P), P 2 Ppg4
restricted to looplessmultigraphs, follows from the resultsin [60]. For general
d, Janson also derives the value = (d(.ll—l)ll relevant to 1-factorisations of
d-regular graphs, but it seemsto be too ditcult to obtain the variance for
generald.

In all casesthe limiting distribution of Y,, is givenimmediately from The-
orem 4.3 (and this is donein [56] for M, and T,, and in [95] for D).

The obvious corollary of the result for T, is that G 2 G,3 a.a.s.hasa
1-factorisation for even n, but this already follows from Theorem 2.26 with
d = 3. The result for M,, givesanother proof of Corollary 2.22 The result for
D, shovsthat G 2 G,.4 a.a.s.hasa 2-factor, but this evert has probability 1
anyway by Petersen'stheorem (see[33] for example). Sothe only new result
we obtain of this type is with B,.
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Corollary 4.9 A random 4-regular graph a.a.s. decompmsesinto two edge-
disjoint Hamilton cycles.

The surprising equality of the valuesin the last two columns of the table
for M, and D, hasthe following consequence.

Corollary 4.10 (Robalewsla [99)) For evenn,

M, D,
d
EM, ¢  ED.

have the samelimit distribution in G,q (d, 3).

Moreover, from the joint corvergencegiven by Theorem4.1 and the fact that
the X; are the samevariablesin ead of thesetwo cases,it follows that M,
and D, are far from independen: they are asymptotically linked, and we can
write

My Dn

»

EM, ED,

a.a.s.

Computing the varianceof B,, in G,.4 required the following result, which
interestingly relatesto the models of random regular graphsin Section4.3.

Theorem 4.11 (Kim and Wormald [60]) Let n be even. Given four indepen-

M; [ M. inducesa Hamilton cycle for e I (with subscripts mod 4) is
asymptotic to p}, asn! 1, wherepy » ;{ is the probability that two
independert random matchings of n verticesinduce a Hamilton cycle.

There are recert extensionsof Theorem 4.5 in other directions. Robinson
and Wormald [10]] establishedthe analogueof this theoremin which o(" n)
edgesof G 2 G,.3 are chosenu.a.r., and the variable H,, courts only Hamilton
cycleswhich passthrough theseedges. A corollary is that if that number of
edgesof G 2 G,.3 are chosenat random, then a.a.s.there is a Hamilton cycle
passingthrBugh them all. The limiting distribution of the probability wasalso
found, if ¢ n edgesare chosen. This is an interesting examplein that the
variables X; in the use of Theorem 4.1 are not just the short cyclescourts,
but alsothe courts of short paths joining distinguishededges.A similar result
is by Jansonand Wormald [57] that if the edgesof G 2 G,y are randomly
colouredin n colours, d of eah colour, then a.a.s.there is a Hamilton cycle
using preciselyone of ead colour (provided d , 8).

Moving away from regular spanningsubgraphs,in [9§ the expectation and
variance of the number of decompsitions of G 2 G,.3 into a tree and a cycle
were computed asymptotically. (The length of cycle is necessarilyzn + 1.)
Janson[55] computedthe joint distribution with short cyclesand veri ed that
the small subgraphconditioning method performsasexpected;that is, almost
all cubic graphshave sud a decompsition. The dixcult part is asusual the
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variance,coveredin [98], but the short cycle part of the calculation is perhaps
more complicatedthan all the other examplesdone sofar.

Finally, asan exampleof useof this method with non-spanningsubgraphs,
there are the results of Garmo mertioned in Section2.5.

Se\eral results have appearedon the random regular bipartite model. The
calculations for Hamilton cyclesin bipartite graphs for the cased = 3 are
given in [99], in which casethe simple application of Chebyshev'sinequality
to the expectation and variance is enoughto deducethat the probability of
Hamiltonicity tendsto 1. The sameis true of the generalcased, 4 (but this
doesnot seemto have beenpublished). The bipartite analogueof Theoremz2.26
was proved in [10qJ not by proving the bipartite analogueof Theorem4.7, but
it did involve verifying the bipartite analogueof the statemert in Theorem4.8
about M,,. The variance of H,, in the bipartite caserequiresa function to
be maximised virtually the sameas that encournered for G,q4 in [42. This
calculation is almost the sameas in the general graph case,and no doubt
calculations for D, also follow a similar pattern in bipartite graphs. The
bipartite analoguefor T,, (1-factorisations) of the statemert in Theorem4.8is
veri ed in [87].

Let H,, denote the number of (directed) Hamilton cyclesin a digraph in
DG4 (de nedin Section3.3). Janson[56] usedthe small subgraphcondition-
ing method to obtain the following.

Theorem 4.12 (Janson[56]) DGﬂfd”) Y4DGyq4 foralld, 3.

Theorem 3.2 s a corollary of this.

Although the results discussedn this sectionare strong in someways, the
method is extremely dixcult to extendto examination of G,.4 in general,and
no good resultsin this direction seemto be known. It is not known for instance
if Conjecture 2.27 hasany chanceof being proved by contiguity.

4.3 The superposition arithmetic of contiguity classes

Originating from the argumert in [104, the notion of the union of two ran-
domregulargraphson the samevertex setis very usefulfor proving asymptotic
properties of G,4. If Gand @ are two probability spacesof random graphsor
multigraphs on the samevertex set, we de ne their sum G+ 8 to denotethe
spacewhoseelemeits are de ned by the random multigraph G [ ¢ (called
the superposition of G and @) whereG 2 Gand 8 2 B are generatedinde-
penderily. Similarly, de ne the graph-restricted sum of G and ®, denoted by
G© 8, to be the spacewhich is the restriction of G+ 8 to simple graphs(i.e.
with no multiple edge$nv e have no causeto use this operation when loops
are presert). This is de nedonly if G+ @ contains at leastone simple graph.
In order to ensurethat all our probability spacescan be sensiblyrelated, we
assumewhen using these operations that the underlying setsare extendedto
cover all graphs(or multigraphs, asthe casemay be) on that vertex set. Thus
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any n-vertex graph which cannot be formed by the operation in questionis
included in the space,but with probability 0. We loosely call models de ned
by sumssuperposition maodels.
The two sum operations+ and © are clearly comnutativ e and assaiative.
We de ne
kG= GO ¢¢tO G,

with k terms on the right. (The analogousproduct of k by G using + instead
of © is not sointeresting for our purposeshere.)
It is alsostraightforward to derive the following result.

Lemma 4.13 (Jansor{56]) Supposethat G, ¥ G and &, ¥4 & whereall four
spacesG,, &, @, and & are of graphson n vertices. Then

Gh+@nl/4C£+ @[?Z

Janson[56] discussedcortiguity of multigraph modelsde ned by both the
sum + and the graph-restricted sum ©, but in that paper the emphasisis
on the sum. Results for the graph-restricted sum can be obtained using the
multigraph results, and it is desirableto put this on a systematic base. A
crucial property required of the graph modelsin order for this ideato work is
that the probability that a simple graph is createdin the sum spacemust be
boundedaway from O (which incidentally ensureghat the graph-restrictedsum
is de ned). To ensurethis, we usethe property of every natural model, that it
is lakel-independent, by which we meanthat the probability of any multigraph
is the sameasthat of any particular relabelled versionof that multigraph.

Lemma 4.14 Supposethat G, Y4 Cﬁ and Q Ya @,? where all four spacesG,,
G, @, and @,? are label-independert and all graphsin the spacesave bounded
degree(and n vertices). Then

Got ot

Pro of Let A, be any sequenceof everts which is a.a.s.true in G, © @h We
canregard A, asanewern in G, + @, also (after all, it is just a set of graphs).
Let B, be the evert that G 2 G, + &, hasa multiple edge. Then A, _ B, is
a.a.s.true in G, + @1 (where _ denotesthe union of events) and hencealsoin
G + & by Lemma4.13 It then followsthat A, is a.a.s.true in G © & once
we shaw that the probability of the complemen of B, in G + Gﬁ’ is bounded
below by a positive constart.

For this it sutces to treat eat pair of graphsG; 2 G and G, 2 G
separately and considera random relabelling of ead. We can usethe method
of momerts. It is easilyveri ed that the expectednumber , of edgesn common
betweentwo sud randomrelabellingsis exactly half the product of the average
degreesof verticesin G; and G,. The other momerts are calculated and
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satisfy the relation (8) in Section2.3 (with k = 1). Hence(by Brun's siewe or
Lemma 2.8) the probability that the superposition of the relabelled copiesof
G; and G, createsno multiple edgesis asymptotically e -, which is bounded
below in view of the upper bound on vertex degrees.

The reverseargumert, from Q@ © & to G, © §,, is identical. =

For bicoloured graphsthe analogueof Lemma 4.14 holds if the de nition
of label-independenceis speci ed to include only those relabellings which re-
arrangethe labelswithin ead of the two label sets.

If Y = Y(n) is the number of spanningk-regular subgraphsof G 2 G4
Y

which lie in somespecied set S,, then G 2 G has the distribution of
F(n) [ FYn) where the ordered pairs (F(n); FYn)) are sampled uniformly
sud that F(n) 2 S,, Fq{n) isa(dj k)-regulargraph on the samevertex set,
and F (n) and F{n) are edge-disjoin. Thus (L) = U,©G.q4, x whereU, is the
uniform spaceon S,. Similarly, if Y is the number of decompsitions of the
edgesetof G 2 G,4 into j spanningk-regular subgraphsof G 2 G,4 ead of
which lie in a uniform spaceU, (sojk = d) then G\ = jU,. So,for example,

\'+) = 3G,; for n even. We can now restate Theorems4.7 and 4.8 in the
following form. Let H,, denotea uniformly random Hamilton cycle (n ewen),
on the samen verticesas G 2 G,4 for all d. The only item in the following
not explicitly coveredalready is (iv) for d = 3, which is equivalert to (ii) for
d= 3.

Theorem 4.15
() Gug; 2©H, % Gyq ford, 3.
(i) Gd; 1©G1 %G ford, 3andn ewven.
(i) 3Gy1 ¥4 G,z (n even).
(iv) Gug; 2© G2 ¥a Gy ford, 3.
(V) 2H, ¥ Gy.4.

We next examineimplications of this theorem,taking an interesting special
case rst. From (ii) (usedrepeatedly), and (i), and Lemma4.14

Gog Y2 dGr1 (26)

forn eenand d, 3. Sinceewery elemen of dG,.; hasa 1-factorisation, this
implies the following.

Corollary 4.16 (RobinsonandWormald [104) Ford, 3, G2 G,4 a.a.s.has
a l-factorisation whenn is even.
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Another way to say this is that the edge-tiromatic number of thesegraphsis
a.a.s.equalto d whenn is even, which is best possiblesinceit must bed+ 1
by Vizing's theoremwhenn is odd.

The main problemwith d = 2 is that G,.; © G,.; 8 G,.,, Since,as seenin
Section2.9, G 2 G,.; a.a.s.hasan odd cycle,but G 2 2G,.; clearly doesnot.
Similarly, G,.1 © G,.; 8: H, 8 G,.,, but thesethree form the only exceptions
in the rather pleasan arithmetic of contiguity classesf regular graph models.
Earlier, wealer versionsof this result [56, 87] appeared at the times when
various parts of Theorem4.15were proved.

P4
Corollary 4.17 Let d, 3, and supposed = 2 + id:‘lliki with all terms
non-negatie. Then

Gia YajHn © kiGy;1 © €8¢O Kg; 1Ghyg; 1;
with n restricted to even integersif k; 6 0 for any odd i.
Pro of Lemmad4.14is usedabundartly throughout. From (i), (iv) and (v),
Giug YajHn ©KGy.2 © Gy 21 2 (27)

forany k - 2di 2j. If k; = Ofor all odd i, take k = 1d 2j and combine
the copiesof G, into the desiredspacesG,; using the sameresult in reverse
(with ] = 0) for eat space. If not, we can assumen is ewven, use (27) with
k = k, and (26) to get

Gh;d 1/4j Hn © kZGh;Z © (d i 2j i 2kZ)Gh;l

(unlessdi 2j i 2k, = 2). Then reconbine the copiesof G, ; into all the other
terms required using (26) in reversefor ead term G,;, i , 3. The requiredk;
copiesof G,.1 will be surplus. The only caseleftisdj 2j i 2k, = 2andk; = 2,
whenceeitherj > 0 or k, > 0. From above we have G4 ¥4 H, © (ky + 1)G.»,
and any two of these spacescan be reconbined to give G,.4. This can then
be split as desiredsinceG,.4 ¥4 G,.3 © G,.1 ¥4 G,.2 © 2G,.; by (ii) (twice) and
Gz %H, ©G. by (). =

A complete Hamiltonian decomposition of a d-regular graph is a partition
of its edgesetinto the edgesofg Hamilton cycles(for d even), or % Hamilton
cyclesand a perfect matching (for d odd).

Corollary 4.18 (Kim and Wormald [60]) For xed d, 3, G2 G,4 a.a.s.has
a complete Hamiltonian decompsition.

One restatemert of Corollary 4.9 is that a random 4-regular graph a.a.s.
hasfour 1-factorssud that a certain pairwiseunion givestwo Hamilton cycles.
The following strengthening of this has not even beenproved yet for d = 3.
A perfect 1-factorisation of a d-regular graph is an edge-decomepsition into
d pairwise disjoint perfect matchings sud that the union of any two of them
givesa Hamilton cycle.
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Conjecture 4.19 Ford , 3, G 2 G,4 a.a.s.has a perfect 1-factorisation
whenn is even.

| also conjecturethe contiguity version of this; i.e. that Gﬁfd Ya Yd where,
is the number of perfect 1-factorisationsof G.

There is strong evidencefor this conjecturefrom the resultsin [60], where
it is showvn that imposing Hamiltonicity conditions on pairs of perfect match-
ings does not asymptotically alter the probability of sud conditions holding
betweenother pairs (at least, not for a small number of pairs). If this is true
in generalthen the expected number of perfect 1-factorisationswill be large.
| believe that Theorem4.11 extendsas follows.

Conjecture 4.20 Let n be even. The probability that d, 4 random match-
ings of n verticescreatea perfect 1-factorisation of a d-regular graph is asymp-
totic to ()% V= asn! 1.

The cased = 3 is not conjectured here, becauseit is proved in [60], which
meansthat the expectednumber of perfect 1-factorisationsin G 2 P,.; or G,.3
is known. The variance, as usual, is much harder to compute. The expected
number of 1-factorisationsof G 2 G,y grows exponertially with n, so by the
contiguity expressedn (26) it is a.a.s.exponertially large. It seemsunlikely
that noneof thesel-factorisationsis perfect, evenif Conjecture4.20is in error
by a large factor. This supports Conjecture 4.19

Corollary 4.18 is quite a strong statemert about the structure of G 2
G..q and enablesquick proof of someresults already known. For even d it
immediately shavs that G 2 G,q4 is a.a.s.d-edge-connectedgiving the edge
connectivity versionof Theorem2.10for d xed. Herearesomeother examples.

Pro of of Theorem 2.21 Take the decompsition in Corollary 4.18 and re-
move oneedgefrom eac Hamilton cycle. Sincethere areonly bidc suc cycles,
for n sut ciertly large we can easily arrange that the removed edgesform a
matching (d ewven) or form a linear forest with the perfect matching in the
decompsition (d odd). The Hamilton paths form the other linear forests, to
obtain linear arboricity bidc+ 1= di(d+ l)e. =

This proof alsoshavsthat the conclusionof Theorem?2.21canbe considerably
strengthened: all but one of the forestsin this proof are Hamilton paths, and
the other has maximum path length 1 (evend) or 3 (odd d).

The model H, © G,.; hasalready beenstudied for its diameter, but without
the convenienceof cortiguity. A wealker version of the following result was
obtained by Bollob&s and Chung [19], with lower bound log, nj 10and upper
bound log, n + log, logn + 10.

Corollary 4.21 A Hamilton cycleplus arandommatching a.a.s.givesa graph
with diameter betweenlog, n + log,logn i 4 andlog, n + log,logn + 4.

Pro of This comesimmediately from Theorems4.5and 2.13with d=3. =
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Bollob$§is and Chung [19] alsoinvestigatedthe diameterof a xed regulargraph
plus arandom matching in orderto shaw that it is possibleto nd largeregular
graphswith small diameter using randomisation for only a small part of the
graph.

Janson[56] conjecturedthat the model of random 2-regulargraphsobtained
by taking a random permutation digraph and ignoring the directions of edges
“ts in with the arithmetic of modelsjust like the modelsH, and G,y (again
requiring d , 3). Howewer, no resultsin this direction have beenforthcoming,
probably becauseof the lack of a suitable framework for combining this model
with G.,4. We conjecture that the model obtained from G,., by restricting
to graphs with ewven cycles ts in the sameway. (This is not the sameas
2G,.1|the probabilities are di®erem.)

The theory of the superposition arithmetic of cortiguity classeshas pro-
gressedurther for random regular graph modelsthan for related models. For
bipartite graphs, Theorem 3.1 is proved in [10Q in the sameway as Theo-
rem 2.26 by treating 1-factorsin random (dj 1)-regular bipartite graphs,and
examination of the argumen will verify the analogueof Theorem 4.15 (ii) in
the bipartite case. The proof of Theorem 3.2 in [3]] also usescortiguity in
just the sameway: the bipartite regular graph related to a regular digraph is
cortiguous to the graph-restricted sum of a perfect matching and a bipartite
(dj 1)-regulargraph. The resultis proved rst for d = 3 working with the two
random parts of this decompsition, and the results for larger d again follow
by cortiguity.

Someof the other necessarybaseresults in this areaare missing (seethe
commerns on this near the end of Section4.2). But this is due mainly to
the fact that they are almost the sameas the correspnding graph case. For
directed graph models,even moreresultsare missing,but this is dueto real dif-
~culties. Permutation digraphs, or 1-regular digraphs (with loops permitted)
are equivalert to matchingsin the bipartite graphscorrespnding to d-regular
digraphs, so cortiguity is known for these. On the other hand, in view of
Corollary 4.18 and Theorem4.12we have the following.

Conjecture 4.22 A random digraph in DG4 a.a.s.has d edge-disjoith di-
rected Hamilton cycles.

We alsoof courseconjecturethe cortiguit y versionof this. From Theorem4.12
this would imply contiguity of sumsof directed Hamilton cycles.

5 The generation problem

The diz culty of samplingfrom G4, i.e. of generatingregular graphsu.a.r.,
and the related problem for G,.4, are part of the motivation for the \ algorith-
mic" models given in Section6. Those models do not have uniform, or even
well understood, distributions. In this sectionwe focus on uniform and near-
uniform distribution.
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5.1 Uniform generation for d large

Generatingan elemen of G,.4 is easyin the following sense:just generate
an elemen P of P4 and use G(P) if it has no loops or multiple edges. If
it is not suitable, repeat. This is implicit in the presertation of the pairing
model by Bollob$s [10], and in the model usedby Benderand Can eld in [5].
It was discussedexplicitly in [119, along with a non-probabilistic algorithm
for generating3-regular graphs (which is much more complicated).

The dixcult y of this simple procedureis the number of repetitions required
before success.The expected number is exactly 1=P (Simple), which from (3)
and (5) is prohibitiv ely large for even quite small d, say d = 8. What can we
do for larger d?

McKay and Wormald [79] usedthe modern versionof switchingsto give an
algorithm for generatinga random d-regular graph for d = O(n*®) in which
the expectedtime per graph is polynomial (O(n2d*) in a versionthat would
be implemertable, or O(nd3) in a versionthat quali_ esasthe programmer's
nightmare). The ideais to generatea random pairing in the pairing model,
wherethosepairings correspndingto multigraphs with givennumbersof loops
and multiple edgesare all equally likely, and then usea random switching to
getto arandom pairing with fewer loopsand multiple edges.An accept/reject
procedureis usedto make sure the resulting random pairing is uniformly dis-
tributed with those parameters. Iterating this procedure eertually reades
pairings P sud that G(P) is a simple d-regular graph uniformly distributed.
The \old" switchings do not help with this problem even for d = n’, and the
idea de nitely cannot be extendedin any easyway to get an algorithm for
degreen'=3** with polynomial expectedtime per graph generated.

Earlier Tinhofer [109 consideredchoosingedgesconsecutiely, ead choice
a uniform choice from somerestricted set, so that a regular graph hopefully
results. This is combined with an accept/reject procedure to produce the
uniform distribution, which is basedon a posteriori computation of the prob-
ability p(G) of the generatedgraph. The probability of acceptancds the ratio
of p(G) to an upper bound on p(GY for all G°. Unfortunately basically nothing
is known about sud upper bounds, with the result that sud algorithms do
not seemto be of practical usefor uniform generation,exceptperhapsfor very
small graphs.

The description of how to generatea random unlabelled graph given in
Section 3.1 was applied directly in [12]] to generatingrandom unlabelled d-
regular graphs. The expected time complexity per graph is linear in n for
d-regular graphson n verticesif d is xed. Achieving this requiresjudicious
useof accept/reject proceduresaswell asthe simpli cation givenin [12Q of the
multidimensional optimisation problem involved in Theorem 2.17. Howe\er,
in an uncommontwist, the algorithm is not at all practicable for d = 3 and
4 unlessn is quite large, say n, 200 This is becausesymmetriesare more
commonfor smallern than for larger n.
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For randomgraphsin G,.4, the resultin [79 appliesto degreesequence$or
which the maximum degrees O(m**), wherem is the sumof the degrees.The
result is a polynomial time algorithm for uniform generation. Thosein [109
apply to any degreesequencedbut tell us little).

5.2 Near-uniform generation

When uniform generationis dixcult, it is worth looking at near-uniform
generation. If the appraximation to uniform can be madeto a given accuracy
then probabilities can be obtained experimenrtally to the sameaccuracy

Jerrum and Sinclair [58] gave a fully polynomial almost uniform geneator
for d-regular graphson n vertices; that is, a generationalgorithm which, for
2 > 0, runs in time polynomial in n and log(1=?), sud that all graphs are
generatedwith probabilities varying by a factor of at most 1+ 2. This result
is remarkablein that it appliesfor all d. The analysisrequiredto proveit uses
sophisticated eigervalue techniquesfor estimating the rate of corvergenceof
a Markov chain to the stationary distribution. Unfortunately the polynomial
doesnot have very low order so this algorithm seemsto be of little practical
signi cance.

Buczak and Wormald [64] studied a generalisedform of the random pro-
cessedescrilked below in Section 6 which suggestedthe algorithm studied
by Stegerand Wormald [107]. This seemsto be a very practical algorithm
(time O(nd?) expected per graph for small d, and good practical results for
all d - 3n, which sut cesby complemenation). Although it doesnot give
the uniform distribution, for d < n® where c is a small positive constart, it
producesall graphs with asymptotically the same probability. That is, for
sudh d there are upper and lower bounds on the probabilities of a graph on
n vertices being generatedwhich are asymptotically equalasn! 1 . Unfor-
tunately, there are indications that this algorithm doesnot give sud a close
approximation to uniform distribution whend gets past n*=.

This algorithm has useful properties even though it is equivalert to the
quite naive idea of generating (non-uniformly) at random an elemen of the
pairing model one pair at a time, at eat step selectingonly from those pairs
which will not createloopsor multiple edgeswith thosealready selected.This
processoccasionallygetsstuck, with unpaired points remainingand not legally
able to be paired, but experimertal evidencestrongly supports the following
conjecture,with the value of the constart appraoximately %

Conjecture 5.1 Let f (n;d) denotethe probability that this procedureter-
minates with a regular graph. Then f (n; d) is boundedbelow by a constart
foralld- 2n.

Jerrum et al. [59 showved that the algorithm in [58 appliesto a very wide
classof degreesequences.The proof relies on shaving that if the degreesdo
not vary by too much, the number of graphsdoesnot changesradically with
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small perturbations of the degreegmaintaining the samenumber of vertices).
This incidertally givesan explanation of the ditcult y of enumerating graphs
or generatingrandom graphswith given degreesvhenthe degreesvary wildly.

6 Algorithmically de ned models

As explainedin Section5, it canbedizcult to etciently generatemenbers
of G,.¢ uniformly at random. There are no good practical schemesfor large d,
andthe state of a®airsfor G,.4 is evenworse. It is substartially thesediculties
which motivate the \algorithmic " models given here, but asidefrom this they
are often also of intrinsic interest due to their simplicity.

Tinhofer's stheme (see Section5.1) is basedon selection of edgesby re-
peating a uniform selectionfrom a restricted set. Wilson [113 usesa similar
approad (ignoring questionsof distribution). A simple form of sudc an al-
gorithm is the following. Given d and n, start with n isolated vertices and
repeatedly add edgegoining verticesof degreestrictly lessthan d. Each time,
the edgeaddedis chosenuniformly at random from all un lled positions. This
is the degree restricted graph processwith parameterd, or d-processfor short.
The d-processstops when no more edgescan be added, i.e. when the graph
induced by the verticesof degreelessthan d is a clique.

This processwas consideredby Erdgs, who asked for the asymptotic dis-
tribution of the number of vertices of degreelessthan d in the nal graph (d
‘xed, n! 1). This questionwas settled in [103 using the diRerertial equa-
tion method together with someother argumertis. It was shown that a.a.s.
the nal graph is regular if dn is even, and almost regular, with one vertex of
degreed 1 and the rest of degreed, otherwise.

The nal graph of the d-process,conditioned on it being d-regular, givesa
model of d-regulargraphswhich we denotehereby Cff,g Usingthe fact that the
numbers of vertices of given degreefollow closeto the solutions of di®erertial
equations,Rucifiski and Wormald [103 also determinedthe limiting distribu-
tion of the numbers of short cyclesin G 2 Cﬁezg Theseare asymptotically in-
dependen Poisson,but the expectednumber of cyﬁlesof lengthi involvesani-
dimensionalintegral. Fori = 3this simpli esto § . (9@07d = :1887:::,
which is alittle di®erert from the expectednumber % of 3-cyclesin the uniform
model G,.,. More recerily, the sameauthors [104 showved that G 2 Gﬁ%g is
a.a.s.connectedfor d, 3, and the following is conjecturedthere.

Conjecture 6.1 For G 2 G, P(G is disconnectedl » cni 2 wherec ¥ 0:25

The correspnding statemert in G,.3 holdswith c= %
If we do not condition on the nal graph of the d-processbeing regular,
the probability of disconnectednesseemsfrom simulation results,to be much

higher than this. Newertheless,the following seemguite plausible.

Conjecture 6.2 Letd, 3bexed. For G2 G, G is a.a.s.d-connected.
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Telcs and Wormald [109g, using a delicate application of the di®eretial
equation method, fouQ]d the probability that G 2 G is a single Hamilton

cycleis asymptoticto % 14 1:819ni 12 where, = o (9@ and also

determinedthe expectednumber of cyclesin G 2 Cﬁezg quite accurately These
valuesare alsocloseto thosein the uniform model G,., (see(11) for example).
Although the evidenceis not very strong, the following is suspiciouslyhard to
disprove.

Conjecture 6.3 For xed d, 1anddn even, Gy ¥ Gisy.

Motivated by [109 and [113, in which the aim wasto corveniertly generate
random graphswith given degreesRobalewsla [96] studied a random process
by which stars are addedto 1l the required vertex degrees.We considerthe
regular casehere,and taked xed. Beginningwith n isolatedvertices,at ead
step chooseu.a.r. a vertex v of minimum degree,and chooseu.a.r. dj d(v)
other vertices of degreestrictly lessthan d. Edgesare addedfrom v to these
vertices, then the step is repeated. As with the d-process,stop when the
required edgesdo not exist or the graph is d-regular. This is called the star
d-process Multiple edgesare impossibleby the degree-ling nature of the
process.

In the cased = 2 the short cycle distribution of the nal graph was ob-
tained in [96], as well asthe asymptotic probability of Hamiltonicity and the
distribution of the number of cycles. It wasalsoshowvn that the nal graph is
a.a.s.2-regular. The latter result was extendedto d-regular for xed d, pro-
videddn is ewven,in [97]. The methods are similar to thoseusedfor d-processes.
Again, we can considerrestricting to those processesn which the nal graph
to d-regular, to obtain a probability spacewhich we call here Gy *?.

Conjecture 6.4 For xed d, 1anddnewen,G.4 Y4 q?;tgrdeg_

7 A wider perspective

There are seeral interesting random graph models which involve either
special regular graphsor in somesensenear-regulargraphs. After mertioning
some cubic examples,we look at results on planar graphs and near-regular
graphsin a bit more detail.

McKay et al. [79 found the asymptotic number of claw-free cubic graphs.
Togetherwith the result in [101], their result implies that almost all of these
graphsare Hamiltonian.

Garmo [48, 49 de ned random railways to be random cubic multigraphs
with one of the three half-edgesat ead vertex distinguished, and studies spe-
cial connectivity properties of these (properties de ned with respect to the
distinguished half-edges).
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7.1 Random regular planar graphs

For erumeration purposes,planar graphs are normally studied enmbedded
in the sphereand with a rooting which consistsof distinguishing an edgeand
a vertex incident with that edge. For 3-connectedgraphs the enumeration
is equivalert to labelled planar graphs (just multiply the number of rooted
graphsby % to get the corresppnding number of labelled planar graphs).

Many enumeration results and seeral on random planar graphs were ob-
tained in this way, for instanceTutte [11( showved that a random 3-connected
planar graph a.a.s.hasno automorphisms. Then a more generaltheory of ran-
dom planar graphsbeganwith the paper of Richmond et al. [92] showving that
a random 3-connectedcubic planar graph has exponertially small probability
of being Hamiltonian. Richmond and Wormald [93] extendedthis result to
more classef planar maps. Thesepapers also give results on the frequency
of subgraphsin sud graphs.

Up to this point, resultswere quite dependert on generatingfunction anal-
ysis, but Benderet al. [6] freed the topic from generatingfunctions to a large
extert (although their argumert to shaw this usesa modi cation of the gener-
ating function singularity argumerts in [92, 93)). Building on this, Richmond
and Wormald [94] shaved that many classesof planar maps are almost all
asymmetric, thus including a simpler proof of the result of Tutte mertioned
above (amongst other things).

Benderet al. [7], returning to generatingfunction methods, shaved that in
almost all 3-connectedcubic planar graphswith n edgesthe largestcyclically
4-edge-connectedubic componert has about n=2 edges. Seealso Gao and
Wormald [47] for more generalresults.

7.2 Non-regular models

Somerandom graph models cannot easily be specialisedto models of reg-
ular graphs, and yet have featuresin common, in particular vertices of low
degreebut with a guararteed lower bound on the degrees.Hereis only a brief
mertion of someof the results of this type.

Se\eral authors have consideredthe random graph coming from a random
digraph in which k arcs are chosenout of ead vertex at random, and then
the orientations are suppressedand multiple edgesare coalesced.Fennerand
Frieze [37] showved for k , 23 that this is a.a.s.Hamiltonian. The big open
problemin this areais whetherthis istrue for all k , 3. For k = 2 the opposite
is true, as sketched in an exercisein Bollob$s [16, SectionVI11.5], becauseof
the asymptotically almost sure occurrenceof small subgraphscalled spiders
which kill Hamilton cycles. The result for k ;| 23 hasbeenfar supersededby
the recen result of Cooper and Frieze [3(] that a random 3-in, 3-out digraph
(in which from ead vertex three arcs are randomly chosenin and three out)
is a.a.s.Hamiltonian.

An early result of Walkup [111], subsequetly used by others, is that a
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random d-out directed bicolouredgraph with n verticesin ead part (in which
from ead vertex d arcs are randomly chosenout) a.a.s.contains a perfect
matching providedd , 2 (anda.a.s.doesnot if d = 1). Frieze[4(Q] later shaved
that the superposition of two random 1-out-regulardigraphsa.a.s.hasa perfect
matching (n even). Alsoin the spirit of the modelsin Section4, Friezeet al. [43
shawved that the superposition of v e random treesis a.a.s.Hamiltonian. The
big open problemin this direction is whether three is enough.

Recenly a model of random regular graphswith edgefaults hasbeenstud-
led. Here the edgesof G 2 G,y are randomly deleted independerily with
probability p ead. For example, Goerdt [52] looked at the giant componert,
and Nikoletseasand Spirakis [88] obtained concertration resultson the second
eigervalue of the adjacencymatrix of the giant componert.

7.3 Further unsolved problems

Besidesthe various conjecturessprinkled through this paper, there is one
issuewhich bene ts from emphasising.Large valuesof d are in generala prob-
lem. For many of the results mertioned in this article, the obvious conjecture
is that the result holds for much higher valuesof d (such as Conjecture 2.17).
Canthe generatingfunction method in [80] help here?It certainly doespermit
computation of the probability of setsof edgesbeing presert, to someextert.
For another example, can one in this way showv that for d » %n, G 2 Gy
a.a.s.hasno non-trivial automorphisms?At leastit would be good to extend
Theorem2.17 past d = o(n'*?). Also cana praﬁtical near-uniform generation
algorithm be found for very larged (say d % n or d = cn)? In addition,
further results on random tournamerts (Section 3.6) would be interesting, but
this su®ersfor onething from a problem similar to the caseof G,q with large
d: high edgedensity restricts switchings.

For someof thesequestions,asymptotic erumeration of jG,.4j in the range
P n < d < cn=logn may help. This is still wide open, and has strong implica-
tions for the model of the degreesequencef a random graph in G(n; p) which
is givenin [82).
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