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1. Association Rules

Let S be the set of possible purchases, |S| = n, and let N be the number of
transactions. Each transaction is a subset of S.

(a) Let A and B be subsets of S. Define the support, confidence and lift of
the rule

A ⇒ B.

(b) A strong rule has support at least s0 and confidence at least c0. For
s0 = 0.6 and c0 = 0.8, from the data below, find all the strong rules of
the form {x1, x2} ⇒ {y} where x1, x2, y ∈ S, x1 6= x2 6= y.

Transaction Item Set
1 {a, b, d, k}
2 {a, b, c, d, e}
3 {a, b, c, e}
4 {a, b, d}

(c) The a-priori algorithm for finding frequent item sets is (in pseudo-code):

k = 1
L1 = {A ∈ S : |A| = 1, support(A) ≥ s0}
while Lk 6= ∅

k = k + 1
Ck ← a-priori-gen(Lk−1)
Lk ← {A ∈ Ck : support(A) ≥ s0}

end while
return ∪kLk

(i) Describe, using pseudo-code or otherwise, the function a-prioiri-gen.

(ii) What property of Lk−1 is required to enable a-priori-gen(Lk−1) to
execute quickly?

(iii) What is C4, given that

L3 = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4},

{1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 4, 5}}.

[3+3+6=12 marks]

2. Classification Trees

For i = 1, . . . , N we have observations (x1(i), . . . , xk(i), y(i)) where the xj are
input variables and y ∈ {0, 1} is the response.

(a) Consider the following classification tree. For each node we indicate the
number of observations with response 0 and the number with response
1.

2 of 6



Node: 0
Class 0: 60
Class 1: 40

Node: 1
Class 0: 52
Class 1: 13

Node: 2
Class 0:  8
Class 1: 27

Node: 3
Class 0: 6
Class 1: 4

Node: 4
Class 0:  2
Class 1: 23

x
1
 ≤ 0 x

1
 > 0

x
2
 ≤ 0 x

2
 > 0

(i) For all possible threshold values p ∈ [0, 1], classify each of the leaves
of this tree as either class 1 or 0, according as the proportion of class
1 observations is ≥ p or not.

(ii) Hence sketch the ROC curve for this decision tree. Be sure to label
both axes.

(b) Let f(i, j) be the frequency (∈ [0, 1]) of class j observations in node i

and let I(i) be the impurity of node i.

(i) Define the Gini impurity (used by CART) and the Entropy impurity
(used by C4.5).

(ii) Let s(i) be the size of node i. Define the gain in purity made by
splitting node i into nodes i0 and i1.

(iii) For the classification tree given in part (a), calculate the gain made
by splitting node 2 into nodes 3 and 4, using the Gini impurity.

(c) (i) Define the complexity of a classification tree and explain how it is
used to prune a tree. In particular explain the role of the complexity

parameter.

(ii) Explain how cross-validation can be used to choose the complexity
parameter optimally.

[8+5+7=20 marks]
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3. Neural Nets

(a) Consider the following feed-forward neural network (FFNN) with edge
weights and thresholds θ as indicated. The hidden nodes (3, 4 and 5) all
have a stepwise activation function of the form

f(x, θ) =

{

0 x < θ

1 x ≥ θ

and the output node (6) has a linear activation function

f(x, θ) = x − θ.

node 1
input

node 2
input

node 3
hidden
θ = 0

node 4
hidden
θ = 1

node 5
hidden
θ = 2

node 6
output
θ = 0

1

2

−1

1
−2

−1

1

3

5

(i) If the values of the input nodes 1 and 2 are fixed at 1 and −1
respectively, what are the values at all the other nodes (after the
network is updated)?

(ii) Fix the value at node 1 at 1, then sketch a graph of the value y

of the output node 6 against the value x of the input node 2, for
x ∈ [−2, 2].

(b) (i) Explain what overfitting is.

(ii) In the context of using the backpropagation algorithm to fit a feed-
forward neural network, explain how you would use a test data set

to detect overfitting. Your explanation should include a definition
of the test data set.

[4+6=10 marks]
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4. Logistic Regression

For i = 1, . . . , N we have observations (x1(i), . . . , xk(i), y(i)) where the xj are
input variables and y ∈ {0, 1} is the response. For simplicity of notation we
assume that x1(i) = 1 for all i. The logistic regression model is then

P(Y (i) = 1 |X = x(i)) = µ(x(i) |β) :=
exp{

∑

j βjxj(i)}

1 + exp{
∑

j βjxj(i)}
.

(a) Give an expression for the likelihood of the model parameters β given
the observations.

(b) We can find a local maximum of the log-likelihood iteratively using the
rule

β(n+1) = (XT WX)−1XT W (Xβ(n) + W−1(Y − P )) (1)

where β(n) is the n-th approximate solution and

X(i, j) = xj(i)

Y (i) = y(i)

P (i) = µ(x(i) |β(n))

(i) What is W? (You may wish to complete part (ii) before answering
this.)

(ii) Show that (1) can be obtained by applying the Newton-Raphson
algorithm to the log-likelihood. (The Newton-Raphson algorithm
has the form β(n+1) = β(n) − H−1∇f(β(n)) where f is the objective
function and H the Hamiltonian.)

(c) (i) Explain how the log-likelihood ratio can be used to choose between
two logistic regression models.

(ii) Why would we want to remove statistically insignificant variables
from a logistic regression model?

[2+8+6=16 marks]

5. Additive Models

Suppose that Y = f(X)+E where EE = 0 and VarE = σ2 < ∞. We observe
inputs x(1), . . . ,x(N) ∈ R

k and responses y(1), . . . , y(N) ∈ R.

(a) Show that if we choose f to minimise E‖Y −f(X)‖2 then we get f(X) =
E(Y |X). (Note that ‖a + b‖2 = ‖a‖2 + 2 < a,b > +‖b‖2.)

(b) What is the general form of an additive regression model?

(c) We use penalised least squares to fit additive models, rather than or-
dinary least squares. What is penalised least squares, and what is the
effect of the penalty?

(d) Explain the curse of dimensionality in the regression context. How does
an additive regression model deal with the curse of dimensionality?
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(e) Using pseudo-code or otherwise, give the backfitting algorithm of Hastie
and Tibshirani for fitting an additive regression model. You may assume
that you are given a function smooth which takes as input u(1), . . . , u(N)
and v(1), . . . , v(N) and returns a function f such that f(u(i)) ≈ v(i).
(You do not need to explain how smooth works.)

[4+2+3+3+4=16 marks]

6. Clustering

Consider the K-means algorithm in R
d, with data x(1), . . . ,x(N). Let C(i)

be the cluster containing x(i), mk the (current) centroid for cluster k and Nk

the size of cluster k. The total squared error is

S :=
K

∑

k=1

Nk

∑

i:C(i)=k

‖x(i) − mk‖
2.

Now take the following set of points in R
1: {6, 12, 18, 24, 30, 42, 48}.

(a) For each of the following sets of centroids, create two clusters by assigning
each point to the nearest centroid, then calculate the total squared error
S.

(i) {18, 45}

(ii) {15, 40}

Which pair of clusters gives the smallest value of S?

(b) For each case in part (a), if you ran the K-means algorithm using this
set of points as starting centroids, what clusters would you end up with?
Comment on your result.

(c) Using hierarchical clustering with Euclidean distance and single linkage,
what sequence of clusters are obtained? Sketch the dendogram.

(d) (i) Using pseudo-code or otherwise, describe the K-means algorithm for
assigning clusters.

(ii) Let x̄k be the mean over cluster k, then prove that

min
clusters

K
∑

k=1

Nk

∑

i:C(i)=k

‖x(i) − x̄k‖
2

= min
clusters;m1,...,mK

K
∑

k=1

Nk

∑

i:C(i)=k

‖x(i) − mk‖
2.

[3+4+4+5=16 marks]
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