
ASYMPTOTIC V ALUES OF HYPERBOLIC MONOPOLES

P A UL NORBUR Y

Abstra ct. W e sho w that man y h yp erb olic monop oles can b e distinguished

from eac h other via their asymptotic v alues in con trast to the case of Euclidean

monop oles.

1. Intr oduction

Magnetic monop oles initially arose out of Dirac's study of the quan tum theory

of electro-magnetism. They are singular solutions of Maxw ell's equations v alid

a w a y from their singularities. Bogomoln y-Prasad- Som m er�el d monop oles are a

generalisation of Dirac monop oles to non-ab elian theories where the singularities

can b e smo othed a w a y . They are solutions to the equation d

A

� = � F

A

where

( A; �) is a pair giv en b y a connection with L

2

curv ature F

A

and a Higgs �eld|a

section of the adjoin t bundle|de�ned on a trivial bundle o v er R

3

with structure

group a compact Lie group G , and the Ho dge star is giv en with resp ect to a metric

on R

3

. The Higgs �eld � is constrained to lie in a giv en orbit of the Lie algebra

on the sphere at in�nit y . The mass of the monop ole is de�ned to b e the conjugacy

class of the Higgs �eld on the sphere at in�nit y , or more generally it is the orbit

in the Lie algebra under the action of the group of the Higgs �eld on the sphere

at in�nit y . The mass also de�nes an em b edding of the circle (the gauge group of

the ab elian theory) in to the group G so that BPS monop oles can b e compared to

Dirac monop oles.

It is reasonable to ask what BPS monop oles lo ok lik e from a long distance, and

to the extreme, on the sphere at in�nit y . It is not necessarily true that they should

lo ok lik e Dirac monop oles since the latter appro ximate BPS monop oles not only

far from the singularities but also only when the singularities are far apart. W e can

ask this question for di�eren t metrics on R

3

. When the metric is Euclidean, the

monop oles on the sphere at in�nit y do lo ok exactly lik e Dirac monop oles. Moreo v er,

as for Dirac monop oles, up to c harge, all Euclidean monop oles lo ok the same at

in�nit y .

In this pap er w e will consider h yp erb olic monop oles de�ned o v er h yp erb olic space

H

3

. W e will sho w that on the sphere at in�nit y , the BPS h yp erb olic monop oles

tak e on man y di�eren t v alues in con trast to the Euclidean case. This agrees with

the conjecture that in fact h yp erb olic monop oles are determined b y their v alues on

the sphere at in�nit y . This conjecture has b een con�rmed for in tegral mass S U (2)

h yp erb olic monop oles b y Austin and Braam [2] and it is an easy fact for h yp erb olic

Dirac monop oles. The pro of of the in tegral mass S U (2) case b y Austin and Braam

in uses some b eautiful algebraic geometry and in tro duces discrete Nahm data. This

approac h has b een generalised to S U ( n ) b y Murra y and Singer [15] and it is lik ely

this will lead to a pro of that these monop oles are determined b y their asymptotic
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v alues. Our aim is to complemen t this w ork with pro ofs that w ork for all gauge

groups and non-in tegral mass. W e are also in terested in ho w suc h pro ofs fail for

Euclidean monop oles.

Murra y and Singer [16 ] also study the t wistor theory of h yp erb olic monop oles.

Their results hold for an y mass since rather than w orking with circle in v arian t

instan tons o v er the four-sphere whic h requires in tegral mass they w ork with instan-

tons o v er Mink o wski space in v arian t under translations. They sho w that a h yp er-

b olic monop ole is determined b y its asymptotic v alue plus some extra information

(remark (3) on p.989.)

It ma y end up that metho ds of algebraic geometry will b e needed to sho w that

a h yp erb olic monop ole is determined b y its asymptotic v alue. W e b eliev e the main

result of this pap er is still v aluable since it directly sho ws wh y h yp erb olic monop oles

and Euclidean monop oles b eha v e di�eren tly .

As men tioned, a monop ole has a mass giv en b y an elemen t of the Lie algebra, or

really the orbit of the elemen t. W e can parametrise the mo duli space of monop oles

with giv en mass b y holomorphic maps from the t w o-sphere in to the orbit in the

Lie algebra|see Section 3. Since man y di�eren t masses ha v e isomorphic orbits and

hence the same parametrisation w e can sp eak of a subset of the mo duli space b efore

sp ecifying the mass precisely . This same idea is used in the study of \monop ole

clouds".

Theorem 1. Given two disjoint c omp act subsets in the p ar ameter sp ac e of mono-

p oles, if the mass is smal l enough then the asymptotic values of the c orr esp onding

hyp erb olic monop oles r esp e ctively give two distinct subsets.

Remarks: (i) It is probably true that only one of the subsets of the parameter

space need b e compact. W e discuss this in Section 4

(ii) One satisfying asp ect of the theorem is that w e can see where the pro of fails

for Euclidean monop oles.

In Section 2 w e describ e Dirac monop oles o v er Euclidean and h yp erb olic spaces.

In Section 3 w e giv e the bac kground to the holomorphic map asso ciated to a mono-

p ole. In Section 4 w e giv e the pro of of Theorem 1. W e con trast prop erties of the

asymptotic v alues of h yp erb olic monop oles with those of Euclidean monop oles in

Section 5.

2. Dira c monopoles.

In this section w e study the elemen tary issue of Dirac monop oles since they

giv e an analogue to the non-linear problem. It is in teresting to the note that at

in�nit y Euclidean BPS monop oles lo ok exactly lik e Euclidean Dirac monop oles

whereas h yp erb olic space detects a di�erence b et w een BPS monop oles and Dirac

monop oles.

A Dirac monop ole is a solution to Maxw ell's equations: F

A

= � d

A

� where F

A

is the magnetic �eld, or the curv ature of a connection A , and d

A

� is the electric

�eld giv en b y the co v arian t deriv ativ e of the Higgs �eld. The Ho dge star � dep ends

on the metric. It follo ws that the magnetic �eld is harmonic, so for the Euclidean

metric the magnetic �eld is giv en b y

B =

^r

4 � r

2
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where ^r represen ts the imaginary-v alued 2-form

^r =

2 r

2

d �w dw

(1 + j w j

2

)

2

;

and more generally

B =

\

( r � a )

4 � ( r � a )

2

is a monop ole at the p oin t a 2 R

3

. As r ! 1 , r

2

B ! ^n , the unit normal, whic h

is in particular indep enden t of a . Th us, on the sphere at in�nit y a monop ole lo oks

lik e a symmetric distribution, or the imaginary-v al ued 2-form, 2 d �w dw = (1 + j w j

2

)

2

.

A collection of k monop oles is simply the sum of k of these and th us giv es

F

A

=

2 k d �w dw

(1 + j w j

2

)

2

(1)

on the sphere at in�nit y .

Th us w e see that (except for the c harge) Euclidean Dirac monop oles cannot b e

distinguished from a distance. In con trast with this, the situation is exactly the

opp osite for h yp erb olic Dirac monop oles.

Prop osition 2.1. Hyp erb olic Dir ac monop oles ar e determine d by their asymptotic

values.

Pr o of. A h yp erb olic Dirac monop ole is a solution of the equation F

A

= � d

A

�

for the h yp erb olic Ho dge star. The fundamen tal solution is

B =

^r

4 � sinh

2

( r )

so a more general single Dirac monop ole is giv en b y

B

a

( x ) =

^�

4 � sinh

2

( d ( x; a ))

where d ( x; a ) is the h yp erb olic distance b et w een a p oin t x 2 H

3

and a giv en p oin t

a and ^� is the unit v ector p oin ting (a w a y from a ) along the geo desic joining x and

a . The asymptotic v alue of eac h of these monop oles is giv en b y the unit out w ard

normal v ector of S

2

1

scaled b y lim

r !1

sinh

2

( r ) = sinh

2

( d ( x; a )) (for r = d ( x; 0).)

It uniquely determines the monop ole since it simply giv es the symmetric measure

d �w dw = (1 + j w j

2

)

2

transformed b y the conformal transformation of S

2

1

induced b y

the isometry of H

3

that tak es 0 to a .

The most general Dirac monop ole is a linear com bination of these single mono-

p oles. The con ten t of this prop osition is to sho w that the linear com bination of

conformal transformations of the symmetric measure on S

2

1

determines the confor-

mal transformations.

A conformal transformation tak es

w 7!

aw + b

cw + d

:

Since the subgroup S U (2) �xes the symmetric measure w e need only consider con-

formal transformations of the form

w 7! a

j

( w � w

j

) ; a

j

2 R

+

; w

j

2 C :
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The symmetric measure maps to a

2

j

d �w dw = (1 + a

2

j

j w � w

j

j

2

)

2

so a general Dirac

monop ole has measure at in�nit y giv en b y

X

j

a

2

j

d �w dw

(1 + a

2

j

j w � w

j

j

2

)

2

(2)

where there migh t b e rep eated app earances of a pair ( a

j

; w

j

).

The denominator for (2) is giv en b y �

j

(1 + a

2

j

j w � w

j

j

2

)

2

. Put w = x + iy and set

y = 0. Then the denominator factorises with factors x � x

j

� i

p

( y

2

j

+ 1 =a

2

j

). Th us,

the measure determines eac h x

j

and y

2

j

+ 1 =a

2

j

. (W e ha v e analytically con tin ued

x to tak e on complex v alues.) Similarly , if w e set x = 0 then w e get eac h y

j

and

x

2

j

+ 1 =a

2

j

so w e get eac h x

j

; y

j

; a

j

and the b oundary measure has determined the

Dirac monop ole.

The space of compactly supp orted con tin uous functions on h yp erb olic space acts

on the symmetric measure ! on S

2

b y f � ! =

R

H

3

f ( x ) x � ! dx where w e think of

x 2 S L (2 ; C ) =S U (2). A tiy ah has suggested that this action migh t b e faithful.

Conjecture 1. L et f 2 C

0

c

( H

3

) , then f � ! = 0 , f � 0 :

The prop osition w ould then �t in to a rather natural setting, follo wing from

limiting b eha viour of suc h a result.

3. Holomorphic maps.

In this section w e will describ e the holomorphic map of the t w o-sphere in to a

homogeneous space asso ciated to a monop ole via scattering. First w e will giv e a

brief description of the homogeneous spaces.

Let � 2 g , the Lie algebra of G , and let K

�

= f g 2 G j g � � = � g b e the isotrop y

subgroup of � from the adjoin t action of G . Then the homogeneous space G=K

�

is a complex manifold and w e can sp eak of holomorphic maps in to this manifold.

This is b est seen using the isomorphism G=K

�

�

=

G � � � g .

The tangen t space of an adjoin t orbit X = G � � � g has a nice description. A t

� = g � � 2 G � � , the tangen t space T

�

X = [ g ; � ] � g . It is more con v enien t to use

g = k er [ � ; � ]

�

=

T

�

X . The isomorphism is giv en b y u 7! [ u; � ] for u 2 g .

Homogeneous spaces ha v e complex realisations

G=K

�

�

=

G

c

=P

�

(3)

where P

�

is the parab olic subgroup of G

c

with the further prop ert y that P

�

\ G =

K

�

. The isomorphism (3) simply sa ys that giv en an y g 2 G

c

, there exists p 2 P

�

suc h that g p 2 G and p is unique up to p 7! pk for k 2 K

�

. When G = U ( n ), this

is the Gram-Sc hmidt pro cess.

The complex structure at � is giv en b y J u � iu (mo d p

�

) with resp ect to the

trivialisatio n T

�

X

�

=

g = k er [ � ; � ]. It is w ell-de�ned since giv en iu , there is an elemen t

v of p

�

, the Lie algebra of P

�

, unique up to an elemen t of k er [ � ; � ] suc h that iu + v 2 g .

The complex structure at eac h p oin t of the orbit � = g � � is de�ned similarly .

A map f : S

2

! G=K

�

is holomorphic when its lift u to G (de�ned lo cally)

satis�es u

� 1

@

x

u + J u

� 1

@

y

u = 0, or equiv alen tly for w = x + iy

u

� 1

@

�w

u ( w ) � p

�

:(4)

The adjoin t orbit has a natural symplectic structure, compatible with the com-

plex structure to giv e a Kahler structure, giv en at T

�

X b y ! ( u; v ) = h � ; [ u; v ] i where

h� ; �i is the Killing form. A t T

�

X , the metric is g ( u; v ) = ! ( J u; v ) for the complex
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structure J . There are man y other symplectic structures and complex structures

that arise less naturally .

The map f : S

2

! G=K

�

pulls bac k the symplectic form ! to a t w o-form o v er

S

2

via its lift u :

f

�

! = h � ; [ u

� 1

@

w

u; u

� 1

@

�w

u ] i d �w dw :(5)

A h yp erb olic monop ole ( A; �) with �nite energy , k F

A

k

2

< 1 , has a w ell-de�ned

limit at in�nit y (ensuring that the problem of this pap er is w ell-p osed) and the com-

p onen ts of the monop ole and their deriv ativ es satisfy asymptotic deca y conditions

near in�nit y , [14]. In particular, � j

S

2

1

= � 2 g is the mass of the monop ole.

More precisely , there exists a gauge in whic h

� = � + O ( e

� cr

)

and A = A

w

dw + A

�w

d �w + A

r

suc h that

A

w

dw + A

�w

d �w = A

1

+ O ( e

� cr

)

for a K

�

connection A

1

on S

2

, and

A

r

= O ( e

� cr

)

as r ! 1 and c > 0 is a constan t. There are similar estimates on the deriv ativ es.

The asymptotic conditions on the monop ole ensure along eac h radial geo desic

the existence of a frame of fundamen tal solutions g : R

+

! G

c

of the scattering

equation

( @

A

r

� i �) g = 0(6)

with the prop ert y that g (0) 2 G and lim

r !1

g exp ( � i� r ) is b ounded. The solution

is unique up to g 7! g k for k 2 K

�

.

W e can c ho ose a family of solutions g ( w ; r ) to (6) that dep end smo othly on w .

It follo ws from the Bogomoln y equation F

A

= � d

A

� that

( @

A

r

� i �) @

A

�w

g = 0

and @

A

�w

g exp( � i� r ) is b ounded as r ! 1 , so

@

A

�w

g = g � ( w )(7)

for some � ( w ) 2 p

�

. In particular, @

�w

g ( w ; 0) = g ( w ; 0) � ( w ) since b y the c hoice of

co ordinate system @

A

�w

= @

�w

at r = 0. Th us g ( w ; 0)

� 1

@

�w

g ( w ; 0) � p

�

and b y (4) this

means g ( w ; 0) : S

2

! G=K

�

is a holomorphic map. In order to mak e sense of the

v alue of g at r = 0 w e ha v e c hosen a frame of the bundle there. This construction

giv es part of the follo wing theorem.

Theorem 3.1. [12 ] The sp ac e of hyp erb olic monop oles fr ame d at 0 2 H

3

with

gauge gr oup G and mass � is di�e omorphic to the sp ac e of holomorphic maps

H ol ( S

2

; G=H ) wher e H is the isotr opy sub gr oup of � .

W e can in terpret the solution g of (6) as a c hoice of gauge and then (6) and (7)

giv e ( A; �) with resp ect to this gauge, resp ectiv ely sho wing that A

r

� i � = 0 and

A

�w

= � ( w ). W e can c ho ose another solution g ( w ; r ) p ( w ) of (6) for p : C ! P

�

that

has the same asymptotic prop erties as g but no longer satis�es g p ( w ; 0) 2 G and

with the prop ert y that with resp ect to this gauge

A

r

� i � = 0 ; A

�w

= 0 :(8)
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This simply uses the fact that an y holomorphic map f : S

2

! G=K

�

(lo cally) lifts

to a map u : C ! G , and there is a map p : C ! P

�

suc h that up : C ! G

c

is a lift

of f to an algebraic map. The maps u and p are unique up to ( u; p ) 7! ( uk ; k

� 1

p )

for k : C ! K

�

. The ev aluation g ( w ; 0) is of course a lift of a holomorphic map to

G=K

xi

.

Since ( A; �) is Hermitian, with resp ect to the frame g p satisfying (6), the Her-

mitian metric H = ( g p )

�

g p : H

3

! G

c

=G together with (8) giv es the remainder of

the monop ole

A

r

+ i � = H

� 1

@

r

H ; A

w

= H

� 1

@

w

H :(9)

The Bogomoln y equations b ecome B ( H ) = 0 where

B ( H ) = sinh

2

( r ) @

r

( H

� 1

@

r

H ) + (1 + j w j

2

)

2

@

�w

( H

� 1

@

w

H ) :(10)

See [10 ] for further details.

Notice that H (0) = p ( w )

�

p ( w ) is not w ell-de�ned (it dep ends on w ) and H j

S

2

1

is reduced i.e. H j

S

2

1

2 K

c

�

=K

�

(for generic mass K

�

is a torus and H j

S

2

1

is a

p oten tial.)

No w w e represen t a monop ole as a Hermitian metric H that satis�es (10). Giv en

H

1

and H

2

, de�ne the endomorphism h = H

� 1

1

H

2

.

Lemma 3.2. If �

1

= �

2

on S

2

1

, so the two monop oles have the same mass and

we cho ose gauges in which the Higgs �elds lo ok the same, then the endomorphism

h is c onjugate to a b ounde d endomorphism.

Pr o of. The Hermitian metric H

j

arises from ( A

j

; �

j

) as H

j

= g

�

j

g

j

. Put

�

j

j

S

2

1

= � , then g

j

= G

j

( w ; r ) exp ( i� r ) for G

j

( w ; r ) b ounded so g

2

g

� 1

1

is b ounded.

No w, h = g

� 1

((( g

2

g

� 1

1

)

�

g

2

g

� 1

1

) g

1

.

The t w o monop oles ha v e the same asymptotic v alue precisely when h j

S

2

1

= I ,

the iden tit y endomorphism. The complete metric on the space of Hermitian metrics

giv en b y taking the suprem um o v er h yp erb olic space of h H

� 1

� H ; H

� 1

� H i uses the

Killing form so the previous lemma implies that for t w o monop oles with the same

mass, the distance b et w een H

1

and H

2

is �nite. Tw o monop oles are the same when

the distance b et w een their Hermitian metrics is zero.

4. Appr o xima te monopoles.

In this section w e will pro v e Theorem 1. Our strategy is as follo ws. F or eac h

holomorphic map and mass w e can �nd an appro ximate monop ole and a unique

exact monop ole nearb y . The smaller the mass, the b etter the appro ximation. F or

an y t w o holomorphic maps, the distance b et w een the asymptotic v alues of the

corresp onding appro ximate monop oles is indep enden t of the mass and p ositiv e.

Th us, for small enough mass, when the t w o appro ximations are quite go o d, there

m ust also b e a p ositiv e distance b et w een the asymptotic v alues of the t w o exact

monop oles and the theorem is pro v en. W e will actually use Hermitian metrics

in place of monop oles since there is a go o d notion of distance b et w een Hermitian

metrics and there are tec hniques to estimate this distance.

A Hermitian metric H : H

3

! G

c

=G can b e asso ciated to a more general set of

pairs ( A; �) than monop oles o v er H

3

. In fact, to an y pair ( A; �) that satis�es

[ @

A

�w

; @

A

r

� i �] = 0
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w e can asso ciate a Hermitian metric H and ( A; �) is retriev ed from H b y (8) and

(9). This is the class of pairs w e will consider.

Giv en � 2 g and a holomorphic map f : S

2

! G=K

�

de�ne

H

f

= p

�

exp(2 i� r ) p(11)

where p : C ! P

�

is a map in to the parab olic subgroup with the prop ert y that up

is a lift of f to an algebraic map from C to G

c

and u is a lift of f to a map from

C to G . The map u is am biguous up to an action of K

�

on the righ t and hence p

inherits this am biguit y on the left. The expression for H

f

is indep enden t of this

am biguit y .

In order to sho w the existence of a monop ole for an y giv en mass and holomorphic

map w e use the non-linear heat 
o w for Hermitian metrics with initial v alue giv en

b y H

f

.

H

� 1

( w ; r ; t ) @ H ( w ; r ; t ) =@ t = B ( H ( w ; r ; t )) ; H ( w ; r ; 0) = H

f

( w ; r )(12)

Theorem 4.1. [10 , 12 ] Ther e is a unique solution H ( w ; r ; t ) of (12).

The solution H ( w ; r ; t ) of the heat 
o w con v erges to a Hermitian metric that

satis�es B ( H ( w ; r ; 1 )) = 0 and giv es rise to a monop ole with holomorphic map

f . T ogether with the scattering construction describ ed in Section 3 this giv es the

pro of of Theorem 3.1.

It is w orth p oin ting out that the construction of monop oles from holomorphic

maps is treated di�eren tly in [10 ] and [12 ] and here it is treated sligh tly di�eren tly

again. In [10 ] the initial c hoice of Hermitian metric used explicitly kno wn symmetric

h yp erb olic monop oles. In [12], since b oth instan tons and h yp erb olic monop oles

w ere treated together it w as more con v enien t to c ho ose an initial Hermitian metric

that w as indep enden t of suc h information (and also to use something more general

than a Hermitian metric.) Neither of these su�ce for our purp oses here. In order

that the limiting connections at in�nit y of di�eren t monop oles can b e compared w e

need to ensure that a common reduction of the monop oles to a subgroup (usually a

maximal torus) is used. This is wh y the parab olic subgroup is sp eci�ed and features

in the Hermitian metric ab o v e. In particular, the appro ximate monop ole de�ned

b y H

f

has the same asymptotic mass as the monop ole asso ciated to H ( w ; r ; 1 ), so

d ( H ( w ; r ; 1 ) ; H

f

) is �nite.

The metric on the space of Hermitian metrics is giv en b y tr ( H

� 1

dH ) so the heat


o w giv es an estimate of the distance from the initial H

f

and the �nal H ( w ; r ; 1 ):

d ( H ( w ; r ; 1 ) ; H

f

) �

Z

1

0

j B ( H ( w ; r ; t )) j dt(13)

�

Z

1

0

max

j � j = s

j B ( H

f

( w ; � )) j

2

G ( s; r ) ds(14)

where the second inequalit y comes from the fact that j B ( H ( w ; r ; t )) j is dominated

b y a solution of the linear heat 
o w for a Laplacian lik e op erator that reduces to

the usual Laplacian on radially symmetric functions. When w e maximise j B ( H

f

) j

o v er spheres of constan t radius w e get a function of the radius so w e can use a

one-dimensional Green's function G ( s; r ). See [10 , 12 ] for the pro of of this and also

[3 , 22 ] where this tec hnique is in tro duced.

The follo wing t w o prop ositions estimate ho w w ell (11) appro ximates a monop ole

b y using (14). The �rst prop osition is enough to pro v e Theorem 1. W e go on to

pro v e more in the second prop osition. It relates the estimate in the �rst prop osition
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with j f

�

! j , the t w o-form on S

2

pulled bac k b y the holomorphic map, where f

�

!

is compared to the standard t w o-form on S

2

to get its magnitude. This precise

information is included particularly to sho w ho w go o d the appro ximation is as the

holomorphic maps bubble.

Prop osition 4.2. d ( H ( w ; r ; 1 ) ; H

f

) � C j � j max

S

2

1

j F

A

j .

Pr o of. By (14) w e ha v e to get an upp er b ound for j B ( H ( w ; r )) j on eac h sphere r =

constan t. Using (8) and (9) with H = H

f

, and going to a unitary gauge w e get

� = � ; A

r

= 0 ; A

�w

= exp( i� r ) u

� 1

@

�w

u exp ( � i� r ) ; A

w

= exp( � i� r ) u

� 1

@

w

u exp ( i� r )

and B ( H ( w ; r )) = � i (1 + j w j

2

)

2

F

�w w

.

The connection A splits in to a radially indep enden t K

�

connection and an ex-

p onen tially deca ying connection. More precisely , put

g

c

= k

�

� n

+

�

� n

�

�

where k

�

= k er [ � ; � ] is the Lie algebra of K

�

and k

�

� n

+

�

= p

�

, the Lie algebra of

P

�

. Alternativ ely , w e can c haracterise the sub-spaces b y

(exp ( i� r ) � I ) � k

�

= 0 = lim

r ! + 1

exp ( � i� r ) � n

�

:

Decomp ose v 2 g

c

accordingly as v = v

0

+ v

+

+ v

�

.

The connection A decomp oses as A = A

0

+ a for a = A

+

�w

d �w + A

�

w

dw with the

prop ert y that A

0

is a K

�

connection indep enden t of r , and a is a 1-form that deca ys

exp onen tially as r ! 1 . Then F

�w w

= F

A

0

+ d

A

0

a + a ^ a and F

A

0

is indep enden t

of r whilst the rest deca ys exp onen tially , so F

A

0

= F

A

j

S

2

1

.

De�ne c

�

> 0 to b e the smallest eigen v alue of the action of exp( i� r ) on g

c

. Then

eac h time w e sa y that a term deca ys exp onen tially , it deca ys at least as fast as

e

� c

�

r

. Notice that c

�

� j � j . W e ha v e j F

A

j � M

1

j F

A

0

j (1 � e

� c

�

r

) for some constan t

M

1

� 1 and th us

d ( H ( w ; r ; 1 ) ; H

f

) �

Z

max

j � j = s

j B ( H )( w ; � ) j

2

G ( s; r ) ds

� M

1

max

S

2

1

j F

A

j

Z

1

0

(1 � e

� c

�

s

)min f r ; s g

sinh

2

s

ds

where min f r ; s g = sinh

2

s is the one-dimensional Green's function.

No w

Z

1

0

(1 � e

� c

�

s

)min f r ; s g

sinh

2

s

ds =

Z

r

0

(1 � e

� c

�

s

) s

sinh

2

s

ds + r

Z

1

r

(1 � e

� c

�

s

)

sinh

2

s

ds

and the second term of the righ t hand side con v erges to 0 as r ! 1 . Since

1 � e

� c

�

s

� c

�

s , the �rst term is dominated b y c

�

M

2

for a constan t M

2

. Since c

�

�

j � j the prop osition follo ws. The constan t C in the statemen t of the prop osition do es

dep end on the holomorphic map f , and is b ounded b elo w b y a constan t indep enden t

of f .

In particular, the estimate dep ends only on the holomorphic map and the mass.

F or small mass, the distance is small. F or an y t w o holomorphic maps f and g ,

notice that restricted to S

2

1

the distance d ( H

f

; H

g

) is indep enden t of the mass

since it dep ends on

H

� 1

f

H

g

= p

� 1

f

exp( � 2 i� r )( p

�

f

)

� 1

p

�

g

exp (2 i� r ) p

g
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whic h is indep enden t of � in the limit r ! 1 . Of course the holomorphic maps f

and g use � to b e de�ned, but they could equally w ell use a mass that giv es the

same homogeneous manifold, lik e �� for � 2 R

�

.

Th us, if w e tak e an y t w o holomorphic maps and c ho ose the mass small enough,

then the nearb y monop oles m ust ha v e di�eren t asymptotic v alues. This argumen t

extends to t w o disjoin t compact subsets of the space of holomorphic maps and

Theorem 1 is pro v en.

Prop osition 4.3. h F

A

; � ij

S

2

1

= f

�

! :

Pr o of. In the pro of of the previous prop osition w e sa w that F

A

has a radially

indep enden t part F

A

j

S

2

1

and an exp onen tially deca ying part. Since F

�w w

v anishes

at r = 0 w e get an iden tit y relating F

A

j

S

2

1

with the term that cancels it.

In the notation of the previous pro of, F

0

�w w

d �w dw = F

A

j

S

2

1

+ [ A

+

�w

; A

�

w

]

0

d �w dw so

h F

A

; � ij

S

2

1

= h� [ A

+

�w

; A

�

w

]

0

d �w dw ; � ij

r =0

= h� [ A

+

�w

; A

�

w

] d �w dw ; � ij

r =0

where the last equalit y follo ws from the fact that � is orthogonal to n

�

. But at

r = 0, A

�w

= u

� 1

@

�w

u; A

w

= u

� 1

@

w

u so

h F

A

; � ij

S

2

1

= �h [ u

� 1

@

�w

u; u

� 1

@

w

u ] ; � i d �w dw = f

�

! :

The previous prop osition sho ws that the heat 
o w giv es bad estimates for w ell-

separated monop oles. That is, if a sequence of holomorphic maps bubble then

the pull-bac k of the Kahler form will bubble and h F

A

; F

A

i whic h determines the

accuracy of the appro ximate monop ole, gets a con tribution from h F

A

; � i , and hence

gets large. (It ma y ev en b e true that h F

A

; � i con trols h F

A

; F

A

i .)

W ell-separated monop oles are Dirac-lik e and are the source of our in tuition that

h yp erb olic monop oles ha v e in teresting asymptotic limits. So far w e ha v e not b een

able to pro duce go o d appro ximate w ell-separated monop oles. It w ould b e v ery

in teresting to see suc h appro ximations since they w ould com bine the linear nature

of Dirac monop oles with the soliton nature of gluing together holomorphic maps.

Giv en the in tuition that asymptotic v alues of w ell-separated monop oles lo ok lik e

asymptotic v alues of Dirac h yp erb olic monop oles, w e w ould b e able to relax the

condition in Theorem 1 allo wing one set to b e non-compact and in particular apply

the theorem to a p oin t and a deleted neigh b ourho o d of the p oin t.

Conjecture 2. Given a c omp act subset and a disjoint subset in the p ar ameter

sp ac e of monop oles, if the mass is smal l enough then the asymptotic values of the

c orr esp onding hyp erb olic monop oles r esp e ctively give two distinct subsets.

A related and in teresting issue is to kno w if the set of monop oles with b ounded

curv ature on S

2

1

and b ounded mass, giv es rise to a compact set in the space of

holomorphic maps. Suc h a result w ould also pro v e the conjecture. In sp ecial cases it

can b e sho wn that for a �xed holomorphic map the maxim um v alue of the curv ature

at in�nit y is a monotone decreasing function of the mass so the conjecture follo ws.

5. Comp arison with Euclidean monopoles.

The asymptotic v alue of a Euclidean monop ole giv es a symmetric connection

on the sphere at in�nit y , and in particular, all monop oles (with the same mass

and c harge) giv e rise to the same connection at in�nit y . This con trasts with the
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h yp erb olic case and it is in teresting to see where the p oin t of departure from the

b eha viour of h yp erb olic monop oles o ccurs.

The pro of of Prop osition 4.2 go es through for Euclidean monop oles with the

only c hange b eing in the one-dimensional Green's function. W e use min f r ; s g =s

2

instead of min f r ; s g = sinh

2

s . No w

d ( H ( w ; r ; 1 ) ; H

f

) � C max

S

2

1

j F

A

j

�

Z

r

0

(1 � e

� c

�

s

)

s

ds + r

Z

1

r

(1 � e

� c

�

s

)

s

2

ds

�

and the second term is b ounded whilst the �rst term is O (ln r ). This is enough

to sho w that the heat 
o w con v erges and th us Theorem 3.1 is true for Euclidean

monop oles, [10 , 19 ]. But w e see that the asymptotic v alue of the monop ole can

mo v e arbitrarily far and a p osteriori w e kno w that all of the asymptotic v alues

con v erge to the same connection.

This is an appropriate place to men tion the result of Murra y and Singer [16 ]

regarding asymptotic v alues of h yp erb olic monop oles. They sho w that an S U ( n )

h yp erb olic monop ole is determined b y ( r

0

j

S

2

1

)

0 ; 1

and ( b

+

j

S

2

1

)

0 ; 1

, using their no-

tation. The �rst term is the asymptotic v alue of the monop ole and the second

term is an artifact of the holomorphic gauge they use giving o�-diagonal terms.

In the go o d unitary gauge de�ned b y Rade [20 ] the asymptotic v alue is a U (1)

n

connection. The term ( b

+

j

S

2

1

)

0 ; 1

essen tially enco des the holomorphic map whic h

is also enough to giv e a Euclidean monop ole so no new b eha viour is seen there. It

is not so surprising since their metho ds are similar to those applied to Euclidean

monop oles.

Finally , w e men tion a maxim um principle whic h a priori ma y ha v e led to a pro of

that h yp erb olic monop oles are determined b y their asymptotic v alues. It ends up

that the maxim um principle also applies to Euclidean monop oles so it pro v es a

result that is true for b oth cases.

As in Section 3 de�ne h = H

� 1

1

H

2

for t w o Hermitian metrics satisfying B ( H

i

) =

0. Consider � ( h ) = tr ( h ) + tr ( h

� 1

) � 2 n; ( n = tr I ). This is a non-negativ e quan tit y

that v anishes precisely when H

1

= H

2

. The problem of sho wing that a monop ole is

determined b y its asymptotic v alues then b ecomes the problem of sho wing that if

the asymptotic v alue of � ( h ) v anishes then � ( h ) v anishes iden tically . The follo wing

inequalit y leads to a maxim um principle.

sinh

2

( r ) @

2

r

� + (1 + j w j

2

)

2

@

�w

@

w

� � 0 :

It applies to Euclidean monop oles also

r

2

@

2

r

� + (1 + j w j

2

)

2

@

�w

@

w

� � 0 :

The maxim um principle states that � ( h ) is dominated b y an y function that dom-

inates � ( h ) on the b oundary and lies in the k ernel of the second order partial

di�eren tial op erator ab o v e. The imp ortan t p oin t here is that there are t w o b ound-

ary comp onen ts, r = 0 and r = 1 , since � ( h ) dep ends on w at r = 0. The

function a + br is a go o d comparison function for constan ts a and b c hosen so that

a � max

r =0

� ( h ) and b > 0. As b ! 0 w e see that

max

r =0

� ( h ) � max

r = 1

� ( h ) :

This is true of b oth h yp erb olic monop oles and Euclidean monop oles. In the latter

case, max

r = 1

� ( h ) = 0 so the inequalit y is trivial.
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