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Abstract

W e construct a large class of p erio dic instan tons. Conjecturally w e pro-

duce all p erio dic instan tons. This con�rms a conjecture of Garland and

Murra y that relates p erio dic instan tons to orbits of the lo op group acting

on an extension of its Lie algebra.

AMS classi�c ation: 81T13, 53C07, 55P10

1 In tro duction

P erio dic instan tons are solutions of the an ti-self-dual equations

F

B

= � � F

B

for a connection B on a trivial v ector bundle with structure group G o v er

S

1

� R

3

. In this pap er, G is a compact Lie group with complexi�cation

G

c

equipp ed with a represen tation acting on C

n

that is unitary on G .

Put B = A + � d� so

� F

A

= d

A

� � �@

�

A (1)

where w e use the three-dimensional Ho dge star op erator and � is the re-

cipro cal of the radius of the circle. One can think of the connection and

Higgs �eld as de�ned o v er R

3

and dep enden t on the circle-v alued � .

Nahm studied p erio dic instan tons, calling them calorons [17 ]. Later,

Garland and Murra y studied p erio dic instan tons from the t wistor view-

p oin t [7]. T o remedy the fact that there w as so far no existence theorem

for p erio dic instan tons nor an understanding of the top ology of the mo duli

space of instan tons (if they w ere to exist), they conjectured that p erio dic

instan tons can b e constructed using holomorphic spheres in a 
ag mani-

fold asso ciated to the lo op group. This conjecture is con�rmed b y the main

result of this pap er, Theorem 1.

Recen tly the study of sup er-symmetric Y ang-Mills theory o v er S

1

1 =�

� R

3

has b een used as further evidence for the existence of dualities in ph ysical
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theories. In [21 ] Seib erg and Witten obtained a result for p erio dic instan-

tons analogous to their 1994 w ork on instan tons, [20 ], b y studying the

limiting b eha viour when � ! 0 and � ! 1 . This led to the Rozansky-

Witten in v arian ts, [19 ]. W e will not discuss these dev elopmen ts here.

2 Lo op groups.

De�ne LG to b e the group of smo oth gauge transformations of the trivial

G -bundle o v er the circle. Equiv alen tly , LG is the space of smo oth maps

from S

1

to the compact Lie group G . F ollo wing [7 ], in tert wine the gauge

transformations with the isometries of the circle to get the t wisted pro duct

d

LG = LG

~

� S

1

where the action of S

1

is giv en b y rotation. It has Lie algebra

c

L g

�

=

L g � R d with Lie brac k et

[ X + x d ; Y + y d] = [ X ; Y ] � y @ X=@ � + x@ Y =@ � :

Put

^

A = A + a d,

^

� = � + � d. Then the Bogomoln y equations o v er R

3

for

this pair are giv en b y

� F

^

A

= d

^

A

^

� : (2)

The d-comp onen t is giv en b y � da = d� so a �nite energy condition will

force a = 0 and � =constan t= � , sa y . The remaining part of (2) is then

(1). Th us, one can think of p erio dic instan tons as monop oles o v er R

3

with

structure group

d

LG .

Monop oles for �nite-dimensional groups are w ell-studied [10 , 16 , 18 ].

In particular, the top ology of the mo duli space of monop oles is understo o d.

The mo duli space of monop oles with structure group G is di�eomorphic

to the space of holomorphic maps from the t w o-sphere to a homogeneous

space of G , or equiv alen tly to an adjoin t orbit of G , [4, 12 ]. In analogy

with the �nite-dimensional case this led Garland and Murra y to conjec-

ture that p erio dic instan tons are in one-to-one corresp ondence with based

holomorphic maps from S

2

to orbits of

d

LG in

c

L g . The follo wing theorem

addresses half of this conjecture. The action of

d

LG is really an action of

LG . F or ( � ; � ) 2

c

L g denote its orbit b y LG � ( � ; � ).

Theorem 1 Ther e is an inje ctive map fr om

(i) the sp ac e of b ase d holomorphic maps fr om S

2

to LG � ( � ; � ) , to

(ii) the mo duli sp ac e of instantons over S

1

1 =�

� R

3

.

The basing condition on the space of holomorphic maps distinguishes an

elemen t of the orbit of LG that is conjecturally the asymptotic v alue of the

Higgs �eld. See Section 6. The mo duli space consists of gauge equiv alence

classes of connections where the gauge group consists of gauge transforma-

tions indep enden t of � in the limit at in�nit y .

The full conjecture, that the map is also surjectiv e, is equiv alen t to a

conjecture for deca y prop erties of �nite energy p erio dic instan tons analo-

gous to kno wn deca y prop erties for monop oles. W e discuss this in Section 6.
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Theorem 1 can b e though t of as an extension of [13 ] from �nite dimen-

sional Lie groups to the lo op group.

2.1 Orbits of the lo op group.

The lo op group LG acts on

c

L g b y


 � ( � ; � ) = ( 
 � � � �


0




� 1

; � ) :

F or � = 0 the orbit is giv en b y the based lo op group 
 G . More generally ,

w e get LG � ( � ; � )

�

=

LG= Z

�

where the isotrop y subgroup Z

�

is describ ed

explicitly in the follo wing prop osition.

Prop osition 2.1 (Pressley and Segal) F or �

1

G = 0 and � 6= 0 the

orbits of LG on

c

L g c orr esp ond pr e cisely to the c onjugacy classes of G under

the map ( � ; � ) 7! M

�

2 G wher e M

�

is obtaine d by solving the or dinary

di�er ential e quation h

0

h

� 1

= � �

� 1

� and noticing h ( � + 2 � ) = h ( � ) M

�

.

The isotr opy sub gr oup of � is given by

Z

�

= f 
 2 LG j 
 (0) 2 C [ M

�

] ; 
 ( � ) = h ( � ) 
 (0) h ( � )

� 1

g (3)

wher e C [ M

�

] is the c entr aliser of the c onjugacy class of M

�

in G .

Equiv alen tly , the orbits are giv en b y gauge equiv alence classes of connec-

tions on a trivialised bundle o v er the circle of radius 1 =� . Eac h orbit is

lab eled b y the underlying connection whic h is determined b y its holonom y .

In the next section w e will equip the orbit of the lo op group with a

complex structure.

2.2 Lo op groups and 
at connections.

Donaldson [5] re-in terpreted elemen ts of the lo op group in terms of holo-

morphic bundles o v er the disk framed on the b oundary , and the factori-

sation theorem in terms of 
at connections on these bundles. He sho w ed

that eac h framed holomorphic bundle o v er the disk p ossesses a unique

Hermitian-Y ang-Mills (
at) connection.

Theorem 2.2 (Donaldson) Ther e is a 1 � 1 c orr esp ondenc e b etwe en

(i) holomorphic bund les over D fr ame d over @ D ;

(ii) unitary Hermitian-Y ang-Mil ls c onne ctions over D on a bund le with

a unitary fr aming over @ D .

Donaldson's argumen t generalises to parab olic bundles|holomorphic

bundles o v er the disk with a 
ag sp eci�ed o v er the origin [15 ]. In this case

the 
at connection m ust b e singular at the origin.
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Prop osition 2.3 Ther e is a 1 � 1 c orr esp ondenc e b etwe en

(i) p ar ab olic bund les over D fr ame d over @ D ;

(ii) unitary Hermitian-Y ang-Mil ls c onne ctions over D � f 0 g on a bund le

with a unitary fr aming over @ D . The singularity of the c onne ction at 0

enc o des the 
ag at 0 .

F ollo wing Donaldson, w e can re-in terpret this result in terms of a factori-

sation theorem for lo op groups as follo ws.

A parab olic bundle o v er the disk has an underlying trivial holomorphic

bundle and a trivialisation compared to the framing o v er the b oundary

pro duces a lo op 
 2 LG

c

. An y other trivialisation that preserv es the

parab olic structure at 0 2 D c hanges 
 b y an elemen t of L

+

P |those lo ops

that are b oundary v alues of holomorphic maps from the disk to GL ( n; C )

with v alue at 0 lying in P . So (i) in the statemen t of Prop osition 2.3 is

equiv alen tly to c ho osing an elemen t of LG

c

=L

+

P .

A unitary Hermitian-Y ang-Mills (or, equiv alen tly , 
at) connection o v er

D � f 0 g is determined uniquely b y the parab olic structure at 0 2 D . (This

w ould not b e true if there w as more than one puncture.) With resp ect

to the unitary framing o v er the b oundary , the 
at connection de�nes an

elemen t of the orbit LG � � 2

c

L g . W e sa w in the previous section that the

orbit is isomorphic to LG= Z

�

. Th us w e get the follo wing restatemen t of

Prop osition 2.3.

Corollary 2.4 F or any � 2 L g we have

LG

c

=L

+

P

�

=

LG= Z

�

:

W e could ha v e pro v en the factorisation theorem in a di�eren t w a y . In

the sp ecial case that Z

�

consists of only constan t lo ops then Corollary 2.4

follo ws from the standard factorisation theorem for lo op groups. In gen-

eral, eac h orbit of LG p ossesses a nice represen tativ e whic h simpli�es the

isotrop y subgroup to consist only of constan t lo ops so the general case

follo ws from the sp ecial case.

The imp ortance of the treatmen t here is that at the same time as

establishing a complex structure on the orbit space, � remains the natural

base-p oin t for the holomorphic map and w e get an in terpretation of the

orbit space in terms of 
at connections o v er the disk on a bundle framed

o v er the b oundary . In the next section w e will see ho w a holomorphic map

from S

2

in to a space of 
at connections is related to an instan ton o v er an

asso ciated four-manifold.

3 Instan tons and holomorphic maps in to

spaces of 
at connections.

A tiy ah sho w ed that there is a one-to-one corresp ondence b et w een instan-

tons o v er the four-sphere and holomorphic maps from the t w o-sphere to the
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lo op group [1]. The in terpretation of elemen ts of the lo op group in terms of


at connections means that A tiy ah's result can b e view ed as a relationship

b et w een instan tons and holomorphic maps from the t w o-sphere to a space

of 
at connections. This approac h w as exploited in [14 ]. Another result of

this t yp e w as obtained b y Dostoglou and Salamon [6 ] in their pro of of the

A tiy ah-Flo er conjecture. They sho w ed that the instan ton Flo er homology

asso ciated to the three-manifold giv en b y a mapping torus S

1

~

� � is the

same as the symplectic Flo er homology of the space of 
at connections

o v er �.

The relationship b et w een instan tons and holomorphic maps in to spaces

of 
at connections can b e understo o d as follo ws. Supp ose that lo cally a

four-manifold is giv en b y a pro duct of t w o complex curv es U � V equipp ed

with the pro duct metric. The an ti-self-dual equations with resp ect to lo cal

co ordinates f w g � f z g are giv en b y:

[ @

A

�w

; @

A

�z

] = 0

[ @

A

�z

; @

A

z

] = � ( w ; z )[ @

A

�w

; @

A

w

]

)

(4)

where � ( w ; z ) dep ends on the metrics on U and V .

Let f : U ! M

V

b e a holomorphic map from U in to the space of 
at

connections M

V

o v er V . (The conformal structure on V equips the space

of 
at connections with a natural complex structure.) De�ne a connection

o v er U � V b y

A = d f + f ( w ) (5)

where d f is a Lie algebra v alued 1-form o v er U � V and f ( w ) is a 
at

connection o v er f w g � V . Then A satis�es the follo wing equations whic h

resem ble (4):

[ @

A

�w

; @

A

�z

] = 0

[ @

A

�z

; @

A

z

] = 0

)

(6)

The �rst equation is equiv alen t to the holomorphic condition on the map

f and the second equation uses the fact that f maps to a space of 
at

connections.

W e can think of the second equation of eac h of (4) and (6) as a t yp e of

momen t map. One can mo v e from solutions of (6) to solutions of (4) using

the Y ang-Mills 
o w, as w e do in this pap er or, sa y , b y using the implicit

function theorem.

In order to apply this to p erio dic instan tons w e exploit the conformal

in v ariance of the an ti-self-dual equations. Let � b e the punctured disk

D

2

� f 0 g equipp ed with the complete h yp erb olic metric j dz j

2

= ( j z j ln j z j )

2

.

There is a conformal equiv alence:

S

1

� ( R

3

� f 0 g ) ' S

2

� � ;

where S

1

� ( R

3

� f 0 g ) is equipp ed with the 
at metric and S

2

� � is

equipp ed with the pro duct metric

ds

2

=

4 d �w dw

(1 + j w j

2

)

2

+

d �z dz

j z j

2

(ln j z j )

2

: (7)
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On S

2

� � the an ti-self-dual equations are giv en b y (4) with

� ( w ; z ) =

 

1 + j w j

2

j z j ln j z j

!

2

:

Our course is set. W e ha v e sho wn that a holomorphic map from S

2

to

LG � ( � ; � ) is the same as a holomorphic map from S

2

to a space of 
at con-

nections whic h giv es an appro ximate instan ton o v er S

2

� �. In Section 4

w e will use rather standard tec hniques to mo v e from an appro ximate in-

stan ton to an exact one. Under the conformal equiv alence describ ed ab o v e,

this instan ton will corresp ond to a p erio dic instan ton.

3.1 Appro ximate instan tons.

Beginning with a holomorphic map from the t w o-sphere to an orbit of LG ,

w e will construct an appro ximate instan ton o v er S

1

� R

3

. This will b e an

explicit realisation of (5).

The map f : S

2

! LG= Z

�

is holomorphic when

f

� 1

@

�w

f : S

2

! L

+

p

where L

+

p � L

+

g

c

is giv en b y those lo ops that extend to a holomorphic

map of the disk whose v alue at the origin lies in p .

Put � equal to the holomorphic extension of f

� 1

@

�w

f to the disk. Ov er

S

2

� � = f ( w ; z ) g , de�ne a connection

A = � d �w � H

� 1

�

�

�

H

�

dw + i� dz =z (8)

whic h is Hermitian with resp ect to the Hermitian metric

H

�

= exp ( i� ln z )

�

exp ( i� ln z ) (9)

and 
at on eac h f w g � D . Ov er S

1

� R

3

in a radially-free gauge w e get:

( A; �) = (exp ( i� r ) � exp( � i� r ) d �w � exp( � i� r ) �

�

exp( i� r ) dw ; � )

F urthermore,

� F

A

= d

A

� � �@

�

A + (1 + j w j

2

)

2

F

�w w

dr =r

2

(10)

whic h resem bles the p erio dic instan ton equation, (1).

4 Construction

In this section w e will use the Y ang-Mills 
o w to mo v e from the \appro xi-

mate" p erio dic instan ton (8) to an exact one. Instead of w orking directly

with the connections, w e will follo w Donaldson [3] and w ork with a Hermi-

tian metric on a holomorphic bundle whic h giv es a Hermitian connection.
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In fact, w e will w ork with a pair ( H ; � ) consisting of a Hermitian metric H

on a holomorphic bundle and a map � : S

2

� D

2

! g

c

that is holomorphic

in the second factor. A connection A is obtained from the pair ( H ; � ) b y:

A = H

� 1

@

z

H dz + � ( w ; z ) d �w + ( H

� 1

@

w

H � H

1

� ( w ; z ) H ) dw : (11)

Asso ciate to the pair ( H ; � ) the Hermitian-Y ang-Mills tensor

B ( H ; � ) = j z j

2

(ln j z j )

2

@

�z

( H

� 1

@

z

H ) + (1 + j w j

2

)

2

f @

�w

( H

� 1

@

w

H )

� @

�w

( H

� 1

�

�

H ) � @

w

� + [ � ; H

� 1

@

w

H � H

� 1

�

�

H ] g :

When B ( H ; � ) � 0, the connection (11) is an ti-self-dual.

F ollo wing Donaldson [3] w e study the heat 
o w for the Hermitian metric

H in place of the Y ang-Mills 
o w for the asso ciated connection. Since the

Hermitian metrics w e deal with here are not b ounded w e need to extend

Donaldson's results and their generalisations due to Simpson [23 ]. Essen-

tially w e need to understand prop erties of the Laplacian of the Kahler

manifold S

2

� � with metric (7) and prop erties of the initial Hermitian

metric (9). Similar results sp ecialised to other non-compact Kahler mani-

folds exist in [8 , 14 ].

4.1 The heat 
o w.

Asso ciate to a holomorphic map f : S

2

! LG= Z

�

the map � : S

2

� D

2

! g

c

giv en b y the holomorphic extension of f

� 1

@

�w

f to the disks in the second

factor. W e w ould lik e to construct a Hermitian metric H that satis�es the

equation B ( H ; � ) = 0. This w ould pro duce an an ti-self-dual connection

asso ciated to the map f .

Consider the heat 
o w equation o v er S

2

� �

H

� 1

@ H =@ t = B ( H ; � ) ; H ( w ; z ; 0) = H

�

(12)

where H

�

is de�ned in (9). A solution of (12) will con v erge to the required

solution of B ( H ; � ) = 0 as t ! 1 . Instead of solving (12) w e will w ork

with a family of b oundary v alue problems. Put

S

2

� �

�;�

= f ( w ; z ) 2 S

2

� � j � � j z j � � g

so the S

2

� �

�;�

exhaust S

2

� � as � ! 1 and � ! 0.

Prop osition 4.1 Over e ach S

2

� �

�;�

ther e is a unique solution of the

b oundary value pr oblem

H

� 1

@ H =@ t = B ( H ; � )

H ( w ; z ; 0) = H

�

H j

@ S

2

� �

�;�

= H

�

9

>

=

>

;

(13)

given by H

�;�

( w ; z ; t ) and c onver ging to a smo oth metric H

�;�

( w ; z ; 1 ) that

satis�es B ( H

�;�

( w ; z ; 1 ) ; � ) = 0 .
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Pr o of. Since w e ha v e �xed S

2

� �

�;�

for the momen t w e will omit the sup er-

script in H

�;�

( w ; z ; t ) during this pro of. Short-time existence of a solution

of (13) is automatic since B ( H ; � ) is elliptic in H and w e ha v e Diric hlet

b oundary conditions. In order to extend this to long-time existence w e

will tak e the approac h giv en b y Donaldson [3 ] and extended b y Simpson

[23 ] and sho w that a solution on [0 ; T ) giv es a limit at T whic h is a go o d

initial condition to start the 
o w again. The lemmas w e need to pro v e on

the w a y use the details of our particular case and allo w us to pro ceed with

Donaldson's pro of.

A Hermitian metric H tak es its v alues in the space G

c

=G whic h comes

equipp ed with the complete metric d giv en lo cally b y tr ( H

� 1

� H )

2

. F ollo w-

ing Donaldson, w e will use b oth this metric and the con v enien t function

� ( H

1

; H

2

) = tr ( H

� 1

1

H

2

) + tr ( H

1

H

� 1

2

) � 2 n that satis�es c

1

d

2

� � � c

2

d

2

for constan ts c

1

; c

2

. (Aside: if w e tak e the lo op group p ersp ectiv e describ ed

in [7 ], then a Hermitian metric tak es its v alues in the space LG

c

=LG . W e

ha v e not c hec k ed that this is a complete metric space.)

Lemma 4.2 If H

1

and H

2

ar e two solutions of the he at e quation then

@

t

� + � � � 0 (14)

for � = � ( H

1

; H

2

) .

Pr o of. See [14 ]. 2

Apply (14) to H ( w ; z ; t ) and H ( w ; z ; t + � ), the 
o w at t w o times.

Since they ob ey the same b oundary conditions on S

2

� �

�;�

, � v anishes on

the b oundary . By the maxim um principle sup

S

2

� �

�;�

� is a non-increasing

function of t . By con tin uit y , for an y � > 0 there exists a � small enough

so that

sup

S

2

� �

�;�

� ( H ( w ; z ; t ) ; H ( w ; z ; t

0

)) < �

for 0 < t; t

0

< � . It follo ws from the non-increasing prop ert y of � that

sup

S

2

� �

�;�

� ( H ( w ; z ; t ) ; H ( w ; z ; t

0

)) < �

for T � � < t; t

0

< T . Since � can b e made arbitrarily small, H ( w ; z ; t ) is a

Cauc h y sequence in the C

0

norm as t ! T . The metrics tak e their v alues

in a complete metric space (describ ed b elo w) and the function � acts lik e

the metric so there is a c ontinuous limit H

T

of the sequence. Notice also

that (14) and the maxim um principle sho w that this short-time solution

to the heat 
o w equation is unique.

Using the heat equation and the metric on G

c

=G , w e ha v e

d ( H ( w ; z ; t ) ; H ( w ; z ; 0)) �

Z

t

0

j B ( H ( w ; z ; s ) ; � ) j ds

where j B ( H ( w ; z ; s ) ; � ) j

2

= tr ( B

�

B ) and the adjoin t is tak en with resp ect

to the metric H

s

. Notice that B

�

= B so j B ( H ( w ; z ; s ) ; � ) j

2

= tr ( B

2

).
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Lemma 4.3 If H ( w ; z ; t ) is a solution of the he at e quation then

( d=dt + �) j B ( H ( w ; z ; t ) ; � ) j � 0 whenev er j B j > 0 (15)

Pr o of. See [14 ]. 2

The next t w o lemmas use the particular features of the Kahler manifold

S

2

� � together with the initial Hermitian metric H

�

to get C

0

con trol on

H ( w ; z ; t ) during the 
o w.

Lemma 4.4 When � is the holomorphic extension of f

� 1

@

�w

f , for a given

holomorphic map f : S

2

! 
 LG= Z

�

, ther e exists a c onstant M such that

j B ( H

�

; � ) j � M (1 � j z j ) on S

2

� � .

Pr o of.

B ( H

�

; � ) = � (1 + j w j

2

)

2

( @

w

� + @

�w

( H

� 1

�

�

�

H

�

) + [ � ; H

� 1

�

�

�

H

�

])

and since [ � (0) ; � ] = 0, j B ( H

�

; � ) j is b ounded near z = 0. Since f tak es its

v alues in the unitary lo op group and H

�

= I on j z j = 1, w e can iden tify

B ( H

�

; � ) with the curv ature of a 
at connection whic h is 0. F urthermore,

B ( H

�

; � ) is con tin uous and di�eren tiable up to j z j = 1 so it v anishes lik e

1 � j z j there. 2

Lemma 4.5 Ther e is a c onstant C indep endent of � and � such that

d ( H

�;�

( w ; z ; t ) ; H

�

) � C ln (1 � ln j z j )

for al l ( w ; z ; t ) 2 S

2

� �

�;�

� R .

Pr o of. It follo ws from (15) and the maxim um principle that if there is a

function b ( w ; z ; t ) de�ned on S

2

� �

�;�

� R that satis�es ( @

t

+ �) b = 0 and

j B ( H

�

; � ) j � b ( w ; z ; 0) then j B ( H ( w ; z ; t ) ; � ) j � b ( w ; z ; t ) for all t .

Put b ( w ; z ; 0) = M (1 � j z j ). Notice that b ( w ; z ; 0) = b ( j z j ), so w e only

need use the one-dimensional Laplacian and b ( w ; z ; t ) = b ( j z j ; t ). F rom the


o w equation (13) w e ha v e

d ( H ( w ; z ; t ) ; H

�

( w ; z )) =

Z

t

0

B ( H ( w ; z ; � )) d�

�

Z

t

0

b ( w ; z ; � ) d�

�

Z

1

0

b ( w ; z ; � ) d� (16)

No w, b ( j z j ; t ) =

R

b ( s; t ) k ( j z j ; s; t ) ds where k is the one-dimensional heat

k ernel op erator. Since

R

1

0

k ( j z j ; s; t ) dt = G ( j z j ; s ), the Green's op erator, is

9



�nite, F ubini's theorem allo ws us to in terc hange the order of in tegration in

(16). So

d ( H ( w ; z ; t ) ; H

�

( w ; z )) � M

Z

�

0

(1 � s ) G ( j z j ; s ) ds

� M

Z

1

0

(1 � s ) G ( j z j ; s ) ds :

With resp ect to the Laplacian

� = � (1 + j w j )

2

@

�w

@

w

� 4 j z j

2

(ln j z j )

2

@

�z

@

z

= � (ln j z j )

2

@

2

ln j z j

reduced to one dimension, the Green's op erator is giv en b y

G ( j z j ; s ) = min f� ln j z j ; � ln s g =s (ln s )

2

:

Actually , this Green's op erator is only v alid for the en tire in terv al ( � = 1)

and F ubini's theorem do esn't apply there. There is a monotone prop ert y

of heat k ernels whic h means that our c hoice of G is simply an o v erestimate

when � < 1 so the calculation is v alid. Th us

d ( H ( w ; z ; t ) ; H

�

( w ; z )) � M

 

� ln j z j

Z

j z j

0

(1 � s ) ds

s (ln s )

2

�

Z

1

j z j

(1 � s ) ds

s ln s

!

� C ln (1 � ln j z j )

where the last inequalit y simply enco des the fact that the distance v anishes

as j z j ! 1 and gro ws lik e ln (1 � ln j z j ) as j z j ! 0. 2

The preceding lemmas ha v e sho wn that there is a solution to the heat

equation that satis�es H ( w ; z ; t ) ! H ( w ; z ; T ) in C

0

and H ( w ; z ; t ) is uni-

formly b ounded with b ound indep enden t of t (though dep ending on � ).

These are the conditions required to use Simpson's extension of Donald-

son's result to sho w that H ( w ; z ; t ) is b ounded in L

p

2

uniformly in t . Hamil-

ton's metho ds [9 ] then giv e con trol of all higher Sob olev norms. Th us w e

get a solution, H ( w ; z ; t ), of (13) for all t that con v erges to a smo oth limit

H

�;�

( w ; z ; 1 ) de�ned on S

2

� �

�;�

and satisfying B ( H

�;�

( w ; z ; 1 ) ; � ) = 0

and H

�;�

( w ; z ; 1 ) = H

�

on @ S

2

� �

�;�

so Prop osition 4.1 is pro v en. 2

Prop osition 4.6 F or e ach holomorphic map f : S

2

! LG= Z

�

ther e is a

p erio dic instanton A

f

on S

1

� R

3

.

Pr o of. W e ha v e pro v en the existence of a family of hermitian metrics

H

�;�

resp ectiv ely de�ned o v er S

2

� �

�;�

and satisfying B ( H

�;�

; � ) = 0.

Since � ( H

�;�

; H

�

0

;�

0

) is subharmonic its maxim um o ccurs at the b oundary

of the set on whic h it is de�ned. F or �

0

� � � � � �

0

, the common set

is S

2

� �

�;�

. If w e �x � = �

0

and let � ! 1, then � = 0 on j z j = � and

10



the maxim um of � o ccurs on j z j = � . Since the metrics � and d on G

c

=G

are equiv alen t, the maxim um v alue of � is b ounded b y a constan t times

d ( H

�;�

0

; H

�

) � C ln (1 � ln � ) using Lemma 4.5. This tends to 0 as � ! 1,

th us w e ha v e a Cauc h y sequence that con v erges uniformly to a Hermitian

metric H

�

de�ned on j z j � � . The con v ergence can b e impro v ed to L

p

2

to

ensure that B ( H

�

; � ) = 0, [23 ].

In order to deal with � ! 0, notice that since ln j z j is harmonic on

S

2

� �, � + a ln j z j is subharmonic for an y a . Put a = sup

j z j = �

� = j ln � j .

Then � + a ln j z j � 0 on j z j = 1 and j z j = � . Th us

� � � ln j z j sup

j z j = �

� = j ln � j : (17)

By Lemma 4.5, d ( H

�;�

0

; H

�

) � C ln (1 � ln � ) so � = o ( j ln � j ) as � ! 0. Th us

the righ t hand side of (17) tends uniformly to 0 on compact sets a w a y from

z = 0. Again w e conclude that the f H

�

g form a Cauc h y sequence as � ! 0,

con v erging uniformly on the complemen t of an y neigh b ourho o d of S

2

� f 0 g

to a Hermitian metric H that satis�es B ( H ; � ) = 0 on S

2

� �.

Using S

1

� ( R

3

� f 0 g )

�

=

S

2

� � w e see that the limit H is smo oth

on S

1

� ( R

3

� f 0 g ) and con tin uous on all of S

1

� R

3

, con v erging to I

on S

1

� f 0 g . The connection A obtained from H via (11) is de�ned and

an ti-self-dual on S

1

� ( R

3

� f 0 g ). By the follo wing lemma, A has �nite

c harge. Since co dimension three singularities of �nite c harge an ti-self-dual

connections can b e remo v ed [22 ], A is smo oth on all of S

1

� R

3

. 2

Lemma 4.7 The curvatur e of the limiting c onne ction A has �nite L

2

norm.

Pr o of. The Y ang-Mills 
o w decreases the L

2

norm of a connection, and an y

bubbling in the limit just decreases the L

2

norm further, so it is su�cen t

to sho w that the initial connection has �nite L

2

norm.

F or an y connection A , w e ha v e

8 �

2

k F

A

k

2

2

= 2

Z

j F

+

A

j

2

�

Z

F

A

^ F

A

(18)

where F

+

A

is the self-dual part of the curv ature. W e can calculate this

explicitly for the initial connection de�ned in (8).

Notice that F

+

A

= B ( H

�

; � ) and b y Lemma 4.4 w e ha v e j B ( H

�

; � ) j �

M (1 � j z j ). This is square-in tegrable o v er S

2

� � since S

2

is compact and

� has �nite area near z = 0 and gro ws lik e 1 = (1 � j z j )

2

near j z j = 1.

As one migh t exp ect, the top ological term in (18) will coincide with

the top ological degree of the map f : S

2

! LG= Z

�

.

k ( E ) =

1

8 �

2

Z

S

2

� D

tr ( F

2

A

) = �

1

8 �

2

Z

S

2

� D

tr ( @

�z

�

�

@

z

� ) d �z dz d �w dw

11



since only the F

z �w

and F

�z w

terms con tribute. Since � is holomorphic in z ,

then on the disk d f tr ( �

�

@

z

� ) dz g = tr ( @

�z

�

�

@

z

� ) d �z dz so

k ( E ) = �

1

8 �

2

Z

S

2

Z

j z j =1

tr ( �

�

@

z

� ) dz d �w dw

=

1

4 �

Z

S

2

k f

� 1

@

�w

f k

2

d �w dw

i

where k f

� 1

@

�w f

k

2

uses the Kahler metric on LG= Z

�

. This expression is the

degree of f . 2

R emark. In the construction of this section w e started with parab olic

bundles o v er the disk. Ho w ev er, the rev erse is not true that a p erio dic

instan ton giv es rise to a family of parab olic bundles. By this w e mean that

the holomorphic structure de�ned on eac h punctured disk b y the restriction

of the p erio dic instan ton do es not extend to the en tire disk. The curv ature

just fails to satisfy F

A

2 L

p

for p > 1 as required in [2 ].

5 Injection

In this section w e will sho w that the map pro duced in Section 4 is injectiv e.

Prop osition 5.1 L et f : S

2

! LG= Z

�

and g : S

2

! LG= Z

�

b e two b ase d

holomorphic maps. Then the instantons A

f

and A

g

ar e gauge e quivalent

pr e cisely when � � � is in the r o ot lattic e and g = f � exp( i ( � � � ) ln z ) .

Pr o of. The instan ton A

f

is giv en b y the expression (11) whic h dep ends on

a pair ( H ; � ) consisting of a Hermitian metric, H , and the holomorphic ex-

tension of f

� 1

@

�w

f denoted b y � and lik ewise for A

g

. These expressions are

indep enden t of the unitary gauge so A

f

� A

g

only if A

f

= A

g

or p ossibly

if w e ha v e used di�eren t holomorphic trivialisations of the holomorphically

trivial bundle restricted to eac h f w g � � for A

f

and A

g

.

If A

f

= A

g

then f

� 1

@

�w

f = � = g

� 1

@

�w

g , so @

�w

( g f

� 1

) = 0 and this

is global o v er S

2

th us g = 
 ( z ) f for some lo op 
 ( z ) indep enden t of w .

The requiremen t that f and g map 1 2 S

2

to the constan t lo op I forces


 ( z ) = I .

If A

f

6= A

g

and A

f

� A

g

then A

f

uses the pair ( H ; � ) in (11) and A

g

uses the pair ( p

�

H p; p

� 1

� p + p

� 1

@

�w

p ) for a map p : S

2

� � ! G

c

whic h is

holomorphic on eac h f w g � � and unitary on its b oundary . Note that this

implies that g = f p though since p is not a priori in L

+

P , the maps f and

g can b e distinct.

The pro of of the prop osition is completed b y the follo wing t w o lemmas

that sho w that g = f p together with the kno wn gro wth of the Hermitian

metrics asso ciated to f and g forces p to b e constan t or to b e a standard

holomorphic gauge c hange.

Lemma 5.2 If � = � then A

f

� A

g

only if f = g u for u 2 P \ G

�

=

Z

�

.

12



Pr o of. W e can apply Lemma 4.5 to the Hermitian-Y ang Mills metric H

o v er all of S

2

� � ev en though it is only stated for 0 < � < � < 1. Th us

d ( H ; H

�

) + d ( p

�

H p; H

�

) � C ln (1 � ln j z j )

for the initial metric H

�

de�ned in (9). Using the iden tit y d ( p

�

H p; H

�

) =

d (( p

�

)

� 1

H

�

p

� 1

; H

�

)) and the triangle inequalit y w e ha v e

d ( H ; H

�

) + d ( p

�

H p; H

�

) � d (( p

�

)

� 1

H

�

p

� 1

; H

�

)) (19)

and the righ t hand side is b ounded b y C ln (1 � ln j z j ) only if p is b ounded

near z = 0 b y C ln (1 � ln j z j ). Since it satis�es lim

z ! 0

z p ( z ) ! 0, p extends

across z = 0 and is holomorphic there. F urthermore w e m ust ha v e p (0) 2 P

in order that the righ t hand side of (19) is b ounded b y C ln (1 � ln j z j ).

Since p is holomorphic on the disk and unitary on the b oundary it m ust b e

unitary on the disk (b y the maxim um principle applied to the subharmonic

function tr ( p

�

p ) + tr (( p

�

p )

� 1

)), and th us constan t there, and moreo v er lie

in P \ G . 2

Lemma 5.3 If A

f

� A

g

then � � � lies in the r o ot lattic e and

g = f exp( i ( � � � ) ln z ) :

Pr o of. As describ ed ab o v e, g = f p . Then lim

z ! 0

z p

� 1

@

z

p = � � � . Since

z p

� 1

@

z

p is b ounded and holomorphic on the punctured disk, it extends to

a holomorphic function of the disk. In fact p

� 1

@

z

p = q ( z ) =z so p ( z ) =

exp(

R

z

q ( � ) d� =� ) and � � � = q (0) m ust lie in the in teger lattice. Th us p �

exp( � i ( � � � ) ln z ) is holomorphic on the disk and unitary on the b oundary

and hence constan t whic h w e absorb in the unitary am biguit y of f . So

g = f � exp( i ( � � � ) ln z ). 2

The prop osition allo w ed for gauge transformations that ha v e angular

dep endence at in�nit y (corresp onding to z = 0). When w e restrict the

gauge transformations to ha v e no angular dep endence at in�nit y then the

maps f and f � exp( i ( � � � ) ln z ) de�ne inequiv alen t connections. Th us the

map f 7! A

f

is injectiv e.

6 Boundary conditions

There are natural b oundary conditions that the p erio dic instan tons con-

structed in this pap er conjecturally satisfy: as r ! 1

k � � � k = O (1 =r )

@ k � � � k =@ 
 = O (1 =r

2

)

kr (� � � ) k = O (1 =r

2

)

where � is a giv en constan t Higgs �eld, r is the radial co ordinate in R

3

,

@ =@ 
 is an angular deriv ativ e, and the asymptotic constan ts are uniform

in � .

13



In order to pro v e these conditions w e w ould need to understand the

precise elliptic constan ts for the Hermitian Y ang-Mills Laplacian on S

2

� �

near the puncture at z = 0. This w ould enable us to get estimates on the

second deriv ativ es of H from the estimates on H giv en in this pap er and

estimates on �rst deriv ativ es of H obtained from a maxim um principle

argumen t [5]. W e hop e to sho w this in future w ork.

Alternativ ely , one migh t pro v e the stronger conjecture that all �nite en-

ergy p erio dic instan tons satisfy these b oundary conditions. Suc h a pro of

w ould again require a go o d understanding of the Laplacian on S

2

� � as in

the sp ecial case of monop oles [11 ]. This stronger conjecture implies that

the construction of this pap er yields al l p erio dic instan tons. This can b e

pro v en b y using a scattering argumen t to retriev e a holomorphic map from

S

2

to an orbit of the lo op group from a giv en p erio dic instan ton.
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