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Abstract

W e pro v e that the space of S U (2) h yp erb olic monop oles based at

the cen tre of h yp erb olic space is homeomorphic to the space of (un-

based) rational maps of the t w o-sphere. The homeomorphism extends

to a map of the natural compacti�cations of the t w o spaces. W e also

sho w that the scattering metho ds used in the study of monop oles apply

to the con�guration space for h yp erb olic monop oles giving a homo-

top y equiv alence of this space with the space of con tin uous self-maps

of the t w o-sphere.

AMS classi�c ation: 81T13, 53C07, 55P10

1 In tro duction.

It has long b een kno wn that mo duli spaces of monop oles and holomor-

phic maps of the t w o-sphere are in timately related. In [1, 2 ] A tiy ah

in tro duced the space of h yp erb olic monop oles sho wing that for in te-

gral mass the space of c harge k S U (2) monop oles based at in�nit y is

isomorphic to the space of degree k based holomorphic self-maps of

the t w o-sphere. His approac h w as to iden tify h yp erb olic monop oles as

instan tons o v er the four-sphere in v arian t under a circle action. Sib-

ner and Sibner [19 ] justi�ed this iden ti�cation using the natural deca y

conditions on monop oles suggested b y A tiy ah.

The similarit y b et w een the natural compacti�cations of the space

of monop oles and the space of rational maps of the t w o-sphere suggests

that A tiy ah's map extends to the compacti�cations. This pap er arose

out of the study of that question. Unfortunately the framing condition

obstructs the desired compacti�cation since bubbling at the basep oin t

is forbidden. T o get around this it is quite natural to put the basep oin t,

instead, at an in terior p oin t of h yp erb olic space. Murra y suggested

the study of suc h spaces in [16 ]. Uniform b ounds on the curv ature

of h yp erb olic monop oles at in terior p oin ts prev en ts bubbling there,

allo wing our study to pro ceed.
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This no v el c hoice of basep oin t means that w e cannot use A tiy ah's

results. In particular, w e are considering a mo duli space that has

a bigger dimension. Still, w e will pro v e there is a corresp ondence

b et w een monop oles and rational maps in this setting. The algebro-

geometric metho ds emplo y ed b y A tiy ah seem to b e limited in the study

of the question of compactifying since the natural compacti�cation

asso ciated to holomorphic bundles is the Giesek er compacti�cation

rather than the Uhlen b ec k compacti�cation of instan tons whic h w e

require. Jun Li [15 ] sho w ed ho w the Giesek er compacti�cation of

the space of holomorphic bundles is in some sense bigger than the

Uhlen b ec k compacti�cation. In this pap er w e use the more suitable

scattering metho ds used b y Hitc hin [12 ] in his study of Euclidean

monop oles and suggested b y A tiy ah for h yp erb olic monop oles.

The homotop y theory of the underlying con�guration spaces re-

sp ectiv ely giv en b y connections that do not satisfy the Bogomoln y

equations and con tin uous self-maps of the t w o-sphere is w ell-under-

sto o d [4 ]. Using the holonom y of the connections or the uniqueness

of classifying spaces the resp ectiv e con�guration spaces can b e sho wn

to b e homotop y equiv alen t. One satisfying part of the scattering ap-

proac h describ ed here is that it pro duces the homotop y equiv alence

directly , a v oiding the usual separate treatmen t.

W e consider monop oles only with in teger mass m . This is b ecause

the metho ds w e use rely hea vily on estimates supplied b y w orking

o v er the four-sphere. Still, one migh t exp ect that our results can

b e extended to arbitrary mass, esp ecially considering the studies in

[14 , 17].

De�ne B

m

k

to b e the space of C

1

connections mo dulo gauge trans-

formations on a framed S U (2) bundle E o v er S

4

in v arian t under a

U (1)-action where the w eigh t of the U (1)-action is m and 2 k m =

c

2

( E ). Equiv alen tly ,

k � k ! m at 1 and

Z

H

3

F

A

^ d

A

� = 4 � mk :

W e think of S

4

� S

2

� H

3

� S

1

where � denotes the conformal

equiv alence of metrics on the t w o spaces. The gauge transformations

are required to b e the iden tit y at the basep oin t and w e c ho ose the

basep oin t to lie o� the �xed p oin t sphere.

W e will equiv alen tly describ e an y elemen t of B

m

k

b y a pair ( A; �).

Giv en suc h a pair, along radial geo desics b eginning at 0 2 H

3

consider

b ounde d solutions of the scattering equation

r

t

s � i � s = 0 (1)

Eac h radial geo desic corresp onds to a p oin t ( u; v ) 2 S

2

. De�ne

F ( u; v ) : B

m

k

! CP

1

b y

F ( u; v )( A; �) = s

( u;v )

(0) 2 C

2

(2)
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where, up to a constan t m ultiple, s

( u;v )

( t ) is the unique b ounded solu-

tion of (1) along the geo desic corresp onding to ( u; v ). It is w ell-de�ned

since an y gauge transformation �xes the frame at 0. Let 


2

k

S

2

b e the

space of con tin uous self-maps of S

2

of degree k equipp ed with the uni-

form top ology . The follo wing theorem sa ys that for eac h pair ( A; �),

its image F ( A; �) is con tin uous in ( u; v ) and that as w e v ary ( A; �)

con tin uously in the C

1

sense, the image F ( A; �) v aries uniformly in




2

k

S

2

.

Theorem 1 The map F : B

m

k

! 


2

k

S

2

is c ontinuous.

This map restricted to a deformation retract of B

m

k

realizes the

homotop y equiv alence pro v en b y Gritsc h [11 ]. The space of h yp erb olic

monop oles is de�ned b y

M

m

k

= f ( A; �) 2 B

m

k

j d

A

� = � F

A

g = G

where G is the group of gauge transformations that are the iden tit y at

0 and the Ho dge star is tak en with resp ect to the h yp erb olic metric.

De�ne R at

k

( S

2

) to b e the space of degree k rational self-maps of S

2

.

Theorem 2 The r estriction of F to monop oles de�nes a home omor-

phism

F : M

m

k

! R at

k

( S

2

) :

Note that there is no natural map b et w een the space of based rational

maps in A tiy ah's theorem [1 ] and the space of un based rational maps

app earing here. The quotien ts of these spaces b y U (1) and S U (2)

resp ectiv ely are b oth isomorphic to the space of monop oles on the

unframed bundle ho w ev er there is still no natural map b et w een them.

The space R at

k

( S

2

) naturally compacti�es to CP

2 k +1

[8 ] and M

m

k

p ossesses the Uhlen b ec k compacti�cation [6 ].

Theorem 3 The map F extends to a c ontinuous map b etwe en the

r esp e ctive natur al c omp acti�c ations of the sp ac es of monop oles and

r ational maps.

A tiy ah and Hitc hin [3 ] pro v ed a w eak er result for Euclidean monop oles

to demonstrate the t yp e of sup erp osition prop erties of monop oles.

Let 
 : R ! H

3

b e a (complete) geo desic. De�ne V




� M

m

k

to

b e the set of monop oles that p ossess a non-trivial b ounded solution of

( r

t

� i �) s = 0 along 
 .

Theorem 4 F or e ach ge o desic 
 , V




is a c o dimension 2 submanifold

of M

m

k

which extends to the c omp acti�c ation.

This is the analogue of Donaldson's � -map [10 ]. The sp ectral curv e of

a monop ole is a dual notion of the � -map.

This pap er is organized as follo ws. In Section 2 w e describ e h yp er-

b olic space and its relationship with the four-sphere. Sections 3, 4, 5,

6 are dev oted resp ectiv ely to the pro ofs of Theorems 1, 2, 3, 4.
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2 Hyp erb olic space

W e will use spherical co ordinates ( u; v ; r ) or ( u; v ; t ) on H

3

where ( u; v )

parametrises spheres of constan t radius and w = u + iv is the induced

conformal structure. The co ordinate t giv es the h yp erb olic distance

from the cen tre of h yp erb olic space while the alternativ e co ordinate,

r , giv es the distance from the cen tre of h yp erb olic space in terms of

the round metric on S

4

where w e think of H

3

� S

4

.

The h yp erb olic metric in ( u; v ; r ) co ordinates is

ds

2

=

16 r

2

( du

2

+ dv

2

)

(1 � r

2

)

2

(1 + u

2

+ v

2

)

2

+

4 dr

2

(1 � r

2

)

2

:

W e ma y put this also in terms of t; using r = tanh( t= 2) ; as w ell as

4 r

2

= (1 � r

2

)

2

= sinh

2

( t ) ; to get:

ds

2

=

4sinh

2

( t )( du

2

+ dv

2

)

(1 + u

2

+ v

2

)

2

+ dt

2

:

2.1 F rom S

4

to H

3

.

As men tioned in the in tro duction, eac h U (1)-in v arian t connection de-

�ned o v er S

4

giv es rise to a pair ( A; �) de�ned o v er H

3

. T o go from H

3

to S

4

, one uses the remo v able singularities theorem of Sibner and Sib-

ner [19 ] that sa ys that a pair ( A; �) with in tegral mass giv es rise to a

connections o v er S

4

. F urthermore, since the natural metrics on S

4

and

H

3

� S

1

are conformally equiv alen t, instan tons giv e rise to monop oles.

W e w ork only with di�eren tiable connections o v er S

4

whic h giv es a

restricted space of pairs ( A; �) o v er H

3

since the theorem of Sibner

and Sibner only pro duces a W

1 ; 2

connection o v er S

4

in general.

It is w orth remem b ering here that U (1) in v ariance requires a lifting

of the action to the bundle, so it follo ws that the connection and Higgs

�eld m ust b e ab elian on the �xed S

2

� S

4

. This �xed sphere manifests

itself as the b oundary sphere in the ball mo del of H

3

. In con trast to

the Euclidean case, where the connection on the `sphere at in�nit y' is

of a standard t yp e (the curv ature is just the v olume form of the sphere

m ultiplied b y the c harge k ), there is an en tire mo duli of connections

in this h yp erb olic case, and indeed Austin and Braam [5] ha v e sho wn

that this `b oundary v alue' actually determines the whole monop ole.

The follo wing t w o lemmas sho w that connections o v er S

4

giv e scat-

tering co e�cien ts in (1) that deca y fast enough for the appropriate

analysis, and that w e can c ho ose a gauge so that the L

1

norm of

the scattering co e�cien ts in (1) is con trolled b y the C

1

norm of the

connections on S

4

.

Lemma 2.1

r

t

� i � = d=dt � i �( 1 ) + O ( e

� 2 t

) :
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Pro of. Let

~

A b e a smo oth U (1)-in v arian t connection on S

4

. In a

U (1)-in v arian t gauge put

~

A = A + � d� where ( A; �) is de�ned o v er

H

3

. A natural co ordinate system for H

3

considered as a b ounded

subset of S

4

is the spherical co ordinates ( u; v ; r ) where ( u; v ) giv es lo cal

co ordinates on S

2

and r 2 [0 ; 1). If w e replace r b y the h yp erb olic

distance from 0 2 H

3

, t = log f (1 + r ) = (1 � r ) g then since dt =

2 dr = (1 � r

2

) = 2 cosh

2

( t= 2) dr w e ha v e

r

t

� dtd� = F

t�

dtd� = F

r �

dr d� ) r

t

� = F

r �

= 2 cosh

2

( t= 2)

and similarly

A

t

= A

r

= 2 cosh

2

( t= 2) :

F rom r

t

� = @ � =@ t + [ A

r

; �] = 2 cosh

2

( t= 2) w e get

@ � =@ t = ( F

r �

� [ A

r

; �]) = 2 cosh

2

( t= 2)

so

j �( t ) � �( 1 ) j = j

Z

1

t

([ A

r

; �] � F

r �

) = 2 cosh

2

( t= 2) dt j

�

Z

1

t

M = 2 cosh

2

( t= 2) dt = M = ( e

2 t

+ 1)

where j F

r �

� [ A

r

; �] j � M . Th us

r

t

� i � = d=dt � i �( 1 ) + O ( e

� 2 t

)

as required. 2

Lemma 2.2

kr

A

t

� i � � g � ( r

B

t

� i 	) k

L

1

( R

+

)

� C k

~

B �

~

A k

C

1

( S

4

)

wher e C dep ends only on a neighb ourho o d of

~

A .

Pro of. If

~

A;

~

B are U (1)-in v arian t connections on S

4

satisfying

k

~

B �

~

A k

C

1

( S

4

)

< �

then on H

3

the Higgs �eld 	 asso ciated to

~

B satis�es

	( t ) � 	( 1 ) =

Z

1

t

([ B

r

; 	] � F

B

r �

) = 2 cosh

2

( t= 2) dt

and the similar expression for � asso ciated to

~

A is giv en in the pro of of

the previous lemma. Let g b e a U (1)-equiv arian t gauge transformation

o v er S

4

that satis�es g � 	( 1 ) = �( 1 ). Then

�( t ) � 	( t ) = �( 1 ) � 	( 1 )

+

Z

1

t

([ A

r

; �] � F

A

r �

� [ B

r

; 	] + F

B

r �

) dt

2 cosh

2

( t= 2)

	( t ) � g � 	( t ) = 	( 1 ) � g � 	( 1 )

+

Z

1

t

([ B

r

; 	] � F

B

r �

� g � [ B

r

; 	] + g � F

B

r �

) dt

2 cosh

2

( t= 2)
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so if w e c ho ose g so that k g �

~

B �

~

B k

1

< � k

~

B k

1

then

j �( t ) � g � 	( t ) j � C �e

� 2 t

for a constan t C that dep ends only on the � neigh b ourho o d of

~

A .

Similarly A

t

� g � B

t

� C �e

� 2 t

. Th us

kr

A

t

� i � � g � ( r

B

t

� i 	) k

L

1

( R

+

)

� C k

~

B �

~

A k

C

1

( S

4

)

where C dep ends only on a neigh b ourho o d of

~

A . 2

3 Scattering.

In this section w e will pro v e Theorem 1. The metric en ters here only in

the �nite action condition. The Bogomoln y equations are not needed

un til the next section. W e will sho w that the solution of (1) v aries

con tin uously with a con tin uous c hange of the geo desic 
 and the pair

( A; �). It will follo w that F ( A; �) is b oth con tin uous and v aries con-

tin uously in ( A; �) with resp ect to the uniform top ology on 


2

k

S

2

.

3.1 Levinson's Theorem.

W e b egin b y giving the pro of of the follo wing standard result on ordi-

nary di�eren tial equations. This is a minor v ariation on the Euclidean

monop ole treatmen t [12 ] com bined with the b etter estimates supplied

from w orking o v er S

4

.

Theorem 3.1 (Levinson [7 ]) F or m

1

� 0 � m

2

, the solutions of

the `unp erturb e d' e quation

dz

dt

+

 

m

1

0

0 m

2

!

z = 0 (3)

which ar e b ounded as t ! 1 ; ar e in bic ontinuous 1-1 line ar c orr e-

sp ondenc e with those of the `p erturb e d' e quation

dx

dt

+

 

m

1

0

0 m

2

!

x + f ( t ) x = 0 (4)

on [0 ; 1 ) ; wher e j f ( t ) j is b ounde d and lies in L

1

[0 ; 1 )

F urthermor e, if

x ( t ) ; z ( t ) ar e c orr esp onding solutions then j x ( t ) � z ( t ) j ! 0 as t ! 1 :

Pro of. Let P

1

b e the pro jection of C

2

on to the subspace de�ned

b y the �rst basis v ector and let P

2

b e the (complemen tary) pro jection
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on to that spanned b y the second basis v ector. Notice that w e ha v e a

`fundamen tal matrix' solution

Z ( t ) =

 

e

� m

1

t

0

0 e

� m

2

t

!

;

and that the �rst diagonal en try giv es a solution whic h is b ounded as

t ! 1 : Notice that

j Z ( t ) P

1

Z

� 1

( s ) j � 1 for t

0

� s � t;

j Z ( t ) P

2

Z

� 1

( s ) j � 1 for t

0

� t � s:

F rom the conditions on f ; it follo ws that w e can c ho ose t

1

> 0 suc h

that

� =

Z

1

t

1

j f ( t ) j < 1 :

Let x ( t ) b e an y con tin uous function with k x k = sup

t � t

1

j x ( t ) j <

1 ; and de�ne

T x ( t ) =

Z

1

t

Z ( t ) P

2

Z

� 1

( s ) f ( s ) x ( s ) ds �

Z

t

t

1

Z ( t ) P

1

Z

� 1

( s ) f ( s ) x ( s ) ds:

This is w ell de�ned b y the ab o v e prop erties, and also

k T x k�

Z

1

t

1

j f ( s ) jj x ( s ) j ds � � k x k :

In particular, the map x 7! z + T x for an y b ounded con tin uous v ector

function z ( t ) is a con traction mapping, so there exists a unique �xed

p oin t, i.e. a b ounded con tin uous map x ( t ) suc h that

x ( t ) = z ( t ) + T x ( t ) : (5)

But,

d

dt

( T x )( t ) = �

 

m 0

0 � m

!

( T x )( t ) � f ( t ) x ( t ) ; so that if z ( t )

satis�es the unp erturb ed equation (3), then x ( t ) satis�es the p erturb ed

equation (4), giving us our 1-1 corresp ondence. Also, equation (5)

sho ws that this corresp ondence is linear. F or bicon tin uit y , supp ose

that w e ha v e t w o corresp ondences, x

i

= z

i

+ T x

i

; i = 1 ; 2 ; then:

k z

1

� z

2

k � k x

1

� x

2

k + k T x

1

� T x

2

k� (1 + � ) k x

1

� x

2

k ;

k x

1

� x

2

k � k z

1

� z

2

k + k T x

1

� T x

2

k ;

so that

(1 + � )

� 1

k z

1

� z

2

k�k x

1

� x

2

k� (1 � � )

� 1

k z

1

� z

2

k (6)

whic h giv es us bicon tin uit y on the in terv al [ t

1

; 1 ) : But since solutions

are determined b y their initial v alues, the same applies to [0 ; 1 ) :
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Finally , then, notice that j x � z j ( t ) = j T x j ( t ) ; and giv en � > 0 ; w e

can �nd t

2

> t

1

suc h that

Z

1

t

2

k x k f ( s ) ds < �:

Then, for t > t

2

; w e ha v e:

j T x ( t ) j � � + Z ( t ) P

1

Z

t

2

t

1

j Z ( s )

� 1

f ( s ) j k x k ds

� 2 �;

for t su�cien tly large, since Z ( t ) P

1

! 0 as t ! 1 : 2

W e can no w analyse F ( A; �) : S

2

! S

2

de�ned in (2) for a giv en

( A; �) 2 B

m

k

.

Corollary 3.2 The map F ( A; �)( u; v ) is c ontinuous in ( u; v ) .

Pro of. W e need to compare the solutions to (1) at nearb y geo desics.

Since the U (1)-in v arian t connection o v er S

4

corresp onding to the pair

( A; �) is uniformly con tin uous and has uniformly con tin uous �rst

deriv ativ es, the results of Section 2.1 apply to giv e us L

1

con v ergence

of the scattering co e�cien ts. Put m

1

= m and m

2

= � m in to Theo-

rem 3.1 and consider the solutions of

dx

dt

+

 

m 0

0 � m

!

x + f ( t ) x = 0 ;

dy

dt

+

 

m 0

0 � m

!

y + g ( t ) y = 0 :

W e wish to sho w that if k f � g k

L

1
is small enough then the complex

lines determined b y x (0) and y (0) are close. F or the momen t let's

assume that k f k

L

1
is v ery small and g � 0 so y = z , the b ounded

solution of (3). Then w e can c ho ose t

1

= 0 in the pro of of Theorem 3.1

( k f k

L

1
< 1). Th us

j x (0) � z (0) j = j T x (0) j � k f k

L

1
k x k

1

:

Of course w e need to normalize the v ectors so that w e are not simply

sho wing that t w o small v ectors ha v e small norm. F or this reason,

c ho ose j z (0) j = 1. Bicon tin uit y (6) giv es us k x k

1

� 1 = (1 � k f k

L

1 ) so

j x (0) � z (0) j � k f k

L

1
= (1 � k f k

L

1
)

and this tends to zero as k f k

L

1 tends to zero as required. More gen-

erally , when g is not iden tically zero, Theorem 3.1 giv es the existence

of a fundamen tal matrix solution Y satisfying

d Y =dt +

 

m 0

0 � m

!

Y + g ( t ) Y = 0 :

8



The un b ounded solution comes from considering the equation

dy

dt

+

 

m 0

0 � m

!

y + f ( t ) y + mI = 0

when w e set m

1

= 2 m and m

2

= 0 in the theorem. Put

S = Y

 

e

mt

0

0 e

� mt

!

:

This is a b ounded matrix and z = S

� 1

y satis�es the unp erturb ed

equation (3) so w e are bac k to the previous case of g � 0 b y substi-

tuting x and f with S

� 1

x and S

� 1

( f � g ) S . Since S is b ounded these

t w o substitutions satisfy the requiremen ts. 2

Corollary 3.3 The map F : B

m

k

! 


2

k

S

2

is c ontinuous.

Pro of. W e use the C

1

top ology on B

m

k

and the uniform top ology

on 


2

k

S

2

. The pro of is just a uniform v ersion of the previous corol-

lary . W e could ha v e pro v en b oth at once, ho w ev er this w a y mak es it

clear that there are t w o issues. Again Section 2.1 applies here. Giv en

( A; �) 2 B

m

k

, w e get solutions y ( t ) along eac h geo desic that de�ne

the con tin uous self-map of S

2

. Let x ( t ) denote the solutions along

geo desics corresp onding to a nearb y connection. Using the terminol-

ogy of the pro of of the previous corollary , if w e c ho ose S to b e unitary

at t = 0 and set j y (0) j = 1 w e get

j x (0) � y (0) j = j S

� 1

( x (0) � y (0)) j

� k S

� 1

( f � g ) S k

L

1
= (1 � k S

� 1

( f � g ) S k

L

1
)

� M k f � g k

L

1
= (1 � M k f � g k

L

1
)

for some M dep ending on g (and hence on ( A; �)) and indep enden t of

f . Th us, connections that are C

1

close to ( A; �) pro duce con tin uous

maps that are C

0

close. Of course, the rate of con v ergence dep ends

on M ( A; �) as exp ected. 2

Corollary 3.4 The map F ( A; �)( u; v ) is di�er entiable in ( u; v ) .

Pro of. In order not to confuse the parameter from the v ariable t

w e will notate the parameter v alue b y a subscript. Supp ose that in

(4) f

u

( t ) is di�eren tiable in a parameter u , that k @ f

u

=@ u ( t ) k

L

1
is

uniformly b ounded in u and further, for simplicit y , that k f

u

( t ) k

L

1

is small for eac h u . In order to sho w that @ x

u

(0) =@ u exists at u = 0

w e will study the follo wing equation there.

@ x

0

@ u

( t ) =

Z

1

0

Z ( t ) P

1

Z

� 1

( s ) f

@ f

0

@ u

( s ) x

0

( s ) + f

0

( s )

@ x

0

@ u

( s ) g ds:

9



W e think of this as a con traction mapping for @ x

0

=@ u ( t ) since

Z

1

0

Z ( t ) P

1

Z

� 1

( s )

@ f

0

@ u

( s ) x

0

( s ) ds

is b ounded in t . W e w an t to sho w that the unique �xed p oin t of this

equation is the actual deriv ativ e of x as suggested b y the notation.

Lemma 3.5

lim

u ! 0

�

�

�

�

x

u

� x

0

u

�

@ x

0

@ u

�

�

�

�

(0) = 0 :

Pro of.

�

�

�

�

x

u

� x

0

u

�

@ x

0

@ u

�

�

�

�

(0) =

Z

1

0

Z ( t ) P

1

Z

� 1

( s )[

f

u

( s ) � f

0

( s )

u

( s ) x

0

( s )

�

@ f

0

@ u

( s ) x

0

( s ) + f

0

( s )

x

u

� x

0

u

� f

0

( s )

@ x

0

@ u

( s )] ds

This is a con traction mapping for ( x

u

� x

0

) =u � @ x

0

=@ u since

Z

1

0

Z ( t ) P

1

Z

� 1

( s )[

f

u

( s ) � f

0

( s )

u

( s ) �

@ f

0

@ u

( s )] x

0

( s ) ds (7)

is b ounded. In fact, b y the mean v alue theorem on the deriv ativ e of

the connection o v er S

4

(7) tends to 0 as u ! 0. Bicon tin uit y then

sho ws us that j ( x

u

� x

0

) =u � @ x

0

=@ u j tends to zero as required. 2

As in the pro of of Corollary 3.2, the simplifying assumption on the size

of k f

u

( t ) k

L

1
can b e remo v ed b y using a fundamen tal matrix solution Y

to c hange the gauge. This completes the pro of of the corollary . What

w e ha v e seen is that the con tin uous deriv ativ e of the connection o v er

S

4

giv es b oth con tin uit y and di�eren tiabilit y of the map on S

2

. Still,

the con tin uit y is uniform whic h giv es uniform con v ergence of maps

while the limit for the deriv ativ e is only p oin t wise. 2

It is also true that when the pair ( A; �) is smo oth then F ( A; �) is

smo oth.

3.2 Homotop y equiv alence.

W e will no w sho w that F is on to and that the degree of F ( A; �)

corresp onds to the c harge of ( A; �). This will follo w from a discussion

of the homotop y implications of the map F .

It seems reasonable to conjecture that when restricted to the com-

p onen t B

m

k

, the map F is a homotop y equiv alence. W e ha v e b een

unable to sho w this ho w ev er there is a deformation retract of B

m

k

where this is true. (After this deformation h yp erb olic monop oles in

B

m

k

do not map to holomorphic maps in R at

k

( S

2

).)

10



First w e will c ho ose a gauge so that w e ma y ignore the action of

the gauge group. In eac h gauge orbit there is a unique connection that

is radially trivial. The existence follo ws from parallel transp ort and

the uniqueness from the fact that gauge transformations are required

to b e the iden tit y at 0 2 H

3

. No w, de�ne

e

A

m

k

= f ( A; �) 2 B

m

k

j A

t

= 0 ; � = tanh ( t ) � ( u; v ) g :

This is easily seen to b e a deformation retract of B

m

k

using the retrac-

tion �( u; v ; t ) 7! �( u; v ; �t ) tanh ( t ) = tanh ( �t ) as � runs from 1 to 1

and lea ving A in radial gauge.

Prop osition 3.6 The r estriction

F :

e

A

m

k

! 


2

k

S

2

is a homotopy e quivalenc e.

Pro of. In order to sho w that F is on to w e will construct a map

� : 


2

k

S

2

!

e

A

m

k

(de�ned only on the di�eren tiable maps) suc h that F � � is the iden-

tit y . Then w e will c hec k that the �bre in

e

A

m

k

of a p oin t in 


2

k

S

2

is

con tractible.

Let f : S

2

! S

2

b e a C

1

map. De�ne �

f

: S

2

! su (2) b y

comp osing f with the em b edding S

2

, ! su (2) giv en b y mapping S

2

to the sphere of radius m . It satis�es � ( w ) f ( w ) = i � m � f ( w ) when

w e think of f as taking v alues in the space of non-zero complex lines

in C

2

. Let B

k

( w ) b e a connection on the line bundle of Chern class k

o v er S

2

. De�ne

� ( f ) = (tanh( t ) B

k

( w ) ; tanh ( t ) �

f

( w )) (8)

It is easy to see that (tanh( t ) B

k

( w ) ; tanh ( t ) �

f

( w )) 2

e

A

m

k

since it

extends to a connection o v er S

4

and

Z

H

3

F

A

^ d

A

� =

Z

S

2

1

h F

A

; � i

= 2 m

Z

S

2

iF

B

= 4 � mk :

T o calculate F ( � ( f )) w e m ust solv e the scattering equation (1). When

( A; �) is giv en b y (8) w e ha v e _s ( t ) = i tanh( t ) �

f

( w ) s ( t ). By construc-

tion, f ( w ) is an eigen v ector of �

f

( w ) with eigen v alue i � m . Th us

(cosh( t ))

� m

f ( w ) is the required solution and F ( � ( f )) = f .

The �bre of f 2 


2

k

S

2

is giv en b y

f ( A; �) 2

e

A

m

k

j � = tanh( t ) m�

f

g (9)

The �bre is the a�ne space of radially trivial connections with U (1)-

reduction at S

2

determined b y the Higgs �eld, whic h is con tractible. 2

11



Corollary 3.7 F or ( A; �) 2 B

m

k

we have deg F ( A; �) = k .

Pro of. Simply mo v e ( A; �) to an elemen t of

e

A

m

k

under the con trac-

tion. Then use the con tin uit y of the degree, the c harge and F . 2

Corollary 3.8 F or e ach k and m , the sp ac e B

m

k

is homotopy e quiva-

lent to 


2

k

S

2

.

Pro of. This just com bines the homotop y equiv alence de�ned b y F

and the retraction describ ed at the b eginning of this section. W e

ha v e also used the fact that the di�eren tiable self-maps of S

2

de�ne a

subspace homotop y equiv alen t to the space of all con tin uous maps. 2

4 Monop oles.

F rom no w on w e will study only those pairs ( A; �) (with in tegral mass)

that satisfy the Bogomoln y equations

d

A

� = � F

A

on H

3

. W e will sho w that the monop oles corresp ond to rational maps

and this corresp ondence is a di�eomorphism.

W e write the Bogomoln y equations � F

A

= d

A

� in these co ordi-

nates: put F

A

= F

uv

du ^ dv + F

ut

du ^ dt + F

v t

dv ^ dt; and so w e get

three equations:

F

ut

= �r

v

� ; F

v t

= r

u

� ; F

uv

=

4sinh

2

( t )

(1 + j w j

2

)

2

r

t

� :

W e can re-express the �rst t w o of these equations in terms of w : if

w e set

�

@

A

w

=

1

2

( r

u

+ i r

v

) then the t w o equations [ r

u

; r

t

] = �r

v

�

and [ r

v

; r

t

] = r

u

� app ear as the real and imaginary parts of the

`in tegrabilit y condition':

[

�

@

A

w

; r

t

� i �] = 0 :

It is this fact whic h enables us to pro v e analytically that when ( A; �)

is a h yp erb olic monop ole the scattering de�nition of a map S

2

! C P

1

is indeed a r ational map.

Prop osition 4.1 The r estriction of F to monop oles de�nes a map

F : M

m

k

! R at

k

( S

2

) :

12



Pro of. Let ( A; �) satisfy the Bogomoln y equations and consider the

b ounded solution of the scattering equation

( r

t

� i �) s = 0 :

Since [

�

@

A

w

; r

t

� i �] = 0 and s ( w ; t ) is di�eren tiable in w b y Lemma 3.4,

then

�

@

A

w

s ( w ; t ) is also a solution of the scattering equation. Moreo v er,

�

@

A

w

s ( w ; t ) is b ounded in t since the deriv ativ e is b ounded b y construc-

tion, and the connection matrix A

�w

is also b ounded. Since there is

exactly one b ounded solution of the scattering equation w e m ust ha v e

�

@

A

w

s ( w ; t ) = � ( w ) s ( w ; t ) for some function � indep enden t of t . A t

t = 0 the connection matrix A

�w

( w ; t ) v anishes due to the c hoice of

co ordinate system, th us

�

@

w

s ( w ; 0) = � ( w ) s ( w ; 0)

whic h is exactly the condition that a family of complex lines b e holo-

morphic. By Corollary 3.7 the map s ( w ; 0) has degree k so it is a

rational map. 2

4.1 Uniqueness of the rational map

In this section, w e sho w that eac h rational map C P

1

! C P

1

is as-

so ciated to at most one monop ole (up to framed gauge equiv alence).

This is fairly straigh tforw ard: w e sho w that a monop ole, and more

generally an y pair ( A; �) satisfying 2/3 of the Bogomoln y equations,

is determined b y a `metric' H on a trivialized bundle o v er H

3

: F ur-

thermore, if ( A; �) is a monop ole then H satis�es a certain di�eren tial

equation. There is also a relativ e v ersion of this: if H

1

; H

2

are t w o

monop oles, then h = H

� 1

1

H

2

satis�es a similar di�eren tial equation.

Also, there is a measure � ( h ) = tr ( h ) � 2 of the size of h � I ; and

hence the distance b et w een H

1

and H

2

; whic h satis�es a di�eren tial

inequalit y D ( � ) � 0 :

Finally , w e notice that if t w o monop oles ha v e the same rational

map, then � ( h ) is b ounde d on H

3

; and that the only suc h solutions

of D ( � ) � 0 are constan ts. Since h (0) = I ; it follo ws that � m ust b e

iden tically zero, and that the t w o monop oles m ust b e framed gauge

equiv alen t.

First of all, then, supp ose w e ha v e a pair ( A; �) satisfying the

in tegrabilit y condition

[

�

@

A

w

; r

t

� i �] = 0 :

Supp ose also that it is framed at the origin. Then w e simply solv e the

equation

( r

t

� i �) g = 0

13



for g 2 End ( E ) ; starting with g (0) = I ; giv en b y the framing. It

follo ws that the equation

�

@

A

w

g = 0 is then automatically satis�ed for

t > 0 : Set H = g

�

g : This is the metric in the gauge de�ned b y g ;

whic h dep ends only on the framing. It is straigh tforw ard to calculate

A and � in terms of H in this new gauge: A

0 ; 1

= A

t

� i � = 0

b y de�nition, and since the connection is unitary , w e get A

1 ; 0

=

H

� 1

@

w

H ; A

t

+ i � = H

� 1

@

t

H : (F or example, w e can transform to

a unitary gauge b y g

� 1

; where the (0,1) part of the connection m ust

b e �

�

@

w

g :g

� 1

: Th us b y unitarit y the w part of the connection form

m ust b e �

�

@

w

g g

� 1

+ g

�� 1

@ g

�

; and transforming bac k b y g ; w e get

g

� 1

( �

�

@

w

g g

� 1

+ g

�� 1

@

w

g

�

) g + g

� 1

( @

w

+

�

@

w

) g = h

� 1

@

w

h; as claimed).

By di�eren tiating these form ulae, w e get form ulae for the curv ature

tensor, the Bogomoln y tensor B ( A; �) = � F

A

� d

A

�:

B ( A; �) =

idt

2

 

(1 + j w j

2

)

2

sinh

2

( t )

�

@

w

( H

� 1

@

w

H ) + @

t

( H

� 1

@

t

H )

!

:

Next, w e ha v e the relativ e v ersion of this: if H

1

; H

2

are t w o metrics

obtained as ab o v e, then write ( A

1

; �

1

) ; ( A

2

; �

2

) for the t w o pairs on

the trivialized bundles (whic h w e can th us iden tify if w e wish). Set

h = H

� 1

1

H

2

2 End ( E ) : Then w e ha v e

@

A

1

w

+ h

� 1

@

A

1

w

h = @

A

1

w

+ h

� 1

@

w

h + h

� 1

[ H

� 1

1

@

w

H

1

; h ] = @

A

2

w

;

and so b y the same calculation as b efore, or b y replacing H with h;

and @ b y @

A

1

w e get the gauge-in v arian t form ula:

B ( A

2

; �

2

) = B ( A

1

; �

1

)

+

idt

2

 

(1 + j w j

2

)

2

sinh

2

( t )

�

@

A

1

w

( h

� 1

@

A

1

w

h ) + @

A

1

t

( h

� 1

@

A

1

t

h )

!

:

Th us, if ( A

1

; �

1

) and ( A

2

; �

2

) are t w o monop oles, then w e get a

quan tit y h satisfying the (almost elliptic) equation

(1 + j w j

2

)

2

�

@

A

1

w

( h

� 1

@

A

1

w

h ) + sinh

2

( t ) @

A

1

t

( h

� 1

@

A

1

t

h ) = 0 :

De�ne

D = (1 + j w j

2

)

�

@

w

@

w

+ sinh

2

( t ) @

2

t

:

If w e m ultiply the last equation for h on the left b y h; and tak e traces,

w e are able to deduce:

Lemma 4.2 With h = H

� 1

1

H

2

as ab ove c oming fr om two monop oles,

D ( tr ( h )) � 0

on H

3

� f 0 g :
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Remarks: (i) W e ha v e excepted the origin here since our co ordinate

system and D blo w up there. Ho w ev er, h = I there, so it will not

concern us.

(ii) This lemma, and indeed the whole line of attac k, dra ws inspi-

ration from [9].

Pro of. Since @

w

( tr ( h )) = tr ( @

A

w

h ) ; and so on, w e ha v e

D ( tr ( h )) = (1 + j w j

2

)

2

tr (

�

@

A

1

w

h:h

� 1

@

A

1

w

h ) + sinh

2

( t ) tr ( @

A

1

t

h:h

� 1

@

A

1

t

h ) :

Near an y p oin t, w e can �nd an H

1

-orthogonal basis in whic h h is

diagonal. In suc h a basis, @

A

1

t

h and @

A

1

w

h will b e Hermitian-adjoin t

to @

A

1

t

h and

�

@

A

1

w

h resp ectiv ely . It follo ws that the righ t-hand side

is p ositiv e. (The quan tities in v olv ed are clearly gauge-in v arian t and

real). 2

The crucial ingredien t no w is:

Prop osition 4.3 If ( A

1

; �

1

) and ( A

2

; �

2

) ar e fr ame d monop oles that

have the same r ational map, then tr ( h ) is uniformly b ounde d on H

3

:

Then w e use

Lemma 4.4 If � is a b ounde d r e al-value d function on H

3

which sat-

is�es D ( � ) > 0 whenever � > 0 ; and � (0) = 0 ; then in fact � � 0 on

al l H

3

:

Remarks:(i) This is supp osed to b e just the maxim um principle for

this Laplacian-lik e op erator.

(ii) Setting � = tr ( h ) � 2 ; it follo ws immediately that at most one

monop ole can giv e rise to an y particular rational map, since � = 0

implies that h = I :

Pro of of Lemma 4.4. First of all notice that D ( a + bt ) = 0 for an y

a; b 2 R : Hence, for an y a; b > 0 ; � = � � a � bt satis�es D ( � ) � 0 ;

and � (0) < 0 ; � ( w ; t ) < 0 for all t � 0 : It su�ces to pro v e that � � 0

ev erywhere, for letting a; b ! 0 ; the lemma follo ws. So supp ose not for

a con tradiction: then there is some �nite p oin t x where � is p ositiv e

and has a maxim um. Also, � < 0 for t < t

0

and t > t

1

; sa y . On

the complemen t of this set, D is uniformly elliptic, and so � cannot

ha v e an in terior maxim um b y the maxim um principle. Th us � < 0

ev erywhere, as required. 2

Pro of of Prop osition 4.3. Supp ose that the rational map is rep-

resen ted b y the family of complex lines � ( w ) = ( a ( w ) ; b ( w )) where

j � ( w ). Then there is some b ounded function � ( w ) on C P

1

suc h that

the section satisfying ( r

t

� i �) s = 0 and s (0) = � ( w ) lo oks lik e

� ( w ) e

� mt

e

1

for some unit v ector e

1

as t ! 1 :

W e can �nd � ( w ) suc h that j � ( w ) j = 1 and the t w o v ectors � ( w )

and � ( w ) form the columns of a unitary matrix F

� 1

( w ), sa y . If w e
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solv e ( r

t

� i �) s = 0 starting at p� ( w ) + q � ( w ) ; with q 6= 0 ; then s

lo oks lik e q � ( w )

� 1

e

mt

e

2

for a unit v ector e

2

orthogonal to e

1

. Th us

starting with g (0) = F

� 1

; g ( t )

�

g ( t ) lo oks lik e

� =

 

e

� mt

� (1 + o (1)) o (1)

o (1) e

mt

�

� 1

(1 + o (1))

!

as t ! 1 :

And so, starting instead with g (0) = I ; the term g ( t )

�

g ( t ) lo oks

lik e F ( w )

�

� F ( w ) as t ! 1 : But this is of course just our H : Th us

the asymptotic b eha viour is determined b y F ; whic h dep ends only on

the rational map, and a b ounded function �: (A di�eren t c hoice of F

will only c hange the o (1) terms, or � ).

Finally , then, supp ose w e ha v e t w o metrics H

i

; i = 1 ; 2 ; coming

from monop oles with the same rational map. Then h = H

� 1

1

H

2

lo oks

lik e F

� 1

�

� 1

1

�

2

F as t ! 1 : Here �

i

are as ab o v e, dep ending on p er-

haps di�eren t functions �

i

: An easy c hec k sho ws that tr ( h ) is indeed

b ounded as t ! 1 (indeed the limit is determined only b y �

1

=�

2

), as

required. 2

4.2 A linearized v ersion of uniqueness

In this section, w e shall describ e the linearized map from the mo duli

space of monop oles to the mo duli space of rational maps. That is, w e

describ e the deriv ativ e of our map, as a map on tangen t spaces. W e

will sho w that the deriv ativ e is an isomorphism at eac h p oin t. This

will allo w us to emplo y the in v erse function theorem and deduce that

the image of F is op en.

First of all, w e need to describ e what the tangen t spaces are. Let

R

k

denote the space of rational maps from C P

1

to itself of degree k :

Then clearly

T

f

( R

k

) = H

0

( C P

1

; f

�

( T ( C P

1

)))

= H

0

( C P

1

; f

�

( O (2)))

�

=

H

0

( C P

1

; O (2 k )) ;

whic h has dimension 4 k + 2 :

Linearising the Bogomoln y equations, w e get the follo wing condi-

tion on a tangen t v ector ( a; � ) to the space of pairs at ( A; �):

� d

A

a = d

A

� + [ a; �] :

Braam [6 ] describ ed the tangen t space of the mo duli space of h yp er-

b olic monop oles in detail. He represen ted the pairs ( a; � ) as U (1)-

in v arian t elemen ts of the k ernel of a Dirac op erator on S

4

. The di-

mension he gets, from an equiv arian t index calculation, is 4 k � 1. Since
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w e ha v e an extra factor of su (2) coming from in�nitesimal c hange of

the frame w e get a 4 k + 2-dimensional tangen t space as exp ected.

Note. One migh t imp ose the condition of orthogonalit y to com-

pactly-supp orted gauge transformations, to giv e a second equation:

� d

A

� a + [� ; � ] = 0 :

Ov er R

3

, T aub es [21 ] has sho wn that the resulting space has di-

mension 4k, and includes the sp ecial v ector d

A

� ; corresp onding to

a non-compactly-supp orted gauge transformation. Da vid Stuart [20 ]

has sho wn that the v ectors ( a; � ) in this 4k-dimensional space are

fairly w ell-b eha v ed: they're all in L

2

; and indeed when split in to

the usual `longitudinal' and `transv erse' comp onen ts, the former de-

ca y lik e r

� 2

; and the latter deca y exp onen tially . As p oin ted out b y

Austin and Braam [5 ], the di�eren t v alues of the curv ature of h yp er-

b olic monop oles on the sphere at in�nit y prev en t a similar result from

holding o v er H

3

.

Lemma 4.5 F or any smo oth p air ( a; � ) satisfying the line arize d Bo-

gomolny e quations at a monop ole ( A; �) ; one c an de�ne � 2 


0

( sl

2

)

by � (0) = 0 and

( r

t

� i �) � = � ( a

r

� i� )

along r ays out of the origin. Then

(1 + j w j

2

)

2

�

@

A

w

@

A

w

( � + �

�

) + sinh

2

( t )( @

A

t

� i �)( @

A

t

+ i �)( � + �

�

) = 0 :

Remark: If ( a; � ) comes from a sequence ( A

t

; �

t

) of monop oles, then

w e get a sequence g

t

satisfying ( r

A

t

t

� i �

t

) g

t

= 0 ; and � will b e

@

t

g � g

� 1

; ev aluated at t = 0 : Also, setting H

t

= g

�

t

g

t

, g

� 1

( � + �

�

) g =

H

� 1

@

t

H . W e don't need to assume this sequence, though, and this

remark merely serv es as motiv ation.

Pro of. W e di�eren tiate the de�ning equation for � with resp ect to

w ; to giv e:

�

@

A

w

( @

A

t

� i �) � = �

�

@

A

w

( a

t

� i �) :

The Bogomoln y equations tell us that [ @

A

t

� i � ;

�

@

A

w

] = 0 ; and so the

linearized equations (just di�eren tiate this) tell us that

( @

A

t

� i �)( a

�w

) =

�

@

A

w

( a

t

� i �) ;

where here w e ha v e written a

�w

for the d �w comp onen t of a: Hence

( @

A

t

� i �)(

�

@

A

w

� ) = � ( @

A

t

� i �)( a

�w

) :

But a

�w

=

�

@

A

w

� = 0 at t = 0 ; so w e deduce that a

�w

=

�

@

A

w

� for all ( r ; w ) :

W e can tak e the adjoin ts of these equations to giv e us:

( @

A

t

+ i �) �

�

= ( a

t

+ i� ) ; @

A

w

�

�

= a

w

:
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W e no w use the third of the linearized Bogomoln y equations, namely

( @

A

t

� i �)( a

r

+ i� ) � ( @

A

t

+ i �)( a

r

� i� ) =

� (1 + j w j

2

)

2

sinh

2

( t )

(

�

@

A

w

a

w

� @

A

w

a

�w

) :

Putting all this in terms of � ; then, w e get:

 

( @

A

t

� i �)( @

A

t

+ i �) +

(1 + j w j

2

)

2

sinh

2

( t )

�

@

A

w

@

A

w

!

( � + �

�

)

=

"

i (1 + j w j

2

)

2

2sinh

2

( t )

F

w �w

+ @

t

� ; �

#

;

and the righ t hand side is zero since ( A; �) satis�es the Bogomoln y

equations. 2

Corollary 4.6 With � as in lemma 4.5,

D ( j � + � j

2

) � 0 :

Pro of. W e ha v e j � + �

�

j

2

= tr (( � + �

�

)

2

) : W riting h B ; C i = tr ( B C ) ; it

is easy to see that

�

@

w

@

w

h B ; B i = 2 h

�

@

A

w

@

A

w

B ; B i + 2 h @

A

w

B ;

�

@

A

w

B i : With

B = ( � + �

�

) ; B = B

�

; and so h @

A

w

B ;

�

@

A

w

B i � 0 : A similar calculation

with ( @

A

w

;

�

@

A

w

) replaced b y ( @

t

+ i � ; @

t

� i �) ; together with the previous

lemma, then pro v es the claim. 2

With this corollary and our previous kno wledge of D ; w e see that

if � is b ounded, then j � + �

�

j m ust b e constan t (and so zero). Notice

that if � = � �

�

; then

a = � d

A

� ; � = � [� ; � ] ;

that is, � corresp onds to an in�nitesimal gauge transformation. W e

shall sho w that � determines a tangen t v ector to the space of rational

maps, and that if this tangen t v ector is zero then � is b ounded on H

3

:

Prop osition 4.7 If the image of ( a; � ) in T

f

( R

k

) is zer o, then � ; as

de�ne d ab ove, is b ounde d on H

3

; and so by the pr e c e ding c or ol lary,

� = � �

�

:

Pro of. Ov er eac h ra y w = constan t, consider sections s

�

whic h satisfy

( @

A

�

r

� i �

�

) s

�

= 0 ; and whic h deca y as t ! 1 ; for a (smo oth) path of

pairs ( A

�

; �

�

) : W e pro v ed in Section 3 that s

�

dep ends di�eren tiably

on � . The v alue of f

�

( w ) 2 C P

1

is then represen ted b y s

�

(0) 2 C

2

:

Supp ose that s

0

(0) = ( a; b ) and @

�

s

�

(0) j

� =0

= ( c; d ). The v alue of

@

�

( f

�

)( w ) is prop ortional to ad � bc:

18



In terms of the tangen t v ector ( a; � ) = ( @

�

( A

�

) ; @

�

(�

�

)) ; then, w e

ha v e to consider the di�eren tial equation

( r

t

� i �) � = � ( a

t

� i �) s;

where s is a solution to ( r

t

� i �) s = 0 whic h deca ys as t ! 1 along

eac h line. This will ha v e a one-dimensional space of solutions whic h

deca y as t ! 1 (w e are using some nice deca y prop erties of ( a; � )

here), eac h elemen t di�ering b y a m ultiple of s; and in fact deca ying

at least as fast as e

� mt

as t ! 1 . Th us setting s = ( a; b ) and � = ( c; d )

as b efore, the quan tit y ad � bc will dep end only on s; and whether it

is zero or not will dep end only on ( a; � ) :

So w e ha v e to deal with the situation where � as de�ned ab o v e is

suc h that � (0) is prop ortional to s (0) : First of all, notice that

( r

t

� i �)( � g � s (0)) = � ( a

t

� i �) s:

Here w e let r

t

and � act on � :g ( s (0)) b y m ultiplication on the left

(rather than the adjoin t action that w e w ere using for � b efore). This

equation follo ws b y using ( r

t

� i �) = g � @

t

� g

� 1

; and s = g � s (0) :

Since � (0) = 0 ; � g � s (0) will b e � plus a m ultiple of s in the case

w e are considering. Th us w e ha v e pro v ed that � � s deca ys lik e e

� mt

as t ! 1 : The pro of is th us completed b y the follo wing lemma. 2

Lemma 4.8 With s; � as ab ove, if � � s de c ays like e

� mt

as t ! 1

then � is b ounde d on H

3

:

Remark: Since � is con tin uous, it su�ces to sho w that it is b ounded

as t ! 1 along eac h line.

Pro of. Applying Levinson's theorem to the adjoin t represen tation,

one gets a (complex) basis e

i

for sl

2

suc h that g ( e

1

) g

� 1

tends to a

constan t, g ( e

2

) g

� 1

gro ws, and g ( e

3

) g

� 1

deca ys as t ! 1 : Indeed one

can �nd � 2 S L

2

( C ) suc h that e

i

= Ad ( � )( f

i

) ; where f

i

is the follo wing

basis for sl

2

:

 

1 0

0 � 1

!

;

 

0 0

1 0

!

;

 

0 1

1 0

!

:

Put another w a y , w e can set ^g ( t ) =

 

e

� mt

0

0 e

mt

!

; and then w e

can �nd � suc h that Ad ( g � ^g

� 1

)( f

i

) tends to a (non-zero) constan t as

t ! 1 for eac h i: Hence g � ^g

� 1

itself tends to a constan t (in S L

2

( C ))

as t ! 1 :

Th us w e can write � =

P

i

�

i

( t ) Ad ( g � )( f

i

) ; and w e ha v e s =

g � (1 ; 0), up to a constan t whic h w e can ignore. So � � s = g � ( �

1

; �

2

),

and since g � ^g

� 1

tends to a constan t, w e deduce that e

� mt

�

1

and e

mt

�

2
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deca y as t ! 1 : W e th us deduce that �

2

m ust deca y , at least as fast

as e

� 2 mt

: (Notice that Ad ( g )( e

2

) gro ws lik e e

2 mt

; so this tells us that

the second comp onen t of � is O (1) ; as w e require).

T o get the desired b ound on the remaining comp onen ts of � is more

straigh tforw ard: W e ha v e �

i

(0) = 0 ; and ( @

A

t

� i �) � = � ( a

t

� i �)

b ecomes

X

i

@

t

( �

i

) Ad ( g � )( e

i

) = Ad ( g � ^g

� 1

)( O ( t

� 2

)) ;

so w e get

�

1

=

Z

t

0

O ( r

� 2

) dr ; �

2

=

Z

t

0

O ( r

� 2

) � e

� 2 mr

dr ; �

3

=

Z

t

0

O ( r

� 2

) � e

2 mr

dr :

So w e are able to deduce that �

1

; �

2

tend to constan ts as t ! 1 ; and

see that �

3

gro ws no faster than e

2 mt

: Hence �

i

Ad ( g )( e

i

) is b ounded

for i = 1 ; 3 : T ogether with the previous result for i = 2 ; w e are done. 2

4.3 Surjection.

Here w e complete the pro of of Theorem 2 b y sho wing that the image of

F is closed and com bining this with the result of the previous section

that the image of F is op en.

Pro of of Theorem 2. Since w e kno w something ab out the com-

pacti�cation of the space of monop oles w e can sho w that the image

of F is closed. Let f f

n

g � image F b e a sequence that is Cauc h y in

the C

0

top ology in R at

k

( S

2

). It con v erges to f 2 R at

k

( S

2

) and the

question is whether f lies in the image of F . Let f ( A

n

; �

n

) g b e a se-

quence of monop oles mapping under F resp ectiv ely to f

n

. There is a

subsequence of this sequence of monop oles that con v erges to an ideal

monop ole ( A; �). The con tin uit y argumen t in Corollary 3.2 extended

to the compacti�cation then implies that F ( A; �) = f as required

(and in particular that ( A; �) is a true monop ole). An essen tially

equiv alen t w a y of lo oking at this is to lea v e the closedness issue un-

til after the compacti�cation result ( F extends) so closedness of the

image simply follo ws from the con tin uit y of F .

No w, the C

0

norm giv es a Banac h manifold structure to the space

of holomorphic maps. W e ha v e sho wn that with resp ect to this norm

the map

F : M

m

k

! R at

k

( S

2

)

is di�eren tiable. The linearized uniqueness pro of together with the

fact that the dimensions of the resp ectiv e tangen t spaces are 4 k + 2

sho ws us that at eac h p oin t D F is an isomorphism. Th us w e can

in v ok e the in v erse function theorem so F is lo cally a homeomorphism

and in particular its image is op en.
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Since the space of rational maps of a �xed degree is connected it

remains to sho w that the image of F is non-empt y in eac h comp onen t

so then an op en and closed non-empt y set m ust consist of the en tire

comp onen t and F is on to. A tiy ah [1 ] pro v ed the existence of h yp er-

b olic monop oles of in tegral mass and arbitrary c harge. The tec hniques

used in [13 ] for Euclidean monop oles adapt to the h yp erb olic case to

giv e another pro of of existence for arbitrary mass as w ell as an alter-

nativ e pro of that F is on to. The global uniqueness then completes

the pro of of Theorem 2. 2

5 Compacti�cation.

In this section w e will study the compacti�cation of the space of h y-

p erb olic monop oles. As usual w e will think of a h yp erb olic monop ole

as an instan ton on S

4

in v arian t under the circle action.

Theorem 5.1 (Uhlen b ec k) Ther e is a c onstant � > 0 such that if

e

A is an anti-self-dual c onne ction over B

4

with k F

e

A

k

L

2

( B

4

)

< � then

we c an put

e

A = d + a in Coulomb gauge with

k a k

W

l; 2

( B

4

1 = 2

)

� c

l

k F

e

A

k

L

2

( B

4

)

:

The follo wing lemma sho ws that w e can apply Uhlen b ec k's theorem

at eac h p oin t of H

3

� S

1

.

Lemma 5.2 L et

e

A b e a U (1) -invariant instanton on H

3

� S

1

of

char ge 8 �

2

mk . Given � as in The or em 5.1 and x 2 H

3

� S

1

then

the b al l B ar ound x of r adius � sec h

2

( t= 2) = 16 � mk , wher e t is the hy-

p erb olic distanc e of the c omp onent of x in H

3

fr om 0 2 H

3

satis�es

k F

e

A

k

L

2

( B )

< � .

Pro of. The pro of follo ws from the rather trivial observ ation that the

radius of the circle through x is sec h

2

( t= 2) = 2 so there are �= 8 �

2

mk

disjoin t balls eac h of whic h con tributes the same to the c harge b y

U (1)-in v ariance. Since the total c harge is 8 �

2

mk a ball can con tribute

at most � . 2

On the �xed S

2

� S

4

w e can use Uhlen b ec k's theorem except

at �nitely man y p oin ts. This follo ws from the usual con v ergence of

measures argumen t. Th us, w e can put an y family of monop oles in

Coulom b gauge and get uniform b ounds on the 1-forms and their

deriv ativ es. By the Arzela-Ascoli theorem there is a uniformly (in fact

smo othly) con v ergen t subsequence and the limiting 1-form represen ts

an an ti-self-dual connection. W e can see that the limiting instan ton is

a monop ole, i.e. it is U (1)-in v arian t, in t w o w a ys. Braam [6 ] sho w ed
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that the sequence of gauges c hosen b y Uhlen b ec k can b e c hosen to b e

U (1)-equiv arian t so that the limiting connection is U (1)-in v arian t. He

also sho w ed that the singularit y is remo v ed with a U (1)-equiv arian t

gauge transformation. Alternativ ely , w e can use the estimates ob-

tained in four dimensions on the connection in three dimensions to-

gether with uniform estimates on the Higgs �eld to get con v ergence

on H

3

. The uniform estimates on the Higgs �eld follo w easily from

the fact that it satis�es the maxim um principle. Braam also sho w ed

that a sequence of monop oles loses c harge in m ultiples of m .

Th us, the mo duli space of h yp erb olic monop oles can b e compact-

i�ed b y considering ideal connections

M

m

k

= [

l

M

m

l

� S

k � l

( S

2

)

where S

k � l

( S

2

) is the ( k � l )-fold symmetric pro duct of the t w o-sphere.

Similarly w e can de�ne a compacti�cation of R at

k

( S

2

) b y

R at

k

( S

2

) = [

l

R at

l

( S

2

) � S

k � l

( S

2

) :

These spaces are top ologized using limits of sequences. W e ha v e

R at

k

( S

2

)

�

=

CP

2 k +1

[8 ].

Aw a y from the singular p oin ts on S

2

w e ha v e uniform con v ergence

so the results of Section 3 apply to sho w that lo cally the rational maps

con v erge to the exp ected rational map. Th us, the limiting monop ole

of lo w er c harge corresp onds, as exp ected, to the limiting rational map

of lo w er c harge. It remains to sho w that the p oin ts in S

k � l

( S

2

) corre-

sp ond.

Lemma 5.3 Given x 2 S

2

and a se quenc e of monop oles f ( A

n

; �

n

) g

with c orr esp onding r ational maps fF ( A

n

; �

n

) g the monop oles bubble

o� at x if and only if the r ational maps bubble o� at x .

Pro of. By the results of Section 3 if f ( A

n

; �

n

) g do es not bubble o�

at x then there is a uniformly con v ergen t subsequence in a neigh b our-

ho o d of the geo desic 
 joining x to 0 2 H

3

and th us the solutions

of ( r

n

t

� i �

n

) s

n

= 0 along 
 con v erge to a non-trivial solution of

( r

1

t

� i �

1

) s

1

= 0. F or the rational map to bubble o� s

1

(0) m ust

v anish. Th us s

1

( t ) w ould v anish iden tically , con tradicting the non-

trivialit y of the limit.

In the other direction, if the sequence of rational maps do es not

bubble o� at x then w e can de�ne a sequence of go o d gauges in a

neigh b ourho o d of the geo desic 
 as in Section 4.1 that con v erge to a

go o d gauge. With resp ect to these go o d gauges the monop oles are

smo oth. 2
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Prop osition 5.4 L et f ( A

n

; �

n

) g b e a se quenc e of monop oles that

c onver ges to the ide al monop ole ( A

1

; �

1

; P ) wher e ( A

1

; �

1

) 2 M

m

l

and P 2 S

k � l

( S

2

) . Then fF ( A

n

; �

n

) g c onver ges to the ide al r ational

map ( F ( A

1

; �

1

) ; P ) .

Pro of. W e will solv e the scattering equation (1) for ( A

1

; �

1

) in the

gauge supplied b y Uhlen b ec k's compactness theorem b efor e remo ving

the singularit y with a gauge transformation. Supp ose the rational

map loses c harge l

j

at x

j

2 S

2

. F or z in a neigh b ourho o d of x

j

the

solution s

z

( t ) of (1) along the geo desic de�ned b y z lo oks lik e

(( z � x

j

)

l

j

p ( z ) ; ( z � x

j

)

l

j

q ( z ))

when ev aluated at t = 0. Cho ose the unitary gauge transformation

g in this neigh b ourho o d de�ned b y m ultiplying the one-dimensional

subspace generated b y s

z

( t ) b y exp ( � il

j

� ) and m ultiplying the orthog-

onal subspace b y (exp il

j

� ). It is easy to see that this has remo v ed the

singularit y of the rational map. By Lemma 5.3 this new gauge is non-

singular. Kronheimer and Mro wk a [18 ] sho w that the winding n um b er

of g at x

j

times the mass exactly measures c harge of the monop ole

that is lost. Th us the result follo ws. 2

W e can use the top ology on CP

2 k +1

and the map F to induce

a go o d top ology on the compacti�cation of the space of monop oles.

What w e ha v e sho wn in this section is that this top ology agrees with

the C

1

top ology a w a y from ideal connections. W e ha v e pro v en Theo-

rem 3, i.e.

F : M

m

k

! R at

k

( S

2

)

extends to a con tin uous map b et w een their compacti�cations.

6 The � -map on geo desics.

In this section w e will sho w ho w to asso ciate a co dimension t w o sub-

manifold in the mo duli space to a geo desic in H

3

. This is the analogue

of the � -map of Donaldson.

Let 
 : R ! H

3

b e a geo desic. De�ne

G




: M

m

k

� P W

1 ; 2

( R ) ! L

2

( R )

b y G




( A; � ; s ) = 


�

( r

A

� i �) s . By P W

1 ; 2

( R ) w e mean the pro jectiv e

space ( W

1 ; 2

( R ) nf 0 g ) = C

�

. Put V




= � ( G

� 1




(0)) where the map

� : M

m

k

� P W

1 ; 2

( R ) ! M

m

k

giv es pro jection on to the �rst factor. So V




is the space of monop oles

that ha v e 
 as a `sp ectral line'.

23



Lemma 6.1 The subsp ac e V




is a submanifold of c o dimension 2 .

Pro of. This lemma follo ws from the fact that along eac h geo desic the

scattering op erator is an index 0 F redholm op erator with k ernel at

most 1-dimensional. W e omit some details since the lemma will also

follo w from the symmetry argumen t in Lemma 6.3. The map G




is

the section of a bundle o v er M

m

k

� P W

1 ; 2

( R ) with linearisation giv en

b y

D

( A; � ;s )

G




( a; �; � ) = ( a

t

� i� ) s + ( r

A

t

� i �) �

for ( a; �; � ) 2 T

( A; �)

M

m

k

� T

s

W

1 ; 2

( R ). This is a surjectiv e F redholm

op erator so G




is transv erse to the zero section and its zero set is

a submanifold. The restriction of the pro jection � to this zero set

de�nes a homeomorphism to V




. The dimension of V




follo ws from

the calculation of the index of D G




. Alternativ ely , one can use D G




to construct a determinan t line bundle to see the (real) co dimension

2 prop ert y more easily . 2

Lemma 6.2 F or any two ge o desics 
 and 


0

ther e is an isomorphism

V




�

=

V




0

.

Pro of. First notice that S L (2 ; C ), the isometries of H

3

, acts transi-

tiv ely on the space of geo desics in H

3

. Since the submanifold V




do es

not dep end on the framing of the bundle the induced S L (2 ; C ) action

on M

m

k

=S U (2) giv es the result. 2

Prop osition 6.3 The submanifold V




extends to the c omp acti�c ation

of M

m

k

.

Pro of. By Lemma 6.2 w e can c ho ose 
 to con tain 0 2 H

3

. Let

( A; �) 2 V




. Then there exists s 2 W

1 ; 2

( R ) with

( r

t

� i �) s = 0 (10)

where t parametrizes 
 . F or t > 0 this is just the scattering equation

(1) so s (0) giv es F ( A; �) ev aluated at the p oin t z corresp onding to


 . Put � = � t for t < 0. Then (10) b ecomes ( r

�

+ i �) s = 0

along the geo desic corresp onding to ^z , the an tip o dal p oin t of z . Let

r 2 W

1 ; 2

( R

+

) satisfy ( r

�

� i �) r = 0 so r (0) giv es F ( A; �) ev aluated

at ^z . Then

0 =

Z

1

0

h ( r

�

+ i �) s; r i d�

=

Z

1

0

d h s; r i =d� �

Z

1

0

h s; ( r

�

� i �) r i d�

= �h s (0) ; r (0) i
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so (in a�ne co ordinates)

F ( A; �)( z ) F ( A; �)( ^ z ) = � 1 (11)

The con v erse is also true: if ( A; �) satis�es (11) then there exists

s 2 W

1 ; 2

( R ) satisfying (10) along 
 .

This is easily seen to b e a co dimension 2 submanifold of the space

of rational maps and hence of the space of monop oles. F urthermore,

this description mak es it clear that V




extends to a closed submanifold

in the compacti�cation since (11) mak es sense in CP

2 k +1

. 2

Since S L (2 ; C ) is the group of isometries of H

3

it acts on the space

of (unframed) monop oles. If w e c ho ose a trivialisation of the bundle

o v er H

3

then the action lifts to an action on the space of framed

monop oles. This induces an action of S L (2 ; C ) on R at

k

( S

2

) whic h is

a p erturbation of the natural action of S L (2 ; C ) on R at

k

( S

2

) com-

ing from acting on the domain S

2

. The t w o actions coincide when

restricted to the subgroup S U (2). In order to see V




or the sp ectral

curv e of a monop ole more explicitly w e w ould need to b etter under-

stand the p erturb ed action of S L (2 ; C ) on R at

k

( S

2

) or similarly the

complex structure on the mo duli space. The action of S L (2 ; C ) is

in timately related to the issue of c ho osing a di�eren t base p oin t in

H

3

and understanding the relationship b et w een the di�eren t rational

maps obtained eac h w a y . A limit case of this issue w ould bring in

the relationship b et w een the rational map w e ha v e obtained and the

based rational map obtained b y A tiy ah [1 ].

Ac kno wledgemen ts. W e w ould lik e thank the referess for useful

commen ts. The second author w ould also lik e to express his gratitude

to Professor Ralph Cohen for man y useful con v ersations.
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