
Morse Theory and Cohomology Op erations.

Abstract

There is a c hain complex generated b y the critical p oin ts of an y

Morse function on a manifold M whose homology is isomorphic to

that of M . When w e use more than one Morse function w e can obtain

op erations whic h coincide with the natural cohomology op erations on

M .

1 Course Outline.

In this course w e will study the Morse theory of man y functions o v er

a manifold. By asso ciating a Morse function o v er a �xed manifold to

eac h edge of a giv en graph w e can obtain an in v arian t of the manifold,

de�ned b y Betz [1]. The in v arian t is obtained b y coun ting solutions to

the graph 
o w equations. W e will consider the mo duli space of suc h

solutions as lying in an appropriate Banac h space. W e will follo w the

treatmen t Sc h w arz ga v e of Morse theory for a single function [7 ]. His

metho ds are based on those of Flo er [3 , 4]. W e will study analysis o v er

a graph, observing when the existen t metho ds o v er the real line surviv e

and when c hanges need to b e made to these metho ds. There will b e

t w o main di�erences b et w een the approac h here and that of Sc h w arz

(b esides his b eing more thorough). W e will consider a generic p er-

turbation of the Morse functions rather than the metric. Also, rather

than use a homotop y b et w een Morse functions to obtain a canonical

isomorphism b et w een their homologies and homology in v arian ts, w e

will use the graph in v arian ts. In a sense this approac h corresp onds

to a discon tin uous homotop y b et w een functions. In tersp ersed in the

lectures will b e course outlines, or up dates. Hop efully these will serv e

as motiv ation, particularly for the earlier material.
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2 Morse F unctions.

Let M b e a compact manifold and consider a smo oth function

f : M ! R

with deriv ativ e giv en b y

D f : T M ! R :

A critical p oin t of f is a p oin t p 2 M suc h that ( D f )

p

= 0. W e can

de�ne a symmetric bilinear form B , the Hessian of f , at the critical

p oin t p b y

B ( X ; Y ) =

~

X

p

(

~

Y ( f ))

where X ; Y 2 T

p

M and

~

X ;

~

Y are resp ectiv e extensions of X and Y to

lo cal v ector �elds. This is symmetric since

~

X

p

(

~

Y ( f )) �

~

Y

p

(

~

X ( f )) = [

~

X ;

~

Y ]

p

( f )

and the righ t hand side v anishes since p is a critical p oin t. Notice

that

~

X

p

(

~

Y ( f )) = X (

~

Y ( f )) is indep enden t of the extension

~

X while

~

Y

p

(

~

X ( f )) = Y (

~

X ( f )) is indep enden t of

~

Y so B ( X ; Y ) dep ends only

on the t w o v ectors as notated. A Morse function is a function whose

Hessian, de�ned at eac h critical p oin t, is non-degenerate.

Examples.

(i) The heigh t function on the torus.

(ii) Em b ed a manifold in to a real v ector space then pro ject on to a

�xed v ector. Generically this will b e Morse.

The follo wing fundamen tal result whose pro of can b e found in [5 ]

underlies the go o d b eha viour of Morse functions.

Lemma 1 (Morse) L et p 2 M b e a critic al p oint of the Morse func-

tion f . Then ther e is a lo c al p ar ametrisation of M ar ound p given by

f ( x

1

; :::; x

d

) g wher e p = (0 ; :::; 0) , so that f is of the form

f ( x

1

; :::; x

d

) = � x

2

1

� ::: � x

2

d

2
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3 The Mo duli Space of Graph Flo ws

Let M b e a closed, compact, smo oth Riemannian manifold of dimen-

sion d , and let � b e an orien ted, �nite, p ossibly non-compact, graph

with m edges parametrized b y [0 ; 1], ( �1 ; 0], and [0 ; 1 ). W e call

these edges \in ternal", incoming", and \outgoing" resp ectiv ely . Let

these edges b e indexed f E

1

; :::; E

m

g suc h that the �rst n are noncom-

pact, and the rest are in ternal. Among the n noncompact edges the

�rst n

1

are assumed to b e incoming, the next n

2

= n � n

1

are assumed

to b e outgoing. In this section w e de�ne the mo duli space M (� ; M )

of \graph 
o ws".

W e b egin b y de�ning the notion of an M -structur e for the graph

�. The space of all suc h M -structures will pla y a signi�can t role in

our constructions.

De�nition 1 Fix an oriente d, p ar ameterize d gr aph � and a close d

R iemannian manifold M as ab ove. A n M -structur e � on � c onsists

of the fol lowing:

1. A r e al numb er `

i

asso ciate d to e ach internal e dge E

i

of � . We

think of `

i

as the length of E

i

, even though we al low `

i

� 0 .

2. A function f

i

2 C

1

( M ) asso ciate d to e ach e dge E

i

of � . We

assume the f

i

's ar e distinct.

The space of all M -structures will b e denoted S (� ; M ). Notice

that there is a homeomorphism

S (� ; M )

�

=

R

m � n

� F

m

( C

1

( M ))

where F

m

( X ) � X

m

is the con�guration space of m distinct p oin ts in

X .

F or �xed c hoice of suc h a structure � , w e are no w ready to de�ne

the mo duli space M

�

(� ; M ) of \�-
o ws in M ".

Let 
 : � ! M b e a con tin uous map, smo oth on the edges. F or

eac h in ternal edge E

i

let 


i

: [0 ; 1] ! M b e the restriction of 
 to

E

i

comp osed with the parameterization of E

i

b y [0 ; 1] giv en as part

of the data of �. F or the incoming and outgoing edges w e de�ne




i

: ( �1 ; 0] ! M or 


i

: [0 ; 1 ) ! M similarly .

De�nition 2 The map 
 lies in M

�

(� ; M ) if and only if for e ach

e dge E

i

it satis�es the di�er ential e quation

d


i

=dt + `

i

r f

i

= 0 :
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F or the nonc omp act e dges (i.e the inc oming and outgoing e dges) in

this e quation set `

i

= 1 . Her e r f

i

is the gr adient ve ctor �eld. The

sp ac e M

�

(� ; M ) is top olo gize d as a subsp ac e of C

0

(� ; M ) .

W e let M (� ; M ) b e the union of the spaces M

�

(� ; M ) where the

structures � v ary in S ( � ; M ). The space M (� ; M ) is top ologized so

that the natural pro jection map

� : M (� ; M ) ! S ( � ; M ) (1)

is con tin uous.

Giv en P � S ( � ; M ), let M

P

(� ; M ) = �

� 1

( P ). These spaces will

b e imp ortan t in general, but w e will restrict ourselv es to studying

M

�

(� ; M ), the mo duli space asso ciated to a single structure. W e will

no w describ e some basic prop erties of these mo duli spaces.

Again, �x a structure � 2 S ( � ; M ). This de�nes a v ector of

lab eling functions of the edges. Let f = ( f

1

; :::; f

n

) b e the n -tuple

of functions lab eling the noncompact edges. Observ e that ev ery 
 2

M

�

(� ; M ) has the prop ert y that its restriction to eac h noncompact

edge 


i

is a gradien t 
o w line, so it therefore con v erges to a critical

p oin t, sa y a

i

, of the function f

i

. Th us 
 can b e asso ciated to an n -

tuple ~ a = ( a

1

; � � � ; a

n

) where a

i

is a critical p oin t of f

i

. F or a �xed

n -tuple ~ a , let

M

�

(� ; M ; ~ a ) � M

�

(� ; M )

b e the subspace of those 
 2 M

�

(� ; M ) whic h con v erge on the ith

edge to the critical p oin t a

i

.

Theorem 2 F or a generic choic e of structur e � 2 S ( � ; M ) , the

mo duli sp ac es M

�

(� ; M ; ~ a ) ar e manifolds for every n -tuple of criti-

c al p oints ~ a . The dimension of M

�

(� ; M ; ~ a ) is given by the formula

dim ( M

�

(� ; M ; ~ a )) =

n

1

X

i =1

[index ( a

i

)] �

n

2

X

i =1

[index ( a

n

1

+ i

)] � d � n

1

+ d � dim ( H

0

(� ; R )) � d � dim ( H

1

(� ; R ))

wher e, as ab ove, n

1

and n

2

ar e the numb er of inc oming and outgoing

e dges of � r esp e ctively. F urthermor e an orientation on the manifold

M induc es orientations on the mo duli sp ac es M

�

(� ; M ; ~ a ) .
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T o pro v e that a p oin t in the solution set is a manifold p oin t w e m ust

sho w that it p ossesses a neigh b ourho o d of solutions homeomorphic to

Euclidean space. As a �rst appro ximation w e can consider only the

�rst order di�erences b et w een nearb y solutions to a giv en solution.

This amoun ts to linearising the non-linear o de giv en b y the gradien t


o w equation. In lo cal co ordinates around a p oin t in the in terior of

an edge of � the 
o w equation is giv en b y

d ~x=dt + g ( ~ x ) r f ( ~ x ) = 0

where f is the Morse function asso ciated to the edge of � and the

metric is giv en b y

h w ; v i = w

T

g

T

( ~ x ) v ; w ; v 2 T

~x

M :

Consider the nearb y path giv en b y ~x ( t ) + �v ( t ) where v ( t ) is a v ector

�eld along ~x ( t ). The nearb y path satis�es the 
o w equation when

dv ( t ) =dt + r g ( ~ x ) v ( t ) r f ( ~ x ) + g ( ~ x ) rr f ( ~ x ) v ( t ) = 0

equiv alen tly

dv ( t ) =dt + A ( t ) v ( t ) = 0 (2)

By r g ( ~ x ) v ( t ) w e mean that eac h en try in the matrix g should b e sen t

to its gradien t v ector then via its inner pro duct with v returned to

a scalar. Similarly w e di�eren tiate eac h term in the v ector r f this

w a y . If w e c ho ose the trivialisation of the tangen t bundle so that at

the critical p oin t g = I then at the critical p oin t A coincides with the

Hessian of the Morse function.

Equation (2) is the linearised 
o w equation. The dimension of its

space of solutions dep ends on the limiting v alues of A ( t ) along eac h

edge of � together with the particular c hoice of Morse functions. In a

sense that w e will describ e later for a generic c hoice of Morse functions

the dimension of the space of solutions of (2) dep ends only on the

limiting v alues of A ( t ). Once w e ha v e found the space of solutions

to (2) w e w ould lik e to understand if these in tegrate to solutions of

the 
o w equation, th us sho wing that w e ha v e a manifold p oin t in the

mo duli space of solutions. Both these issues require the appropriate

setup of Banac h spaces. The next few sections will b e dev oted to this

setup.
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4 Analysis on a graph.

Giv en a parametrised graph �, de�ne

C

1

(� ; R

n

) � C

0

(� ; R

n

)

to b e the subspace of con tin uous functions that are smo oth on the

edges of �. A t v ertices the functions should ha v e one-sided deriv ativ es

to all orders. De�ne L

2

(� ; R

n

) to b e the completion of C

1

(� ; R

n

)

with resp ect to the norm de�ned b y in tegrating the square of the

function along �. Similarly , de�ne W

1 ; 2

(� ; R

n

) using the norm giv en

b y the sum of the L

2

norm of the function with the L

2

norm of its

deriv ativ e. It do es not matter that the deriv ativ e is not con tin uous at

the v ertices.

Lemma 3 (Sob olev em b edding.) W

1 ; 2

(� ; R

n

) � C

0

(� ; R

n

) .

Pro of. Let f �

i

g � C

1

(�) b e a Cauc h y sequence in the W

1 ; 2

(�) norm.

W e will sho w that the con v ergence is uniform. First notice that

j �

i

( s ) � �

i

( t ) j = j

Z

s

t

_

�

i

( � ) d� j

� k

_

�

i

k

2

( s � t )

1

2

� M ( s � t )

1

2

where M is a b ound on the W

1 ; 2

(�) norm of f �

i

g . This giv es b oth

a uniform b ound on the constan t of con tin uit y and the maxim um of

the function on an y compact subset of �. The latter b ound follo ws

from the former together with the uniform L

2

(�) b ound. Th us, the

sequence f �

i

g is equicon tin uous on compact subsets so con v erges to a

con tin uous limit. 2

Denote b y

~

� � � a compact subset obtained b y cutting the external

edges of � o� a �nite distance from a v ertex.

Lemma 4 (Rellic h.) The inclusion map

W

1 ; 2

(

~

� ; R

n

) , ! L

2

(

~

� ; R

n

)

is c omp act.

Pro of. It follo ws from the pro of of the previous lemma that an el-

emen t of W

1 ; 2

(

~

� ) of norm 1 has constan t of con tin uit y less than 2,
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sa y , and suprem um norm b ounded b y a constan t dep ending only on

~

�. Th us, a sequence of suc h functions is equicon tin uous and so has a

uniformly con v ergen t subsequence. Since

k � k

L

2

(

~

�)

� c k � k

1

where c dep ends only on

~

�, the uniformly con v ergen t subsequence

con v erges in the L

2

norm as w ell. 2

4.1 The tra jectory spaces.

Consider R with the di�eren tiable structure obtained b y requiring

that

h :

(

R ! [ � 1 ; 1]

t 7! t=

p

1 + t

2

b e a di�eomorphism. Similarly , w e wish to put this di�eren tiable

structure on the external edges of an y parametrised graph � so that

� is compact.

De�ne

P

1 ; 2

� ; ~ a

= P

1 ; 2

� ; ~ a

(� ; M )

= f exp ( s ) 2 C

0

( � ; R

n

) j s 2 W

1 ; 2

(� ; h

�

D ) ; h 2 C

1

~ a

( � ; M ) g :

This is a Banac h manifold mo deled on W

1 ; 2

(� ; R

n

). In [7 ] it is sho wn

that this Banac h manifold con tains all of the solutions to the 
o w

equation that w e require. It in v olv es sho wing that the solutions deca y

rapidly enough along the non-compact edges of �.

4.2 Pro of of Theorem 2.

Let

X = W

1 ; 2

(� ; R

n

) ; Y = L

2

(� ; R

n

) ;

S = f A 2 GL ( n; R ) j A

T

= A g ;

A = f A : � ! End ( R

n

) j A 2 C

0

( E

i

) for E

i

2 � ; A ( @ �) 2 S g :

Consider F : A ! L ( X ; Y ) giv en b y

( F

A

s )( t ) = _s ( t ) + A ( t ) s ( t ) :
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It is easy to see that F is con tin uous:

k ( F

A

� F

B

)( s ) k

2

= (

Z

j A � B ) s j

2

dt )

1

2

� k A � B k

1

k s k

2

� k A � B k

1

k s k

1 ; 2

hence

k F

A

� F

B

k

L ( X ; Y )

� k A � B k

1

:

Before stating the next prop osition w e need to pro v e a rather stan-

dard lemma.

Lemma 5 L et X , Y and Z b e Banach sp ac es and F 2 L ( X ; Y ) ,

K 2 K ( X ; Z ) , the sp ac e of c omp act op er ators and c > 0 with

k x k

X

� c ( k F x k

Y

+ k K x k

Z

) ; for all x 2 X (3)

Then F is a semi-F r e dholm op er ator.

Pro of. By semi-F redholm w e mean that F has �nite-dimensional k er-

nel and closed range. Notice that the image under K of an y b ounded

sequence in the k ernel has a con v ergen t subsequence whic h is neces-

sarily Cauc h y . The inequalit y (3) then implies that the subsequence is

Cauc h y in X . Th us the unit ball in the k ernel of F is compact, sho w-

ing that the k ernel is �nite-dimensional. No w, consider a b ounded

sequence f x

i

g � X suc h that f F x

i

g is Cauc h y in Y . Cho ose a sub-

sequence f x

i

j

g suc h that f K x

i

j

g is Cauc h y in Z . It follo ws from (3)

that f x

i

j

g is Cauc h y th us con v erging to x , sa y . Since F is con tin uous

w e ha v e that f F x

i

g con v erges to F x . In fact, the sequence f x

i

g can

b e arranged to b e b ounded as follo ws. By the Hahn-Banac h theorem

there exists a closed subspace X

0

� X satisfying

k er F � X

0

= X :

Pro ject f x

i

g on to f ~x

i

g � X

0

. This has to b e b ounded since otherwise

a subsequence of f ~x

i

= k ~x

i

kg con v erges to x 2 X

0

with k x k = 1 and

F x = 0 in con tradiction to the construction of X

0

. Th us F has closed

range. 2

Prop osition 6 F or e ach A 2 A the map F

A

is F r e dholm.
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Pro of. First w e will use a result whose pro of can b e found in [7].

Giv en A 2 A there are constan ts T > 0, c ( T ) > 0 suc h that

k s k

1 ; 2

� c ( T ) k F

A

s k

2

for all s 2 X ; s

j

~

�

= 0

where

~

� � � is the compact subset obtained b y cutting � o� at the

parameter T on outgoing edges and � T on incoming edges. No w,

giv en an y A 2 A , there is a Banac h space Z and a K 2 K ( X ; Z ) with

c > 0 satisfying

k x k

X

� c ( k F

A

k

Y

+ k K x k

Z

) for all x 2 X :

Let T ( A ) b e as pro vided ab o v e. Then

Z

~

�

j _s + As j

2

dt �

Z

~

�

(

1

2

j _s j

2

� j As j

2

) dt :

Th us using j A ( t ) � s ( t ) j � k A ( t ) k � j s ( t ) j and setting ~c = max

~

�

k A ( t ) k ,

w e ha v e

Z

~

�

j _s + As j

2

dt �

1

2

Z

~

�

j _s j

2

� ~c

Z

~

�

j s j

2

dt :

Hence there is a c > 0 satisfying

Z

~

�

( j s j

2

+ j _s j

2

) dt � c

Z

~

�

( j s j

2

+ j _s + As j

2

) dt :

De�ning a cut-o� function � 2 C

1

(� ; [0 ; 1]) with the prop erties

�

j

~

�

= 1 ; � ( t ) = 0 for j t j � T + 1 ;

and

_

� ( t ) 6= 0 for j t j 2 ( T ; T + 1)

w e ac hiev e

k s k

1 ; 2

= k � s + (1 � � ) s k

1 ; 2

� k � s k

1 ; 2

+ k (1 � � ) s k

1 ; 2

� c ( k � s k

2

+ k F

A

( � s ) k

2

+ k F

A

((1 � � ) s ) k

2

)

for a c > 0 large enough. That is

k s k

1 ; 2

� c ( k � s k

2

+ 2 k

_

� s k

2

+ k � F

A

s k

2

+ k (1 � � ) F

A

s k

2

)

� c

1

( k s k

L

2

(

~

�)

+ k F

A

s k

0

) :
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By Lemma 4 the op erator

K : W

1 ; 2

(�)

rest

! W

1 ; 2

(

~

�)

cpt :

, ! L

2

(

~

�) = Z

is compact so w e are in the situation of Lemma 5 and F

A

is semi-

F redholm.

In order to sho w that F

A

is F redholm w e m ust study its cok ernel.

Since L

2

(�) is a Hilb ert space w e can iden tify the cok ernel of F

A

with

the orthogonal complemen t of its image. Th us

cok er F

A

= f r 2 L

2

(�) jh r ;

_

� + A� i = 0 for all � 2 C

1

0

(�) g :

W e will study the lo cal b eha viour of an elemen t of the cok ernel. Let

I � � b e an op en in terv al in the in terior of an edge. Notice that A ( t )

is di�eren tiable on I = ( t

0

; t

1

), sa y . If r lies in the cok ernel of F

A

then

it satis�es

h r ;

_

� + A� i = 0 for all � 2 C

1

0

( I ) :

No w � ( t ) =

R

t

t

0

_

� ( � ) d� so

Z

I

h r ( t ) ;

_

� ( t ) i dt +

Z

I

h A

T

( t ) r ( t ) ;

Z

t

t

0

_

� ( � ) d� i dt = 0

and b y F ubini's theorem

Z

I

h r ( � ) ;

_

� ( � ) i d� +

Z

I

Z

t

1

�

h A

T

( t ) r ( t ) ;

_

� ( � ) i dtd� = 0

Th us

Z

I

h r ( � ) �

Z

�

t

1

A

T

( t ) r ( t ) dt;

_

� ( � ) i d� = 0 for all � 2 C

1

0

( I ) :

Since

_

� has mean zero and the set of suc h functions is dense in L

2

( I )

w e ha v e

r ( � ) �

Z

�

t

1

A

T

( t ) r ( t ) dt = constan t :

This in tegral equation supplies us with information ab out the b e-

ha viour of r in I . F or a start it sa ys that r is absolutely con tin uous

with deriv ativ e equal to the in tegrand almost ev erywhere. A t p oin ts
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of con tin uit y of A the deriv ativ e of r is equal to the in tegrand. F ur-

thermore, regularit y of A giv es regularit y of r . This can b e seen as

follo ws. A t a p oin t �

0

of con tin uit y of A

�

�

�

�

�

1

2 �

Z

�

0

+ �

�

0

� �

A

T

( t ) r ( t ) dt � A

T

( �

0

) r ( �

0

)

�

�

�

�

�

� �M

where � = sup

( �

0

� � ;�

0

+ � )

fj A ( t ) j ; j r ( t ) jg tends to zero as � tends to zero

since A ( t ) and r ( t ) are con tin uous at �

0

. This sho ws that the deriv ativ e

of r exists there and

_r ( �

0

) = A

T

( �

0

) r ( �

0

) (4)

If A is di�eren tiable in a neigh b ourho o d of �

0

then b y (4)

•r ( � ) = (

_

A

T

( � ) + A

T

( � )

2

) r ( � )

in that neigh b ourho o d, and so on. Notice that (4) implies

k _r k

2

� k A k

1

k r k

2

< 1 :

Since r need not b e con tin uous at the v ertices it do esn't lie in W

1 ; 2

(�).

Rather than de�ning C

1

(�) to b e functions smo oth on the edges of

� and con tin uous at the v ertices w e could ha v e dropp ed the con tin uit y

condition at the edges. (Except for the Sob olev em b edding theorem)

the analysis go es through as b efore. W e sho wd ab o v e that w e can

iden tify the cok ernel of F

A

with the k ernel of F

� A

T

where the domain

consists of W

1 ; 2

functions not necessarily con tin uous at the v ertices.

The same pro of no w applies to sho w that the dimension of this k ernel

is �nite. Hence F

A

is F redholm. 2

4.3 Index calculation.

In order to calculate the index of F

A

w e will �rst sho w that the index

dep ends only on the asymptotic v alues of A . This will enable us

to c ho ose a sp eci�c A where the k ernel and cok ernel can b e studied

directly .

F ollo wing Sc h w arz [7 ] de�ne

� = F ( A ) = f F

A

2 L ( X ; Y ) j A 2 Ag � F ( X ; Y )

and consider the equiv alence class of op erators

�

F

A

= f F

B

2 � j B ( @ �) = A ( @ �) g ; A 2 A :

11



Lemma 7 Given any F 2 � , the class �

F

is c ontr actible within �

as a subsp ac e of F ( X ; Y ) .

Pro of. [7 ] 2

Prop osition 8 F or A 2 A we have

index F

A

=

n

1

X

i =1

index a

i

�

n

X

1= n

1

+1

index a

i

+ dn

1

+ d � dim ( H

0

(� ; R )) � d � dim ( H

1

(� ; R ))

wher e index a

i

is the numb er of ne gative eigenvalues of A on the end

of E

i

.

Pro of. F rom Lemma 7 the index map is constan t on �

F

A

. Th us

w e ma y assume that A is diagonal, zero on a compact subset

~

� � �

con taining all v ertices and in ternal edges, and constan t outside of a

compact subset of � that con tains

~

�. So for A = diag ( �

1

( t ) ; :::; �

d

( t ))

w e ha v e

_s

i

= � �

i

( t ) s ( t ) ; i = 1 ; :::; d :

W e can explicitly solv e this system. Since �

i

( t ) = �

j

i

is constan t near

in�nit y along E

j

� � then s ( t ) � e

� �

i

t

near in�nit y . Th us, s 2

W

1 ; 2

( R

+

; R ) only when �

j

i

is negativ e (resp ectiv ely , p ositiv e) when

E

j

is incoming (resp ectiv ely , outgoing). Th us, if the i th eigen v alue

do es not satisfy this condition for a single j then the solution m ust

v anish on E

j

and hence on all of �. W e see then that the dimension of

the k ernel is giv en b y the n um b er of �

i

( t ) with �

j

i

> 0 for 1 � j � n

1

(lab els for incoming edges) and �

j

i

< 0 for n

1

� j � n (lab els for

outgoing edges).

In the previous section w e sa w that an elemen t r of the cok ernel

satis�es

_r � A

T

( t ) r = 0

b y considering smo oth functions with supp ort a w a y from the v ertices.

No w consider � 2 C

1

0

(�) whose supp ort lies in a neigh b ourho o d of

the v ertex v 2 �. W e ha v e

0 =

Z

�

h r ;

_

� + A� i dt

12



=

X

f i : v 2 E

i

g

�

i

r

i

( v ) � ( v ) �

Z

�

h _r ; � i dt +

Z

�

h A

T

r ; � i dt

=

X

f i : v 2 E

i

g

�

i

r

i

( v ) � ( v )

where r

i

( v ) is the limiting v alue of r along E

i

and �

i

= 1 when E

i

is incoming and � 1 for outgoing. Th us at eac h v ertex v w e ha v e

P

f i : v 2 E

i

g

�

i

r

i

( v ). This means that r is free to b e discon tin uous up to

a co dimension 1 condition at eac h v ertex.

Along eac h edge E

j

, in considering � A

T

w e negate �

j

i

and r

i

2

W

1 ; 2

( R

+

; R ) when �

j

i

is p ositiv e (resp ectiv ely , negativ e) when E

j

is

incoming (resp ectiv ely , outgoing). It is no longer true that if r

i

v an-

ishes along one edge then it v anishes on all of �. F or eac h i w e get

a con tribution to the cok ernel from eac h edge E

j

that is compatible

in the sense just describ ed with �

j

i

. The dimension of the cok ernel is

giv en b y the n um b er of compatible external edges min us 1 for eac h i .

In order to calculate

index F

A

= dim k er F

A

� dim cok er F

A

w e will c hange the sign of �

j

i

and observ e the c hange in the index. On

an incoming edge E

i

if �

j

i

con tributes to the k ernel, so it is negativ e,

then � �

j

i

cannot con tribute to the cok ernel and w e lose 1 from the

index. If �

j

i

< 0 and do es not con tribute to the k ernel then � �

j

i

con tributes to the cok ernel and w e again lose 1 from the index. Similar

argumen ts apply to p ositiv e �

j

i

and outgoing edges. Th us

index F

A

=

n

1

X

i =1

index a

i

�

n

X

1= n

1

+1

index a

i

+ constan t (5)

Assume there is at least one incoming edge. If �

j

i

> 0 for all i; j then

the k ernel is trivial and the cok ernel gets a con tribution from eac h

incoming edge min us the co dimension one condition from the v ertices.

In fact, eac h comp onen t of � imp oses a co dimension one condition. (If

� consists of only outgoing edges then all p ositiv e eigen v alues will lead

to a con tribution of d to the k ernel so in a sense con tributing � d to

the cok ernel. In other w ords w e can pro ceed as if there is an incoming

edge.) The v alues that a function in the cok ernel tak es on the in terior

of the graph are completeley determined b y the the exterior v alues

13



when there are no cycles. Eac h cycle con tributes one dimension to the

cok ernel. This is b ecause the am biguit y in extending a solution from

the exterior to the in terior can b e seen b y subtracting t w o di�eren t

extensions, or equiv alen tly setting the functions to b e zero on the

external edges. Then a lone cycle con tributes a one-dimensional family

of functions in the cok ernel obtained b y �xing the (constan t) v alue

on one in ternal edge and reading o� the v alues on the other edges

b y tra v eling around the cycle. F or more than one cycle w e set the

function to b e zero on all edges except those in a particular cycle.

Th us

dim cok er F

A

= dn

1

� d � dim ( H

0

(� ; R )) + d � dim ( H

1

(� ; R ))

and this supplies us with the constan t in (5) so

index F

A

=

n

1

X

i =1

index a

i

�

n

X

1= n

1

+1

index a

i

+ dn

1

+ d � dim ( H

0

(� ; R )) � d � dim ( H

1

(� ; R ))

and the prop osition follo ws. 2

4.4 Regularit y .

Let S

�

b e the submanifold of the Banac h manifold

S (� ; M )

�

=

R

m � n

� F

m

( C

2

( M ))

obtained b y requiring that the functions b e Morse. In this section w e

will sho w that 0 is a regular v alue of F

A

for a generic subset of the

Banac h manifold S

�

.

No w consider the map

� : S

�

� P

1 ; 2

� ; ~ a

! P

2

� ; ~ a

giv en b y asso ciating to an M -structure, � its 
o w equations. The

pro of that �( b )

� 1

(0) is generically a manifold consists of four steps.

1. Sho w that 0 is a regular v alue of � so Z = �

� 1

(0) is a manifold.

2. The map

� : Z ! S

�

is F redholm with the same index as �( � ).

14



3. Sard-Smale then giv es us a generic set � � S

�

of regular v alues

of � .

4. Sho w that for a regular v alue � 2 � the map

�( � ) : P

1 ; 2

� ; ~ a

! P

2

� ; ~ a

has zero as a regular v alue.

Lemma 9 F or al l ( � ; 
 ) 2 Z , we have D �

( � ;
 )

is onto. In other wor ds

0 is a r e gular value of � .

Pro of. Put

D � = D

1

+ D

2

: R

m � n

� C

2

( M )

m

� W

1 ; 2

(� ; R

d

) ! L

2

(� ; R

d

) :

W e ha v e sho wn already that the complemen t of the image of D

2

is �nite-dimensional and that functions in the complemen t satisfy a

di�eren tial equation. By sho wing that this �nite-dimensional space

cannot b e orthogonal to the image of D

1

w e will ha v e sho wn that

D � is on to. F or � 2 R

m � n

� C

2

( M )

m

and r 2 R ( F

A

)

?

w e ha v e

h D

1

� ; r i = d� ( r ) = 0. W e ha v e sho wn that r m ust b e con tin uous

along an edge so pic k a p oin t where it do es not v anish then c ho ose �

so that r � is a bump function in the neigh b ourho o d where r do es not

c hange sign. This sho ws that r m ust v anish there so the complemen t

is trivial and D � is on to. 2 .

The other three steps are giv en b y Prop osition 2.24 in [7 ]. This

completes the pro of of Theorem 2. 2

Remarks.

(i) In the single Morse function case where there is an R -action

obtained b y 
o wing along the solutions of the gradien t equation put

M ( a; b ) = M

�

(� ; M ; a; b ) = R (6)

W e will call this the mo duli space of gradien t 
o ws of f running from

a to b .

(ii) W e are in terested only in c onne cte d graphs so dim ( H

0

(� ; R )) =

1. The more general form ula, whic h follo ws b y additivit y , hides the

fact that often a mo duli space is empt y .

(iii) Orien tation uses the determinan t line bundle o v er the space

of F redholm op erators. This migh t ha v e to w ait.
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5 Compacti�cation.

Fix a structure � satisfying the generic prop ert y . W e will no w con-

struct a natural compacti�cation of the space M

�

(� ; M ; ~ a ). T o do

this w e �rst recall the natural compacti�cation of the space of gra-

dien t 
o w lines of a Morse function con v erging to t w o �xed critical

p oin ts. W e will refer to the space of 
o w-lines from critical p oin t a

i

to critical p oin t b

i

b y M

�

( a

i

; b

i

). The follo wing is a standard result

in classical Morse theory .

Prop osition 10 L et M ( a; b ) denote the sp ac e of \pie c ewise 
ow lines"

c onne cting critic al p oints a and b . That is

M ( a; b ) =

[

a = a

0

>a

1

>:::>a

j

= b

M ( a; a

1

) � ::: � M ( a

j � 1

; b ) ;

wher e the union is taken over de cr e asing �nite se quenc es of critic al

p oints. (The p artial or dering is de�ne d by � � � i� M ( �; � ) is

nonempty.) Then M ( a; b ) is c omp act and c ontains M ( a; b ) as an

op en dense subsp ac e.

Pro of. Consider a sequence of unparametrised gradien t 
o ws f [ 


j

] g

of f , de�ned on M , running b et w een the critical p oin ts a and b . The

square brac k ets denote the fact that w e are considering equiv alences

classes of parametrised gradien t 
o ws. Cho ose a p oin t x

j

on eac h 
o w.

Since M is compact there is a subsequence of f x

j

g that con v erges

to x 2 M , sa y . Cho ose parametrisations for eac h 
o w b y putting




j

(0) = x

j

. W e drop the square brac k ets since w e are w orking with

parametrised 
o ws. An y p oin t on 
 ( t ), the gradien t 
o w of f satisfying


 (0) = x = lim

j !1




j

(0) is also a limit p oin t lim

j !1




j

( t ). This is

b ecause if w e tak e a path p : [0 ; 1] ! M satisfying p (0) = 


i

(0)

and p (1) = 
 ( t

0

) then the di�eomorphism de�ned b y the 
o w of f

pro duces a con tin uous map F : [0 ; 1] � [0 ; t

0

] ! M with F (1 ; t ) = 


and F ( x

i

; t ) = 


i

( t ) for some f x

i

g . Alternativ ely , the gradien t v ector

�eld r f is b ounded and uniformly con tin uous since M is compact.

Since d


j

=dt = �r f the deriv ativ es f d


j

=dt g are uniformly b ounded

so f 


j

g is an equicon tin uous family and th us has a con tin uous limit


 ( t ). By di�eren tiating r f w e can get a uniform C

2

b ound on the

f 


j

( t ) g and th us sho w that 
 ( t ) satis�es the gradien t equation. It is

not necessarily true that lim

t !�1


 ( t ) = a or lim

t !1


 ( t ) = b . Set

c = lim

t !�1


 ( t ), a critical p oin t of f .

16



Lemma 11 If c 6= a then ther e exists a 
ow [ � ] that lies in the limit

p oint set of the se quenc e f [ 


j

] g satisfying lim

t !1

� ( t ) = a .

W e will assume this for the momen t to pro v e the theorem. Apply

the lemma �rst to 
 ( t ) at c then to � ( t ) at c

1

= lim

t !�1

� ( t ) and

so on. This forms a strictly increasing sequence of critical p oin ts of

f since M ( c

k +1

; c

k

) = � if index ( c

k +1

) � index ( c

k

). As f has only

�nitely man y critical p oin ts w e m ust ha v e c

k

= a for some k . The

same argumen t w orks in tra v eling do wn to w ards b . Alternativ ely , w e

can canonically parametrise f [ 


j

] g b y s = f ( 


j

( t )). In this case they

eac h satisfy d


j

( s ) =ds + r f = jr f j = 0. Using a uniform C

1

b ound w e

get a con tin uous limit. This gets around the use of Lemma 11. W e

see that the limit of f [ 


j

] g is an unparametrised piecewise 
o w. 2

Pro of of Lemma 11. Since c 6= a it cannot b e a lo cal maxim um.

This is b ecause there is a neigh b ourho o d of a lo cal maxim um whic h

lies en tirely inside the unstable manifold of that critical p oin t th us

prohibiting 
 ( t ) to lie in the limit p oin t set of the f [ 


j

] g . Also, b y

construction, c is not a lo cal minim um. Th us when w e in v ok e the

Morse lemma that expresses f in lo cal co ordinates around c w e see

that there are b oth negativ e and p ositiv e co e�cien ts:

f ( x

1

; x

2

; :::; x

d

) = x

2

1

� x

2

2

� ::: � x

2

d

:

Assume that the �rst l co e�cien ts are p ositiv e and the rest negativ e.

W e will require that the path 
 ( t ) corresp onds to x

1

= 0 = x

2

= ::: =

x

d � 1

. Lo cally , solutions to the gradien t equation are of the form

� ( t ) = ( C

1

e

� 2 t

+ C

2

e

� 2 t

+ ::: + C

d

e

2 t

) :

(This assumes that the metric is Euclidean. In general b y taking a

small enough neigh b ourho o d w e can get close enough to a Euclidean

metric so that the presen t argumen t w orks.) If w e �x t and allo w the

C

i

to dep end on a sequence f s

j

g that con v erges to 0 and satisfying

�

s

j

( t ) = [ 


j

] then lim

j !1

C

i

= 0 for i 6= d and lim

j !1

C

d

is non-zero.

No w c ho ose t = t ( s

j

) so that lim

j !1

t ( s

j

) = �1 and eac h C

i

e

� 2 t

con v erges, with at least one of these expressions tending to a non-zero

limit. By passing to a subsequence w e can b e assured of doing this

since ( C

1

e

� 2 t

+ C

2

e

� 2 t

+ ::: + C

l

e

� 2 t

) lies in the compact manifold

RP

l � 1

and th us this con v erges pro jectiv ely . Clearly w e can c ho ose
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t = t ( s

j

) to decrease at the righ t rate to guaran tee con v ergence in R

l

,

moreo v er in a small enough disk so that the Morse lemma still applies.

Th us there is a p oin t in the stable manifold of c that lies in the

limit p oin t set of f [ 


j

] g . The gradien t 
o w that passes through this

p oin t w e will call � . 2

There is a similar compacti�cation for the mo duli spaces of �-
o ws.

Namely , let

M

�

(� ; M ; ~ a ) =

[

~

b

M

�

(� ; M ;

~

b ) � M

�

( b

1

; a

1

) � � � � � M

�

( a

n

; b

n

) :

Whether w e use M

�

( b

i

; a

i

) or M

�

( a

i

; b

i

) in the ab o v e union dep ends

on whether the i th edge is incoming or outgoing. The space M

�

(� ; M ; ~ a )

consists of �-
o ws that are allo w ed to b e piecewise 
o ws on the non-

compact edges. W e refer to these as \piecewise �-
o ws". There is an

ob vious w a y to top ologize M

�

(� ; M ; ~ a ).

Theorem 12 The sp ac e M

�

(� ; M ; ~ a ) is c omp act and c ontains the

sp ac e M

�

(� ; M ; ~ a ) as an op en dense subsp ac e.

Pro of. As ab o v e the non-compact edges con v erge to piece-wise 
o ws.

The in ternal edges remain as true 
o ws since b y lo oking at the limit

of a single p oin t on an edge w e can reconstruct the limiting edge b y


o wing according to the prescrib ed equation. Since the parameter

runs from 0 to 1 no critical p oin t will b e met. (Unless the en tire path

is a single critical p oin t.) Again b y con tin uit y of the limiting map of

the graph, the limit is a map of the graph. 2

W e w ould lik e to b e more precise ab out this compacti�cation. F ur-

ther than describing the limit p oin t of eac h sequence w e can describ e

all sequences that con v erge to a giv en limit p oin t. Equiv alen tly w e

will describ e the subset of the mo duli space giv en b y a deleted neigh-

b ourho o d of the p oin ts added, or the \ends" of the mo duli space.

F or example, consider S

4

, CP

2

and B

4

|di�eren t compacti�ca-

tions of R

4

obtained b y resp ectiv ely adding a p oin t, S

2

and S

3

. A

neigh b ourho o d of the p oin t at in�nit y in S

4

is giv en b y a ball whic h

in tersects R

4

in the complemen t of a ball. A neigh b ourho o d of the

sphere at in�nit y in CP

2

is giv en b y a non-trivial complex line bundle
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o v er S

2

. Giv en a p oin t z in S

2

, nearb y p oin ts in R

4

= C

2

are pairs

of complex n um b ers ( w

1

; w

2

) lying in the complemen t of a ball in R

4

satisfying w

1

=w

2

= z . A neigh b ourho o d of the b oundary of B

4

is the

pro duct of S

3

with an in terv al. A p oin t in the complemen t of a ball

in R

4

represen ts a v ector and it is close to that p oin t in S

3

whic h

describ es the direction of the v ector. These three examples giv e a no-

tion of a \larger" compacti�cation. There are sequences in R

4

that

con v erge to the same p oin t in CP

2

but di�eren t p oin ts in B

4

whereas

the con v erse cannot b e true. In this sense B

4

is a larger compacti�-

cation than CP

2

and b oth of these are larger than S

4

. W e will see

that the compacti�cation of the mo duli space of graph 
o ws is quite

large indeed. This is re
ected b y a gluing map from brok en 
o ws to

real 
o ws leading to a uniqueness prop ert y of the ends of the mo duli

space.

T o describ e the ends of the mo duli space M

�

(� ; M ; ~ a ) w e will

set up the follo wing notation. F or n -tuples of critical p oin ts ~ a and

~

b

asso ciated to the structure � , consider the orien ted spaces of 
o w lines

M

i

= M

f

i

( b

i

; a

i

) for incoming E

i

M

i

= M

f

i

( a

i

; b

i

) for outgoing E

i

.

Theorem 13 Ther e exist \gluing" maps

�

~ a;

~

b

: M

�

(� ; M ; ~ a ) �

Y

a

i

6= b

i

M

i

� [0 ; 1) ! M

�

(� ; M ;

~

b ) ;

that ar e orientation pr eserving home omorphisms onto disjoint images.

Mor e over the c omplement of the images,

M

�

(� ; M ;

~

b ) �

[

~ a

�

~ a;

~

b

is c omp act.

Pro of. W e will b egin with this result for a single Morse function on a

graph with no v ertices. In this case the brok en 
o w consists of a single

parametrised 
o w 
 2 M (� ; M ; a

0

; a

1

) together with a collection of

unparametrised 
o ws [ 


i

] 2 M ( a

i

; a

i +1

) where � k � i � l . Our

strategy will b e to use these 
o ws to construct an appro ximate 
o w

b et w een a

� k

and a

l

and sho w that there is a true 
o w nearb y .
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F or a path 
 running b et w een �; � 2 M de�ne

E ( 
 ) =

1

2

Z

1

�1

( j d
 =dt ( s ) j

2

+ jr


 ( s )

( f ) j

2

) ds

= f ( � ) � f ( � ) +

1

2

Z

1

�1

( j d
 =dt ( s ) + r


 ( s )

( f ) j

2

) ds

where the �rst expression sho ws that E is non-negativ e and the second

expression sho ws that E is minimised b y the gradien t 
o w. F or E to

mak e sense w e m ust restrict the paths to satisfy

R

1

�1

j d
 =dt ( s ) j

2

ds <

1 .

A brok en 
o w yields a path with small energy|an appro ximate


o w. The implicit function theorem sho ws that there is a unique true


o w nearb y . Details can b e found in [7 ]. The same argumen t go es

through for the external edges of graph 
o ws. 2

W e will b e concerned with the mo duli spaces of dimension zero

and one, M

0

�

(� ; M ; ~ a ) and M

1

�

(� ; M ; ~ a ). These theorems tell us that

M

0

�

(� ; M ; ~ a ) = M

0

�

(� ; M ; ~ a ) is a �nite set of p oin ts with signs (orien-

tation). Moreo v er if an end of one of these isolated �-
o ws glues to an

isolated 
o w line, then the pair forms one end of a compact in terv al

of �-
o ws. The other end of this in terv al is mo deled b y another suc h

pair.

6 Chain complexes.

A c hain complex is a sequence of ab elian groups

C

0

@

0

! C

1

@

1

! :::

@

n � 2

! C

n � 1

@

n � 1

! C

n

satisfying @

k +1

� @

k

= 0. W e wish to consider the the c hain complex

generated b y the critical p oin ts of a Morse function on a compact

manifold.

By considering the mo duli space of solutions to the gradien t 
o w

equation con v erging to critical p oin ts of consecutiv e degrees w e can

de�ne a b oundary op erator on the space of critical p oin ts graded b y

their degree. The b oundary op erator is de�ned b y coun ting p oin ts
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in the mo duli space. W e can sho w that the mo duli space is a zero-

dimensional compact manifold whic h ensures that the notion of coun t-

ing is w ell-de�ned. What is startling is that this op erator has square

zero and th us de�nes a complex. The uniqueness in the gluing con-

struction lies b ehind the fact that @

2

= 0.

Let a and b b e critical p oin ts of f of index k + 1 and k resp ectiv ely .

W e ha v e sho wn that M ( a; b ) is a zero-dimensional orien ted compact

manifold. Th us it mak es sense to coun t the p oin ts, with sign, in

M ( a; b ). Put n ( a; b ) = # M ( a; b ) and de�ne the linear op erator

@ a = � n ( a; b ) b

where the sum is o v er all critical p oin ts b of index k .

Lemma 14

@

2

= 0 :

Pro of. By linearit y

@ @ a = � n ( a; b ) @ b = � n ( a; b ) n ( b; c ) c

where the sum is o v er all critical p oin ts b of index k and c of index

k � 1. W e will sho w that for �xed c the sum � n ( a; b ) n ( b; c ) c o v er all in-

termediate critical p oin ts b v anishes. By Theorem 13 the compacti�ed

one-dimensional mo duli space M ( a; c ) is a manifold with b oundary .

That is the b oundary p oin ts, whic h are piecewise 
o ws, eac h corre-

sp ond to a unique edge. Since one-dimensional compact manifolds can

only b e a �nite collection of closed in terv als this means that the ends

come in pairs. Th us the con tributions to @

2

( a ) come in pairs. This

immediately giv es the v anishing of eac h comp onen t mo dulo t w o. 2

7 Cohomology Op erations.

Fix a generic structure � 2 S ( � ; M ) as ab o v e. Giv en the Morse-

Smale function f

i

, let C

�

( M ; f

i

) b e the asso ciated Morse-Smale c hain

complex generated b y the critical p oin ts, and let C

�

( M ; f

i

) b e the dual

co c hain complex.

W e de�ne a class q (� ; M ) to b e an elemen t of the complex

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

)
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in the follo wing manner. Consider those n -tuples of critical p oin ts

~ a suc h that dim ( M

�

(� ; M ; ~ a )) = 0. These spaces con tain a �nite

n um b er of orien ted p oin ts whic h can b e coun ted with sign (if M is

orien ted|otherwise this is w ell de�ned mo d 2, and w e tak e co e�cien ts

to b e Z

2

).

De�nition 3

q (� ; M ) =

X

# M

�

(� ; M ; ~ a )[ ~ a ] 2

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

) :

Using the gluing theorem ab o v e and the de�nition of the b oundary

and cob oundary op erators in the Morse-Smale complex, w e will sho w

the follo wing.

Lemma 15

dq = 0 :

Pro of. Extend the b oundary op erator to pro ducts as a deriv ation.

@ :

O

1 � i � k

C

�

( M ; f

i

) !

O

1 � i � k

C

�

( M ; f

i

)

( a

1

; :::; a

n

) 7! �

i

( a

1

; :::; @

i

( a

i

) ; :::; a

k

)

where @

i

is de�ned using f

i

. Then if w e think of q as a map

q :

O

1 � i � n

1

C

�

( M ; f

i

) !

O

n

1

+1 � i � n

C

�

( M ; f

i

) ;

the requiremen t that dq = 0 is equiv alen t to the requiremen t that q

and @ comm ute: @ q = q @ . Cho ose ~ a = (

~

b; ~ c ) so that dim M

�

(� ; M ; ~ a ) =

1. W e ha v e divided ~ a in to critical p oin ts

~

b corresp onding to incoming


o ws and ~ c corresp onding to outgoing 
o ws. Notice that for @

~

b = �

~

b

j

dim M

�

(� ; M ; ( @

~

b

j

; ~ c )) = 0 so q ( @

~

b ) 2

N

n

1

+1 � i � n

C

�

( M ; f

i

) mak es

sense and w e can compare it with @ q (

~

b ) 2

N

n

1

+1 � i � n

C

�

( M ; f

i

). The

one-dimensional manifold M

�

(� ; M ; ~ a ) is compact with b oundary so

it is a �nite collection of closed in terv als. Eac h b oundary p oin t of an

in terv al corresp onds to a piecewise graph 
o w with only one external

edge not a true gradien t 
o w. This is the k ey fact b ehind the pro of.

If more than one external edge w ere to break then the true graph 
o w

inside this piecewise graph 
o w w ould lie in a mo duli space of negativ e
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dimension, th us con tradicting its existence. These b oundary piecewise

graph 
o ws are paired b y the in terv al they b ound. There are three

t yp es of comp onen ts of the one-dimensional manifold M

�

(� ; M ; ~ a )

and th us three t yp es of pairings of piecewise 
o ws. The �rst t yp e

of comp onen t consists of an in terv al whose t w o ends corresp ond to

incoming piecewise gradien t 
o ws. These t w o piecewise graph 
o ws

con tribute 1 � 1 = 0 to q ( @ ~ a ). The second t yp e of comp onen t consists

of an in terv al whose t w o ends corresp ond to an incoming and outgo-

ing piecewise gradien t 
o w, resp ectiv ely . These t w o piecewise graph


o ws con tribute, resp ectiv ely , 1 to q ( @ ~ a ) and 1 to @ q ( ~ a ). The third

t yp e of comp onen t consists of an in terv al whose t w o ends corresp ond

to outgoing piecewise gradien t 
o ws. These t w o piecewise graph 
o ws

con tribute 1 � 1 = 0 to @ q ( ~ a ). Th us q ( @ ~ a ) = @ q ( ~ a ) and the lemma is

pro v en. 2

W e shall therefore view q (� ; M ) as an elemen t of the asso ciated

homology ,

q (� ; M ) 2 H

�

( M )


 n

1


 H

�

( M )


 n

2

:

W e shall no w describ e four basic examples of these in v arian ts.

Example 1. � =

In this case M

�

(� ; M ; ~ a ) has dimension zero if and only if ~ a = ( a )

is a maxim um. Th us q (� ; M ) 2 H

d

( M ), and it can easily b e seen to

b e the fundamen tal class. (Co e�cien ts should b e tak en in Z

2

if M is

not orien table).

Example 2. � =

In this case M

�

(� ; M ; ~ a ) has dimension ind ( a

1

) + ind ( a

2

) � d , where

~ a = ( a

1

; a

2

). Th us q (� ; M ) 2 �

q

H

q

( M ) 
 H

d � q

( M ), whic h de�nes an

elemen t in �

q

H om ( H

q

( M ) ; H

d � q

( M )). This is the P oincare dualit y

isomorphism, giv en b y taking the cap pro duct with the fundamen tal

class.
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Example 3. � =

In this case M

�

(� ; M ; ~ a ) has dimension ind ( a

1

) � ind ( a

2

) � ind ( a

3

),

where ~ a = ( a

1

; a

2

; a

3

). Th us

q (� ; M ) 2 �

r � k

H

k

( M ) 
 H

r

( M ) 
 H

k � r

( M )

and de�nes an elemen t in �

r � k

H om ( H

r

( M ) 
 H

k � r

( M ) ; H

k

( M )) :

This is the cup pro duct op eration.

Example 4. � =

In this case M

�

(� ; M ; ~ a ) has dimension ind ( a ) � d , where ~ a = ( a ) :

Th us q (� ; M ) 2 H

d

( M ). It is easily seen to b e the Euler class (or

Stiefel - Whitney class w

d

if M is not orien table).

W e end this section b y discussing some basic structure prop erties

of the in v arian ts q (� ; M ). In particular the follo wing results sa y that

the four examples ab o v e can b e used to compute the in v arian t for an y

graph and these in v arian ts are indep enden t of the c hoice of metric and

M -structure.

Prop osition 16 If �

1

and �

2

ar e homotopy e quivalent via a ho-

motopy that pr eserves orientations on their end, then q (�

1

; M ) =

q (�

2

; M ) .

Pro of. By v arying the length of a single edge of � and sho wing the

in v ariance of q under this homotop y the general result follo ws. Also

notice that solutions to a graph 
o w equation with one edge of zero

length are the same as solutions to the graph 
o w equation for the

graph with that edge con tracted to a p oin t.

Denote b y f �

s

g the path of M -structures where a single in ternal

edge tak es on the v ariable length l

s

. De�ne

~

M

�

s

(� ; M ; ~ a ) = f ~
 : [0 ; 1] � � ! M j ~
 ( s; � ) 2 M

�

s

(� ; M ; ~ a ) g :
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By setting up the appropriate Banac h spaces w e can sho w that for

a generic c hoice of M -structure the p ath describ ed ab o v e is regular.

W e �nd that

~

M =

~

M

�

s

(� ; M ; ~ a ) is a smo oth orien ted manifold with

b oundary . It has dimension one greater than the dimension of the

b oundary comp onen ts M

0

= M

�

0 (� ; M ; ~ a ) and M

1

= M

�

1 (� ; M ; ~ a ).

In the case that

~

M is a compact 1-manifold, it forms an orien ted

cob ordism b et w een M

0

and M

1

. This giv es an isomorphism, on the

lev el of c hains, b et w een the t w o in v arian ts q

0

and q

1

corresp onding,

resp ectiv ely , to the zero dimensional mo duli spaces M

0

and M

1

. This

is b ecause a compact 1-manifold m ust ha v e t w o endp oin ts. Either a

p oin t in M

0

is matc hed with a p oin t in M

1

or t w o p oin ts in M

0

,

resp ectiv ely M

1

, are matc hed with opp osite orien tations and th us

cancel.

In general

~

M will not b e compact. In this case the equiv alence of

the in v arian ts o ccurs only at the lev el of homology . W e will construct

a c hain homotop y equiv alence

� :

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

) !

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

)

where q

0

� q

1

= @ � � � � � @ .

The compactness prop erties of the space of solutions to the time-

dep enden t graph 
o w equations mimic those of the time-indep enden t


o ws whic h w e ha v e already studied. W e sa w that b y including piece-

wise graph 
o ws the mo duli space b ecame compact. In the case at

hand again w e �nd that a the b oundary of the one-dimensional mo duli

space consists of the zero-dimensional mo duli spaces as w ell as piece-

wise graph 
o ws. If w e �x an s 2 [0 ; 1] then the formal dimension

of M

s

is zero. This, w e w ould exp ect, should prohibit a sequence

of graph 
o ws (and th us a b oundary p oin t of the 1-manifold) from

degenerating to a piecewise 
o w since the piecewise 
o w will consist

of a graph 
o w in a formally negativ e dimensional space. Ho w ev er,

since it is the path of M -structures that is regular so there migh t b e

an s for whic h the M -structure is not regular, at suc h an s a formal

negativ e dimension do es not obstruct the existence of a solution. Th us

compactness fails precisely at the M -structures that are not regular.

(Note that the Morse functions can b e c hosen to b e regular since w e

are c hanging only a length. Th us an y brok en graph 
o ws can only
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con tain true gradien t 
o ws.) De�ne

� :

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

) !

O

1 � i � n

1

C

�

( M ; f

i

)

O

n

1

+1 � i � n

C

�

( M ; f

i

)

b y summing o v er all mo duli spaces of formal dimension negativ e one at

the M -structures that are not regular. So h �( a

1

; :::; a

n

1

) ; ( a

n

1

+1

; :::; a

n

) i

equals the n um b er of solutions of the graph 
o w equations when

dim ( M

�

s

(� ; M ; ~ a )) =

n

1

X

i =1

[index ( a

i

)] �

n

2

X

i =1

[index ( a

n

1

+ i

)] � d � n

1

+ d � dim ( H

0

(� ; R )) � d � dim ( H

1

(� ; R ))

= � 1

and w e sum o v er all �

s

that are not regular. Strictly w e need to pro v e

that these mo duli spaces consist of a �nite n um b er of p oin ts. Really

w e need only b e concerned with � de�ned on those c hains that repre-

sen t an end of the one-dimensional mo duli space de�ned ab o v e. Using

this p ersep ctiv e w e can also in tro duce an orien tation, or sign, in the

de�nition of �. Then w e see that q

0

and q

1

fail to b e the same when

these new endp oin ts are in tro duced. W e ha v e q

0

� q

1

= @ � � � � � @ .

This requires a gluing theorem to sho w that eac h end is used only

once. A co dimension argumen t should sho w that the mo duli spaces

of formal dimension less than negativ e one are nev er non-empt y for a

go o d c hoice of path. 2

No w let �

1

and �

2

b e orien ted graphs. Let �

i # j

1 ; 2

b e the orien ted

graph obtained b y gluing incoming edge i of �

1

to outgoing edge j of

�

2

.

Prop osition 17

q (�

i # j

1 ; 2

; M ) = q (�

1

; M ) 3

i;j

q (�

2

; M ) ;

wher e 3

i;j

denotes tensorial c ontr action of c ohomolo gy in the i th c o-

or dinate with homolo gy in the j th c o or dinate.

Pro of. W e mean to com bine the resp ectiv e M -structures in the ob-

vious w a y|assume that the Morse functions asso ciated to the glued
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edges are the same. The length w e assign to this edge is arbitrary . By

Prop osition 16 this do es not a�ect the in v arian t. The reason that w e

ha v e not included the M -structures in the statemen t of the prop osition

is that w e will see in Theorem 21 (whic h uses the conclusion of this

prop osition) that the in v arian t asso ciated to the graph is indep enden t

of the c hoice of M -structure.

W e �rst notice that for large enough l , the length of the in ternal

edge of �

i # j

1 ; 2

obtained b y the gluing, there is a one-to-one corresp on-

dence b et w een solutions of the graph 
o w equation for �

i # j

and pairs

of solutions for the graphs �

1

and �

2

with common critical p oin t at

the i th and j th edges, resp ectiv ely . But this exactly describ es the de-

sired con traction. By the homotop y in v ariance pro v en ab o v e w e can

replace a large l with an y l . 2

Corollary 18 Changing the orientation of a non-c omp act e dge in-

duc es the Poinc ar e duality isomorphism on the r elevent tensor c o or di-

nate of the invariant q (� ; M ) .

Pro of. Let � b e a giv en graph with outgoing edge E . Glue the

graph of Example 2 to � at E to get �

0

. By Prop osition 17 q

�

0

is the

comp osition of q

�

with the P oincare dualit y isomorphism. Con tract

the in ternal glued edge to a p oin t. By Prop osition 16 this do es not

c hange the in v arian t. 2

Prop osition 19 The gr aph � c onsisting of an inc oming e dge a vertex,

an outgoing e dge and no other e dges de�nes a c anonic al isomorphism

b etwe en Morse homolo gies for di�er ent Morse functions.

Pro of. Giv en t w o Morse functions f and g , w e will sho w that the

map

q

�

: H

f

�

! H

g

�

is an isomorphism b y constructing an in v erse. Use the same graph to

get

q

�

: H

g

�

! H

f

�

:

By Prop osition 17 the comp osition

q

�

� q

�

: H

f

�

! H

f

�

coincides with the map

q

�

0

: H

f

�

! H

f

�
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where �

0

is the graph obtained b y gluing the outgoing edge of one cop y

of � with the incoming edge of another cop y . By Prop osition 16 w e

can homotop e the length of the in ternal edge of �

0

to zero and remo v e

it so w e are left with � once more but no w the same Morse function

f is asso ciated to eac h edge. Clearly this map is the iden tit y . 2

Corollary 20 The Morse homolo gy H

f

�

( M ) of a generic Morse func-

tion f : M ! R is isomorphic to the simplicial homolo gy of M ,

H

�

( M ) .

Pro of. By Prop osition 19 w e need only con�rm H

f

�

( M )

�

=

H

�

( M )

for a single generic Morse function f . T riangulate M and c ho ose f to

ha v e a critical p oin t of index ( k ) in the cen tre of eac h k -simplex and no

other critical p oin ts. Mak e the c hoice also so that there is exactly one

gradien t 
o w line from eac h cen tre of a simplex to the cen tre of eac h

face of the simplex. It is easy to see that suc h an f exists and that

it satis�es the Morse-Smale condition of transv ersalit y . The Morse

complex based on critical p oin ts and b oundary op erator supplied b y

gradien t 
o ws coincides precisely with the cell complex based on sim-

plices and the b oundary op erator. Th us the homologies coincide. 2

The follo wing sa ys that q (� ; M ) is indeed an in v arian t of M .

Theorem 21 The homolo gy class q (� ; M ) do es not dep end on the

choic e of structur e � 2 S ( � ; M ) .

Pro of. If f is a Morse function asso ciated to the external edge E

of � then w e can replace it b y the Morse function g b y �rst gluing

the graph of Prop osition 19 to � at E . W e then con tract the in ternal

glued edge to a p oin t. By Prop ositions 16, 17 and 19 the new in v arian t

is related to the old b y the isomorphism of Prop osition 19. One b y

one w e can c hange the Morse functions asso ciated to external edges

in this w a y to pass from one M -structure to another. F or the in ternal

edges w e simply use the homotop y in v ariance result to con tract these

to p oin ts and th us demonstrating indep endence. 2

Prop osition 22 The homolo gy class q (� ; M ) do es not dep end on the

choic e of metric g .

Pro of. Since the space of metrics is connected w e can �nd curv es

connecting an y t w o generic metrics that induce c hain homotop y equiv-

alences that preserv e the q (� ; M )'s.
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F or a path of metrics f g

s

g , de�ne

~

M

�

(� ; M ; g

s

; ~ a ) = f ~
 : [0 ; 1] � � ! M j ~
 ( s; � ) 2 M

�

(� ; M ; g

s

; ~ a ) g

where the latter mo duli space is tak en with resp ect to the �xed metric

g

s

.

As with the argumen t in Prop osition 16 w e wish to sum o v er all the

bad metrics to get a c hain homotop y equiv alence. There is a further

complication here in that the b oundary op erator c hanges as the metric

c hanges. Th us �rst w e m ust sho w that a path of metrics induces

an isomorphism b et w een the di�eren t homologies obtained from the

di�eren t b oundary op erators. In the case of v arying M -structure the

Morse functions asso ciated to external edges remained Morse-Smale.

Since this is not the case here w e ha v e t w o t yp es of \irregular" graph


o ws to consider. These are brok en 
o ws where either the gradien t


o w or the graph 
o w lies in a formally negativ e dimensional space.

In Prop osition 16 the gradien t 
o w had to b e true. There is m uc h

analysis needed for this argumen t. 2

8 Graphs and Symmetry .

The cohomology op erations de�ned b y considering solutions to man y

gradien t equations with the same initial data can b e though t of as

arising from a graph where eac h edge of a graph is a gradien t 
o w

of a Morse function. W e can exploit an y symmetries of the graph to

obtain higher order cohomology op erations.

Examples.

(i) Stiefel-Whitney classes.

(ii) Steenro d squares.

9 Curren t Researc h.

More generally than using the critical p oin ts of a Morse function to

describ e homology and its algebraic structures w e can add other ob-

jects in the set of critical p oin ts to obtain further structure. On a

symplectic manifold w e can include p erio dic orbits of a family of sym-

plectomorphisms with critical p oin ts of Hamiltonians and obtain the
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\quan tum" cohomology of the symplectic manifold. This is isomorphic

to the usual homology as a v ector space though not as an algebra.

10 Ph ysics

In [8 ] Witten treats the space of di�eren tial forms on a Riemannian

manifold as a mo del for sup ersymmetric quan tum mec hanics. In this

section w e will follo w his treatmen t of Morse theory in this con text

and generalise it to the case of a m ultiplet of Morse functions.

Acting on forms w e ha v e the op erators

Q

1

= d + d

�

; Q

2

= i ( d � d

�

) ; H = dd

�

+ d

�

d

so H is the Laplacian. These satisfy the sup ersymmetry relations.

Q

2

1

= Q

2

2

= H ; Q

1

Q

2

+ Q

2

Q

1

= 0 (7)

W e in terpret p -forms as b eing b osonic or fermionic dep ending on

whether p is ev en or o dd so the Q

i

are sup ersymmetry op erators whic h

sw ap b osons and fermions.

Let f = ( f

1

; :::; f

n

) b e an n -tuple of Morse functions o v er the Rie-

mannian manifold M and let t = ( t

1

; :::; t

n

) b e a v ector in R

n

. Put

d

t

= e

� f � t

de

f � t

; d

�

t

= e

� f � t

d

�

e

f � t

and consider the op erators

Q

1 t

= d

t

+ d

�

t

; Q

2 t

= i ( d

t

� d

�

t

) ; H

t

= d

t

d

�

t

+ d

�

t

d

t

:

These still satisfy the algebra (7) for an y t .

Witten sho w ed that for eac h critical p oin t of eac h Morse function f

i

there is a corresp onding di�eren tial form. This is the di�eren tial form

whose energy remains �nite as t

i

is sen t to in�nit y . Using this corre-

sp ondence w e will sho w the relationship b et w een the algebra induced

b y the graph mo duli spaces and the algebra of di�eren tial forms.

The gradien t 
o w lines whic h de�ne the b oundary op erator for the

Morse complex ha v e t w o ph ysical in terpretations. One is that they

minimise the action of the Lagrangian and the other is that they con-

tribute most to certain s -matrix elemen ts. This latter in terpretation,

the WKB appro ximation, should generalise to the case of graphs and

m ultiplets of Morse functions.

30



A Finite-dimensional metho ds.

In this app endix w e will describ e the more in tuitiv e �nite-dimensional

approac h to pro ving the results. First w e will start with a description

of the stable and unstable manifolds a Morse function asso ciates to

its critical p oin ts.

De�ne the stable manifold of a critical p oin t a of f to b e the set

of p oin ts W

s

a

� M whic h lie on a 
o w line of f that con v erges to a .

Similarly , the unstable manifold of a is the set of p oin ts W

u

a

� M

that lie on a 
o w line of f that originates at a or con v erges to a for

negativ e time.

Prop osition 23 The stable and unstable manifolds of a critic al p oint

ar e di�e omorphic to disks.

W

s

a

�

=

D

d � index( a )

; W

u

a

�

=

D

index ( a )

:

Pro of. W e will consider only the unstable manifold since b y negat-

ing the Morse function w e can include the stable manifold. As in

Section 4.1 de�ne the Banac h manifold

P

1 ; 2

a

= f exp( s ) 2 C

0

([0 ; 1 ] ; R

n

) j s 2 W

1 ; 2

([0 ; 1 ) ; h

�

D ) ;

h 2 C

1

([0 ; 1 ] ; M ) ; h ( 1 ) = a g :

Then as b efore w e �nd that F

A

is a F redholm op erator with index

giv en b y the index of the critical p oin t a . The b oundary condition on

elemen ts of the cok ernel no w ensures that F

A

is surjectiv e. It follo ws

that W

u

a

is a manifold of dimension index a . In particular, a 2 W

u

a

is

a manifold p oin t. using the R -action on W

u

a

giv en b y reparametrising,

w e see that W

u

a

�

=

D

index( a )

. 2

Before describing the alternativ e approac h to the pro of of Theo-

rem 2 w e shall giv e a short description of the Morse theory of a single

function f . In this case the graph � has no v ertices and one edge

whic h is b oth incoming and outgoing. F or the critical p oin ts a and

b of f the theorem states that M

�

(� ; M ; a; b ) is a manifold and its

dimension is giv en b y index ( a ) � index ( b ).

A 
o w of f is determined uniquely b y a p oin t on the 
o w so the

space M

�

(� ; M ; a; b ) is the subset of M giv en b y the in tersection of the

unstable manifold of a , W

u

a

, with the stable manifold of b , W

s

b

. When

31



these t w o submanifolds are transv erse their in tersection is a manifold

of dimension index ( a ) � index ( b ). This transv ersalit y condition kno wn

as the \Morse-Smale transv ersalit y prop ert y" is the generic condition

that w e will require in the theorem.

The tangen t space at a critical p oin t a p ossesses a subspace V

a

corresp onding to the unstable manifold of that p oin t. T o orien t the

mo duli spaces w e �rst c ho ose orien tations, at eac h critical p oin t, for

eac h of these v ector spaces. Using f w e can compare these orien ta-

tions. W e c ho ose the orien tation on the mo duli space M ( a; b ) whic h

com bines with the orien tation of V

b

to giv e the orien tation of V

a

. Our

use of these mo duli spaces will b e indep enden t of the c hoices of orien-

tation at eac h critical p oin t.

Pro of of Theorem 2. The argumen t w e giv e is in tuitiv e though

not op en to generalisation. It uses the fact that w e can iden tify the

mo duli space as a submanifold of M .

First consider a graph without in ternal edges. Since the graph

is connected w e ma y assume that there is exactly one v ertex. The

case of no v ertices is the standard Morse theory describ ed ab o v e. By

putting a Riemannian metric on M , the v ertex uniquely determines

the graph since for eac h Morse function there is a unique gradien t 
o w

con taining the v ertex. The v ertex is c haracterised b y the fact that it

lies inside the in tersection of the stable and unstable manifolds of the

critical p oin ts. Since the in tersection of these manifolds is transv erse

then it is a manifold with the stated dimension.

The gradien t 
o w of a Morse function pro duces di�eomorphisms on

the manifold. If w e in tro duce an in ternal edge to a graph then rather

than considering the in tersection of stable and unstable manifolds w e

consider the in tersection of di�eomorphic copies of stable and unstable

manifolds.

W e require that the di�eomorphic copies b e transv erse so the in-

tersection, and th us the mo duli space of graphs, is a manifold. The

dimension remains the same unless the new edge in tro duces a cycle.

In this case the mo duli space is cut do wn b y dimension d . W e can see

this as follo ws. No w

M

�

(� ; M ; ~ a ) = W

s

a

1

�W

s

a

2

� ::: �W

u

a

k

� ::: �F ( W

s

a

m

) � ::: \ �( M ) � M

n + h

1

where F is a di�eomorphism corresp onding to an edge of the graph,

�( M ) is the diagonal in M

n + h

1

and h

1

= dim ( H

1

(� ; R )). The pro d-
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uct in this expression has dimension

n

1

X

i =1

[index ( a

i

)] �

n

2

X

i =1

[index ( a

n

1

+ i

)] + d � n

2

and since �( M ) has co dimension d + h

1

� 1 and the in tersection is

transv erse the theorem follo ws. The k ey new feature in tro duced b y

a cycle is that the pro duct in v olv es graphs of di�eomorphisms whic h

ha v e relativ ely small dimension, i.e. dim U � F ( U ) = 2 dim U whereas

dim �

F

= dim U where �

F

denotes the graph of F j

U

. The orien tation

is induced b y the orien tation on M

n + h

1

. 2

Remark. In this pro of, the generic condition on the structure

� is that the lab eling functions f

i

are Morse, and satisfy the Morse-

Smale transv ersalit y prop erties|the stable and unstable manifolds of

the critical p oin ts all in tersect transv ersally . Also w e require that

stable and unstable manifolds for di�eren t Morse functions in tersect

transv ersally and that di�eomorphisms induced b y gradien t 
o ws yield

transv ersal in tersections.
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