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Abstract

W e giv e a direct pro of of A tiy ah's theorem relating instan tons o v er the

four-sphere with holomorphic maps from the t w o-sphere to the lo op group.

Our approac h uses the non-linear heat 
o w equation for Hermitian metrics

as used in the study of Kahler manifolds. The pro of generalises immedi-

ately to a larger class of four-manifolds.
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1 In tro duction.

It is in teresting to b oth mathematicians and ph ysicists to relate gauge-

theoretic constructions o v er four-manifolds to spaces of holomorphic curv es

in to related manifolds. In ph ysical terms, this amoun ts to relating the

instan tons of four-dimensional and t w o-dimensional theories. One of the

earliest results of this t yp e is a theorem of A tiy ah that relates Y ang-Mills

instan tons o v er the four-sphere to holomorphic maps of the t w o-sphere to

the lo op group [2].

Theorem 1 (A tiy ah) F or any classic al gr oup G and p ositive inte ger k ,

the fol lowing two sp ac es ar e di�e omorphic:

(1) the p ar ameter sp ac e of Y ang-Mil ls k -instantons over S

4

with gr oup

G , mo dulo b ase d gauge tr ansformations,

(2) the p ar ameter sp ac e of al l b ase d holomorphic maps S

2

! 
 G of

de gr e e k .

The purp ose of this pap er is to describ e a new isomorphism b et w een the

spaces (1) and (2) of this theorem. Under an y suc h isomorphism, there are

in teresting relationships b et w een the symmetries of the resp ectiv e spaces.

A description of the particular symmetries that feature in the di�eren t

isomorphisms w ould tak e us to o far from the aims of this pap er. W e will

instead settle for a brief comparison con�ned to this paragraph. In b oth

the isomorphism de�ned b y A tiy ah and the one describ ed here, the circular

symmetry giv en b y rotating (around in�nit y) the S

2

in based holomorphic
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maps S

2

! 
 G induces the same symmetry on the space of instan tons

as the circle of isometries of S

4

giv en b y rotating the �rst co ordinate of

C

2

� S

4

. An extension of the result describ ed in this pap er to include

al l holomorphic maps S

2

! 
 G allo ws the circle symmetry of S

2

to b e

enlarged to S O (3). (The space of un based holomorphic maps S

2

! 
 G

of �xed degree is an in�nite dimensional space that �bres o v er the lo op

group with �bres isomorphic to the �nite-dimensional instan ton spaces.)

The space of conformal symmetries of the unit disk fj z j � 1 g that �x z = 1

act on the b oundary circle and hence on the lo op group. This induces an

action on the space of holomorphic maps S

2

! 
 G whic h corresp onds

via the isomorphism of this pap er to an action on the space of instan tons

induced from a family of conformal transformations of S

4

. Using A tiy ah's

isomorphism the t w o previous examples of symmetries do not arise from

conformal transformations of S

4

. Instead, A tiy ah's isomorphism giv es rise

to other symmetry comparisons, including an in teresting in v olution on the

space of holomorphic maps S

2

! 
 G , induced from the in v olution on S

4

obtained b y sw apping co ordinates in C

2

� S

4

. F or the analogous study of

a new isomorphism of the mo duli space of monop oles with rational maps

and the in teresting symmetries that arise see [20 , 12 , 13 ].

A tiy ah's pro of of his theorem relies on algebraic geometry whic h uses

the sp ecial form of the t wistor space of the four-sphere. One can view this

pap er as presen ting an alternativ e pro of of A tiy ah's theorem more in line

with the direct metho ds used b y Dostoglou and Salamon in their pro of of a

relationship b et w een the instan tons o v er a large class of top ologically more

in teresting four-manifolds and pseudo-holomorphic curv es inside particular

Kahler manifolds [9 , 10 ]. W e essen tially 
o w directly from the holomorphic

map in to the lo op group to the instan ton o v er the four-sphere. This metho d

has the adv an tage that it generalises to a larger class of four-manifolds and

lo op groups. It also �ts in with the homotop y theorists' in tuition regarding

the resp ectiv e con�guration spaces.

The map f : S

2

! 
 U ( n ) is holomorphic when f

� 1

@

�w

f extends to a

holomorphic map of the disk to gl ( n; C ) for eac h w 2 S

2

. Put � equal

to this extension. Ov er S

2

� D = f ( w ; z ) = ( u + iv ; x + iy ) g de�ne the

connection

A

f

= � d �w � ��

T

dw (1)

so A

f

is 
at on eac h f w g � D . F urthermore,

[ @

A

u

; @

A

x

] = [ @

A

v

; @

A

y

]

[ @

A

u

; @

A

y

] = � [ @

A

v

; @

A

x

]

[ @

A

x

; @

A

y

] = 0

9

>

=

>

;

(2)

whic h resem bles the an ti-self-dual equations with resp ect to the pro duct

Kahler metric on S

2

� D :

[ @

A

u

; @

A

x

] = [ @

A

v

; @

A

y

]

[ @

A

u

; @

A

y

] = � [ @

A

v

; @

A

x

]

[ @

A

x

; @

A

y

] =

�

1+ u

2

+ v

2

1 � x

2

� y

2

�

2

[ @

A

u

; @

A

v

]

9

>

>

=

>

>

;

(3)
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where w e are using the round metric and the h yp erb olic metric on S

2

and

D resp ectiv ely . It so happ ens that S

2

� D

�

=

S

4

� S

1

and the pro duct

metric is conformally equiv alen t to the round metric on S

4

. That means

that (2) also resem bles the an ti-self-dual equations o v er S

4

. Notice that if

w e c hange the pro duct metric non-conformally so that the area of the t w o-

sphere go es to in�nit y , or equiv alen tly so that the area of the disk go es to

zero, then the third of the ASD equations tends to the 
at third condition

of (2). See the third remark b elo w.

A tiy ah remark ed that his pro of, whic h uses a result of Donaldson [6 ],

merely giv es existence without a direct means of asso ciating an instan ton

to a holomorphic map. In [7 ], Donaldson suggested that there ough t to

b e some t yp e of adiabatic limit pro of that a v oids A tiy ah's roundab out

route. The follo wing theorem addresses these t w o commen ts and giv es an

alternativ e pro of of A tiy ah's theorem.

Theorem 2 F or e ach b ase d holomorphic map f : S

2

! 
 U ( n ) , ther e

exists a unique gauge e quivalenc e class of anti-self-dual c onne ctions on a

fr ame d U ( n ) -bund le over S

4

and a c anonic al r epr esentative A that is in

some sense close to A

f

. This c orr esp ondenc e de�nes a di�e omorphism

b etwe en the r esp e ctive mo duli sp ac es.

Remarks. (i) The sense in whic h the connections are close will b e made

clear later. W e will not actually pro v e that the connections are close, rather

it will b e su�cien t to pro v e that Hermitian metrics asso ciated to the con-

nections are uniformly close. The precise estimate is giv en in Lemma 4.7.

(ii) The tec hniques in this pap er generalise to an y compact group. F or

the orthogonal and symplectic groups, w e can deduce the corresp onding

result from the unitary case, rather than using the more general construc-

tion. This is b ecause, as subgroups of U ( n ), the extra structure determined

b y O ( n ) and S p ( n ) is quite explicit. The ob jects w e use inherit the extra

structure b y their uniqueness prop erties.

(iii) W e can think of the equations (2) as describing the an ti-self-dual

equations with resp ect to a metric that degenerates in the disk factor.

Theorem 2 essen tially describ es the limit of the mo duli space of instan tons

as w e stretc h the metric on S

4

so that the area of the disk go es to zero.

(iv) The connections in v arian t under the natural circle action on S

4

can b e iden ti�ed with h yp erb olic monop oles. The results in this pap er

generalise some parts of [13 , 14 ].

The no v elt y of the decomp osition S

4

= S

1

� B

3

[ S

2

� D

2

rather than

the more usual picture of S

4

as CP

2

with a divisor collapsed, allo ws us to

generalise the result. W e can replace the lo op group and S

4

in Theorem 2

resp ectiv ely b y LGL ( n; C ) =L

+

�

GL ( n; C ) and X

�

= S

1

� B

3

[ S

2

� � for a

Riemann surface � with @ � = S

1

. Precise de�nitions are giv en in Section 5.
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Theorem 3 The mo duli sp ac e of instantons on a fr ame d U ( n ) -bund le over

X

�

is di�e omorphic to the sp ac e of b ase d holomorphic maps fr om S

2

to

LGL ( n; C ) =L

+

�

GL ( n; C ) .

2 Metrics on the four-sphere.

In order to de�ne a global metric o v er S

4

w e shall use the iden ti�cation

S

4

�

=

HP

1

= H

2

= H

�

where the non-zero quaternions H

�

act on the righ t of H

2

. W e can co v er

HP

1

with t w o a�ne complex co ordinate patc hes

f ( q ; 1) j q = a + bj g [ f (1 ; q

� 1

) j q

� 1

= A + B j g :

The round metric is then giv en b y

ds

2

=

4( d �a da + d

�

b db )

(1 + j a j

2

+ j b j

2

)

2

=

4( d

�

A dA + d

�

B dB )

(1 + j A j

2

+ j B j

2

)

2

:

Consider S

2

1

� HP

1

giv en b y f b = 0 g and S

1

0

� HP

1

giv en b y f a = 0 ; j b j =

1 g . W e ha v e notated these t w o submanifolds with subscripts since w e will

refer to them again. The op en submanifold S

4

� S

1

0

can b e iden ti�ed with

a trivial disk bundle o v er S

2

1

. W e w ould prefer to w ork in the co ordinate

system that parametrises this disk bundle. Th us, S

4

� S

1

0

= f ( w ; z ) g where

w 2 C (and w

� 1

2 C ) parametrises S

2

1

and f z 2 C j j z j < 1 g parametrises

the disk �bres. W e can parametrise all of S

4

b y including the o v er-de�ned

co ordinate fj z j = 1 g . With resp ect to this co ordinate system the round

metric is giv en b y

ds

2

=

 

1 � j z j

2

1 + j z j

2

!

2

4 d �w dw

(1 + j w j

2

)

2

+

4 d �z dz

(1 + j z j

2

)

2

:

W e will instead w ork with the conformally equiv alen t metric

ds

2

=

4 d �w dw

(1 + j w j

2

)

2

+

4 d �z dz

(1 � j z j

2

)

2

(4)

whic h is the pro duct of the round metric on S

2

1

with the h yp erb olic metric

on the disk. In particular, it is a Kahler metric on S

2

� D .

3 Lo op group.

Let E b e a framed U ( n )-bundle o v er S

4

with c

2

( E ) �

1

2

c

1

( E )

2

= k . Let A

b e a smo oth unitary connection on E . W e will sho w ho w to asso ciate to

A a smo oth map from S

2

to the lo op group, 
 U ( n ).

Fix w 2 S

2

and consider the asso ciated �bre, D

w

. Ov er D

w

, A de�nes

a holomorphic structure on E . Cho ose the basep oin t o v er whic h w e frame

E to lie on the S

1

0

� S

4

that giv es the common b oundary to all of the

disks.
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Prop osition 3.1 Ther e is a unique fr ame g

w

of E over D

w

satisfying (i)

@

A

�z

g

w

= 0 ; (ii) g

w

is unitary on @ D

w

; (iii) g

w

matches the fr aming at the

b asep oint. F urthermor e, for U � S

2

, g

w

is a fr ame for E over U � D which

is smo oth in w .

This is just a restatemen t of the factorization theorem for lo op groups as

observ ed b y Donaldson [7 ].

Theorem 3.2 ([17]) A ny lo op 
 2 LGL ( n; C ) c an b e factorize d uniquely


 = 


u

� 


+

;

with 


u

2 
 U ( n ) and 


+

2 L

+

GL ( n; C ) , those lo ops that ar e b oundary

values of holomorphic maps fr om the disk to GL ( n; C ) . In fact the pr o duct

map


 U ( n ) � L

+

GL ( n; C ) ! LGL ( n; C ) (5)

is a di�e omorphism. 2

Pro of of Prop osition 3.1. Cho ose a frame ~g of E o v er U � D satisfying

@

A

�z

~g = 0. That w e can do this so that ~g is smo oth in w is pro v en in

[8 ]. Also, c ho ose a unitary frame of E along S

1

0

� S

4

that agrees with

the framing at the basep oin t. Ov er eac h disk D

w

, Theorem 3.2 enables

us to �nd a unique 


+

( w ) that maps D

w

holomorphically to GL ( n; C )

so that g = ~g 


+

is unitary on S

1

0

= @ D

w

and agrees with the frame at

the basep oin t. In fact, since (5) is a di�e omorphism , when restricted to

S

1

0

= @ D

w

, 


+

is smo oth in w . Since 


+

( w ) is holomorphic in z there is an

exact expression for its v alues on the in terior of D

w

via a Cauc h y in tegral

form ula. It follo ws that 


+

is smo oth in w o v er all of U � D . Since ~g w as

c hosen to b e smo oth in w it follo ws that g = ~g 


+

is also. 2

Equip the space of gauge equiv alence classes of connections on a bundle

E o v er S

4

, B

S

4
with the smo oth top ology and lik ewise for the space of

smo oth maps from the t w o-sphere to the lo op group, M ap

�

( S

2

; 
 U ( n )).

Corollary 3.3 Ther e is a smo oth map

F : B

S

4 ! M ap

�

( S

2

; 
 U ( n )) :

Pro of. Giv en a smo oth connection A on E , on eac h disk in S

2

� D

�

=

S

4

� S

1

0

restrict the g supplied b y Prop osition 3.1 to the b oundary S

1

0

to get

S

2

unitary frames there. Use the frame de�ned b y the disk corresp onding

to 1 2 S

2

1

as a bac kground frame. Comparing this to the other frames

w e get a smo oth map

F ( A ) : S

2

! 
 U ( n )

that sends 1 to the constan t lo op I . F urthermore, the factorisation (5)

whic h giv es the smo othness of F ( A ) also implies that F is smo oth as a

map on B

S

4 . 2
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Corollary 3.4 If A satis�es the anti-self-dual e quations then F ( A ) is a

holomorphic map.

Pro of. W e need only t w o of the three ASD equations to pro v e this. in

complex co ordinates they can b e com bined to giv e

[ @

A

�w

; @

A

�z

] = 0 (6)

Asso ciate to A the frame g from Prop osition 3.1. Since @

A

�z

g = 0 it follo ws

from (6) that @

A

�z

( @

A

�w

g ) = 0 or equiv alen tly that @

A

�w

g = g � for a map

� : S

2

� D ! GL ( n; C ) that is holomorphic in z . No w c ho ose a unitary

gauge for E in a neigh b ourho o d of S

1

0

� S

4

that extends the bac kgound

frame on S

1

0

determined b y A o v er D

1

. The map u = F ( A ) is simply

the restriction of g to eac h @ D

w

with resp ect to the bac kground frame.

With resp ect to this frame @

A

�w

= @

�w

simply due to the c hoice of co ordinate

system. Th us w e ha v e

u

� 1

@

�w

u : S

2

! L

+

gl ( n; C ) :

But this is exactly the statemen t that u = F ( A ) is a holomorphic map in to

the lo op group. W e can see this b y lo oking closely at the complex structure

J on 
 U ( n ). F or � 2 
 u ( n ), J � � i� (mo d L

+

gl ( n; C )) and in fact this de-

�nes J since eac h elemen t of L gl ( n; C ) has a unique unitary represen tativ e

in its L

+

gl ( n; C ) coset. Put w = x + iy , then u is holomorphic when

0 = u

� 1

( @ u=@ x + J @ u=@ y )

� u

� 1

( @ u=@ x + i@ u=@ y ) (mo d L

+

gl ( n; C )) : 2

Remark. In the next section w e will sho w that F de�nes a di�eomorphism

from the space of instan tons to the space of holomorphic maps. This fact

together with the pro of of the A tiy ah-Jones conjecture and an analogue of

the A tiy ah-Jones conjecture for maps in to the lo op group implies that F

de�ned in Corollary 3.3 is a homotop y equiv alence.

4 Existence and uniqueness.

In this section w e will sho w that when restricted to M

S

4
, gauge equiv-

alence classes of an ti-self-dual connections o v er S

4

, the map F de�nes a

di�eomorphism

F : M

S

4
! H ol

�

( S

2

; 
 U ( n )) :

Asso ciate to an y instan ton A the pair ( H ; � ) consisting of a metric

H = �g

T

g using the frame g supplied b y Prop osition 3.1 and � : S

2

� D !

gl ( n; C ), the holomorphic (in z ) extension of the map F ( A )

� 1

@

�w

F ( A ) :

S

2

! L

+

gl ( n; C ). By construction H � I on S

1

0

� S

4

. W e can retriev e A

from ( H ; � ) since with resp ect to the gauge de�ned b y g , w e get

A

�w

= � ; A

�z

= 0 ; A

w

= H

� 1

@

w

H � H

� 1

��

T

H ; A

z

= H

� 1

@

z

H (7)
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Notice that gauge equiv alen t connections pro duce the same H . Asso ciate

to the pair ( H ; � ) the Hermitian-Y ang-Mills tensor

B ( H ; � ) = (1 � j z j

2

)

2

@

�z

( H

� 1

@

z

H ) + (1 + j w j

2

)

2

f @

�w

( H

� 1

@

w

H )

� @

�w

( H

� 1

��

T

H ) � @

w

� + [ � ; H

� 1

@

w

H � H

� 1

��

T

H ] g :

This v anishes when ( H ; � ) comes from an instan ton. Later w e will study

more general pairs ( H ; � ) and attempt to solv e the equation B ( H ; � ) = 0.

This is elliptic in H a w a y from S

1

0

� S

4

.

4.1 Uniqueness.

Prop osition 4.1 Two instantons A

1

and A

2

ar e gauge e quivalent if and

only if F ( A

1

) = F ( A

2

) .

Pro of. Asso ciate to eac h instan ton the pair ( H

i

; � ) (b y assumption � is

common to b oth). Set h = H

� 1

1

H

2

. This is an endomorphism of the

bundle o v er S

4

. So far w e ha v e b een w orking gauge in v arian tly . In order

to compare A

1

and A

2

w e will c ho ose the gauge de�ned b y Prop osition 3.1.

Th us w e iden tify g

1

and g

2

. With resp ect to this gauge w e ha v e

�

@

A

2

=

�

@

A

1

; @

A

2

= @

A

1

+ h

� 1

@

A

1

h

where w e ha v e separated the connections resp ectiv ely in to their (1 ; 0) and

(0 ; 1) parts. This expression is gauge-in v arian t and in fact it holds in all

gauges. (W e ha v e merely used g

1

and g

2

to sp ecify isomorphisms with the

bundle E .) Since the connections are an ti-self-dual w e ha v e

F

A

i

=

�

@

A

i

� @

A

i

+ @

A

i

�

�

@

A

i

) F

A

2

= F

A

1

+

�

@

A

1

( h

� 1

@

A

1

h ) :

Th us from B ( H

i

; � ) = 0 w e get

0 = (1 � j z j

2

)

2

@

A

1

�z

( h

� 1

@

A

1

z

h ) + (1 + j w j

2

)

2

f @

A

1

�w

( h

� 1

@

A

1

w

h ) (8)

Lemma 4.2 The function tr ( h ) is subharmonic.

Pro of. With resp ect to the metric in (4), the Laplacian is giv en b y

� = � (1 � j z j

2

)

2

@

�z

@

z

� (1 + j w j

2

)

2

@

�w

@

w

so

� � tr ( h ) = (1 � j z j

2

)

2

tr f ( @

A

1

�z

h )( h

� 1

@

A

1

z

h ) + h@

A

1

�z

( h

� 1

@

A

1

z

h ) g

+(1 + j w j

2

)

2

tr f ( @

A

1

�w

h )( h

� 1

@

A

1

w

h ) + h@

A

1

�w

( h

� 1

@

A

1

w

h ) g

whic h w e will sho w to b e non-negativ e. The t w o righ t terms v anish b y

(8). In order to sho w that the other t w o terms are non-negativ e w e will

c ho ose a gauge in whic h @

A

1

and

�

@

A

1

are adjoin ts. Use the g

1

constructed

in Prop osition 3.1 to transform from the holomorphic frame to a unitary
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frame. With resp ect to this frame h = ( � g

T

1

)

� 1

H

2

g

� 1

whic h is self-adjoin t.

In fact, since w e ha v e the freedom to replace g with ug and th us h with

uhu

� 1

where u is a constan t unitary transformation, at an y p oin t w e can

arrange that h is diagonal. It has p ositiv e eigen v alues since H

2

is a metric.

So eac h term is of the form tr (

�

M

T

hM ) � 0 and the lemma follo ws. 2

By rev ersing the roles of H

1

and H

2

w e see that tr ( h

� 1

) is also sub-

harmonic. Put � ( h ) = tr ( h ) + tr ( h

� 1

) � 2 n . Since the eigen v alues of h

are all p ositiv e, then � ( h ) � 0 ev erywhere. W e also kno w that � ( h ) is

subharmonic and on the b oundary � ( h ) = 0. By the maxim um principle

� ( h ) � 0 so � ( h ) � 0 and h � I . Th us H

1

= H

2

and A

1

is gauge equiv alen t

to A

2

. 2

4.2 The heat 
o w.

W e will no w pro v e that ev ery based holomorphic map from the t w o-sphere

to the lo op group comes from an instan ton o v er the four-sphere. In order

to do this w e will pro v e the existence theorems for instan tons in a standard

w a y using a heat 
o w. W e closely follo w the approac h used in [12 ] to pro v e

a similar theorem for Euclidean monop oles. Our pro of of the long time

existence of the 
o w on a subset of S

4

is equiv alen t to the pro of in [19 ].

It is necessary that w e go through this pro of in order to get estimates

to extend to S

4

and since our pro of will b e necessary when w e generalise

to other Riemann surfaces. All of these metho ds are really v ariations on

Donaldson's pro of of the existence of an ti-self-dual connections on stable

holomorphic bundles o v er a Kahler surface [5 ].

Aw a y from j z j = 1, the Hermitian-Y ang-Mills tensor B ( H ; � ) is elliptic

in H . W e wish to �nd a solution of the equation B ( H ; � ) = 0 and since �

enco des the holomorphic map w e will b e able to retriev e an ASD connection

asso ciated to that map. A solution of the heat 
o w equation

H

� 1

@ H =@ t = B ( H ; � ) ; H ( w ; z ; 0) = I (9)

will con v erge to the required solution as t ! 1 . Later w e will explain the

signi�cance of the fact that w e can c ho ose the constan t metric I for an

initial condition.

It is disapp oin ting that w e ha v e not b een able to solv e (9) on the

compact manifold S

4

without cutting it op en and solving a sequence of

b oundary v alue problems. It seems that the metrics w e use are not C

2 ;�

or W

3 ; 2

as the existing metho ds require. Probably the metrics are W

2 ;p

whic h mak es it seem lik ely that there is a w a y around the b oundary-v alue

problem.

A w ord on existen t metho ds. The round metric on S

4

� S

1

0

is con-

formally equiv alen t to an in�nite v olume Kahler metric on S

2

� D . The

8



H w e use di�ers from the Hermitian-Y ang-Mills

~

H b y a complex gauge

transformation,

~

H = �p

T

H p where p : U � D ! GL ( n; C ) ; U � S

2

satis�es

@

�z

p = 0 ; � @

�w

p � p = � :

The existence of p follo ws from the existence of a univ ersal holomorphic

bundle o v er 
 U ( n ) � S

2

whic h requires explicit kno wledge of the cell de-

comp osition of the lo op group [17 ]. By restricting to a compact subset of

S

2

� D w e can use Simpson's results [19 ] to get long-time existence of the

heat 
o w for

~

H . W e w ould still need to go through the pro of to get precise

estimates of ho w far the metric 
o ws from the initial c hoice in order to

extend to S

4

as w ell as in terpret the result as in Section 6. F or a more

general Riemann surface, w e do not ha v e the existence of the complex

gauge transformation p that relates the metrics. F or this reason w e do

not use Simpson's results. Still, once w e ha v e the an ti-self-dual connection

then w e can pro duce the required complex gauge transformation so the

t w o metho ds are related. Essen tially a corollary of our result is a theo-

rem ab out holomorphic disks in lo op groups related to general Riemann

surfaces. In particular w e get an alternativ e pro of of the existence of the

univ ersal holomorphic bundle o v er the lo op group.

Put

X

�

= f ( w ; z ) 2 S

2

� D j j z j � � g

so the X

�

exhaust S

2

� D as � ! 1.

Prop osition 4.3 Over e ach X

�

ther e is a unique solution, H

�

t

, of the

b oundary value pr oblem

H

� 1

@ H =@ t = B ( H ; � )

H ( w ; z ; 0) = I

H

j @ X

�

= I

9

>

=

>

;

(10)

de�ne d for al l t and c onver ging to a smo oth metric H

�

1

that satis�es

B ( H

�

1

; � ) = 0 .

Pro of. Since w e ha v e �xed X

�

for the momen t w e will omit the sup er-

script in H

�

t

during this pro of. Short-time existence of a solution of (10)

is automatic since B ( H ; � ) is elliptic in H and w e ha v e Diric hlet b oundary

conditions. In order to extend this to long-time existence w e will tak e the

approac h giv en b y Donaldson [5] and extended b y Simpson [19 ] and sho w

that a solution on [0 ; T ) giv es a limit at T whic h is a go o d initial condition

to start the 
o w again. The lemmas w e need to pro v e on the w a y use the

details of our particular case and allo w us to pro ceed with Donaldson's

pro of.

Lemma 4.4 If H

1

and H

2

ar e two solutions of the he at e quation then

@

t

� + � � � 0 (11)

for � = tr ( H

� 1

1

H

2

) + tr ( H

1

H

� 1

2

) � 2 n .

9



Pro of. W e can generalise the pro of of Prop osition 4.1 as follo ws. So far

w e ha v e sho wn that

tr f hB ( H

2

; � ) � hB ( H

1

; � ) g � � � tr ( h ) :

No w,

tr ( @

t

h ) = tr ( hH

� 1

2

@

t

H

2

) � tr ( H

� 1

1

@

t

H

1

h )

so from the 
o w equation w e get @

t

tr ( h ) + � tr ( h ) � 0 and b y rev ersing

the roles of H

1

and H

2

, (11) follo ws. 2

Apply (11) to H

t

and H

t + �

, the 
o w at t w o times. Since they ob ey

the same b oundary conditions on X

�

, � v anishes on the b oundary . By the

maxim um principle sup

X

�

� is a non-increasing function of t . By con tin uit y ,

for an y � > 0 there exists a � small enough so that

sup

X

�

� ( H

t

; H

t

0

) < �

for 0 < t; t

0

< � . It follo ws from the non-increasing prop ert y of � that

sup

X

�

� ( H

t

; H

t

0

) < �

for T � � < t; t

0

< T . Since � can b e made arbitrarily small, H

t

is a

Cauc h y sequence in the C

0

norm as t ! T . The metrics tak e their v alues

in a complete metric space (describ ed b elo w) and the function � acts lik e

the metric so there is a c ontinuous limit H

T

of the sequence. Notice also

that (11) and the maxim um principle sho w that this short-time solution

to the heat 
o w equation is unique.

A metric H tak es its v alues in the space GL ( n; C ) =U ( n ) whic h comes

equipp ed with the complete metric d whic h is giv en lo cally b y tr ( H

� 1

� H )

2

.

Th us

d ( H ( w ; z ; t ) ; H ( w ; z ; 0)) =

Z

t

0

j B ( H

s

; � ) j ds

where j B ( H

s

; � ) j

2

= tr ( B

�

B ) and the adjoin t is tak en with resp ect to the

metric H

s

. Notice that B

�

= B so j B ( H

s

; � ) j

2

= tr ( B

2

).

Lemma 4.5 If H

t

is a solution of the he at e quation then

( d=dt + �) j B ( H

t

; � ) j � 0 whenev er j B j > 0 (12)

Pro of. First notice that it is only @

A

, the holomorphic part of the con-

nection (7), that dep ends on t , so

@

t

B ( H ; � ) = (1 � j z j

2

)

2

@

A

�z

( @

t

( @

A

z

)) + (1 + j w j

2

)

2

@

A

�w

( @

t

( @

A

w

))

and since @

t

( @

A

) = @

A

( H

� 1

@

t

H ) w e ha v e

@

t

B ( H ; � ) = f (1 � j z j

2

)

2

@

A

�z

@

A

z

+ (1 + j w j

2

)

2

@

A

�w

@

A

w

g ( H

� 1

@

t

H )

= f (1 � j z j

2

)

2

@

A

�z

@

A

z

+ (1 + j w j

2

)

2

@

A

�w

@

A

w

g B ( H ; � ) :

10



This last expression lo oks quite lik e the Laplacian and in fact

@

t

j B j

2

= @

t

tr ( B

2

) = 2 tr ( B @

t

B )

= 2 tr f (1 � j z j

2

)

2

B @

A

�z

@

A

z

+ (1 + j w j

2

)

2

B @

A

�w

@

A

w

g B

= � � tr ( B

2

) � 2(1 � j z j

2

)

2

tr ( @

A

�z

B @

A

z

B )

� 2(1 + j w j

2

)

2

tr ( @

A

�w

B @

A

w

B )

so

2 j B j ( @

t

+ �) j B j = ( @

t

+ �) j B j

2

+ 2(1 � j z j

2

)

2

( j @

z

j B jj

2

+ j @

�z

j B jj

2

)

+2(1 + j w j

2

)

2

( j @

w

j B jj

2

+ j @

�w

j B jj

2

)

is non-p ositiv e b y Kato's inequalit y j @

x

j f jj � j @

A

x

f j . 2

It follo ws from (12) and the maxim um principle that if there is a

function f ( w ; z ; t ) de�ned on X

�

� R that satis�es ( @

t

+ �) f = 0 and

j B

0

j = j B ( I ; � ) j � f ( w ; z ; 0) then B ( H

t

; � ) j � f ( w ; z ; t ) for all t .

Lemma 4.6 Sinc e � is the holomorphic extension of u

� 1

@

�w

u , for a given

holomorphic map u : S

2

! 
 U ( n ) , ther e exists a c onstant M such that

j B ( I ; � ) j � M (1 � j z j ) on S

2

� D .

Pro of. The map

B ( I ; � ) = � (1 + j w j

2

)

2

( @

w

� + @

�w

��

T

+ [ � ; ��

T

])

is con tin uous on S

2

� D . (Notice that it is in v arian t under the c hange

w 7! w

� 1

.) Th us, if w e can sho w that B ( I ; � ) = (1 � j z j ) is con tin uous on

S

2

� D then it m ust b e b ounded since its domain is a compact set. Aw a y

from j z j = 1 this is clear. A t j z j = 1, B ( I ; � ) = 0 since � = u

� 1

@

�w

u there

so @

w

� + @

�w

��

T

+ [ � ; ��

T

] is the curv ature of a 
at connection and hence 0.

Th us, a con tin uous limit of B ( I ; � ) = (1 � j z j ) as j z j ! 1 is the same as a

con tin uous deriv ativ e @

j z j

B ( I ; � ) at j z j = 1. Aw a y from j z j = 1, � satis�es

@

�z

� = 0. Th us

j z j @

j z j

� = � i@

�

� ; j z j @

j z j

��

T

= i@

�

��

T

and these deriv ativ es extend con tin uously to j z j = 1. Therefore

j z j @

j z j

B ( I ; � ) = � (1 + j w j )

2

f @

w

j z j @

j z j

� + @

�w

j z j @

j z j

��

T

+[ j z j @

j z j

� ; ��

T

] + [ � ; j z j @

j z j

��

T

] g

= � (1 + j w j )

2

f� i@

w

@

�

� + i@

�w

@

�

��

T

� i [ @

�

� ; ��

T

] + i [ � ; @

�

��

T

] g

and this last expression extends con tin uously to the b oundary since the

deriv ativ es with resp ect to � exist. 2

11



Lemma 4.7 Ther e exists a function, C ( j z j ) , dep ending on � but indep en-

dent of � , c ontinuous on [0 ; 1] with C (1) = 0 , and such that

d ( H ( w ; z ; t ) ; I ) � C ( j z j ) :

Pro of. Use the maxim um principle with f ( w ; z ; 0) = M (1 � j z j ). Notice

that f ( w ; z ; 0) = f ( j z j ), so f ( w ; z ; t ) = f ( j z j ; t ) since the Laplacian reduces

to the one-dimensional Laplacian. F rom the 
o w equation (10) w e ha v e

d ( H

t

; H

0

) =

Z

t

0

B ( H

�

) d�

�

Z

t

0

f ( w ; z ; � ) d�

�

Z

1

0

f ( w ; z ; � ) d� (13)

No w, f ( j z j ; t ) =

R

f ( s; 0) k ( j z j ; s; t ) ds where k is the one-dimensional heat

k ernel op erator. Since

R

1

0

k ( j z j ; s; t ) dt = G ( j z j ; s ), the Green's op erator, is

�nite, F ubini's theorem allo ws us to in terc hange the order of in tegration in

(13). So

d ( H

t

( w ; z ) ; H

0

( w ; z )) � M

Z

�

0

(1 � s ) G ( j z j ; s ) ds

� M

Z

1

0

(1 � s ) G ( j z j ; s ) ds :

With resp ect to the Laplacian � = � (1 � j z j

2

)

2

@

2

j z j

,

G ( j z j ; s ) = � max f ln ( j z j ) ; ln ( s ) g = (1 � s

2

)

2

:

Actually , this Green's op erator is only v alid for the en tire in terv al ( � = 1)

and F ubini's theorem do esn't apply there. There is a monotone prop ert y

of heat k ernels whic h means that our c hoice of G is simply an o v erestimate

when � < 1 so the calculation is v alid.

Th us it remains to estimate the quan tit y

�

Z

j z j

0

(1 � s ) ln ( j z j ) = (1 � s

2

)

2

ds �

Z

1

j z j

(1 � s ) ln ( s ) = (1 � s

2

)

2

ds (14)

The �nite in tegral �

R

1

j z j

ln (1 � s ) =sds dominates (14) so the lemma fol-

lo ws. 2

The preceding lemmas ha v e sho wn that there is a solution to the heat

equation that satis�es H

t

! H

T

in C

0

and B ( H

t

; � ) is uniformly b ounded.

These are the conditions required to use Simpson's extension of Donald-

son's result to sho w that H

t

are b ounded in W

2 ;p

uniformly in t . Hamilton's

metho ds [11 ] then giv e con trol of all higher Sob olev norms. Th us w e get a

solution, H

t

, of (10) for all t that con v erges to a smo oth limit H

1

de�ned

on X

�

and satisfying B ( H

1

; � ) = 0 and H

1

= I on @ X

�

. 2

12



Prop osition 4.8 F or e ach holomorphic map u : S

2

! 
 S U ( n ) ther e is

an anti-self-dual c onne ction A on S

4

such that F ( A ) = u .

Pro of. W e ha v e pro v en the existence of a family of metrics H

�

resp ec-

tiv ely de�ned o v er X

�

and satisfying B ( H

�

; � ) = 0. Since � ( H

�

; H

�

0

) is

subharmonic its maxim um o ccurs at the b oundary of the set on whic h is

de�ned. F or � < �

0

, the common set is X

�

. F rom Lemma 4.7,

d ( H

�

0

( w ; z ) ; H

�

( w ; z )) � C ( � )

since the initial v alue of the 
o w for H

�

0

is giv en b y H

�

= I on @ X

�

. Since

C ( � ) ! 0 as � ! 1, the sequence f H

�

g is Cauc h y as � ! 1. Th us it

con v erges uniformly to a limit H . Moreo v er, on eac h X

�

the limit satis�es

B ( H ; � ) = 0 so b y regularit y is smo oth. This comes from a remark of

Simpson [19 ]. The di�erence b et w een this situation and that in the pro of

of Prop osition 4.3 is that the metrics no longer satisfy Diric hlet b oundary

conditions so w e need to w ork with W

2 ;p

l oc

. This argumen t applies to all

X

�

so the limit H is smo oth on S

4

� S

1

0

and con tin uous on all of S

4

,

con v erging to I on S

1

0

. It remains to sho w that this metric H pro duces an

an ti-self-dual connection using (7). The connection A is de�ned and an ti-

self-dual on S

4

� S

1

0

. By the follo wing lemma, A has �nite c harge. Since

co dimension three singularities of �nite c harge an ti-self-dual connections

can b e remo v ed [18 ], A is smo oth on all of S

4

.

Lemma 4.9 The curvatur e of the limiting c onne ction A has �nite L

2

norm.

Pro of. W e will sho w that on X = lim

� ! 0

X

�

the heat 
o w decreases the

total c harge (whic h is just an explicit v ersion of the fact that the heat


o w is the same as the Y ang-Mills 
o w), and that the c harge of the initial

connection is b ounded. Lemmas 4.5 and 4.6 sho w that the self-dual part of

the curv ature decreases. In order to sho w that the in tegral of the an ti-self-

dual part of the curv ature, and hence the c harge, decreases it is su�cien t

to sho w that k ( E ) = c

2

( E ) �

1

2

c

1

( E )

2

, the Chern n um b er of the bundle

restricted to X , is constan t throughout the 
o w. Then an y decrease in

the in tegral of the self-dual part of the curv ature will b e matc hed b y the

same decrease in the in tegral of the an ti-self-dual part of the curv ature.

The fractional part of k ( E ) is giv en b y the Chern-Simons in v arian t of

the connection restricted to @ X . Since k ( E ) v aries con tin uously with t

it is su�cien t to sho w that its fractional part remains constan t in order

to deduce that it remains constan t. The deriv ativ e of the Chern-Simons

in v arian t has quite a simple form.

@

t

k ( E ) =

Z

@ X

F

A

^ @

t

A =

Z

@ X

F

A

^ @

A

B ( H ; � ) :

Here w e ha v e used the fact that @

t

A = @

A

B ( H ; � ), where @

A

is the holo-

morphic part of d

A

. Since B ( H ; � ) v anishes on @ X then @

A

B ( H ; � ) = 0

13



also v anishes there since it is constan t in t and in the limit B ( H ; � ) � 0.

Th us the Chern n um b er is constan t.

W e will calculate the initial Chern n um b er of the connection and then

together with the estimate of Lemma 4.6 w e ha v e a b ound on the initial

c harge.

k ( E ) =

1

8 �

2

Z

S

2

� D

tr ( F

2

A

) = �

1

8 �

2

Z

S

2

� D

tr ( @

�z

��

T

@

z

� ) d �z dz d �w dw

since only the F

z �w

and F

�z w

terms con tribute. Since � is holomorphic in z ,

then on the disk d f tr ( � �

T

@

z

� ) dz g = tr ( @

�z

��

T

@

z

� ) d �z dz so

k ( E ) = �

1

8 �

2

Z

S

2

Z

j z j =1

tr ( � �

T

@

z

� ) dz d �w dw :

On j z j = 1, � = u

� 1

@

�w

u so ��

T

= � u

� 1

@

w

u . Since u is holomorphic, w e

can put u

� 1

@

�w

u = � + iJ � where � =

1

2

u

� 1

@

Re ( w )

u and J is the complex

structure on 
 S U ( n ). Therefore

1

2 �

Z

j z j =1

tr ( � �

T

@

z

� ) dz =

� 1

2 �

Z

S

1

tr f ( � � iJ � ) @

�

( � + iJ � ) g d�

=

� 1

2 �

Z

S

1

itr ( � @

�

J � � J � @

�

� ) d�

=

i

2 �

Z

S

1

� tr ( � @

�

J � + ( J � ) @

�

J ( J � )) d�

= i ( g ( � ; � ) + g ( J � ; J � ))

where g is the Kahler metric on 
 U ( n ). Th us

k ( E ) =

1

4 �

Z

S

2

( g ( � ; � ) + g ( J � ; J � ))

d �w dw

i

whic h is the c harge of u . 2

The fact that F ( A ) = u is immediate and the pro of of the prop osition

is complete. 2

Corollary 4.10

F : M

S

4
! H ol

�

( S

2

; 
 U ( n ))

is a di�e omorphism.

Pro of. W e ha v e sho wn that F is smo oth, one-to-one and on to. A lin-

earisation of the uniqueness argumen t sho ws that D F is an isomorphism

at eac h p oin t. With resp ect to an y top ology that mak es the t w o spaces

in to Banac h manifolds (sa y , the C

k

top ology), w e can in v ok e the in v erse

function theorem to get the required result. 2
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5 General � .

The results o v er S

4

generalise immediately to a family of four-manifolds

obtained from general Riemann surfaces. Let

e

� b e a compact Riemann

surface. Construct the four-manifold X b y p erforming surgery on S

2

�

f1g � S

2

�

e

�|replace a neigh b ourho o d of S

2

� f1g with B

3

� S

1

.

When

e

� = S

2

, X = S

4

. Lab el the core of B

3

� S

1

b y S

1

0

� X . The op en

manifold X � S

1

0

is foliated b y a family of Riemann surfaces � =

e

� � D

parametrised b y S

2

with common b oundary @ � = S

1

0

. Put a metric on X

that is conformally equiv alen t to the pro duct Kahler metric on S

2

� � giv en

b y the round metric on S

2

and a h yp erb olic metric on �. Suc h a conformal

compacti�cation of the pro duct metric exists in general. In fact, there is

a metric with constan t scalar curv ature in the conformal class. (Since the

ends of a complete h yp erb olic t w o-manifold ha v e b een classi�ed this is a

lo cal problem o v er S

1

� B

3

. F or our purp oses, it is only necessary that

a metric exists lo cally since then w e can use elliptic regularit y to remo v e

singularities. The metric in a neigh b ourho o d of a p oin t on @ � is isometric

to a neigh b ourho o d of a p oin t on the b oundary of the h yp erb olic disk so

the S

4

case giv es the required lo cal metric.) Theorem 3 follo ws from the

follo wing prop osition com bined with the implicit function theorem.

Prop osition 5.1 Ther e is a smo oth map fr om M

X

, the sp ac e of instan-

tons on a fr ame d U ( n ) -bund le over X , to the sp ac e of b ase d holomorphic

maps fr om S

2

to LGL ( n; C ) =L

+

�

GL ( n; C ) that is one-to-one and onto.

Pro of. W e ha v e set up the argumen t for X = S

4

so that it adapts easily

to this more general situation. In order to de�ne the map

F : M

X

! H ol

�

( S

2

; LGL ( n; C ) =L

+

�

GL ( n; C ))

w e app eal to a generalisation of the factorisation of Theorem 3.2 due to

Donaldson [7 ]. When w e restrict a connection on E o v er X to f x g � �,

it de�nes a holomorphic structure on E there. The restriction is holo-

morphically trivial and Donaldson pro v es that amongst the holomorphic

trivialisations there is a trivialisation that is unitary when restricted to

@ �. Unlik e when � = D , suc h a trivialisation is not unique. The frame, u ,

it de�nes on the b oundary is w ell-de�ned only as a section of a 
at U ( n )-

bundle o v er S

1

. Th us u tak es its v alues inside the t wisted lo op group. The

frame u is smo oth in w and

u

� 1

@

�w

u : S

2

! L

+

�

GL ( n; C ) (15)

Notice that (15) is a true map without an y of the t wisting of a section

b ecause the 
at structure on E

j S

1

0

is indep enden t of w . Let � : S

2

� � !

GL ( n; C ) b e the holomorphic (in z ) extension of (15). As b efore w e wish

to solv e the equation B ( H ; � ) = 0 where B is the Hermitian-Y ang-Mills

tensor o v er S

2

� �. The Kahler metric and the Laplacian o v er S

2

� � are
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the same as those o v er S

2

� D since the h yp erb olic metric and Laplacian

o v er D are in v arian t under S U (1 ; 1). Th us the argumen t for uniqueness

of instan tons with the same holomorphic map go es through as b efore. W e

use H � I for the initial metric in the heat 
o w equation o v er X

�

� X .

The sets X

�

are obtained b y remo ving neigh b ourho o ds of S

1

0

. Short-time

existence of the 
o w comes from ellipticit y again. Except for the use of

the Green's function, the long-time existence argumen t go es through as

b efore. W e still get a b ound, f , on j B ( I ; � ) j that v anishes lik e O (1) near

@ � so

d ( H

t

( w ; z ) ; I ) �

Z

�

f ( s ) G ( z ; s ) ds

for the Green's function G ( z ; s ) o v er �. Aw a y from @ � this is �nite as

required. W e need to kno w that it v anishes as z approac hes the b oundary

so that the Cauc h y sequence argumen t of Prop osition 4.8 go es through.

This follo ws from the fact that in a neigh b ourho o d of a p oin t on S

1

0

� X ,

the situation is isometric to that for S

4

where w e ha v e already pro v en the

required v anishing as z approac hes the b oundary . Finally , the limiting

connection on X � S

1

0

has �nite c harge b ecause the Chern n um b er on eac h

X

�

is constan t throughout the 
o w as in Lemma 4.9 and the initial c harge

is �nite b ecause again the in terest only lies near S

1

0

where the situation

mimics that of S

4

. Since there is a conformally equiv alen t metric that

extends o v er X , regularit y giv es smo othness of the connection o v er all of

X . 2

Remark. Consider the complete h yp erb olic surface � that lo oks lik e

a punctured unit disk with metric

ds

2

= d �z dz = ( j z j ln j z j )

2

:

In terms of the upp er-half-space mo del of the h yp erb olic plane, it is ob-

tained b y quotien ting out b y the action � 7! � + 2 � . The U (1)-in v arian t

instan tons on S

2

� � corresp ond to Euclidean monop oles. More generally ,

w e get p erio dic instan tons or calorons. The pro of in this section do es not

apply to punctured Riemann surfaces. It is necessary to generalise the

results here in order to use these metho ds in the study of calorons [16 ].

6 Stretc hing the metric.

In this section w e will explain the signi�cance of the fact that w e can

c ho ose H � I as an initial condition in the 
o w equation. It sho ws that

the connection de�ned b y ( I ; � ) is appro ximately an instan ton and can b e

in terpreted as an instan ton with resp ect to a v ery singular metric.

The round metric on S

4

is conformally equiv alen t to the metric

ds

2

=

d �ada + ( d j b j )

2

j b j

2

+ d�

2

=

d

�

AdA + ( d j B j )

2

j B j

2

+ d �

2

16



where b = j b j e

i�

; B = j B j e

i �

. Consider, instead, the metric

ds

2

=

d �ada + ( d j b j )

2

j b j

2

+ �

2

d�

2

=

d

�

AdA + ( d j B j )

2

j B j

2

+ �

2

d �

2

(16)

for � > 0. This metric is not de�ned o v er S

2

1

� S

4

. Still, w e will study

W

1 ; 2

instan tons with resp ect to this metric o v er S

4

� S

2

1

. Really w e are

w orking o v er H

3

� S

1

�

=

S

4

� S

2

1

. W e can in terpret � as the length of the

circle or the curv ature of h yp erb olic space.

In a sense, as w e let � ! 1 , the instan tons with resp ect to the metric

(16) con v erge to connections of the form

A = � d �w � ��

T

dw

whic h are the initial v alues for the heat 
o w for the round metric o v er S

4

.

Since this idea serv es only to illuminate the pro of of Theorem 1, w e are

b eing rather lo ose with this notion of con v ergence. There are four p oin ts

on this issue w e should note.

(i) It will b e clear that the class of instan tons o v er S

4

� S

2

1

that w e

consider here lies inside the space of �nite energy connections. F or the

con v erse|that w e get all �nite energy instan tons|w e rely on a recen t

result of Mazzeo and Rade [15 ].

(ii) In the limit, the connections actually concen trate at S

2

1

so w e ha v e

to reparametrise the normal bundle of S

2

1

to allo w for this.

(iii) W e will pro v e something w eak er than con v ergence of the connec-

tions. W e will pro v e that the asso ciated metrics H con v erge in C

0

rather

than in C

1

.

(iv) A tiy ah and Murra y [1 ] studied the non-renormalised zero mass limit

of h yp erb olic monop oles and conjectured a relationship with the Y ang-

Baxter equations. The results here suggest that one can similarly pursue a

connection b et w een instan tons and solutions of the Y ang-Baxter equation.

With resp ect to the parametrisation of S

2

� D , (16) is

ds

2

= sinh

2

( � )

4 d �w dw

(1 + j w j

2

)

2

+ d�

2

+ �

2

d�

2

where � giv es the h yp erb olic distance from the cen tre of H

3

. Previously ,

w e put z = e

� � + i�

, so 4 d �z dz = (1 � j z j

2

)

2

= ( d�

2

+ d�

2

) = sinh

2

( � ). T o rescale,

put � = �� and z = e

� � + i�

. No w, (16) is conformally equiv alen t to the

Kahler metric

ds

2

=

4 d �w dw

(1 + j w j

2

)

2

+

�

2

sinh

2

( � )

sinh

2

( �� )

4 d �z dz

(1 � j z j

2

)

2

(17)

whic h mak es it clear that the metric degenerates on S

2

1

(for � > 1). The

rescaling � = �� , b esides exactly comp ensating for the mo v e of the c harge
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to w ards S

2

1

, is quite natural when w e in tepret � as the curv ature of H

3

|

the new co ordinate � giv es the distance with resp ect to to the new h yp er-

b olic metric.

The Hermitian-Y ang-Mills tensor with resp ect to the new metric is

B

�

( H ; � ) =

sinh

2

( �� )

�

2

sinh

2

( � )

(1 � j z j

2

)

2

@

�z

( H

� 1

@

z

H )

+(1 + j w j

2

)

2

f @

�w

( H

� 1

@

w

H ) � @

�w

( H

� 1

��

T

H ) � @

w

�

+[ � ; H

� 1

@

w

H � H

� 1

��

T

H ] g :

The equation B

�

( H ; � ) = 0 is elliptic a w a y from S

1

0

and S

2

1

. F or �

1

> �

2

,

de�ne

X

�

1

;�

2

= f ( w ; z ) 2 S

2

� D j �

1

� j z j � �

2

g

so the X

�

1

;�

2

exhaust S

4

� S

2

1

[ S

1

0

.

Prop osition 6.1 Over e ach X

�

1

;�

2

ther e is a unique solution, H

�

1

;�

2

t

, of

the b oundary value pr oblem

H

� 1

@ H =@ t = B

�

( H ; � )

H ( w ; z ; 0) = I

H

j @ X

�

1

;�

2

= I

9

>

=

>

;

(18)

de�ne d for al l t and c onver ging to a smo oth metric H

�

1

;�

2

1

that satis�es

B

�

( H

�

1

;�

2

1

; � ) = 0 .

Pro of. Since the c hange in the Laplacian for the new metric mimics the

c hange in the Hermitian-Y ang-Mills tensor, the pro of of Prop osition 4.3

w orks for this b oundary v alue problem except that w e ha v e to mo dify the

Green's function in Lemma 4.7. It is no w giv en b y

G ( j z j ; s ) = �

max f ln( j z j ) ; ln( s ) g

(1 � s

2

)

2

�

2

sinh

2

( � )

sinh

2

( �� )

:

F or � > 1 the in tegral (14) with the new Green's function is dominated b y

the �nite in tegral

�

Z

1

j z j

ln (1 � s

�

)

s

ds = �

1

�

Z

1

j z j

�

ln (1 � s

�

)

s

ds

so w e can replace C ( j z j ) in Lemma 4.7 b y C ( j z j

�

) =� . 2

W e can no w state the analogue of Prop osition 4.8.

Prop osition 6.2 F or e ach holomorphic map u : S

2

! 
 S U ( n ) ther e is a

unique �nite char ge c onne ction A on S

4

� S

2

1

that is anti-self-dual with

r esp e ct to the metric (17), with

@

A

�z

= @

�z

; @

A

�w

= @

�w

+ �

and such that its asso ciate d metric H

�

is b ounde d.
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Pro of. W e will simply mo dify the pro ofs of Prop ositions 4.1 and 4.8.

F or uniqueness, w e again use subharmonicit y . F or an y t w o metrics H

1

; H

2

that come from t w o connections satisfying the prop erties ab o v e, put h =

tr ( H

� 1

1

H

2

) and � = tr ( h ) + tr ( h

� 1

) � 2 n . Then � is subharmonic on

S

4

� S

2

1

, equal to 0 on S

1

0

and b ounde d . F or an y � > 0, � + � ln ( j z j ) is also

subharmonic and 0 on S

1

0

, but no w negativ e near S

2

1

. By the maxim um

principle � + � ln ( j z j ) � 0 on all of S

4

� S

2

1

. Since this is true for all � ,

� � 0. By construction � � 0 so � � 0 and H

1

= H

2

.

F or existence w e need to sho w that the sequence of metrics H

�

1

;�

2

1

is

Cauc h y as �

1

! 1 and �

2

! 0. F or �

1

> �

2

> �

3

> �

4

, asso ciate � to

the t w o metrics H

�

1

;�

4

1

and H

�

2

;�

3

1

. Again, � is subharmonic so it tak es

its maxim um on the b oundary of the set o v er whic h b oth are de�ned,

@ X

�

2

;�

3

. Since the b oundary v alues of H

�

2

;�

3

1

giv e the initial v alues of

H

�

1

;�

4

1

on @ X

�

2

;�

3

, Prop osition 6.1 sho ws that � is less than a constan t

times C ( �

�

2

) =� and C ( �

�

3

) =� on the resp ectiv e b oundary comp onen ts. (The

constan t en ters since the distance function on GL ( n; C ) =U ( n ) dominates

� times a constan t.) If w e lab el these t w o maxim um v alues b y M

2

and M

3

then the function

M

2

+ M

3

ln ( j z j =�

2

) = ln( �

3

=�

2

) (19)

is harmonic and tak es on the v alues M

2

and M

3

on the resp ectiv e b oundary

comp onen ts. Th us � is less than (19) on all of X

�

2

;�

3

. As �

2

! 1 and �

3

! 0,

(19) go es to zero. Hence the sequence is Cauc h y and con v erges in C

0

to

a limit H

�

. As b efore, the con v ergence is smo oth on the S

4

� S

2

1

[ S

1

0

so H

�

is smo oth there also and satis�es B

�

( H ; � ) = 0. The an ti-self-dual

connection pro duced b y ( H

�

; � ) extends across S

1

0

b y regularit y since the

c harge is �nite as b efore. The same is not true near S

2

1

since the metric

degenerates there. 2

Corollary 6.3 As � ! 1 , H

�

! I uniformly on c omp act subsets of

S

4

� S

2

1

.

Pro of. This simply follo ws from the fact that C =� ! 0 uniformly since C

is b ounded. 2

W e migh t try to analyse the con v ergence more closely to see if it remains

true on the lev el of the connections. Alternativ ely , w e migh t learn from

this that b y using the heat 
o w without stretc hing the metric w e can a v oid

some of the di�cult analytic issues in v olv ed in similar problems. Dostoglou

and Salamon [9, 10 ] solv ed the A tiy ah-Flo er conjecture for a mapping

cylinder Y = S

1

�

h

� b y stretc hing the metric in the S

1

direction. The

tec hniques in this pap er suggest an alternativ e approac h. In one direction,

asso ciate to an instan ton o v er R � Y a holomorphic curv e in to M , the

space of 
at connections o v er �, b y taking the unique (up to conjugation)


at connection o v er eac h f ( t; � ) g � � that de�nes the same holomorphic
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structure as the restriction of the instan ton there. The Hermitian-Y ang-

Mills tensor is v ery natural in this problem and will giv e uniqueness. It

will also enable us to use the heat 
o w to go in the other direction and

obtain an instan ton from a holomorphic map.

In another direction, w e migh t hop e to use the tec hniques here to study

h yp erb olic monop oles o v er a general h yp erb olic manifold Y [4 ]. W e ha v e

observ ed here that as the curv ature of h yp erb olic space tends to �1 , the

instan tons concen trate at the b oundary . It seems reasonable to guess that

this w ould o ccur for general Y , particularly in ligh t of the conjecture of

Austin and Braam [3 ] that a h yp erb olic monop ole on Y is determined b y

its b oundary v alues. Rather than actually tak e the limit, w e can use this as

in tuition for a go o d initial guess for the heat 
o w. Since w e reparametrise

the normal bundle in the limit, it w ould mean that the initial metric need

only b e de�ned on in�nite tub es at the b oundary and set to b e trivial on

the in terior of Y .

Ac kno wledgemen ts. The second author w ould lik e to thank Da vid

Epstein and Mario Micallef for useful con v ersations.
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