
V ANISHING CYCLES AND MONODR OMY OF COMPLEX

POL YNOMIALS

W AL TER D. NEUMANN AND P A UL NORBUR Y

Abstra ct. W e describ e the trivial summand for mono drom y around a �bre of

a p olynomial map C

n

! C generalising and clarifying w ork of Artal Bartolo,

Cassou-Nogu � es and Dimca, who pro v ed similar results under strong restrictions

on the homology of the general �bre and singularities of the other �bres. They

also sho w ed a p olynomial map f : C

2

! C has trivial global mono drom y if

and only if it is \rational of simple t yp e" in the terminology of Miy anishi and

Sugie. W e re�ne this result and correct the Miy anishi-Sugie classi�cation of

suc h p olynomials, p oin ting out that there are also non-isotrivial examples.

1. Intr oduction

Let f : C

n

! C b e a primitiv e p olynomial map (\primitiv e" means f is not of

the form g � h with g : C ! C and h : C

n

! C p olynomial maps and deg g > 1).

It is w ell-kno wn that there are just �nitely man y p oin ts c

1

; : : : ; c

m

2 C for whic h

the �bre f

� 1

( c

i

) is \irregular", that is, it has di�eren t top ology from the generic

or \regular" �bre.

De�nition 1.1. If f

� 1

( c ) is a �bre of f : C

n

! C c ho ose � su�cien tly small that

all �bres f

� 1

( c

0

) with c

0

2 D

2

�

( c ) � f c g are regular and let N ( c ) := f

� 1

( D

2

�

( c )). Let

F = f

� 1

( c

0

) b e a regular �bre in N ( c ). Then

V

q

( c ) := Ker

�

H

q

( F ; Z ) ! H

q

( N ( c ); Z )

�

V

q

( c ) := Cok

�

H

q

( N ( c ); Z ) ! H

q

( F ; Z )

�

are the groups of vanishing q -cycles and vanishing q -c o cycles for f

� 1

( c ). They ha v e

the same rank, whic h w e call the numb er of vanishing q -cycles for f

� 1

( c ).

Cho ose a regular v alue c

0

for f and paths 


i

from c

0

to c

i

for i = 1 ; : : : ; m whic h

are disjoin t except at c

0

. W e can use these paths to refer homology or cohomology of

a regular �bre near one of the irregular �bres f

� 1

( c

i

) to the homology or cohomology

of the \reference" regular �bre F = f

� 1

( c

0

).

The fundamen tal group � = �

1

�

C � f c

1

; : : : ; c

m

g

�

acts on the homology H

�

( F ; Z )

and cohomology H

�

( F ; Z ). If this action is trivial w e sa y that f has \trivial global

mono drom y group". This action has the follo wing generators.

Let h

q

( c

i

) : H

q

( F ) ! H

q

( F ) and h

q

( c

i

) : H

q

( F ) ! H

q

( F ) b e the mono drom y

ab out the �bre f

� 1

( c

i

) (obtained b y translating the �bre F along the path 


i

un til

close to the �bre f

� 1

( c

i

), then in a small lo op around that �bre, and bac k along




i

). W e are in terested in the �xed group H

q

( F )

h

q

( c

i

)

= Ker

�

1 � h

q

( c

i

)

�

of this lo cal

mono drom y .
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Theorem 1.2. The maps H

q

( F ; Z ) ! V

q

( c

i

) induc e an isomorphism

H

q

( F ; Z )

�

=

m

M

i =1

V

q

( c

i

)

Mor e over, if we denote by K

q

( c

i

) the image of Ker

�

1 � h

q

( c

i

)

�

under the natur al

map H

q

( F ) ! V

q

( c

i

) then under this isomorphism we have:

Ker

�

1 � h

q

( c

j

)

�

= K

q

( c

j

) �

M

i 6= j

V

q

( c

i

) ;

so the sub gr oup of c ohomolo gy �xe d under glob al mono dr omy is

H

q

( F ; Z )

�

=

m

M

i =1

K

q

( c

i

) :

Theorem 1.3. L et H

�

( f

� 1

( c ) ; 1 ) denote H

�

( f

� 1

( c ) ; U ) , wher e U is a r e gular

neighb ourho o d of in�nity (e.g., U = f z 2 f

� 1

( c ) : jj z jj > R g for lar ge R ). Then we

have a natur al exact se quenc e:

0 ! Cok

�

1 � h

q � 1

( c )

�

! H

2 n � q � 1

( f

� 1

( c ) ; 1 ) ! K

q

( c ) ! 0 :

Under the assumptions that F has homology only in dimension ( n � 1) and

that all singularities of �bres of f are isolated, Artal Bartolo, Cassou-Nogu � es, and

Dimca [1 ] pro v ed the dimension form ulae for Ker

�

1 � h

n � 1

( c )

�

and H

n � 1

( F ; Z )

�

that follo w from the ab o v e theorems. P olynomials f ( x

1

; : : : ; x

n

) = x

1

g ( x

2

; : : : ; x

n

)

are examples of p olynomials with trivial global mono drom y that do not satisfy their

assumptions for n > 2.

W e also ha v e a homology v ersion of these results:

Theorem 1.4. The inclusions V

q

( c

i

) ! H

q

( F ; Z ) induc e an isomorphism

H

q

( F ; Z )

�

=

m

M

i =1

V

q

( c

i

) :

Mor e over, ther e is a natur al exact se quenc e

0 ! Im

�

1 � h

q

( c )

�

! V

q

( c ) ! H

2 n � q � 1

( f

� 1

( c ) ; 1 ) ! Ker

�

1 � h

q � 1

( c )

�

! 0 :

This has the immediate corollary:

Corollary 1.5. If r

c

is the numb er of c omp onents of f

� 1

( c ) then

0 ! Im

�

1 � h

1

( q )

�

! V

1

( c ) ! Z

r

c

� 1

! 0 ;

In p articular, the mono dr omy ab out the �br e f

� 1

( c ) in dimension 1 is trivial if

and only if the numb er of c omp onents of this �br e exc e e ds by one the numb er of its

vanishing 1 -cycles.

F or an irreducible �bre this sa ys this mono drom y is trivial if and only if the

�bre has no v anishing 1-cycles. This generalises the p ositiv e answ er b y Mic hel and

W eb er [5 ] to Dimca's question whether the lo cal mono drom y around a reduced and

irreducible �bre of a p olynomial f : C

2

! C is trivial if and only if the �bre is

regular, since:

Theorem 1.6. F or n = 2 a �br e has no vanishing cycles if and only if it is r e gular.
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One can sho w that if the mono drom y around an irregular �bre of a 2-v ariable

p olynomial is trivial then all of the comp onen ts implied b y Corollary 1.5 except

one m ust b e rational. It is not hard to �nd examples where the other comp onen t

has an y gen us.

W e shall pro v e the ab o v e theorems in Section 2. But when the �bre f

� 1

( c ) is

reduced with isolated singularities, there is a quic k pro of of Corollary 1.5. Namely ,

let F

0

b e the \non-singular core" of f

� 1

( c ) obtained b y in tersecting f

� 1

( c ) with a

v ery large ball and then remo ving small regular neigh b ourho o ds of its singularities.

Then F

0

can b e isotop ed in to a nearb y regular �bre F and it is not hard to see (cf

e.g., [9 ]):

Prop osition 1.7. Under the ab ove assumption, H

q

( F ; F

0

) is isomorphic to V

q

( c )

by an isomorphism that �ts in the c ommutative diagr am

H

q

( F ; F

0

)

�

=

� � � � ! V

q

( c )

x

?

?

?

?

y

�

H

q

( F )

1 � h

q

� � � � ! H

q

( F )

Since the n um b er of top ological comp onen ts of F

0

is r

c

, Corollary 1.5 follo ws in

this case using q = 1 and the long exact homology sequence for the pair ( F ; F

0

).

The follo wing consequence of the mono drom y results w as pro v ed b y Artal Bartolo

et al. [1 ].

Theorem 1.8. The p olynomial f : C

2

! C has trivial glob al mono dr omy gr oup if

and only if f is r ational of simple typ e, in the sense of Miyanishi and Sugie [6] .

A p olynomial f : C

2

! C is \rational" if its generic �bre is rational (i.e., gen us

zero). \Simple t yp e" means that if w e tak e a nonsingular compacti�cation Y =

C

2

[ E of C

2

suc h that f extends to a holomorphic map f : Y ! C P

1

then f is of

degree 1 on eac h \horizon tal" irreducible comp onen t of the compacti�cation divisor

E ( E is a union of smo oth rational curv es E

1

; : : : ; E

n

with normal crossings and a

comp onen t E

i

is called horizontal if f j E

i

is non-constan t).

W e giv e a simple pro of of Theorem 1.8 and re�nemen ts of it in Section 3. In

the �nal Section 4 w e describ e corrections to Miy anishi and Sugie's classi�cation of

rational p olynomials of simple t yp e. Details of this will app ear elsewhere.

2. Pr oofs of the main theorems

F or eac h irregular v alue c

i

w e construct a neigh b ourho o d N

i

= f

� 1

( D

2

�

( c

i

)) of

the corresp onding irregular �bre as in De�nition 1.1, with � c hosen small enough

that the disks D

2

�

( c

i

) are disjoin t. Let c

0

b e a regular v alue outside all these disks

and c ho ose disjoin t paths 


i

joining c

0

to eac h disk D

2

�

( c

i

). Let P =

S

m

i =1




i

and

D =

S

m

i =1

D

2

�

( c

i

) so K = P [ D is the union of these paths and disks. Then C

n

deformation retracts on to f

� 1

( K ). The Ma y er-Vietoris sequence for f

� 1

( K ) =

f

� 1

( P ) [ f

� 1

( D ) giv es

0 ! H

q

( F ) �

m

M

i =1

H

q

( N

i

) !

m

M

i =1

H

q

( F ) ! 0 ; ( q � 0) :(1)

Since the i -th summand of the sum

L

m

1

H

q

( N

i

) maps trivially to all but the i -th

summand of

L

m

1

H

q

( F ), this sho ws:
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Prop osition 2.1. H

q

( N

i

) ! H

q

( F ) is inje ctive with c okernel (by De�nition 1.1)

V

q

( c

i

) .

Th us, factoring source and target of the middle isomorphism of (1) b y the sub-

group

L

H

q

( N

i

) giv es the isomorphism

H

q

( F )

�

=

� !

m

M

i =1

V

q

( c

i

) ;(2)

of the �rst statemen t of Theorem 1.2.

The long exact sequence for the pair ( N

i

; F ) no w sho ws that w e ha v e a comm u-

tativ e diagram with exact ro ws:

0 � � � � ! H

q

( N

i

) � � � � ! H

q

( F ) � � � � ! H

q +1

( N

i

; F ) � � � � ! 0



















?

?

y

�

=

0 � � � � ! H

q

( N

i

) � � � � ! H

q

( F ) � � � � ! V

q

( c

i

) � � � � ! 0 .

W e no w claim that w e can iden tify the long exact sequence of the triple ( N

i

; @ N

i

; F )

as follo ws:

H

q

( @ N

i

; F ) � � � � ! H

q +1

( N

i

; @ N

i

) � � � � ! H

q +1

( N

i

; F ) � � � � ! H

q +1

( @ N

i

; F )

?

?

y

�

=

?

?

y

�

=

?

?

y

�

=

?

?

y

�

=

H

q � 1

( F ) � � � � ! H

2 n � q � 1

( f

� 1

( c

i

) ; 1 ) � � � � ! V

q

( c

i

) � � � � ! H

q

( F ) .

The �rst and fourth v ertical isomorphisms are seen b y thic k ening F within @ N

and then using excision and the K • unneth form ula:

H

q

( @ N

i

; F )

�

=

H

q

( F � I ; F � @ I )

�

=

H

q � 1

( F ) :

W e ha v e already sho wn the third v ertical isomorphism. Th us only the second v erti-

cal isomorphism remains to b e sho wn. Let N

0

i

b e f

� 1

( D

2

�

( c

i

)) \ D

2 n

where D

2 n

is

�rst c hosen large enough that f

� 1

( c

i

) is transv erse (in the sense of strati�ed sets)

to the b oundary of it and all larger disks, and � is then re-c hosen small enough that

@ D

2 n

is transv erse to f

� 1

( c

0

i

) for all c

0

i

2 D

2

�

( c

i

). Put @

0

N

0

i

:= @ N

i

\ N

0

i

and F

0

i

:=

f

� 1

( c

i

) \ D

2 n

and C

i

:= f

� 1

( c

i

) � in t ( F

0

i

). Then the inclusion of N

i

� C

i

in N

i

is a

homotop y equiv alence and the inclusion of @ N

i

in to @ N

i

[ ( N

i

� N

0

i

� C

i

) is a homo-

top y equiv alence, so w e ha v e: H

q +1

( N

i

; @ N

i

)

�

=

H

q +1

( N

i

� C

i

; @ N

i

[ ( N

i

� N

0

i

� C

i

)).

Excision then sho ws this is isomorphic to H

q +1

( N

0

i

; @ N

0

i

� @ F

0

i

), and this equals

H

q +1

( N

0

i

; @

0

N

0

i

) b y homotop y equiv alence. Putting @

1

N

0

i

:= @ N

0

i

� in t( @

0

N

0

i

),

P oincar � e-Lefsc hetz dualit y giv es H

q +1

( N

0

i

; @

0

N

0

i

)

�

=

H

2 n � q � 1

( N

0

i

; @

1

N

0

i

). But the

pair ( N

0

i

; @

1

N

0

i

) is homotop y equiv alen t to ( F

0

i

; @ F

0

i

). By excision H

�

( F

0

i

; @ F

0

i

) =

H

�

( f

� 1

( c

i

) ; 1 ). Th us the ab o v e diagram is pro v ed.

Consider no w the comp osition H

q

( F ) ! V

q

( c

i

) ! H

q

( F ) where the second map

is the map of the ab o v e diagram. T racing the de�nitions, w e see it is the comp osi-

tion: H

q

( F ) ! H

q +1

( @ N

i

; F ) ! H

q

( F ), where the �rst map is b oundary map for

the pair. This comp osition is eviden tly 1 � h

q

( c

i

). Since H

q

( F ) ! V

q

( c

i

) is surjec-

tiv e with k ernel

L

j 6= i

V

q

( c

j

), it follo ws that Ker

�

1 � h

q

( c

i

)

�

con tains

L

j 6= i

V

q

( c

j

).

It hence has the form K

q

( c

i

) �

L

j 6= i

V

q

( c

j

) in terms of the isomorphism of (2),

where K

q

( c

i

) = Ker ( V

q

( c

i

) ! H

q

( F )). Th us the second statemen t of Theorem

1.2 follo ws. Theorem 1.3 then follo ws b y replacing the �rst term of the b ottom

sequence of the ab o v e diagram b y its image and the last arro w b y its k ernel.
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The pro of of the homology v ersions of these results is essen tially the same so w e

omit it.

Pr o of of The or em 1.6. A homology computation sho ws � ( f

� 1

( c )) = � ( N ( c )) for

an y n . F or instance, putting c = c

i

w e ha v e: � ( f

� 1

( c

i

)) = � ( F

0

i

) = � ( N

0

i

) =

� ( N

0

i

; @

0

N

0

i

) = � ( N

i

; @ N

i

) = � ( N

i

). This uses homotop y equiv alence for the �rst

t w o equalities and the homology isomorphism of the previous pro of for the fourth,

and the third and �fth equalities, of the form � ( X ) = � ( X ; Y ), hold b ecause the

Y in b oth cases �bres o v er S

1

and therefore has � ( Y ) = 0 (the exact sequence of a

pair sho ws � ( X ; Y ) = � ( X ) � � ( Y )).

F or n = 2,

~

H

q

( F ) and

~

H

q

( N

i

) b oth v anish for q 6= 1, so the n um b er of v anishing

1-cycles is � ( N

i

) � � ( F ) = � ( f

� 1

( c

i

)) � � ( F ). The fact that this is p ositiv e for an

irregular �bre is pro v ed in [3]. (F or a reduced �bre it w as �rst pro v ed b y Suzuki [12 ],

see also [8 ]. The case of non-reduced �bres, whic h w as also stated b y Suzuki, but

without pro of, is an immediate consequence of Corollary 1.5 since a non-reduced

�bre of a primitiv e p olynomial m ust ha v e more than one comp onen t.)

3. Pr oof and discussion of Theorem 1.8

W e giv e t w o pro ofs of Theorem 1.8. Our �rst pro of is similar to that of [1] but

a v oids the use of Deligne's mono drom y theorem.

Let Y = C

2

[ E b e as describ ed just after Theorem 1.8. E is a union of smo oth

rational curv es E

1

; : : : ; E

n

with normal crossings. Let � b e the n um b er of horizon tal

curv es. Then w e ha v e (see e.g., Kaliman [4], Corollary 2; in the rational case this

is Lemma 1.6 of Miy anishi and Sugie [6 ] who attribute it to Saito [11 ]).

Lemma 3.1.

� � 1 �

m

X

i =1

( r

c

i

� 1) ;

wher e r

a

is the numb er of irr e ducible c omp onents of f

� 1

( a ) . Mor e over, e quality

holds if f is r ational.

The follo wing lemma, whic h w as w as �rst pro v ed b y Suzuki [12 ], is immediate

from Theorem 1.4.

Lemma 3.2. The total numb er of vanishing cycles for f satis�es:

m

X

i =1

dim V

1

( c

i

) = 1 � � ( F ) :

No w Corollary 1.5 implies that if the global mono drom y is trivial then

dim V

i

= r

c

i

� 1 for i = 1 ; : : : ; m ,

so applying the ab o v e t w o lemmas giv es

� � 1 �

m

X

i =1

( r

c

i

� 1) =

m

X

i =1

dim V

1

( c

i

) = 1 � � ( F ) ;

whence

� + � ( F ) � 2 :
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Let F b e the generic �bre of f : Y ! C P

1

. Then F in tersects eac h horizon tal curv e

of the compacti�cation divisor E , so F � F consists of at least � p oin ts. Th us

� ( F ) � � + � ( F ) � 2 :

It follo ws that these inequalities are equalities. Th us, F is a rational curv e and,

moreo v er, F in tersects eac h horizon tal curv e in exactly one p oin t, so f is of simple

t yp e.

Con v ersely , if f is rational of simple t yp e, then the homology of a generic �bre

has a basis consisting of small circles ab out all but one of its punctures. The

punctures o ccur where the compacti�ed �bre F in tersects the horizon tal curv es, so

the homology classes can b e globally indexed b y whic h horizon tal curv e they come

from. It follo ws that the global mono drom y m ust b e trivial.

There is also a quic k pro of using only Deligne's mono drom y theorem [2]. Indeed,

Deligne's theorem giv es an epimorphism H

1

( Y ) ! H

1

( F )

�

, but H

1

( Y ) = 0, so

this implies the �rst part of the follo wing prop osition (whic h strengthens Theorem

1.8).

Prop osition 3.3. 1. The glob al mono dr omy on the close d �br e F is trivial if and

only if f has r ational generic �br es.

2. If we c onsider the sub gr oup B � H

1

( F ) gener ate d by smal l lo ops ar ound the

punctur es of F , then the glob al mono dr omy r estricte d to B is trivial if and only if

f is de gr e e 1 on al l horizontal curves.

F or the second part of this prop osition note that if f is degree > 1 on some

horizon tal curv e E then the homology classes represen ted b y the punctures where

F meets E get p erm uted non-trivially as w e circle a branc h p oin t of f j E .

W e can re�ne the last argumen t to obtain a stronger result. Let p

i 1

; : : : ; p

ik

i

b e

the p oin ts where f

� 1

( c

i

) meets horizon tal curv es and for eac h j = 1 ; : : : ; k

i

let �

ij

b e the degree of f on a small neigh b ourho o d of the p oin t p

ij

in its horizon tal curv e.

Th us, the generic �bre F near f

� 1

( c

i

) has �

ij

punctures near p

ij

that are cyclically

p erm uted b y the mono drom y around c

i

. It follo ws that the restriction of 1 � h

1

( c

i

)

to the subgroup B of the ab o v e prop osition has image of dimension

P

k

i

j =1

( �

ij

� 1).

Denote

e

c

i

: = dim Im

�

1 � h

1

( c

i

)

�

� dim Im

��

1 � h

1

( c

i

)

�

j B

�

= dim Im

�

1 � h

1

( c

i

)

�

�

k

i

X

j =1

( �

ij

� 1) :

This measures the \extra" part of Im

�

1 � h

1

( c

i

)

�

that do es not arise from the

homology at in�nit y .

It is clear that if e

c

i

= 0 then the lo cal mono drom y h

1

( c

i

) : H

1

( F ) ! H

1

( F ) of

the closed �bre around f

� 1

( c

i

) is trivial. The con v erse is not true for arbitrary maps

of a surface, but the follo wing theorem implies that it is for our lo cal mono drom y

map.

Theorem 3.4. With V

1

( c

i

) := Ker ( H

1

( F ) ! H

1

( N

i

)) , we have

Im

�

1 � h

1

( c

i

)

�

� V

1

( c

i

)
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and b oth these gr oups have r ank e

c

i

. Mor e over

m

X

i =1

e

c

i

� 2 gen us ( F ) :

Pr o of. The inclusion Im(1 � h

1

( c

i

)) � V

1

( c

i

) is clear, while the fact that they ha v e

the same dimension is pro v ed in part 2c) of section I I I of [1 ] (note that dim V

1

( c

i

)

is exactly the n um b er k

c

i

of Kaliman [4], discussed also in [1 ]). W e ha v e a short

exact sequence

0 ! B ! H

1

( F ) ! H

1

( F ) ! 0(3)

and taking the image of 1 � h ( c

i

) applied to this sequence giv es a sequence

0 ! Z

P

j

( �

ij

� 1)

! Im

�

1 � h

1

( c

i

)

�

! Im

�

1 � h

1

( c

i

)

�

! 0 :(4)

This sequence is exact except p ossibly at its middle term (this holds for a ho-

momorphic image of an y short exact sequence). The cok ernel of Z

P

j

( �

ij

� 1)

!

Im

�

1 � h

1

( c

i

)

�

has dimension, b y de�nition, e

c

i

. Since the sequence induces a

surjection of this cok ernel to Im

�

1 � h

1

( c

i

)

�

w e see:

e

c

i

� k

c

i

:(5)

On the other hand, Corollary 1.5 implies:

dim V ( c

i

) = dim Im

�

1 � h

1

( c

i

)

�

+ ( r

c

i

� 1) =

k

i

X

j =1

( �

ij

� 1) + e

c

i

+ r

c

i

� 1 :

Summing this o v er i and applying Lemma 3.2 on the left and the Riemann-Hurwitz

form ula on the righ t giv es

1 � � ( F ) =

X

( d

E

� 1) +

m

X

i =1

( e

c

i

+ r

c

i

� 1) ;

where the �rst sum on the righ t is o v er all horizon tal curv es E and d

E

is the degree

of f on E . Since

P

d

E

is the n um b er of punctures of F this simpli�es to

2 gen us ( F ) = 1 � � +

m

X

i =1

( e

c

i

+ r

c

i

� 1) ;(6)

where � is the n um b er of horizon tal curv es. But Kaliman pro v es this equation in

[4 ] with e

c

i

replaced b y k

c

i

, so the inequalities (5) m ust b e equalities. The �nal

inequalit y of the theorem follo ws from (6) and Lemma 3.1.

A surprising consequence of the ab o v e pro of is the exactness of the k ernel sequence

(and hence also the image sequence (4)) of 1 � h ( c

i

) applied to the short exact

sequence (3). Indeed, if w e replace eac h group A in (3) b y the c hain complex

0 ! A

1 � h

� ! A ! 0, then the resulting short exact sequence of c hain complexes has

long exact homology sequence 0 ! Ker (1 � h

1

j B ) ! Ker (1 � h

1

) ! Ker (1 � h

1

) !

Cok (1 � h

1

j B ) ! Cok (1 � h

1

) ! Cok(1 � h

1

) ! 0. The equalit y in (5) implies

that the middle map of this sequence has rank 0, and hence is the zero map since

Cok (1 � h

1

j B ) is free ab elian.
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4. Classifica tion of ra tional pol ynomials of simple type

The classi�cation in [6] mistak enly assumed isotrivialit y (all regular �bres of f

are conformally isomorphic to eac h other) at one stage in the pro of (page 346, lines

10{11). There are in fact also man y non-isotrivial 2-v ariable rational p olynomials

of simple t yp e, the simplest b eing f ( x; y ) = x (1 + xy )(1 + axy ) + xy of degree 5,

whose regular �bres f

� 1

( c ) are 4-punctured C P

1

's suc h that the cross-ratio of the

punctures v aries linearly with c .

In this section w e list the non-isotrivial rational p olynomials of simple t yp e. W e

list their regular splice diagrams (see [7 ], [8 ]), since this giv es a useful description

of the top ology . F or eac h case there are sev eral p ossible top ologies for the irregular

�bres, dep ending on additional parameters. W e ha v e a pro of that these examples

complete the classi�cation but it is tedious and not y et written do wn in full detail,

so the result should b e considered ten tativ e.

Let p; q ; P ; Q b e p ositiv e in tegers with P q � pQ = 1 and let r and a

1

; : : : ; a

r

b e p ositiv e in tegers. Let A =

P

r

i =1

a

i

, B = AQ + P � Q , C = Aq + p � q , and

b

i

= q Qa

i

+ 1 for i = 1 ; : : : ; r . Then the follo wing is the regular splice diagram of

a rational p olynomial of simple t yp e.

�

a

1

1

��

�

�

Q

�

1

��

� q

B

�

1

��

� C

1

�

1

� Q

�

q

� P

1

� b

1

qqqqqqqqqqqqqq
1

� b

r

MMM
MMM

MMM
MMM

MM
.

.

.

.

.

.

�

p

1

oo
�

a

r

1

��

�

�

There is one further degree 8 example that do es not fall in the ab o v e family . The

splice diagram is

�

2

�

� 5

1

1

��

�

� 1

1

2

��

�

1

� 3

�

1 //
2

��
In all these examples the curv e obtained b y �lling the puncture corresp onding

to the second arro whead from the left has constan t conformal t yp e as w e v ary the

regular �bre f

� 1

( c ), and that puncture v aries linearly with c 2 C .
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