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Abstra ct. Let M ( k ; S O ( n )) b e the mo duli space of based gauge equiv alence

classes of S O ( n ) instan tons on principal S O ( n ) bundles o v er S

4

with �rst

P on try agin class p

1

= 2 k . In this pap er, w e use a monad description ([Ti],

[D]) of these mo duli spaces to sho w that in the limit o v er n , the mo duli space

is homotop y equiv alen t to the classifying space B S p ( k ). Finally , w e use Dirac

op erators coupled to suc h connections to exhibit a particular and quite natural

homotop y equiv alence.

1. Intr oduction

Let M ( k ; S O ( n )) b e the mo duli space of based gauge equiv alence classes of

S O ( n ) instan tons on principal S O ( n ) bundles o v er S

4

with �rst P on try agin class

p

1

= 2 k . By adding a trivial connection on a trivial line bundle, there are nat-

ural maps M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1)) ; and one can de�ne the direct limit

space M ( k ; S O ). In this pap er w e sho w that there is a homotop y equiv alence

M ( k ; S O ) ' B S p ( k ), where S p ( k ) denotes the symplectic group of norm preserv-

ing automorphisms of the quaternionic v ector space H

n

. W e also sho w that this

equiv alence can b e realized b y a \Dirac-t yp e" map, constructed b y coupling a Dirac

op erator to an S O ( n ) connection. More precisely , the coupling of a Dirac op erator

to a connection asso ciates to eac h elemen t of M ( k ; S O ( n )) an op erator acting on

the space of sections of a certain v ector bundle. Asso ciated to eac h selfdual con-

nection is the v ector space of sections in the k ernel of its asso ciated op erator. This

pro cedure de�nes a complex v ector bundle, whic h for S O ( n ) connections has a sym-

plectic structure, and this bundle is classi�ed b y a map whic h w e shall refer to as the

Dirac map, @

S O ( n )

: M ( k ; S O ( n )) ! B S p ( k ). The top ological prop erties of these

Dirac maps for S U ( n ) connections w ere �rst studied b y A tiy ah and Jones [AJ], and

more recen tly it w as sho wn in [S] that the limit map @

S U

: M ( k ; S U ) ! B U ( k )

realizes Kirw an's [K] homology isomorphism H

�

( M ( k ; S U ))

�

=

H

�

( B U ( k )), and is,

therefore, a homotop y equiv alence. It also mak es sense to de�ne suc h Dirac maps

on the limit spaces M ( k ; G ), where G is either S O or S p , and in [S] it w as sho wn

that the limit map @

S p

: M ( k ; S p ) ! B O ( k ) is a homotop y equiv alence. In this

pap er w e complete the picture for the classical groups b y sho wing that the limit

map @

S O

: M ( k ; S O ) ! B S p ( k ) is also a homotop y equiv alence.

Our pro of will b e fairly direct. In section one w e review Tian's [Ti] v ersion

of Donaldson's [D] monad description of M ( k ; S O ( n )). Tian exhibits this mo duli

space as the quotien t of a set of triples of certain complex matrices b y an action
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of S p ( k ; C ), the complex symplectic group. W e shall sho w that this action is free,

that there are natural maps M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1)), and that in the limit

o v er n the space of triples is con tractible. Hence, M ( k ; S O ) will b e sho wn to b e

the quotien t of a con tractible space b y a free S p ( k ; C ) action. In section 2, w e use

a comparison b et w een S O ( n ) and S U ( n ) connections to sho w that the Dirac map

@

S O ( n )

: M ( k ; S O ( n )) ! B S p ( k ) induces a surjection in in tegral homology through

a range of dimension increasing with n . Since H

�

( M ( k ; S O ); Z )

�

=

H

�

( B S p ( k ); Z )

b y results of section one, the limit map @

S O

m ust b e a homology isomorphism and

therefore a homotop y equiv alence.

Notice that the S p and S O dualit y in these mo duli spaces is foreshado w ed in

Bott P erio dicit y . Since the en tire space of based gauge equiv alence classes of S O ( n )

connections is homotop y equiv alen t to 


3

S O ( n ), the limit o v er n is homotop y

equiv alen t to Z � B S p . Similarly , the space of S p ( n ) connections is homotop y

equiv alen t to 


3

S p ( n ) whic h, after passing to the limit, is homotop y equiv alen t to

Z � B O . Alternativ ely , as w e will see in section 2, this dualit y comes from the

fact that the bundle of real spinors o v er S

4

is naturally a symplectic v ector bundle.

Recen tly , in fact, Tian [Ti] has sho wn that b y comparing the t w o p ossible limit

pro cesses whic h one can apply to these mo duli spaces, viz., �xing k and taking the

limit o v er n or �xing n and taking the limit o v er k , one actually can pro v e Bott

P erio dicit y . This consequence alone demonstrates the b eaut y and complexit y of

these mo duli spaces.

2. M ( k ; S O ) and B S p ( k )

The ADHM construction [ADHM] iden ti�es the space of instan tons with certain

holomorphic bundles o v er complex pro jectiv e space, and Donaldson [D] used a

monad construction to c haracterize suc h bundles in terms of a quotien t of a set of

sequences of complex matrices b y a natural group action. F or S O ( n ) instan tons,

Tian [Ti] carried out this pro cedure explicitly .

Let � denote the standard sk ew form on C

2 k

,

� =

�

0 I

k

� I

k

0

�

where I

k

is the k � k iden tit y matrix. The complexi�ed symplectic group, S p ( k ; C ) �

Gl (2 k ; C ), consists of those matrices g suc h that g

� 1

= � � g

T

� . The maximal

compact subgroup of S p ( k ; C ) is the compact symplectic group S p ( k ).

Prop osition 1. (Donaldson [D] and Tian [Ti]) L et A ( k ; S O ( n )) b e the sp ac e of

triples of c omplex matic es ( 


1

; 


2

; c ) , wher e 


i

is 2 k � 2 k and c is n � 2 k , satisfying:

a) 


T

1

= � � 


1

�

b) 


T

2

= 


2

c) 2( 


T

1




2

+ 


T

2




1

) + c

T

c = 0

d)

0

@




1

+ xI

2 k




2

+ y �

c

1

A

has rank 2k for all x; y 2 C .

Then ther e is a natur al action of S p ( k ; C ) on A ( k ; S O ( n )) given by

g � ( 


1

; 


2

; c ) = ( g 


1

g

� 1

; ( g

� 1

)

T




2

g

� 1

; cg

� 1

) ;

and M ( k ; S O ( n )) is home omorphic to the quotient A ( k ; S O ( n )) =S p ( k ; C ) .
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It has b een sho wn [S] that in the analogous description of S U ( n ) and S p ( n )

instan tons, this group action is free. This is, in some sense, already implicit in the

monad construction. Not surprisingly , then, it is also true in the S O ( n ) case. F or

the sak e of completeness, ho w ev er, w e no w giv e the pro of.

Lemma 2. The natur al action of S p ( k ; C ) on A ( k ; S O ( n )) is fr e e.

Pro of: Assume the con v erse, so w e ha v e

( g 


1

g

� 1

; ( g

� 1

)

T




2

g

� 1

; cg

� 1

) = ( 


1

; 


2

; c )

for a particular g 6= I and triple ( 


1

; 


2

; c ), and note that elemen ts of S p ( k ; C ) satisfy

g

� 1

= � � g

T

� . Consider the subspace im ( g � I ) = V � C

2 k

. By assumption it is

non-empt y . Th us, from the de�nition of the action w e ha v e

c ( g � I ) = 0 ;




1

( g � I ) = ( g � I ) 


1

;

� 


2

( g � I ) = ( g � I ) � 


2

:

This last fact is pro v ed as follo ws.




2

= ( g

� 1

)

T




2

g

� 1

) 


2

g = ( g

� 1

)

T




2

) � 


2

g = � � ( g

� 1

)

T

� � 


2

) � 


2

g = g � 


2

:

Equiv alen tly c annihilates V and 


1

and � 


2

preserv e V . Using conditions a ), b ),

and c ), w e see that on V




T

1




2

+ 


T

2




1

= 0

) � � 


1

� 


2

� 


2




1

= 0

) 


1

� 


2

� � 


2




1

= 0 :

Hence 


1

and � 


2

ha v e a common eigen v ector in V .

Cho ose v 2 V satisfying 


1

v = �v and � 


2

v = �v . Then

0

@




1

� �I

2 k




2

+ ��

c

1

A

v = 0

con tradicting condition d ). Th us, the image of g � I m ust b e empt y so g = I and

the action is free.

W e no w construct the limit space M ( k ; S O ) and sho w that it is homotop y equiv-

alen t to B S p ( k ). First notice that there is an S p ( k ; C ) equiv arian t map from

A ( k ; S O ( n )) , ! A ( k ; S O ( n + 1)) whic h sends eac h 


i

to itself and sends c to the

( n + 1) � k matrix made up of c with an extra ro w of zeros on top. On the lev el of

monads, this adds to the bundle o v er C P

2

the trivial holomorphic line bundle (see

[Ti]). Th us this map induces the natural inclusion M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1))

sending the connection ! to the connection ! � d , where d is ordinary exterior dif-

feren tiation. W e no w pro v e the main theorem of this section.

Theorem 3. A ( k ; S O ) is a c ontr actible sp ac e with a fr e e S p ( k ; C ) action. Thus,

M ( k ; S O ))

�

=

A ( k ; S O ) =S p ( k ; C ) ' B S p ( k ) .
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Pro of T o sho w that A ( k ; S O ) is con tractible it su�ces to sho w that all of its

homotop y groups are zero. T o this end w e sho w that for an y k and n there is an

r > n suc h that inclusion A ( k ; S O ( n )) , ! A ( k ; S O ( r )) is homotopically trivial. (cf.

[S], sections 2 and 3).

F or 0 � t � 1 de�ne

~

I

k

( t ) to b e the 4 k � 2 k matrix whose j

th

column is the

v ector

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0

.

.

.

0

t

it

0

.

.

.

0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

where there are 2 j � 2 zero es b efore the t . Note that (

~

I

k

( t ))

T

�

~

I

k

( t ) is the zero

matrix. No w consider the homotop y H

t

: A ( k ; S O ( n )) ! A ( k ; S O (4 k + n )) de�ned

as follo ws:

H

t

( 


1

; 


2

; c ) = ((1 � t ) 


1

; (1 � t ) 


2

; c

t

)

where

c

t

=

0

@

~

I

k

( t )

(1 � t ) c

1

A

It is easy to c hec k that for an y x 2 A ( k ; S O ( n )) w e ha v e H

t

( x ) 2 A ( k ; S O (4 k + n ))

b ecause c

t

clearly has rank 2 k and c

T

t

� c

t

= c

T

� c (1 � t )

2

. Finally , notice that H

0

is

just the natural inclusion A ( k ; S O ( n )) , ! A ( k ; S O (4 k + n )), and H

1

is a constan t

map. This �nishes the pro of of the theorem.

3. The Dira c map @

S O ( n )

: M ( k ; S O ( n )) ! B S p ( k )

In this section w e review the construction of the Dirac map, and sho w that after

passing to the limit o v er n it is a homotop y equiv alence. T o de�ne this map it is

instructiv e to �rst consider S U ( n ) instan tons. Let ! b e a connection on the S U ( n )

v ector bundle E

k

, where the second Chern class c

2

( E

k

) = k , and let S denote the

canonical bundle of complex spinors o v er S

4

with its canonical connection r

s

. The

tensor pro duct bundle S 
 E

k

inherits a Cli�ord mo dule structure from the one on

S , and w e can view r

s


 ! as a connection on this bundle. This connection giv es

rise to a Dirac op erator

D

!

: �( S 
 E

k

) � ! �( S 
 E

k

) ;

where �( S 
 E

k

) is the space of smo oth sections of S 
 E

k

. There is a splitting

S

�

=

S

+

� S

�

and the Dirac op erator in terc hanges the t w o summands. The op erator

D

+

!

: �( S

+


 E

k

) � ! �( S

�


 E

k

)

is F redholm, in an appropriate Sob olev completion, and of index k [AJ]. F urther-

more, if ! is selfdual, then C ok er ( D

+

!

) = 0 [AHS]. Therefore, the space of sections

in the k ernel of D

+

!

giv es a w ell-de�ned v ector space asso ciated to the connection

! . There is an equiv ariance of the k ernel under gauge transformation in the sense

that � 2 K er ( D

+

!

) implies g � 2 K er ( D

+

g w

), for an y g in the based gauge group
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of bundle automorphisms of E

k

. P assing to gauge equiv alence classes giv es a k

dimensional complex v ector bundle o v er M ( k ; S U ( n )). This bundle is classi�ed b y

a map, @

S U ( n )

: M ( k ; S U ( n )) ! B U ( k ), whic h w e shall refer to as the Dirac map.

A similar construction can b e used to de�ne the Dirac map for S O ( n ) connec-

tions. Giv en an S O ( n ) bundle E with p

1

( E ) = 2 k and an S O ( n ) instan ton ! on E ,

w e can complexify the bundle and connection, denoted !

C

and E

C

, then use the

unitary Dirac map to obtain

M ( k ; S O ( n )) � ! M (2 k ; S U ( n ))

@

S U ( n )

� ! B U (2 k ) :

(Note that c

2

( E

C

) = 2 k ). Ho w ev er, b ecause E

C

has b y de�nition an underlying

real structure, giv en b y some bundle in v olution J

E

, and the complex spinor bundle

S has a quaternionic structure, giv en b y some complex an ti-linear bundle automor-

phism J

s

, where J

s

� J

s

= � 1, the tensor pro duct bundle S 
 E

C

will also ha v e a

quaternionic structure. Moreo v er, the Dirac op erator will resp ect this extra struc-

ture b ecause the tensor pro duct connection r

s


 !

C

will comm ute with J

s


 J

E

.

Th us, the k ernel bundle, de�ned b y coupling a Dirac op erator to a real S O ( n ) in-

stan ton, will b e a k dimensional quaternionic bundle o v er M ( k ; S O ( n )). In other

w ords, the comp osition

M ( k ; S O ( n )) � ! M (2 k ; S U ( n ))

@

S U ( n )

� ! B U (2 k )

factors through B S p ( k ). W e denote this lifting b y @

S O ( n )

. In short, w e ha v e the

homotop y comm utativ e diagram

M ( k ; S O ( n ))

@

S O ( n )

� ! B S p ( k )

# #

M (2 k ; S U ( n ))

@

S U ( n )

� ! B U (2 k )

W e no w sho w that w e can de�ne the limit map @

S O

: M ( k ; S O ) ! B S p ( k ).

>F rom the matrix description of M ( k ; S O ( n )), w e see that the natural inclusion

M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1)), mapping ( ! ; E ) to ( ! � d; E � R ) em b eds

M ( k ; S O ( n )) as a closed submanifold of M ( k ; S O ( n + 1)). It follo ws that the direct

limit M ( k ; S O ) is homotop y equiv alen t to the homotop y direct limit M ( k ; S O )

h

.

Th us, it su�ces to de�ne @

S O

on M ( k ; S O )

h

. T o this end, let A ( k ; S O ( n )) de-

note the space of instan tons b efore passing to gauge equiv alence classes, and let

G

k ;S O ( n )

denote the based gauge group of bundle automorphisms of the S O ( n )

bundle E , where p

1

( E ) = 2 k . Let � ( k ; S O ( n )) denote the bundle class�ed b y the

map @

S O ( n )

: M ( k ; S O ( n )) ! B S p ( k ). By de�nition,

� ( k ; S O ( n )) =

�

[( ! ; � )] : � 2 k er ( D

+

!

)

�

� A ( k ; S O ( n )) �

G

k ;S O ( n )

�( S

+


 E

C

)

Since the un t wisted Dirac op erator on S

4

has no k ernel ( S

4

has no harmonic

spinors), the natural inclusion of bundles

� ( k ; S O ( n )) , ! � ( k ; S O ( n + 1))

# #

M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1))
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de�ned b y ( ! ; � ) ! ( ! � d; � � 0) is an isomorphism on �b ers. Th us the pullbac k of

� ( k ; S O ( n + 1)) via the inclusion M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1)) is isomorphic

to � ( k ; S O ( n )). Hence, the diagram

M ( k ; S O ( n )) , ! M ( k ; S O ( n + 1))

@

S O ( n )

# # @

S O ( n +1)

B S p ( k ) = B S p ( k )

comm utes up to homotop y . So there exists a map @

S O

: M ( k ; S O )

h

! B S p ( k ).

Precomp osing with the equiv alence M ( k ; S O ) ' M ( k ; S O )

h

, giv es a map

@

S O

: M ( k ; S O ) ! B S p ( k ) :

This map is not necessarily uniquely determined. Nev ertheless, an y t w o c hoices,

when restricted to M ( k ; S O ( n )) will classify the bundle � ( k ; S O ( n )), and this is the

only prop ert y of the limit map whic h w e will use. In particular, an y suc h c hoice

will giv e a homotop y comm utativ e diagram

M ( k ; S O ( n )) � ! M ( k ; S O )

@

S O ( n )

& # @

S O

B S p ( k ) :

No w, since H

�

( M ( k ; S O ))

�

=

H

�

( B S p ( k )) b y theorem 3, @

S O

will induce a homology

isomorphism, and therefore b e a homotop y equiv alence, if and only if it induces a

surjection in homology . By the homotop y comm utativit y of the previous diagram,

it su�ces to sho w that @

S O ( n )

: M ( k ; S O ( n )) ! B S p ( k ) induces a surjection in

homology through a range increasing with n .

Theorem 4. The Dir ac map @

S O ( n )

induc es a surje ction in homolo gy thr ough di-

mension 2 n � 4 . Thus, the limit map @

S O

: M ( k ; S O ) ! B S p ( k ) is a homotopy

e quivalenc e.

W e b egin b y pro ving the follo wing lemma:

Lemma 5. Ther e is a c ommutative diagr am

H

�

( M ( k ; S U ( n )))

( @

S U ( n )

)

�

� ! H

�

( B U ( k ))

# #

H

�

( M ( k ; S O (2 n )))

( @

S O (2 n )

)

�

� ! H

�

( B S p ( k )) ;

wher e S p ( k ) � U (2 k ) c onsists of al l matric es of the form

0

@

A B

�

�

B

�

A

1

A



REAL INST ANTONS AND QUA TERNIONIC CLASSIFYING SP A CES 7

for any A; B 2 E nd ( C

k

) , and the map B U ( k ) ! B S p ( k ) is induc e d fr om the

inclusion U ( k ) , ! S p ( k ) de�ne d by

A 7!

0

@

A 0

0

�

A

1

A

:

Pro of of Lemma First notice that the natural map of Lie algebras su ( n ) , !

so (2 n ) induces a map M ( k ; S U ( n )) ! M ( k ; S O (2 n )). The self-dualit y condition is

preserv ed b ecause the Ho dge star op erator is complex linear. Lo cally , the connec-

tion matrix 
 = 


1

+ i


2

, where 


j

is a real matrix-v alued one form, will map to

the matrix

0

@




1

� 


2




2




1

1

A

:

Also notice that, as men tioned previously , the complexi�cation of a real connec-

tion on an S O ( r ) bundle induces a natural map M ( k ; S O (2 n )) ! M (2 k ; S U (2 n )).

Lo cally , the comp osition of these t w o maps

M ( k ; S U ( n )) ! M ( k ; S O (2 n )) ! M (2 k ; S U (2 n ))

is giv en b y


 = 


1

+ i


2

7!

0

@




1

� 


2




2




1

1

A

7!

0

@




1

� 


2




2




1

1

A

;

where the last matrix is view ed as taking v alues in the Lie algebra su (2 n ). Since

there is a g 2 S U (2 n ) suc h that

g

� 1

0

@




1

� 


2




2




1

1

A

g =

0

@




1

+ i


2

0

0 


1

� i


2

1

A

=

0

@


 0

0 �


1

A

;

the connections represen ted b y these matrix-v alued one forms are gauge equiv alen t.

Th us, the comp osition M ( k ; S U ( n )) ! M ( k ; S O (2 n )) ! M (2 k ; S U (2 n )) sends the

equiv alence class of the selfdual connection ! on the bundle E to the equiv alence

class of the selfdual connection ! � �! on the bundle E �

�

E .

No w consider the diagram

M ( k ; S U ( n ))

@

S U ( n )

� ! B U ( k )

# #

M ( k ; S O (2 n ))

@

S O (2 n )

� ! B S p ( k )

# #

M (2 k ; S U (2 n ))

@

S U (2 n )

� ! B U (2 k ) :

By the de�nition of @

S O (2 n )

, the b ottom square homotop y comm utes. Since the map

B S p ( k ) ! B U (2 k ) induces an injection in homology , the top square will induce a
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comm utativ e diagram in homology if the large outer \square "

M ( k ; S U ( n ))

@

S U ( n )

� ! B U ( k )

# #

M (2 k ; S U (2 n ))

@

S U (2 n )

� ! B U (2 k )

comm utes in homology . Note that on the lev el of bundles the righ t v ertical map

sends a complex v ector bundle F to the complex bundle F �

�

F . Let � ( r ; S U ( l ))

denote the Dirac bundle classi�ed b y the map @

S U ( l )

: M ( r ; S U ( l )) ! B U ( r ). The

pro of of the lemma will b e complete if the comp osition

M ( k ; S U ( n )) � ! M (2 k ; S U (2 n ))

@

S U (2 n )

� ! B U (2 k )

classi�es the bundle � ( k ; S U ( n )) � �� ( k ; S U ( n )). There is a natural bundle map

� ( k ; S U ( n )) � �� ( k ; S U ( n )) � ! � (2 k ; S U (2 n ))

# #

M ( k ; S U ( n )) � ! M (2 k ; S U (2 n ))

de�ned b y

[( ! ;  

1

�  

2

)] 7! [( ! � �! ;  

1

�

�

 

2

)]

where

�

 

2

is the section  

2

view ed as a section of the conjugate bundle. Since  

is in the k ernel of D

+

!

if and only if

�

 is in the k ernel of D

+

�!

, this bundle map

is a surjection on �b ers. Since the �b ers ha v e the same dimension, this map is

an isomorphism. Th us � ( k ; S U ( n )) � �� ( k ; S U ( n )) is isomorphic to the pullbac k of

� (2 k ; S U (2 n )), and the lemma is pro v ed.

The pro of of theorem 4 is no w easy . In [S] section 5, it w as sho wn that the map

( @

S U ( n )

)

�

: H

�

( M ( k ; S U ( n ))) � ! H

�

( B U ( k ))

is a surjection through dimension 2 n � 4. F urthermore, w e kno w that the map

B U ( k ) ! B S p ( k ) induces a surjection in homology . Th us, b y the comm utativit y

of the diagram

H

�

( M ( k ; S U ( n )))

( @

S U ( n )

)

�

� ! H

�

( B U ( k ))

# #

H

�

( M ( k ; S O (2 n )))

( @

S O (2 n )

)

�

� ! H

�

( B S p ( k )) ;

( @

S O (2 n )

)

�

: H

�

( M ( k ; S O (2 n )) ! H

�

( B S p ( k )) m ust also b e a surjection through

this range. In particular, then, the limit map @

S O

: M ( k ; S O ) ! B S p ( k ) is a

homotop y equiv alence.
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