
GA UGE THEOR Y IN THREE AND F OUR

DIMENSIONS

P A UL NORBUR Y

Abstra ct. F ollo wing Kronheimer and Mro wk a, w e pro v e minimal

gen us b ounds for surfaces em b edded in manifolds of dimensions

three and four.

Intr oduction

These notes are written for the Decem b er 1998 short courses at Mel-

b ourne Univ ersit y . The course consists of eigh t one hour lectures. The

lev el is aimed at studen ts who ha v e just completed an undergraduate

degree.

The aim of this course is to in tro duce gauge theory tec hniques in to

the study of lo w-dimensional top ology . Giv en the restricted time, the

bac kground will b e brief and w e will satisfy ourselv es with just a few

applications. The main sources for this course will b e John Morgan's

b o ok \The Seib erg-Witten in v arian ts and applications to the top ol-

ogy of smo oth four-manifolds" and John Mo ore's b o ok \Lectures on

Seib erg-Witten in v arian ts" for the bac kground and Kronheimer's pap er

\Em b edded surfaces and gauge theory in three and four dimensions"

(h ttp://www.math.harv ard.edu/ kronheim/) for the application.

The general philosoph y will b e to start with a top ological problem

and describ e a top ological approac h to its solution. By a top ological

approac h, I mean that using a top ological ob ject with v ery in teresting

prop erties, w e can tac kle the problem. Gauge theory will come in when

trying to pro v e the existence of suc h a freakish top ological ob ject.

1. Minimal genus

Let K � S

3

b e a knot and consider Y = S

3

� N ( K ), the manifold

obtained b y remo ving a neigh b ourho o d of the knot from S

3

. A Seifert

surface for K is an em b edded surface � , ! Y suc h that @ � � @ Y is

giv en b y a longitude. In fact, this prop ert y uniquely determines the

longitude.

Example Let K b e the unknot. Then Y = S

3

� N ( K ) giv es the

solid torus. It is easy to see a spanning disk for K . In fact w e can add

handles to get man y surfaces with the same b oundary . Wh y can't w e
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get an y other curv e on the b oundary torus this w a y? An y t w o suc h

surfaces will in tersect in 1-dimensional manifolds once w e ensure the

in tersection is transv ersal. The in tersection will actually b e an orien ted

1-manifold with b oundary . A (1 ; n ) curv e will in tersect the (0 ; 1) curv e

exactly once so there can b e only one b oundary comp onen t, whic h is

imp ossible. More generally , the in tersection p oin ts of t w o curv es in the

torus will induce the same orien tation.

The pro of for the general case is iden tical. The follo wing issue nat-

urally arises.

Question 1.1. What is the minimal genus of a Seifert surfac e for a

given knot K ?

Example The trefoil has a gen us 1 Seifert surface. Since it do esn't

b ound an em b edded disk its gen us is 1. Wh y do esn't it b ound an

em b edded disk? An y immersed disk with em b edded b oundary that

b ounds the trefoil m ust in tersect itself an o dd n um b er of times whic h

is not satis�ed b y an em b edded disk.

There is a more general question w e can ask.

Question 1.2. What is the minimal genus of an emb e dde d surfac e r ep-

r esenting a given homolo gy class in a thr e e-manifold Y ?

By homology class, w e mean to start with an em b edded surface and

mo v e it around the manifold, p erhaps so that it is not em b edded at

some places, and, if w e can, squeezing holes un til they disapp ear. W e

w ould lik e to kno w what is the minimal gen us of an em b edded surface

in the family . (Equiv alen tly , w e migh t start with an immersed surface

and mo v e it as describ ed and ask if w e can ev er get an em b edded surface

in that family .)

Here is a wishful approac h to this problem. Consider a collection of

orien ted em b edded circles S � Y . W e can arrange that these in tersect

an y em b edded surface � transv ersally b y mo ving � or S sligh tly . W e

can coun t the p oin ts of in tersection (with sign) in � \ S . Imagine if

w e could �nd a collection of circles S suc h that the n um b er of p oin ts

in the in tersection � \ S is a lo w er b ound for the gen us of � for an y

�. Suc h an in tersection only dep ends on the homology class of � so it

could giv e an answ er to the question.

A more sophisticated w a y of expressing this approac h is to ask if

there is a line bundle L o v er Y suc h that the restriction of L to an y

em b edded surface � is \less t wisted" than the tangen t bundle of �.

Gauge theory , via the Seib erg-Witten equations, supplies us with

exactly suc h a freakish set of circles. The lo w er b ounds that suc h a
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collection S migh t giv e can sometimes b e quite bad for a particular

surface �. F ortunately , gauge theory giv es us a �nite n um b er of sets S

i

eac h with the prop ert y describ ed ab o v e. F or an y em b edded surface �,

w e can use the maxim um of � � S

i

o v er the i and this can giv e a go o d

lo w er b ound.

This should lo ok similar to the w a y that foliations giv e lo w er b ounds

to the gen us of an em b edded surface. The theory of foliations ties in

quite closely with the gauge theory . W e will get to that closer to the

end of the course.

2. Differential geometr y

Bundles, connections and the Dirac op erator. The easy v ersion.

W e will think of a bundle as a sub-bundle of a trivial v ector bundle

and connections as pro jections on to the sub-bundle. All manifolds

here will b e orien ted.

A manifold is giv en b y Y � R

N

. In fact, this induces a Riemannian

metric. Consider the tangen t bundle T Y of Y consisting of the tangen t

spaces of Y inside R

N

. Let �

Y

b e the normal bundle of Y . Notice that

T Y � �

y

�

=

Y � R

N

. In general, w e can em b ed the tangen t bundle T Y �

Y � R

M

in to other trivial bundles, and there are man y em b eddings in to

eac h trivial bundle. (So the canonical em b edding is a bit misleading.)

More generally , w e can de�ne a bundle o v er Y to b e an y smo othly

v arying family of subspaces E

x

� f x g � R

M

for x 2 Y . A section s of

a bundle is a smo oth map s : Y ! R

M

suc h that s ( x ) 2 E

x

for all x .

W e also call a section of the tangen t bundle a v ector �eld. The space

of sections of a bundle E is notated b y �( E ).

Example Consider S

2

� R

3

giv en b y S

2

= f x 2 R

3

j j x j = 1 g and

tak e its tangen t bundle

T S

2

= f ( x; v ) 2 S

2

� R

3

j x � v = 0 g :

Here's a couple of sections:

s ( x

1

; x

2

; x

3

) = ( � x

1

x

3

; � x

2

x

3

; x

2

1

+ x

2

2

) ; r ( x

1

; x

2

; x

3

) = ( � x

2

; x

1

; 0) :

Often w e w ould lik e to understand ho w a section c hanges as w e mo v e

across the manifold. Notice from the previous example that this notion

of c hange is am biguous. It seems that as w e tra v el around the equator

the v ectors do not c hange and as w e tra v el north they c hange in a w a y

that is indep enden t of where w e start from on the equator. But that

w ould mean that they don't c hange near the north p ole and it is clear

that they do. P erhaps I w en t ab out it the wrong w a y and I should

start with the north p ole and in fact the whole northern hemisphere.

Comparing the t w o hemispheres, w e still get a con tradiction. Surely
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this has to do with the \t wisting" (i.e. non-trivialit y) of the tangen t

bundle?

A connection allo ws us to di�eren tiate sections. It is giv en b y a

pro jection P

x

: R

M

! E

x

. Wh y do es this help? W e can di�eren tiate

v ectors in a trivial bundle, so for v 2 T

x

Y and s 2 �( E ), w e ha v e

( @

v

s )( x ) 2 R

M

. De�ne @

A

v

s = P

x

@

v

s . If � is a v ector �eld, then @

A

�

s 2

�( E ) as desired. W e use A to denote the connection (ev en though P

w ould su�ce). Another w a y to express a connection is @

A

v

= @

v

� @

v

P

where the extra term acts as a zero order op erator.

In the example ab o v e, there is an ob vious family of pro jections from

R

3

to T

x

S

2

, giv en b y P

x

v = v � ( x � v ) x . Lo ok at the p oin t (1 ; 0 ; 0) on

the equator. Then w e ha v e

@

A

(0 ; 1 ; 0)

s = P

(1 ; 0 ; 0)

(0 ; 0 ; 0) = (0 ; 0 ; 0) ; @

A

(0 ; 0 ; 1)

s = P

(1 ; 0 ; 0)

( � 1 ; 0 ; 0) = (0 ; 0 ; 0) :

A t a general p oin t (except for a p ole), let v b e the unit v ector parallel

to the equator and let w b e the unit v ector p oin ting north. Then

@

A

v

s = P

( x

1

:x

2

;x

3

)

D f ( v ) = x

3

v ; @

A

w

s = P

( x

1

:x

2

;x

3

)

D f ( w ) = � x

3

w :

So the v ectors b eha v e as exp ected as w e tra v el north but they seem to

t wist as w e tra v erse the glob e. Notice that this con tradicts an argumen t

w e ga v e ab o v e. What w e see here is that co v arian t deriv ativ es don't

comm ute. This brings us to the curv ature of a connection.

De�ne F

A

= [ dP ; dP ] where w e mean that for v ; w 2 T

x

Y , F

A

( v ; w ) =

[ @

v

P ; @

w

P ]. The curv ature acts on sections b y (natrix) m ultiplication.

That's quite remark able since the curv ature arises from the comm utator

F

A

( v ; w ) = [ @

A

v

; @

A

w

] so w e migh t exp ect it to b e a second order op erator

instead of a zero order op erator. What w e see is that although the

co v arian t deriv ativ e is not comm utativ e, it is somewhere in b et w een.

An imp ortan t ob ject in di�eren tial geometry is a di�eren tial form.

Let's start with usual in tegration. W e can mak e sense of

R

b

a

f ( t ) dt ofr

an y function f de�ned on [ a; b ]. This can b e though t of as in tegra-

tion o v er a manifold. W e w ould lik e to in tegrate o v er submanifolds.

Consider a curv e in the plane. If w e ha v e a function in the plane

can w e in tegrate it o v er the curv e? Really , in tegration needs R

n

. So,

parametrise the curv e. Notice, ho w ev er, that the in tegral dep ends on

the parametrisation:

Z

f ( g ( s )) dg =

Z

f ( s ) g

0

( s ) ds 6=

Z

f ( s ) ds

for a c hange of parametrisation g . It ends up that w e cannot in tegrate

functions o v er submanifolds but w e can in tegrate di�eren tial forms lik e

f ( s ) ds = f ( g ) dg =g

0

( s ). In three dimensions, a 1-form is giv en b y three
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functions

f

1

( x

1

; x

2

; x

3

) dx

1

+ f

2

( x

1

; x

2

; x

3

) dx

2

+ f

1

( x

1

; x

2

; x

3

) dx

3

:

Similarly , a 2-form (in three dimensions) is giv en b y three functions

f

12

( x

1

; x

2

; x

3

) dx

1

^ dx

2

+ f

13

( x

1

; x

2

; x

3

) dx

1

^ dx

3

+ f

23

( x

1

; x

2

; x

3

) dx

2

^ dx

3

and it can b e in tegrated o v er surfaces in the manifold. Notice that a

2-form b ecomes a w ell-de�ned function when restricted to a surface.

Th us, another w a y to think of a 2-form on a three-manifold is as a

function that mak es sense when y ou sp ecify a surface (or ev en a plane

of tangen t v ectors at a p oin t). The expression ^ is used to sho w that

the de�nition is orien tation sensitiv e whic h is necessary in c hanges of

co ordinates.

The curv ature de�ned ab o v e is a 2-form..

P erhaps w e will lea v e the Dirac op erator to another lecture. Instead,

let's lo ok at the global top ology that a connection captures, indep en-

den tly of the connection!

Let L b e a complex line bundle o v er Y . So L

x

� Y � C

N

. Let s b e

a section of L . Then the zero set of s is a one-dimensional (orien ted)

submanifold S � Y , once w e c ho ose s appropriately|transv ersal to

the zero section. A one-dimensional submanifold m ust b e a collection

of circles in Y . T ak e an y (orien ted) surface � � Y . The in tersection

of S and � giv es a n um b er b y coun ting the p oin ts in the in tersection

with appropriate sign|+1 if S p oin ts in the p ositiv e normal direction

of � and � 1 if S p oin ts in the negativ e normal direction of �. W e

kno w that this n um b er only dep ends on the homology classes of S and

�. What is in teresting is that the homology class of S is indep enden t

of the section s so dep ends only on the line bundle L . It is probably

easiest to see this if w e restrict L to the surface �. The zero set of

an y section is an isolated set of p oin ts in � (transv ersalit y). An y t w o

sections s

1

; s

2

can b e joined b y a path of sections s = (1 � t ) s

1

+ ts

2

.

Since s : � � I ! L is a section its zero set is a 1-manifold (p erhaps w e

p erturb the homotop y to get transv ersalit y) with b oundary giv en b y

the zero sets of s

1

and s

2

. This giv es an orien ted cob ordism b et w een

the t w o sets so they are coun ted the same w a y .

The set S can b e though t of as an elemen t of the second cohomology

group H

2

( Y ). Is there a con v enien t 2-form represen ting this class?

Y es|the curv ature of the connection giv es us what w e w an t. First

notice that if A

1

and A

2

are t w o connections, then A

1

� A

2

= a is a

1-form and F

A

2

= F

A

1

+ da os the cohomology class is

These are Dirac magnetic monop oles.
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I w ould lik e to men tion that bundles can b e de�ned in trinsically

where w e use a structure group to k eep trac k of the t wisting rather

than an am bien t trivial bundle that has the abilit y to see t wisting.

3. Spinors and vectors

This will mak e the second of the Seib erg-Witten equations friendlier.

Also in tro duce the Dirac op erator and v ectors and Hermitian matri-

ces. The adv an tage of doing it this w a y and then referring to the spin

represen tation is that are forced to see the matrices rather than settle

for mere existence. (More the ph ysicists w a y .)

Simply understand the isomorphism C P

1

�

=

f v 2 R

3

j j v j = 1 g .

The t w o-sphere can b e realised as the unit v ectors in R

3

or, equiv a-

len tly , the orien ted pro jectiv e space of lines in R

3

so w e can lab el this

realisation

~

R P

2

. W e can also realise the t w o-sphere as the pro jectiv e

space C P

1

of complex lines in C

2

. These t w o realisations resp ectiv ely

mak e the actions of S O (3) and S U (2) manifest. Is there a nice w a y to

asso ciate to a real v ector in R

3

its complex v ector in C

2

and suc h that

the actions of S O (3) and S U (2) are compatible?

T ak e a non-zero v ector s = ( z

1

; z

2

) 2 C

2

. So s represen ts a p oin t in

C P

1

. F rom s w e can get a v ector

v = � ( s ) = (( j z

1

j

2

� j z

2

j

2

; 2 z

1

�z

2

) 2 R

3

where w e ha v e used R

3

�

=

R � C . Then j v j = j s j

2

and w e claim that this

induces the desired map ~� : C P

1

!

~

R P

2

. Really there isn't a canonical

w a y to asso ciate a p oin t of C P

1

with a p oin t of R P

2

. So after making

a c hoice (in this case the isomorphism R

3

�

=

R � C ) w e can ask at least

that the S U (2) and S O (3) actions are compatible.

The map from S U (2) to S O (3)

�

a b

�

�

b �a

�

7!

0

@

1 r e ( a

�

b � im ( a

�

b )

� r e ( a

�

b ) � �

� im ( ab ) � �

1

A

sho ws ho w the resp ectiv e actions on C P

1

and

~

R P

2

agree.

Some further features of this map:

� The map � : C

2

! R

3

induces the Hopf �bration S

3

! S

2

when

restricted to an y sphere of constan t norm v ectors in C

2

.

� A slic k er w a y to see � is to use the fact that w e kno w that the

action of S U (2) on its Lie algebra giv es the standard S O (3) ac-

tion. Here w e are iden tifying the Lie algebra su (2) with R

3

. This

iden ti�cation is really enco ding the Cli�ord action of v ectors on

spinors. Then notice that � ( s ) = s �s

T

�

1

2

j s j

2

. F or u 2 S U (2),

w e get � ( us ) = u� ( s ) bar u

T

= u� ( s ) u

� 1

, the adjoin t action of
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S U (2) on its Lie algebra (times i ). Notice that s is an eigen v ec-

tor of � ( s ). In fact this prop ert y determines � ( s ) uniquely up to

orien ted scaling.

� W e can sa y that C P

1

are isomorphic

~

R P

2

since an eigenspace of a

Hermitian matrix is (almost) the same as a Hermitian matrix.

� Or, w e sa y that \t w o" spinors is in some sense the same as a

v ector. This is the t wistor theory of P enrose.

Bac k to connections on a bundle on a three-manifold and the Dirac

op erator. De�ne the Dirac op erator b y

D s =

X

j

�( e

j

) r

e

j

s

and more generally

D

A

s =

X

j

�( e

j

) r

A

e

j

s:

Here f e

1

; e

2

; e

3

g is an orthonormal set of v ectors in the tangen t bundle

of Y and �( e

j

) is the Hermitian matrix asso ciated to the v ector e

j

.

Lo ok at the Dirac op erator in t w o dimensions to get a feel for this.

D s = �( e

1

) r

e

1

s + �( e

2

) r

e

2

s

=

�

@

x

@

y

� @

y

@

x

�

s

Notice that the algebra of matrices agrees with the algebra of complex

n um b ers. The Dirac equation is the Cauc h y-Riemann equation. More

generally , solutions of the t wisted Dirac op erator corresp ond to holo-

morphic sections of a (complex) line bundle, and moreo v er w e can use

the Dirac op erator to de�ne the holomorphic structure on a complex

line bundle.

4. The Seiber g-Witten equa tions

The Seib erg-Witten equations are giv en b y

D

A

� = 0(1)

� ( F

A

) = � (�)(2)

where A is a connection on L , � is a section of S 
 L , D

A

: �( S 
 L ) !

�( S 
 L ) is the Dirac op erator t wisted b y the connection A , F

A

is the

curv ature 2-form of A and � ( F

A

) asso ciates a Hermitian matrix v alued

function to the curv ature, and � (�)�

�

�

T

�

1

2

j � j

2

I is describ ed in the

previous section.

A W eitzen b o c k form ula for the Dirac op erator helps to justify these

equations. Before describing this, w e will quic kly de�ne the scalar
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curv ature of a metric. F or a surface �, the scalar curv ature can b e

de�ned in man y equiv alen t w a ys:

(i) Sa y � � R

3

. A t eac h p oin t x 2 � w e can �nd lo cal co ordinates

( x

1

; x

2

; x

3

) in R

3

around x so that � is lo cally giv en b y x

3

= f ( x

1

; x

2

) =

P

i;j

Q

ij

x

i

x

j

+ ::: where there is no constan t or degree one term and

w e ha v e included the second order term and omitted the higher order

terms. Then Q

i;j

is a symmetric matrix that is almost an in v arian t of

� at the p oin t x . Actually , the in v arian t quan tities are tr Q = 2 H , the

mean curv ature, and det Q = s , the scalar, or Gaussian, curv ature.

(ii) The Levi-Civita connection on T � has curv ature F

LC

= s! , a

m ultiple of the area form ! . The m ultiplier is the scalar curv ature.

(iii) T ak e a geo desic triangle on � and consider ( � + � + 
 � � ) = area !

s as the area go es to 0.

In three dimensions, the scalar curv ature is t wice the sum of the

scalar curv atures of a set of three planes generated b y three orthogonal

v ectors, s = 2

P

i;j

s

i;j

.

No w, consider

D

A

D

A

=

X

i;j

�( @

x

i

) @

A

x

i

�( @

x

j

) @

A

x

j

=

X

i

�( @

x

i

)

2

@

A

x

i

@

A

x

i

+ :::

where the missing terms are s + � ( F

A

). F rom this w e get

� j � j

2

=

X

@

2

x

i

j � j

2

=

X

2( @

A

x

i

@

A

x

i

� ; �) +

X

2( @

A

x

i

� ; @

A

x

i

�)

�

s

2

j � j

2

+ ( � ( F

A

)� ; �)

�

s

2

j � j

2

+

1

2

j � j

4

whic h allo ws us to deduce that j � j

2

� � s . Th us F

A

= 0 or j F

A

j � � s

or j F

A

j � � s

�

where s

�

is the negativ e part of s and is 0 otherwise.

W e ha v e,

j

Z

�

F

A

j �

Z

�

j F

A

j d (area ) � �

Z

�

s

�

d (area )

and this last expression w ould b e helpful if w e could relate the scalar

curv ature of Y at x 2 � to the scalar curv ature of � there and if the

scalar curv ature on � is alw a ys non-p ositiv e.

W e can c hange the metric so that lo cally it giv es a pro duct � � I in a

neigh b ourho o d of � of a non-p ositiv ely curv ed metric on Sigma and the


at metric in the normal direction. But p erhaps the Seib erg-Witten

equations don't ha v e a solution for this quite sp ecial metric. In the next

section w e will study an in v arian t pro duced from the Seib erg-Witten
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equations that is indep enden t of the metric and whose non-v anishing

for a particular metric ensures a solution for that metric.

5. Pr oper ties of the Seiber g-Witten equa tions and

examples

W e ha v e seen from the previous section that not only do w e w an t

a solution of the Seib erg-Witten equations but w e w an t a solution to

surviv e as w e v ary the metric.

In this section w e will follo w Kronheimer \Em b edded surfaces and

gauge theory in three and four dimensions" quite closely , adding bac k-

ground material.

W e w an t to use the analogy with the critical p oin ts of a function on

a compact manifold.

As for the �nite dimensional case w e need to ensure that w e ha v e

(i) isolated critical p oin ts|w e ma y ha v e to p erturb the equations;

(ii) �nitely man y critical p oin ts|compactness of the space of solu-

tions;

(iii) as usual, w e will need to coun t with sign if w e w an t the sum to

b e indep enden t of the metric|sp ectral 
o w.

T o isolate critical p oin ts w e use Sard's theorem on a Banac h space

that tells us that if a family is transv erse then most p oin ts in the family

are to o.

The space of solutions is compact b ecause w e kno w ho w connections

can blo w up (or bubble) and that a uniform b ound will prev en t this.

A sequence of spinors will con v erge since they are uniformly b ounded.

Sp ectral 
o w is b est seen via an ordinary di�eren tial equation. This

giv es the sp ectral 
o w in terms of the index of a F redholm op erator.

6. Final comments and f our dimensions

The Alexander p olynomial of a knot K giv es the Seib erg-Witten

in v arian ts of Y whic h is zero surgery on S

3

� N ( K ). This giv es a prett y

ordinary b ound on the gen us of a Seifert surface. In fact, g (�) � r

where r is the degree of the Alxander p olynomial.

It is necessary to use a deep er theory , namely Flo er homology , whic h

again giv es an in v arian t of the Seib erg-Wittens equations that is inde-

p enden t of the metric. The existemce of taut foliations and asso ciated

con tact structures is used, via symplectic geometry in four dimensions

to get these sturdier solutions.

Symplectic geometry , Thom conjecture, unknotting n um b er. Do es

our top ological viewp oin t help in four dimensions? And prop ert y P ?


