
CHARA CTERISTIC CLASSES

P A UL NORBUR Y

Abstra ct. These are the notes of a short course giv en at Mel-

b ourne Univ ersit y in Decem b er 1999.

Intr oduction

There are man y approac hes to c haracteristic classes and p erhaps

the cleanest approac h is the most sophisticated. It can b e found in

the b o ok Char acteristic classes of Milnor and Stashe�. Rather than

attempting to head straigh t for the approac h used in that b o ok, w e

will gain en try via the more accessible alternativ e approac hes. One

consequence of this will b e that w e will con tin ually recall the de�nition

of c haracteristic classes as w e gain further appreciation for the terms

in the de�nition.

De�nition 1. A char acteristic class asso ciates invariants|numb ers

or c ohomolo gy classes|to the tangent bund le|and mor e gener al ve ctor

bund les.

Course summary.

(i) Euler's form ula for a w arm-up.

(ii) In tersections, transv ersalit y , lo cal v ector �elds.

(iii) Stiefel-Whitney classes, line bundles and families of v ector �elds.

(iv) Orien tation, complex bundles and Chern classes.

(v) Grassmannians and cohomology .

(vi) P on try agin classes.

(vii) Di�eren tial forms, connections and curv ature.

(viii) Characteristic n um b ers and sp ecial v ector �elds.

One migh t think of this course as training to b e able to read the

b o ok of Milnor and Stashe�. That b o ok is b est read via its fan tastic

exercises. Y ou can attempt the �rst exercise in eac h c hapter, mo ving

through the c hapters, then return to the start to attempt the second

exercise of eac h c hapter. There should b e no problem mo ving forw ards

and bac kw ards through the b o ok lik e that, particularly after ha ving

done this short course.
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F urther justi�cation for not directly de�ning c haracteristic classes in

their most natural con text comes from recen t dev elopmen ts in math-

ematics, suc h as four-manifold mo duli space in v arian ts and quan tum

cohomology , where a particular view of c haracteristic classes can some-

times generalise to situations not co v ered b y the basic theory of c har-

acteristic classes.

What you ar e and ar e not exp e cte d to know. Pre-requisites for this

course are kno wledge of manifolds and the tangen t space. V ector bun-

dles, homology and cohomology will app ear throughout the course in

v arious guises, although no previous kno wledge of these ob jects is as-

sumed.

Some topics in these notes will ha v e to b e discarded as time restricts.

There are topics that are not needed in the sequel so this will b e easy to

do. The eigh th lecture requires enough digestion that w e will probably

spread parts of it through earlier lectures.

1. Vector fields and Euler 's f ormula

Euler's form ula for p olyhedrons is F � E + V = 2 where F ; E ; V are

the n um b ers of faces, edges and v ertices, resp ectiv ely , of the p olyhe-

dron. Ho w migh t w e pro v e this?

A cub e giv es 6 � 12 + 8 = 2. If w e add a diagonal to one of the

faces of the cub e w e get 7 � 13 + 8 = 2. More generally , w e can add

an edge joining t w o existing v ertices and get 7 � 13 + 8 = 2 or add a

v ertex to an existing edge and get 6 � 13 + 9 = 2. W e see that the

sum F � E + V is unc hanged under suc h mo v es. That can b e used

to re�ne an y p olyhedron so that all of its faces are triangles. An y t w o

p olyhedrons ha v e a common re�nemen t so the calculation for the cub e

is enough to pro v e the result.

Here's another approac h that suits our purp oses. W e ma y assume

that w e are w orking with a triangulated sphere (b y re�ning the p oly-

hedron and using the fact that a p olyhedron is homeomorphic to the

sphere.) Consider the v ector �eld on the sphere giv en b y a 
o w from

the north to the south p oles. Cho ose the north and south p oles to lie in

the in terior of t w o faces of the triangulation. Re�ne the triangulation

so that it is made up of small enough triangles that the v ector �eld

in tersects the triangulation in suc h a w a y as to p oin t eac h v ertex and

edge to w ards a unique face. In that w a y , b esides the triangles that

con tain the north and south p oles, there are t w o t yp es of triangles:

one in whic h one v ertex and t w o edges p oin t to w ards the face and the

other in whic h one edge p oin ts to w ards the face. This enables us to

asso ciate the t w o edges with the face and v ertex, resp ectiv ely the face

and an edge. Th us w e ha v e F � E + V = 1 � 2 + 1 = 0 resp ectiv ely
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F � E + V = 1 � 1 + 0 = 0. This fails at the north p ole where no edge

or v ertex p oin ts to w ards the face so w e get F � E + V = 1 � 0 + 0 = 1

and at the south p ole where all edges and v ertices p oin t to w ards the

face so w e get F � E + V = 1 � 3 + 3 = 1. eac h face, edge or v ertex

app ears once in this asso ciation, so w e get F � E + V = 2 and the 2

seems to come from the t w o zeros of the v ector �eld.

Let's turn this around and use Euler's form ula to sa y something

ab out a general v ector �eld. T ak e an y v ector �eld and c ho ose a trian-

gulation that satis�es the prop ert y that eac h zero of the v ector �eld

lies in a unique in terior of some face and eac h edge and v ertex p oin ts

to a unique face. Again w e �nd that F � E + V = 0 on most triangles

and at eac h zero w e get F � E + V = � 1. Th us, the signed sum of

zeros of an y v ector �eld is F � E + V = 2.

These argumen ts w ork o v er an y surface.

De�nition 2. The Euler class assigns to the tangent bund le a numb er.

The Euler class is an example of a c haracteristic class, the tangen t

bundle a v ector bundle, and the n um b er a cohomology class, so a char-

acteristic class assigns to a ve ctor bund le a c ohomolo gy class.

W e will �nish with a quic k reminder of the Gauss-Bonnet theo-

rem. F or an y surface � w e ha v e

R

�

dA =Area(�). More in terest-

ingly ,

R

�

K dA = 2 � � (�) where K is the curv ature of a an em b edding

� , ! R

N

. Later w e will see that K dA is a di�eren tial 2-form and the

em b edding essen tially enco des a metric on �.

The pro of of this: K = lim

� ! 0

� + � + 


�

where � is the area of a small

triangle with angles � ; � + ; g amma .

Then

P

i

K �

i

=

P

i

�

i

+ �

i

+ 


i

= 2 � V � � F and since the faces

are triangles 2 E = 3 F so 2 � V � � F =2 � ( V + F � E ) = 2 � � (�). The

in tegral arises in the limit.

2. Intersections and transversality

De�nition 3. Two subsp ac es of a ve ctor sp ac e V

1

; V

2

� W interse ct

tr ansversal ly if V

1

+ V

2

= W .

Tw o submanifolds of a manifold �

1

; �

2

� X in tersect transv ersally

at p 2 �

1

\ �

2

if T

p

�

1

+ T

p

�

2

= T

p

X . Curv es in a surface giv e easy

examples of this.

F acts: (Theorems)

(i) If �

l

1

and �

m

2

in tersect transv ersally in M

n

then �

1

\ �

2

is a

submanifold of dimension l + m � n .
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(ii) If [0 ; 1] � �

1

and �

2

in tersect transv ersally (but p erhaps f t g � �

1

and �

2

don't in tersect transv ersally for some t 2 [0 ; 1] then [0 ; 1] � �

1

\

�

2

is a submanifold with b oundary .

(iii) In particular, if dim �

1

\ �

2

= 0 then [0 ; 1] � �

1

\ �

2

is a 1-

manifold with b oundary so the n um b er of ends of the in tersection is

ev en. Th us, �

1

\ �

2

is w ell-de�ned mo d 2 if w e allo w �

1

to b e deformed.

The third fact is imp ortan t when t w o submanifolds don't in tersect

transv ersally so w e deform them to do so.

One w a y to think of a tangen t space is via an em b edding of a manifold

M in to R

N

. F or example, S

2

, ! R

3

and

T S

2

= f ( x

1

; x

2

; x

3

) ; ( v

1

; v

2

; v

3

) j j x j = 1 ; x � v = 0 g :

This is a 4-dimensional manifold.

Often it is b etter to think of a v ector �eld lo cally . An n-dimesional

manifold M can b e giv en in terms of c harts [ U

i

= M where U

i

is

di�eomorphic to a subset of R

n

. The tangen t bundle is trivial on R

n

,

i.e. T R

n

= R

n

� R

n

and so with resp ect to the c hart U

i

w e can

think of a v ector �eld as (( x

1

; :::; x

n

) ; ( v

1

( x

1

; :::; x

n

) ; :::; v

n

( x

1

; :::; x

n

)))

or v

1

( x

1

; :::; x

n

) @

x

1

+ ::: + v

n

( x

1

; :::; x

n

) @

x

n

.

The zeros of a v ector �eld v : M ! T M are giv en b y the in tersection

of v ( M ) � T M with M � T M where the latter em b edding comes from

the zero section. Since dim T M = 2 n then if w e w e can deform the

v ector �eld so that it in tersects the zero section transv ersally , then

w e get a �nite set of p oin ts whic h giv es a w ell-de�ned n um b er mo d

2. F urthermore, an y v ector �eld deforms to an y other v ector �eld, so

w e get a n um b er that only dep ends on the tangent bund le. This is a

c haracteristic class.

V ector �elds on the t w o-sphere giv e a go o d example of this. Later w e

will de�ne orien tation whic h will allo w us to coun t the zeros with sign

to get an in teger. F urther examples of in tersections: R P

1

� R P

2

has

non-trivial self-in tersection whilst S

1

� �

2

has trivial self-in tersection

when �

2

is an orien table surface. P erhaps consider the self-in tersection

of C P

1

� C P

2

.

3. Stiefel-Whitney classes

Along with tangen t bundles, line bundles are v ector bundles o v er

a manifold with in teresting c haracteristic classes. A line bundle can

b e describ ed as a con tin uous family of 1-dimensional subspaces of R

N

parametrised b y M . In other w ords, L � M � R

N

and the subspaces are

L

x

� R

N

for x 2 M . (More gennerally , a k -dimensional v ector bundle

consists of a con tin uous family of k -dimensional subspaces V

x

� R

N

.)

Strictly , a line bundle is o v er M

n

is an ( N + 1)-dimensional manifold
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L equipp ed with a map � : L ! M suc h that that � is lo cally trivial,

i.e. there exists a co v er f U

i

g of M suc h that �

� 1

( U

i

) = U

i

� R .

Alternativ ely , tak e a �nite co v er M = [ U

i

of balls U

i

and tak e a set

of functions �

ij

: U

i

\ U

j

! R

�

satisfying �

ij

�

j k

�

k i

= 1 and �

ij

= �

� 1

j i

.

Then these de�ne a line bundle b y mapping U

i

� R � U

j

� R on the

o v erlap b y iden tifying ( x; v ) � ( x; �

ij

v ) for x 2 U

i

\ U

j

.

A section of a line bundle s : M ! L is the analogue of a v ector �eld.

W e can deform a section to in tersect the zero section transv ersally and

get a c haracteristic class that is in some sense indep enden t of the section

w e c ho ose. In what sense? Asso ciated to eac h em b edded circle in M ,

a section giv es a n um b er mo d 2 (coun t zeros.) This n um b er dep ends

only on the bundle. In this case the c haracteristic class assigns 1 or 0

to eac h em b edde circle. this is an example of a Stiefel-Whitney class

of the line bundle.

Let R P

N

b e the manifold giv en b y i-dimensional subspaces in R

N +1

.

It p ossesses a natural line bundle L ! R P

N

giv en b y

L = f ( x; v ) 2 R P

N

� R

N +1

j v 2 x g

called the canonical bundle.

Stiefel-Whitney classes. F or an y n -manifold M , w e de�ne the n � k th

Stiefel Whitney class w

n � k

( T M ) as the set of p oin ts where a generic

set of k v ector �elds on M is linearly dep enden t. This de�nes a k -

dimensional submanifold of M and w e think of it as a function from

n � k -dimensional submanifolds of M to Z

2

. More generally , if E ! M

is an r -dimensional bundle then w

r � k

( E ) is obtained from the linear

dep endence set of k sections of E . Later w e will giv e a de�nition whic h

mak es it clear that w e get an n � k -dimensional submanifolds of M .

F or the momen t, here are some examples. Consider the canonical

line bundle L ! R P

2

de�ned b y L = f ( x; v ) 2 R P

2

� R

3

j v 2 x g .

Let's calculate w

1

( L ). The pro jectiv e co ordinates [ x

0

: x

1

: x

2

] actually

giv e sections of L . T ak e one suc h section x

0

. It v anishes on [0 : x

1

: x

2

]

whic h is R P

1

� R P

2

and it sends 1-dimensional submanifolds of R P

2

to 0 or 1 dep ending on whether they are deformable to a p oin t or to

the natural R P

1

� R P

2

.

Consider T S

2

. W e already kno w that w

2

( T S

2

) � 0 since it coun ts the

zeros of a v ector �eld. F or w

1

( T S

2

) c ho ose to w v ector �elds, one coming

from a 
o w from the north p ole to the south p ole and the other from a


o w from the east p ole to the w est p ole. These are linearly dep enden t

precisely along the great circle con taining the four p oles. This circle

in tersects an y 1-dimensional submanifold in S

2

an ev en n um b er of times

so w

1

( T S

2

) is trivial.
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Here as an alternativ e de�nition of Syiefel-Whitney classes. Giv en

an r -dimensional bundle E ! M , consider E 
 L ! M � R P

N

where

L ! R P

1

is the univ ersal bundle. T ak e a generic section s of E 
 L and

restrict it to M � R P

k

. The zero set Z ( s ) � M � R P

k

has dimension

n + k � r where n = dim M and E is an r -bundle. Pro ject Z ( s ) on to M

to get an ( n + k � r )-dimensional set or a cohomology class of dimension

r � k . This is the Stiefel-Whitney class w

r � k

( E ).

This coincides with the previous de�nition since if k + 1 v ector

�elds f v

0

; v

1

; :::; v

k

g are linearly dep enden t then there exists a tuple

f y

0

; :::; y

k

g suc h that y

0

v

0

+ ::: + y

k

v

k

= 0. Since the y

i

are only pro jec-

tiv ely de�ned, they actually giv e a section of the canonical line bundle

o v er R P

N

so y

0

v

0

+ ::: + y

k

v

k

2 �( E 
 L ). This view allo ws us to see that

the zero set arises as a transv ersal in tersection so generically w e can

arrange this and the mo d 2 class w e get is indep enden t of an y deforma-

tions. Note that if the pro jection of the zero set is not a submanifold

w e can p erturb it to b e that w a y .

4. Orient a tion, complex bundles and Chern classes

So far w e ha v e coun ted in tersections mo d 2 b ecause that is all that

is w ell-de�ned when w e deform the in tersecting manifolds. In the �rst

lecture o v er surfaces w e managed to coun t p oin ts with sign, so eac h

p oin t of in tersection con tributes +1 or -1, and get an in teger that is

w ell-de�ned as the in tersecting manifolds are deformed. W e exp ect to

b e able to do this in general. An orientation of a manifold allo ws us to

do just that. It enables us to tell when a p oin t should b e coun ted with

+1 or -1.

An orien tation of a v ector space V is an equiv alence class of bases

of V . Tw o bases are equiv alen t if the linear map that relates the t w o

has p ositiv e determinan t. An orien tation of V is a c hoice of +1 for

one equiv alence class and � 1 for the other. If V = V

1

� V

2

then an

orien tation on t w o of these v ector spaces induces an orien tation on the

third.

An orien tation of a manifold is a (con tin uous) c hoice of orien tation

on eac h tangen t space. Lo cal orien tations alw a ys exist, but global

orien tations migh t not.

If X

k

and Y

n � k

are t w o orien ted submanifolds of an orien ted mani-

fold M

n

then if they in tersect transv ersally , the p oin ts of in tersection

can b e coun ted with sign. A t a p oin t p 2 X \ Y simply compare

the orien tation on T

p

M with the induced orien tation on T

p

X � T

p

Y .

Examples: curv e on a surface and C P

2

.
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W e ha v e already de�ned a general v ector bundle to b e E

�

! M with

the prop ert y that � is lo cally trivial: there exists a co v er f U

i

g of M suc h

that �

� 1

( U

i

) = U

i

� R

k

. Alternativ ely , w e can de�ne E as a con tin uous

family of k -dimensional subspaces E

x

� R

N

so E � M � R

N

. If w e

replace the real v ector space R

k

b y C

k

(and R

N

b y C

N

) then w e ha v e

a complex v ector bundle. Examples are complex line bundles and a

tangen t bundle equipp ed with an almost complex structure.

A v ector bundle is orien ted if it is orien ted as a manifold. F or ex-

ample, if M is an orien ted manifold then its tangen t bundle can b e

orien ted. An y v ector �eld v , after p erhaps b eing deformed, giv es rise

to an isolated set of zeros that can b e coun ted with sign.

Exer cise. Sho w that this agrees with the metho d of giving a sign

used in the �rst section.

An y complex v ector space has a natural orien tation giv en b y f v

i

; J v

i

g

for n v ectors v

i

2 C

n

. Th us, an y complex bundle o v er an orien ted

manifold has a natural orien tation.

W e can no w de�ne Chern classes. The Chern classes of a complex

bundle are de�ned analogously to Stiefel-Whitney classes where w e no w

consider E 


C

L o v er M � C P

1

. The canonical bundle L o v er C P

1

is

f ( z ; v ) 2 C P

1

� C j v 2 z g . The tensor pro duct is o v er C so w e need

a complex structure on the bundle E .

If E is a complex r -dimensional bundle w e de�ne c

k

( E ) to b e the

pro jection on to M of the zero set of a generic section of E 
 L restricted

to C P

r � k

. Equiv alen tly , tak e r � k + 1 sections of E and c

k

( E ) is the

set in M where these sections are dep enden t. This c haracteristic class

is a function on orien ted 2 k -dimensional submanifolds of the orien ted

manifold M to the in tegers.

W e will calculate the Chern classes of T C P

2

. Immediately c

0

( T C P

2

) =

1, meaning that it maps an y p oin t in C P

2

to 1 since an y 5 v ector �elds

are dep enden t at ev ery p oin t of C P

2

. W e kno w c

2

( T C P

2

) = 3 since it

coun ts the n um b er of zeros of a v ector �eld and hence is the same as

the Euler c haracteristic.

F or c

1

( T C P

2

) w e tak e t w o v ector �elds as follo ws. There is an action

of S U (3) on C P

2

and the isotrop y subgroup of eac h p oin t is isomorphic

to U (2). The in�nitesimal action of su (3) on C P

2

giv es an iden ti�cation

of the four dimensional tangen t space of a p oin t with su (3) =I

x

for

the isotrop y subalgebra I

x

�

=

u (2). Th us, an elemen t of su (3) de�nes

a v ector �eld on C P

2

. F or � 2 su (3) the v ector �eld at [ x

0

: x

1

:

x

2

] is giv en b y � � x 2 C

3

=x . Consider the t w o v ector �elds arising

from diag ( i; � i; 0) ; diag (0 ; i; � i ) 2 su (3). They are linearly dep enden t

when ( x

0

; � x

1

; 0) ; (0 ; x

1

; � x

2

) ; ( x

0

; x

1

; x

2

) are linearly dep enden t. The
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determinan t of these three v ectors is � 3 x

0

x

1

x

2

. This v anishes on the

union of the three lines x

0

= 0 = x

1

= x

2

. As a map from orien ted 2-

dimensional submanifolds to the in tegers it sends the standrad C P

1

to 3.

Eac h in tersection is coun ted p ositiv ely b ecause the complex structure

giv es canonical orien tations whic h agree.

5. Grassmannians and cohomology

Giv en E

�

! Y let f : X ! Y . Then there is a bundle f

�

E ! X . Its

total space is giv en b y f ( e; x ) 2 E � X j � ( e ) = f ( x ) g . Simply need to

c hec k that the comp osition map is lo cally a pro duct. In terms of the

construction

S

U

i

= Y and �

ij

: U

i

\ U

j

! R

�

( C

�

), simply use f

� 1

( U

i

)

and �

ij

de�ned on f

� 1

( U

i

) \ f

� 1

( U

j

).

The c haracteristic classes are natural meaning that they are pre-

serv ed under an y map f : X ! Y . On �

k

� X de�ne w

k

( f

�

E ) � �

k

=

w

k

( E ) � f (�

k

). Here w e see the con tra v arian t nature of c haracteristic

classes. Easy examples are a map to a p oin t, pro jection of a pro duct,

em b eddings and the Hopf map.

There is a \classifying space" Y with bundle 
 ! Y suc h that for

eac h R

n

bundle E ! X there exists a map f : X ! Y suc h that

f

�


 = E . The Stiefel-Whitney classes of 
 are all kno wn so this giv es

a w a y to calculate the Stiefel-Whitney classes of E .

The classifying space is giv en b y the Grassmannian, Gr ( k ; N ), of k

planes in R

N

for N >> k space. The canonical bundle 


n

! Y is giv en

b y f ( z ; v ) 2 Gr ( k ; N ) � R

N

j v 2 z g . Giv en an R

k

bundle E o v er X w e

construct the map f : X ! Gr ( k ; N ) as follo ws. Em b ed the bundle E

in X � R

N

. Then w e ha v e a map f : X ! Gr ( k ; N ) giv en b y x 7! E

x

.

The pull-bac k of the canonical bundle clearly giv es E .

If instead w e c ho ose M > N then Gr ( k ; N ) , ! Gr ( k ; M ) and the

canonical bundle pulls bac k to the canonical bundle so the pull-bac k of

the Stiefel-Whitney classes is una�ected.

Asso ciated to eac h manifold is a ring called the cohomology ring.

It is a con tra v arian t functor from manifolds to rings. Characteristic

classes naturally liv e in this ring. The cohomology of the Grassmannian

is describ ed completely b y the Stiefel-Whitney classes of the canonical

bundle. Th us, instead of de�ning the cohomology ring, one can think of

the c haracteristic classes of the canonical bundle. The ring structure,

or cup pro duct, comes from in tersections and is most easily seen in

these t w o examples.

W e ha v e calculated w

1

( T R P

2

) and c

1

( T C P

2

). In b oth cases w e can

pro duce a c haracteristic n um b er from the cup pro duct.
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The analogous story w orks for Chern classes where the Grassmannian

is no w giv en b y Gr

C

( k ; N ) of complex subspaces C

k

� C

N

.

Theorem 1. The c ohomolo gy ring H

�

( Gr ( n; 1 ); Z

2

) is a p olynomial

algebr a over Z

2

fr e ely gener ate d by the Stiefel-Whitney classes

w

1

( 


n

) ; :::; w

n

( 


n

) :

The pro of requires sho wing that the Stiefel-Whitney classes are in-

dep enden t b y constructing a bundle o v er an y space with that indep en-

dence, and then sho wing that the cohomology algebra they generate is

already big enough to giv e all cohomology classes.

Theorem 2. The c ohomolo gy ring H

�

( Gr

C

( n; 1 ); Z ) is a p olynomial

algebr a over Z fr e ely gener ate d by the Chern classes c

1

( 


n

) ; :::; c

n

( 


n

) .

6. Pontr y a gin classes and applica tions

Giv en a real v ector bundle E , the P on try agin classes are de�ned b y

almost as Chern classes via L ! C P

1

and tensoring E 


R

L . The

signi�can t di�erence is that the tensor pro duct is o v er R , not C , and in

particular the dimension of the budnle c hanges. One w a y to in terpret

this is that P on try agin classes are Chern classes of the complexi�ed

bundle E 
 C so they are giv en b y families of v ector �elds restricted to

eac h C P

k

� C P

1

as describ ed previously .

Equiv alen tly , tak e r � 2 k + 1 sections of E and p

k

( E ) is the set in

M where these sections ha v e rank at most r � 2 k � 1. This c haracter-

istic class is a function on orien ted 4 k -dimensional submanifolds of the

orien ted manifold M to the in tegers.

Let's calculate p

1

( T C P

2

). T ak e three v ector �elds giv en in terms of

three elemen ts of su (3). W e will c ho ose

( ix

0

; � ix

1

; 0) ; (0 ; ix

1

; � ix

2

) ; ( x

1

; x

0

; 0)

and these together with ( x

0

; x

1

; x

2

) ha v e to ha v e rank 2. This o ccurs on

the in tersection of t w o sets of three lines. That's 9 p oin ts. The answ er

should b e 3 so this sa ys that 6 p oin ts of in tersection will b e coun ted

p ositiv ely and 3 negativ ely . That tak es some though t.

Conjecturally , P on try agin classes can b e de�ned b y using quater-

nionic pro jectiv e space H P

1

. This pro jectiv e space uses the left action

of the quaternions on themselv es. Again there is a canonical bundle

giv en b y f ( q ; v ) 2 H P

1

� H j v = w q g for some w 2 H

�

. This de�nition

w ould require a quaternionic structure on E whic h is a restriction on

the real bundle.
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Characteristic classes ha v e applications in sho wing if a manifold can

b e em b edded in to Euclidean space, whether a manifold p ossesses an ori-

en tation rev ersing di�eomorphism, whether a manifold is the b oundary

of a manifold and whether a manifold is a pro duct of manifolds.

7. Differential f orms, connections and cur v a ture

This section seems di�cult to digest quic kly . P erhaps w e will in tro-

duce the concepts throughout earlier lectures.

An imp ortan t ob ject in di�eren tial geometry is a di�eren tial form.

Let's start with usual in tegration. W e can mak e sense of

R

b

a

f ( t ) dt ofr

an y function f de�ned on [ a; b ]. This can b e though t of as in tegra-

tion o v er a manifold. W e w ould lik e to in tegrate o v er submanifolds.

Consider a curv e in the plane. If w e ha v e a function in the plane

can w e in tegrate it o v er the curv e? Really , in tegration needs R

n

. So,

parametrise the curv e. Notice, ho w ev er, that the in tegral dep ends on

the parametrisation:

Z

f ( g ( s )) dg =

Z

f ( s ) g

0

( s ) ds 6=

Z

f ( s ) ds

for a c hange of parametrisation g . It ends up that w e cannot in tegrate

functions o v er submanifolds but w e can in tegrate di�eren tial forms lik e

f ( s ) ds = f ( g ) dg =g

0

( s ). In three dimensions, a 1-form is giv en b y three

functions

f

1

( x

1

; x

2

; x

3

) dx

1

+ f

2

( x

1

; x

2

; x

3

) dx

2

+ f

1

( x

1

; x

2

; x

3

) dx

3

:

Similarly , a 2-form (in three dimensions) is giv en b y three functions

f

12

( x

1

; x

2

; x

3

) dx

1

^ dx

2

+ f

13

( x

1

; x

2

; x

3

) dx

1

^ dx

3

+ f

23

dx

2

^ dx

3

and it can b e in tegrated o v er surfaces in the manifold. Notice that a

2-form b ecomes a w ell-de�ned function when restricted to a surface.

Th us, another w a y to think of a 2-form on a three-manifold is as a

function that mak es sense when y ou sp ecify a surface (or ev en a plane

of tangen t v ectors at a p oin t). The expression ^ is used to sho w that

the de�nition is orien tation sensitiv e whic h is necessary in c hanges of

co ordinates.

If M

n

=

S

U

i

is a �nite c hart for M , so U

i

maps di�eomorphically

to a subset of R

n

although w e will abuse this and treat U

i

� R

n

, then a

di�eren tial 1-form is giv en b y �

1

( x ) dx

1

+ ::: + �

n

( x ) dx

n

. On an o v erlap

U

i

\ U

j

with resp ect to the lo cal co ordinates y = ( y

1

; :::; y

n

) in U

j

there

is a c hange of co ordinates � = ( x

1

( y ) ; :::; x

n

( y )) so the di�eren tial form
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c hanges b y

�

1

( x ) dx

1

+ ::: + �

n

( x ) dx

n

7!

X

i;j

�

i

( � ( y )) @

y

j

x

i

dy

j

:(1)

In other w ords a di�eren tial form is a section of a v ector bundle.

The exterior deriv ativ e is an op erator d that acts on di�eren tial

forms. Expressed in lo cal co ordinates: d�

1

( x ) dx

1

=

P

j

@

x

j

�

1

( x ) dx

j

^

dx

1

and this extends linearly to �

1

( x ) dx

1

+ ::: + �

n

( x ) dx

n

. A function

f on M can b e though t of as zero-form and its deriv ativ e d f as a 1-

form. (This suggests the alternativ e view that at eac h p oin t p 2 M a

di�eren tial form is a m ultilinear form on the tangen t space T

p

M .)

If d� = 0, w e sa y � is closed, and when in tegrated o v er a submanifold

without b oundary , the in tegral is in v arian t under deformations. This

follo ws from Stok es theorem: 0 =

R

� � I

d� =

R

� �f 0 g

�

R

� �f 1 g

where

� � I 7! M giv es the deformation of a submanifold � , ! M . Th us w e

see that di�eren tial forms act a little lik e in tersection n um b ers. W e will

see that c haracteristic classes can b e represen ted as di�ern tial forms.

Let � and � b e t w o di�eren tial k -forms and supp ose there is a di�er-

en tial ( k � 1)-form � suc h that � � � = d� . Then Stok es theorem sa ys

that if � � M has no b oundary then

R

�

� =

R

�

� so w e sa y that � and

� are equiv alen t when in tegrated, or equiv alen t in cohomology .

Supp ose that isn tead of a di�eren tial form transforming as in (1) it

c hanges as:

X

i

�

i

( x ) dx

i

7!

X

i;j

�

i

( � ( y )) + d�(2)

where an extra term has b een added. So rather than the di�eren tial

forms b eing equal after a c hange of co ordinates they are equiv alen t

when in tegrated, or in cohomology .

A complex line bundle giv es suc h a transformation rule, where d� =

d ln �

ij

is related to the transition functions that de�ne the bundle. A

c onne ction is a generalised di�eren tial form asso ciated to a bundle that

satis�es (2 and an y t w o connections di�er b y a di�eren tial 1-form. The

curv ature of a connection is a 2-form giv en b y the exterior deriv ativ e of

the 1-form whic h is w ell-de�ned. An y t w o connections giv e equiv alen t

2-forms, so to eac h complex line bundle there is an equiv alence class (a

cohomology class) of 2-forms.

Remem b er that giv en a complex line bundle, the zero set of an y

generic section assigns to a dimension 2 submanifold a n um b er|coun t

zeros. Similarly , an y connection giv es rise to a 2-form whic h in tegrates

o v er a dimension 2 submanifold to get a n um b er. Theorem: the latter
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n um b er is 2 � times the former. (In particular, the latter giv es 2 � times

an in teger.) This 2-form giv es the �rst Chern class of the bundle.

F or a sum of complex line bundles, there are man y com binations

of the 2-forms asso ciated to eac h of the line bundles. An y symmetric

p olynomial in the 2-forms giv es rise to a c hacteristic class.

8. Chara cteristic numbers

This section is based on a pap er of Raoul Bott V e ctor �elds and

Char acteristic numb ers Mic higan mathematical journal 14, p231-244.

The zeros of an y v ector �eld, coun ted prop erly , giv e the Euler c har-

acteristic of the manifold. Generalising this, a sp ecial t yp e of v ector

�eld has the prop ert y that lo cal in v arian ts of the v ector �eld near its

zeros determine the P on try agin n um b ers of the tangen t bundle of the

manifold.

One satisfying asp ect of this approac h is the de�nition of Chern

classes for an endomorphism A : V ! V of a �nite-dimensional com-

plex v ector space (whic h enables us to appreciate the w ord c haracter-

istic in c haracteristic classes.) W e de�ne c

i

( A ) to b e the i th co e�cien t

of the c haracteristic p olynomial A , so

X

�

i

c

i

( A ) = det (1 + �A ) :

Let �( c ) = �( c

1

; :::c

m

) (dim M = 2 m ) b e a p olynomial in the indeter-

minates c

i

with complex co e�cien ts. By replacing c

i

with c

i

( M ) w e

obtain � f c ( M ) g whic h ev aluates to n um b ers when the in tersection of

the classes is zero dimensional. So the monomials that will con tribute

are of the form c

a

1

1

c

a

2

2

:::c

a

n

n

suc h that a

1

+ 2 a

2

+ ::: + na

n

= m . W e also

de�ne � on an endomorphism A b y �( A ) = �( c

1

( A ) ; :::; c

m

( A )).

There is a Lie brac k et on v ector �elds de�ned as follo ws. When w e

think of v ector �elds as deriv ations acting on functions, then t w o v ector

�elds u and u com bine to giv e [ u; v ] f = u ( v ( f )) � v ( u ( f )). Amazingly ,

there exists a v ector �eld u suc h that uf = [ v ; w ] f for all functions f

so w e put w = [ u; v ]. The action of a v ector �eld u on other v ector

�elds b y v 7! [ u; v ] is called the Lie deriv ativ e.

In general, as a function of v , the v ector [ u; v ]( x ) dep ends on v in

a neigh b ourho o d of x . Whereas, at the zeros of v , its Lie deriv ativ e

is a zero order map. This means that u ( p ) = 0 implies that [ u; v ]

dep ends only on v ( p ) and th us [ u; � ] : T

p

M ! T

p

M . This is b ecause

[ u; v ] f = u ( v ( f )) � v ( u ( f )) = u

p

( v ( f )) � v

p

( u ( f )) = � v

p

( u ( f )) where

w e ha v e put u

p

; v

p

for the v ector �elds ev aluated at the p oin t and the

second equalit y uses u

p

= 0.
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A manifold M can b e equipp ed with a Riemmannian metric g =

h� ; �i |a symmetric p ositiv e de�nite inner pro duct (con tin uously) as-

so ciated to the tangen t space at eac h p oin t of M . So t w o v ectors

u; v 2 T

p

M map to h u; v i 2 R . Examples: S

2

, S

4

, C P

2

.

The Lie deriv ativ e on v ector �elds enables us to \di�eren tiate" a

metric g on the manifold. A v ector �eld u is an in�nitesimal isometry ,

or a Killing v ector �eld, if it satis�es h [ u; v ] ; w i + h v ; [ u; w ] i = u � h v ; w i

for all v ector �elds v and w .

A t the eac h zero p of an in�nitesimal isometry u , denote the induced

linear map on the tangen t space b y L

p

: T

p

M ! T

p

M . With resp ect

to the metric, L

p

satis�es the sk ew symmetry prop ert y: h L

p

v ; w i +

h v ; L

p

w i = 0. In other w ords, with resp ect to an orthonormal basis, so

that the inner pro duct lo oks lik e the standard dot pro duct, the linear

map satis�es L

p

= � L

T

p

. Th us in o dd dimensions det L

p

= 0 and in

ev en dimensions the determinan t is a square.

Theorem 3 (Bott) . If the ve ctor �eld u is an in�nitesimal isometry

on a c omp act, even-dimensional R iemannian manifold M whose zer os

ar e nonde gener ate and �( c

1

; :::; c

m

) is any p olynomial of weight not

gr e ater than m= 2 , then

X

p

�( L

p

) =

1 = 2

det ( L

p

) = �( M )

wher e the sum is over the zer os of u .


